CONDITION NUMBER ANALYSIS FOR VARIOUS FORMS OF BLOCK MATRIX PRECONDITIONERS^∗

OWE AXELSSON^† AND JÁNOS KARÁTSON^‡

Dedicated to Richard S. Varga on the occasion of his 80th birthday

Abstract. Various forms of preconditioners for elliptic finite element matrices are studied, based on suitable block matrix partitionings. Bounds for the resulting condition numbers are given, including a study of sensitivity to jumps in the coefficients and to the constant in the strengthened Cauchy-Schwarz-Bunyakowski inequality.

Key words. preconditioning, Schur complement, domain decomposition, Poincaré–Steklov operator, approximate block factorization, strengthened Cauchy-Schwarz-Bunyakowski inequality

AMS subject classifications. 65F10, 65N22

1. Introduction. Preconditioning is an essential part of an efficient iterative solution method when solving large-scale linear and nonlinear systems of equations. This paper deals with systems arising from the finite element discretization of elliptic partial differential equations.

The efficiency of a preconditioner is mostly judged by the condition number of the resulting preconditioned operator, and in applications it is important to know whether the condition number depends critically on certain problem parameters such as jumps in the material coefficients. The most efficient preconditioners are based on some block partitioning of the matrix. Common structures are block tridiagonal and two-by-two partitionings. Elementwise constructed preconditioners can be efficient as they can be constructed locally and relatively cheaply but still can provide a significant reduction of the condition number of the unpreconditioned operator.

Block tridiagonal matrices arise in many applications. For instance, such a structure arises when decomposing the domain of definition of an elliptic operator using unidirectional stripes, or more generally, for a decomposition such that (in addition to a corresponding portion of the original boundary) each subdomain has a common boundary only with its previous and next neighbours in the sequence of subdomains. This subdivision can often be done according to different values of the coefficients in the differential operator, i.e., different materials in the underlying physical domain. Each diagonal block in the matrix corresponds to the restriction of the operator to one of the subdomains, and ordering the nodes in each domain in groups and then the domains consecutively, results in a block tridiagonal matrix.

An interesting example of matrices of two-by-two block structure arises by ordering the interior domain nodes separately from the interface nodes and ordering all interface nodes last. This in turn results in a block diagonal submatrix with uncoupled blocks, which are only coupled to the interface nodes ordered last. The part of the system which corresponds to the different interior node sets can then be solved in parallel.

In both cases there arise Schur complement matrices when solving systems with these matrices. For the block tridiagonal case, they arise at each step of the consecutive elimination of the pivot blocks, and in the latter case by elimination of the interior nodes. Schur complement matrices are in general full matrices and must be approximated by some sparse matrix

∗Received March 29, 2009. Accepted for publication August 12, 2009. Published online on September 7, 2010. Recommended by J. Li.

†Department of Information Technology, Uppsala University, Sweden, and Institute of Geonics AS CR, Ostrava, Czech Republic (owea@it.uu.se).

‡Department of Applied Analysis, ELTE University, H-1117 Budapest, Hungary (karatson@cs.elte.hu). 168

in the construction of the preconditioner. The construction of such approximations and the analysis of condition numbers of the Schur complements, both on continuous and discrete level, are the main topic of this paper.

We give here first a general framework for the analysis of approximations of Schur complement matrices. Consider a symmetric positive definite bilinear form a(u, v), and let U_1, U_2 be two subspaces of a linear space V , where the intersection of U_1, U_2 contains only the trivial element. Here the spaces can be more general function spaces as well, but in our applications V is a finite element space, i.e., spanned by a set of finite element basis functions. As has been shown in early publications [3, 4, 11, 13, 14], the strengthened Cauchy-Schwarz- Bunyakowski inequality plays a fundamental role in the analysis of matrices partitioned in two-by-two block form. The inequality takes the form a(u, v) ≤ γ ( a(u, u) a(v, v) )_{1/2} , ∀u ∈ U_1, v ∈ U_2, where γ < 1 is the smallest such constant and is referred to as the CBS constant. In fact, γ is the cosine of the angle between the two subspaces, measured by the inner product a(u, v). For matrices in the form A = [ A_{11} A_{12} A_{21} A_{22} ] , the CBS inequality can be written as

x^T_1 A_{12} x_2 ≤ γ ( (x^T_1 A_{11} x_1) (x^T_2 A_{22} x_2) )_{1/2} , ∀x_1 ∈ R^{n1} , x_2 ∈ R^{n2} .

Alternatively, we can define γ by γ = ϱ (A^{−1/2}_{22} A_{21}A^{−1}_{11} A_{12}A^{−1/2}_{22} )^{1/2}, where ϱ(.) denotes the spectral radius. Hence γ measures the size of the off-diagonal blocks in relation to the diagonal blocks. It is readily seen that

(1 − γ^2)x^T_2 A_{22} x_2 ≤ x^T_2 S_2 x_2 ≤ x^T_2 A_{22} x_2, ∀x_2 ∈ R^{n2} ,

where S_2 := A_{22} − A_{21}A^{−1}_{11} A_{12} is the Schur complement matrix. Hence the condition number satisfies

(1.1) κ(A^{−1}_{22} S_2) ≤ 1 1 − γ^2 . The remainder of the paper is organized as follows. In Section 2 we discuss briefly the factorization of block tridiagonal matrices. We are in particular interested in approximating the arising Schur complement matrices in such a way that their quality is insensitive to jumps in the coefficients in the differential operator. This will be discussed in Section 3. Section 4 is devoted to an algebraic derivation of condition numbers in the approximations of matrices partitioned in two-by-two block form, where the pivot block is block diagonal, such that the condition number depends only on the CBS constant. A continuous analogue of the method of Section 3 is presented on some model problems in Section 5. In Section 6 we analyze the case of using elementwise approximations of Schur complements, and how to define them so that they also become insensitive to coefficient jumps.

Except when it is otherwise stated, the inequalities A ≤ B, A < B between two symmetric matrices (of the same order) mean that B −A is positive semidefinite or positive definite, respectively. The notation ϱ(A) for a symmetric positive semidefinite matrix A stands for its maximal eigenvalue. The spectral condition number of A is defined by κ(A) = λ_{max}(A)/λ_{min}(A).

2. Recursive approximation of Schur complements. Let us consider a symmetric, positive definite matrix A with tridiagonal block structure

(2.1) A =

A_{11} A_{12} 0 . . . 0 A_{21} A_{22} A_{23} . . . 0 . . . . . . . . . . . . . . . 0 0 . . . A_{m,m−1} A_{mm} .

Here A_{ij} = A^T_{ji} for all i, j. The exact block factorization of A takes the form

A = (S + L_A)S^{−1}(S + L^T_A),

where S = blockdiag(S_1, . . . , S_m) and L_A is the strictly lower block triangular part of A. Here the Schur complements S_i are determined recursively as

(2.2)

S_1 := A_{11}, S_2 := A_{22} − A_{21}S^{−1}_1 A_{12}, ..... S_i := A_{ii} − A_{i,i−1}S^{−1}_{i−1}A_{i−1,i}, ..... for i ≤ m.

The application of this factorization to solve a linear system involves the solution of the block triangular factors using a forward and a backward sweap. At each of them, systems with matrices S_i, i = 1, . . . , m, appear that must be solved. In addition, matrix-vector multiplications with L_A and L^T_A, respectively, appear. In general, the S_i are full matrices and their construction and the computation of actions of S^{−1}_i can be expensive.

Our goal is to approximate S_i by some matrix X_i which is sparse and the computation of X_i and X^{−1}_i applied to vectors are cheap. We define X = blockdiag(X_1, X_2, ..., X_m), and let the preconditioner C be defined by C = (X + L_A)X^{−1}(X + L^T_A). At the same time, the approximation must be sufficiently accurate. For instance, it has been shown in [1] that the following lower bound holds for the condition number: κ(C^{−1}A) ≥ min_i κ(X^{−1}_i S_i).

Since systems with the matrices A_{ii} are generally inexpensive to solve, we could try A_{ii} as an approximation of S_i. At each step of the method we then deal with a two-by-two block matrix in the form [ A^′_{ii} A_{i,i+1} A_{i+1,i} A_{i+1,i+1} ] , where

A^′_{ii} = A_{11} A_{12} 0 . . . . . . 0 A_{21} A_{22} A_{23} 0 . . . 0 . . .. . .. . .. . . . 0 . . . . . . 0 A_{i,i−1} A_{ii} , i = 1, 2, ..., m − 1.

As pointed out in the introduction, the accuracy of the approximation A_{i+1,i+1} of S_{i+1} := A_{i+1,i+1} − A_{i+1,i}(A^′_{ii})^{−1}A_{i,i+1} is given by κ(A^{−1}_{i+1,i+1}S_{i+1}) = 1/(1 − γ^2_{i+1}). Here γ_{i+1} depends on the stage of the elimination. For a model elliptic problem with constant coefficients on a unit square and constant mesh size h, it can be seen (see, e.g., [1]) that the

PSfrag replacements

FIG. 2.1. The functions u^{(1)}_i and u^{(2)}_i for which the CBS constant is taken.

basis functions which give rise to the γ-constant at stage i are as shown in Figure 2.1, where 0 < x_i < 1, x_{i+1} − x_i = h.

Since a(u, v) = ∫ Ω_i ∇u · ∇v, one finds γ 2 i+1 = 1 − (h/H_{i+1}). In the limit as i → m and H_i → 1, one finds γ^2_m = 1 − h. For more general problems, such as with variable coefficients, one gets γ^2_{i+1} = 1 − O(h/H_{i+1}) and γ^2_m = 1 − O(h). It follows that the quality of this approximation deteriorates with increasing stage numbers i.

As discussed in several publications (see, e.g., [1, 9, 18]), the approximation method can be improved in various ways. A simple method is to use a diagonal compensation in some form, where

(2.3) X_i := A_{ii} − D_i ,

where D_i is a diagonal matrix, such that (2.4) D_iv_i = A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} v_i for some given positive vector v_i.

First, let v_i be the eigenvector to A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} corresponding to the smallest eigenvalue ξ_i of this matrix. Then

D_iv_i = ξ_iv_i ,

i.e., D_i = ξ_iI_i is a multiple of the identity matrix for the ith block. Since ξ_i is the smallest eigenvalue, it follows that A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} ≥ D_i and then A_{ii} − A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} ≤ A_{ii} − D_i = X_i. Here C − A = X + L_AX^{−1}L^T_A − D_A, where D_A = blockdiag(A_{11}, A_{22}, . . . , A_{mm}), and (C − A)_{ii} = X_i + A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} − A_{ii} ≥ 0. Hence C ≥ A, which yields ϱ(C^{−1}A) ≤ 1. In this method we must estimate the smallest eigenvalue of C^{−1}A, which we will not do here as the choice of X should rather be such that the smallest eigenvalue of C^{−1}A is bounded below by unity or some positive constant α ≤ 1.

Consider now the choice v_i := e_i = (1, . . . , 1), i.e., e_i has all components equal to unity. Then X_i is obtained from

(2.5) X_i := A_{ii} − D_i, where (2.6) D_ie_i = A_{i,i−1}X^{−1}_{i−1}A_{i−1,i}e_i . Assume here for simplicity that A is an M-matrix. Then we have componentwise A^{−1}_{ii} ≥ 0, A_{i,i−1} ≤ 0, A_{i−1,i} ≤ 0. It follows by induction that X^{−1}_{i−1} ≥ 0 componentwise. Hence A_{ii} − A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} is a Z-matrix, i.e., all its off-diagonal components are non-positive. Since (A_{ii} − D_i)e_i = (A_{ii} − A_{i,i−1}X^{−1}_{i−1}A_{i−1,i})e_i, it holds that if this vector is nonzero then X_i = A_{ii} − D_i is positive definite, and also an M-matrix. Should the matrix lose positive definiteness (by having (A_{ii} − D_i)e_i = 0), we must perturb the matrices A_{ii} with some (small) positive number. This has been discussed, e.g., in [1]; see also [5].

Assuming that no perturbation is required, we have X_i = A_{ii} − D_i ≤ A_{ii} − A_{i,i−1}X^{−1}_{i−1}A_{i−1,i}, with the inequality in the positive semidefinite sense. Therefore (C − A)_{ii} = X_i + A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} − A_{ii} ≤ 0, that is, C ≤ A and λ_i(C^{−1}A) ≥ 1. Hence we have a lower bound. The upper bound follows from a theorem in [18], there stated in a somewhat more general form.

THEOREM 2.1. Let A be a symmetric positive definite matrix partitioned in m × m block form. Let C = (X + L)X^{−1}(X + L^T ), where X is symmetric positive definite block diagonal and L is strictly lower block triangular, both with consistent partitioning to A. Let μ_i := λ_i(X^{−1}K), where K = A − L − L^T , let σ := max μ_i and assume that σ < 2. Then κ(C^{−1}A) ≤ min { 1 2 − σ , m∑ i=1 μ_i − α(m − 1) } .

In particular, if L = L_A, then μ_i = λ_i(X^{−1}D_A) and if (2.7) D_i ≤ ϱA_{ii} for some ϱ < 1/2, then by (2.5), X_i ≥ (1 − ϱ)A_{ii}. Hence (2.8) σ ≤ λ_{max}(X^{−1}_i A_{ii}) ≤ 1 1 − ϱ < 2. REMARK 2.2. The above two choices have somewhat opposite properties. In particular, if e_i is also an eigenvector of A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} for the smallest eigenvalue, then it can be seen that A_{i,i−1}X^{−1}_{i−1}A_{i−1,i} is a multiple of the identity matrix. In the following we assume that this does not hold.

In the following section it is analyzed how the Schur complements depend on jumps in the coefficients in the differential operator.

3. Schur complements for elliptic problems with jumps in their coefficients. Let us consider a domain decomposition (DD) method for an elliptic problem discretized with FEM, such that (in addition to a corresponding portion of the outer boundary) each subdomain has a common boundary only with its previous and next neighbours in the sequence of subdomains. Elliptic operators with different constant diffusion coefficient in each subdomain often arise in the context of various (DD) procedures [2, 15, 16, 17, 19]. Our goal in this section is to study the sensitivity of Schur complements to coefficient jumps.

In the classical DD approach, the interior domain nodes are ordered separately from the interface nodes and all interface nodes are ordered last. Like in multigrid methods, to avoid large condition numbers of the corresponding Schur complements, an efficient method has proved to be to introduce one or more proper auxiliary coarse spaces that have a global balancing effect; see, e.g., the BDD method [19] and the approach of so-called exotic coarse spaces [16] in a Schwarz method framework.

An alternative to the above approach is to take the interface nodes into account together with the previous subdomain in the mentioned sequence of subdomains. This approach, considered in the present paper, leads to a tridiagonal block structure as in (2.1). It will be verified for a model problem that the condition numbers of the Schur complements are sensitive to the jump in the first approach (namely, proportional to the magnitude of the jump) but are not in the second approach. That is, one can have independence of jumps without introducing auxiliary problems.

For simplicity, the detailed study is given for a decomposition of the domain Ω in three subdomains Ω_1, Ω_2 and Ω_3. According to the above, we have common boundaries Γ_1 := Ω_1 ∩ Ω_2 and Γ_2 := Ω_2 ∩ Ω_3, but Ω_1 and Ω_3 have no common boundary. We will first formulate the block forms of the stiffness matrix under the two mentioned approaches for an isotropic Poisson equation. Then we rewrite the stiffness matrices under different diffusion coefficient in each Ω_i, and study the variation of the corresponding condition numbers.

3.1. Basic block forms for the isotropic Poisson equation. Let us consider the Poisson equation with homogeneous Dirichlet boundary conditions. The FEM subspace is chosen with piecewise linear basis functions, assumed either to have node points on one of Γ_i or to have its support entirely in one of Ω_i.

In the classical DD approach, the stiffness matrix is written in the block form

(3.1) A =

A_{11} 0 0 A_{1,Γ1} 0 0 A_{22} 0 A_{2,Γ1} A_{2,Γ2} 0 0 A_{33} 0 A_{3,Γ2} A_{Γ1 ,1} A_{Γ1 ,2} 0 A_{Γ1 ,Γ1} 0 0 A_{Γ2 ,2} A_{Γ2 ,3} 0 A_{Γ2,Γ2} .

Here A_{i,Γj} = A^T_{j,Γi} for all i, j. Then one lets

(3.2) A_{Γ1} := A^T_{1Γ} := [ A_{Γ1 ,1} 0 ] , A_{Γ2} := A^T_{2Γ} := [ A_{Γ1 ,2} A_{Γ2 ,2} ] , A_{Γ3} := A^T_{3Γ} := [ 0 A_{Γ2,3} ] ,

(3.3) A_{ΓΓ} := [ A_{Γ1,Γ1} 0 0 A_{Γ2,Γ2} ] , and thus obtains the more concise form

(3.4) A =

A_{11} 0 0 A_{1Γ} 0 A_{22} 0 A_{2Γ} 0 0 A_{33} A_{3Γ} A_{Γ1} A_{Γ2} A_{Γ3} A_{ΓΓ} .

The solution of the corresponding linear system can be reduced to solving systems with Σ_i := A_{ii}, i = 1, 2, 3, and an additional system with the Schur complement matrix

(3.5) Σ := A_{ΓΓ} − A_{Γ1}A^{−1}_{11} A_{1Γ} − A_{Γ2}A^{−1}_{22} A_{2Γ} − A_{Γ3}A^{−1}_{33} A_{3Γ} .

In the other approach, the interface nodes are taken into account together with the previous subdomain. Under this reordering, the stiffness matrix in (3.1) can be rewritten as

(3.6) Ã =

A_{11} A_{1,Γ1} 0 0 0 A_{Γ1,1} A_{Γ1 ,Γ1} A_{2,Γ1} 0 0 0 A_{Γ1 ,2} A_{22} A_{2,Γ2} 0 0 0 A_{Γ2 ,2} A_{Γ2 ,Γ2} A_{3,Γ2} 0 0 0 A_{Γ2 ,3} A_{33} ,

where we introduce the notation

(3.7) Ã_{11} := [ A_{11} A_{1,Γ1} A_{Γ1 ,1} A_{Γ1 ,Γ1} ] , Ã_{12} := [ 0 0 A_{2,Γ1} 0 ] , Ã_{21} := [ 0 A_{Γ1 ,2} 0 0 ] ,

(3.8) Ã_{22} := [ A_{22} A_{2,Γ2} A_{Γ2 ,2} A_{Γ2 ,Γ2} ] , Ã_{23} := [ 0 A_{3,Γ2} ] , Ã_{32} := [ 0 A_{Γ2 ,3} ] , to obtain the concise form

(3.9) Ã =

Ã_{11} Ã_{12} 0 Ã_{21} Ã_{22} Ã_{23} 0 Ã_{32} A_{33} .

In the Schur complement approach, here only the first block remains unchanged: S_1 := Ã_{11}, and the solution of the original system can now be reduced to solving two additional systems corresponding to Schur complements, determined recursively as

(3.10) S_2 := Ã_{22} − Ã_{21}S^{−1}_1 Ã_{12}, S_3 := A_{33} − Ã_{32}S^{−1}_2 Ã_{23} .

Using notation (3.7)-(3.8) and letting

(3.11) S_{Γ1} := A_{Γ1 ,Γ1} − A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} ,

we obtain

(3.12) S_2 = [ A_{22} − A_{Γ1 ,2}S^{−1}_{Γ1} A_{2,Γ1} A_{2,Γ2} A_{Γ2 ,2} A_{Γ2,Γ2} ] . The similar formula for S_3 will not be needed here.

3.2. Conditioning properties for problems with jumps in their coefficients. Now we can turn to the case of our interest. Instead of the above Poisson equation, we consider the FEM solution of an elliptic problem with a different constant diffusion coefficient in each Ω_i. That is, in weak form, one seeks u ∈ V_h ⊂ H^1_0 (Ω), such that

(3.13) ∫ Ω w ∇u · ∇v = ∫ Ω fv, ∀v ∈ V_h, where w is a weight function on Ω, such that w_{|Ωi} ≡ w_i, i = 1, 2, 3. In our model problem we assume

(3.14) w_1 ≥ w_2 ≥ w_3

and are interested in the case

(3.15) w_1 >> w_2 .

When varying these coefficients, in order to avoid the loss of ellipticity in the limit, we also assume that there exists a constant α > 0 such that

(3.16) w_3 ≥ αw_2 .

Below, we will find that if we vary the ratio w_1/w_2 unboundedly, then the condition numbers also grow to infinity for the Schur complement in (3.5) but remain bounded for the Schur complements in (3.10).

Let us first consider the classical DD approach again. The stiffness matrix (3.1) is then modified as follows. The entries corresponding to basis functions with support in Ω_i are multiplied by the weight w_i. For simplicity, assume that for the node points on one of Γ_i, the support of the basis function is symmetric w.r.t the node point, and thus its parts intersecting with the two domains have equal measure. (An opposite case will be mentioned in Remark 3.3.) Then the entries corresponding to such basis functions are multiplied by (w_i + w_j )/2. Therefore, the stiffness matrix has the form

(3.17) A = w_1A_{11} 0 0 w_1A_{1,Γ1} 0 0 w_2A_{22} 0 w_2A_{2,Γ1} w_2A_{2,Γ2} 0 0 w_3A_{33} 0 w_3A_{3,Γ2} w_1A_{Γ1,1} w_2A_{Γ1 ,2} 0^{w1+w2}_2 A_{Γ1 ,Γ1} 0 0 w_2A_{Γ2 ,2} w_3A_{Γ2 ,3} 0^{w2+w3}_2 A_{Γ2,Γ2} .

With these modifications, one readily sees that the Schur complement (3.5) becomes

(3.18) Σ(w) := W A_{ΓΓ} − w_1A_{Γ1}A^{−1}_{11} A_{1Γ} − w_2A_{Γ2}A^{−1}_{22} A_{2Γ} − w_3A_{Γ3}A^{−1}_{33} A_{3Γ},

where W is the two-by-two block diagonal matrix, blockdiag

(_{w1 +w2} 2 I_{Γ1},^{w2 +w3}_2 I_{Γ2} ) . PROPOSITION 3.1. There exist constants c_1, c_2 > 0 independent of w, such that

(3.19) κ(Σ(w)) ≥ c_1 w_1 w_2

+ c_2 .

Proof. Using (3.2)-(3.3), a simple calculation yields

Σ̃(w) := 1

w_2

Σ(w) = [_{w1} w_2 Σ1 + 1 2 A_{Γ1 ,Γ1} 0 0^1_2 (1 +^{w3}_{w2} )A_{Γ2 ,Γ2} ] − A_{Γ2}A^{−1}_{22} A_{2Γ} − w_3 w_2

A_{Γ3}A^{−1}_{33} A_{3Γ},

(3.20)

where Σ_1 :=^1_2 A_{Γ1 ,Γ1} − A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} . Here Σ_1 ≥ 0 (i.e., it is positive semidefinite) and is not a zero matrix since it is a Schur complement, corresponding to the positive definite matrix Ã_{11} modified by setting a zero diffusion coefficient outside Ω_1. Further, A_{Γi ,Γi} > 0, i = 1, 2, and^1_2 (1 +^{w3}_{w2} ) ≤ 1, owing to (3.14). Hence the matrix

G(w) := [_{w1} w_2 Σ1 + 1 2 A_{Γ1 ,Γ1} 0 0^1_2 (1 +^{w3}_{w2} )A_{Γ2 ,Γ2} ]

satisfies λ_{max}(G(w)) ≥^{w1}_{w2} λ_{max}(Σ_1) and λ_{min}(G(w)) ≤ λ_{min}(A_{Γ2 ,Γ2} ), which yields for the condition number of G(w) that κ(G(w)) ≥ w_1 w_2 λ_{max}(Σ_1) λ_{min}(A_{Γ2 ,Γ2} ) . The condition numbers of the other two terms in (3.20) are bounded. Since κ(Σ(w)) = κ(Σ̃(w)), we obtain (3.19).

COROLLARY 3.2. If we vary^{w1}_{w2} unboundedly, then

κ(Σ(w)) = O ( w_1 w_2 ) → ∞ as w_1 w_2 → ∞. REMARK 3.3. The above sensitivity to^{w1}_{w2} may be reduced if the supports of the basis functions on Γ_1 are not assumed to be symmetric with respect to the node point, but their parts intersecting with Ω_2 have small measure. However, this would in turn lead to inpractically small element widths and very large gradients of the basis functions near Γ_1.

Let us now consider the second approach. We study the Schur complements (3.10) modified with respect to the diffusion coefficient w. The corresponding modification of the matrix Ã in (3.6) comes by first replacing the considered blocks of (3.1) by the corresponding blocks of (3.17), and then using the same reassembling as for (3.6). Then the Schur complement S_2 in (3.12) becomes modified as

(3.21) S_2(w) := [ w_2A_{22} − w^2 A_{Γ1 ,2} S_{Γ1} (w)^{−1}A_{2,Γ1} w_2A_{2,Γ2} w_2A_{Γ2 ,2}^1_2 (w_2 + w_3)A_{Γ2 ,Γ2} ] , where S_{Γ1} in (3.11) has been replaced by

(3.22) S_{Γ1} (w) := w_1 + w_2 2 A_{Γ1,Γ1} − w_1A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} .

Introducing the notation

(3.23) S^{11}_2 (w) := A_{22} − w_2 A_{Γ1,2}S_{Γ1} (w)^{−1}A_{2,Γ1} ,

we have

(3.24) S_2(w) := [ w_2S^{11}_2 (w) w_2A_{2,Γ2} w_2A_{Γ2 ,2}^1_2 (w_2 + w_3)A_{Γ2 ,Γ2} ] . LEMMA 3.4. There holds S_{Γ1} (w) ≥ w_2 S_{Γ1} . Proof. We have

S_{Γ1} (w) = w_2 [ 1 2 ( w_1 w_2 + 1 ) A_{Γ1 ,Γ1} − w_1 w_2

A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} ]

= w_2 [ w_1 w_2 ( 1 2 A_{Γ1,Γ1} − A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} ) + 1 2 A_{Γ1 ,Γ1} ] . Since, by assumption, w_1 ≥ w_2, we obtain

S_{Γ1} (w) ≥ w_2 [( 1 2 A_{Γ1 ,Γ1} − A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} ) + 1 2 A_{Γ1,Γ1} ] = w_2 S_{Γ1} .

Similarly to (3.23), let us denote the top left block of (3.12) by (3.25) S^{11}_2 := A_{22} − A_{Γ1,2}S^{−1}_{Γ1} A_{2,Γ1} , and then let

(3.26) S̃_2 := [ S^{11}_2 A_{2,Γ2} A_{Γ2 ,2}^1_2 (1 + α)A_{Γ2 ,Γ2} ]

with α from (3.16). Now we can prove the following required boundedness.

PROPOSITION 3.5. The condition number of S_2(w) satisfies

κ(S_2(w)) ≤ λ_{max}(Ã_{22}) λ_{min}(S̃_2) . Hence it is bounded independently of w.

Proof. Clearly S^{11}_2 (w) ≤ A_{22}, and^1_2 (w_2 + w_3) ≤ w_2 owing to (3.14). Hence

(3.27) S_2(w) ≤ w_2 [ A_{22} A_{2,Γ2} A_{Γ2 ,2} A_{Γ2,Γ2} ] = w_2 Ã_{22} .

To find a lower bound for S_2(w), note that Lemma 3.4 and the definitions (3.23) and (3.25) yield (3.28) S^{11}_2 (w) ≥ S^{11}_2 .

Substituting (3.28) into (3.24), and using (3.16) and (3.26), respectively, we then obtain

S_2(w) ≥ [ w_2S^{11}_2 w_2A_{2,Γ2} w_2A_{Γ2,2}^1_2 (1 + α)w_2 A_{Γ2 ,Γ2} ] = w_2 S̃_2 .

Here S̃_2 > 0, since by the above, w_2S̃_2 is the Schur complement S_2(w) in the case w_3 = αw_2. Together with (3.27), we obtain the required statement.

Finally, we consider the second Schur complement S_3 from (3.10). When replacing its considered blocks from (3.1) by the corresponding blocks of (3.17), we observe that each of the blocks A_{33}, Ã_{32} and Ã_{23} is multiplied by w_3. Hence the matrix S_3 becomes modified as (3.29) S_3(w) := w_3 A_{33} − w^2_3 Ã_{32} S_2(w)^{−1}Ã_{23} . We can easily prove again the following required boundedness.

PROPOSITION 3.6. The condition number of S_3(w) satisfies

κ(S_3(w)) ≤ λ_{max}(A_{33}) λ_{min}(S_3) . Hence it is bounded independently of w.

Proof. Obviously S_3(w) ≤ w_3 A_{33}. Further, in (3.24) we can estimate each w_2 below by w_3 and S^{11}_2 (w) below by S^{11}_2 using (3.28), such that we obtain

S_2(w) ≥ w_3 [ S^{11}_2 A_{2,Γ2} A_{Γ2,2} A_{Γ2 ,Γ2} ] = w_3 S_2 ,

and substitution into (3.29) yields S_3(w) ≥ w_3 A_{33} − w_3 Ã_{32} S^{−1}_2 Ã_{23} = w_3 S_3. The two bounds imply the desired estimate.

3.3. On the growth of condition number with the number of subdomains. Whereas we have obtained jump independence in the previous subsection, these estimates are inherently unable to compensate for the number of subdomains. This follows if we relate the new estimates to those on the original Schur complements (whose condition number is known to increase with the number of subdomains). Namely, the appearance of the new constants w_i makes each inequality worse (or unchanged if the constants coincide), therefore S_i(w) cannot be better conditioned than the original S_i.

In fact, for S_2(w), definition (3.10) implies S_2 ≤ Ã_{22}, and (3.26) and the ordering w_3 ≤ w_2 implies S_2 ≥ S̃_2. Similarly, (3.10) implies S_3 ≤ Ã_{33}. Hence the bounds in Propositions 3.5 and 3.6, respectively, satisfy

λ_{max}(Ã_{22}) λ_{min}(S̃_2) ≥ λ_{max}(S_2) λ_{min}(S_2)

= κ(S_2) and λ_{max}(A_{33}) λ_{min}(S_3) ≥ λ_{max}(S_3) λ_{min}(S_3)

= κ(S_3).

One can see that Proposition 3.5 can be extended to the case of more than the three subdomains considered in our example, if similar conditions are assumed. In particular, we assume a stripe-type decomposition (i.e., each subdomain has a common boundary only with its previous and next neighbours in the sequence of subdomains), and the subdomains are numbered such that the weights w_i are ordered monotonically. Then the proof of Proposition 3.5 can be repeated such that the role of the 1st, 2nd and 3rd subdomains are played by the (i−1)th, ith and (i+1)th subdomains, respectively. Using the above arguments, however, the bounds obtained for κ(S_i(w)) cannot be less than κ(S_i).

As shown in the introduction, the condition numbers κ(S_i) deteriorate even in the preconditioned form (1.1). This shows an important motivation for the efficient preconditioning of the Schur complements. A possible improvement was given in Section 2, and in the sequel we will study other block orderings to avoid the recursive growth of the condition numbers. The next section yields estimates in terms of the constant γ in the strengthened Cauchy- Schwarz-Bunyakowski inequality.

4. Odd-even partitioning of subdomains. We assume now that we have ordered the subdomains in an odd-even fashion so that the finite element matrix takes the form

(4.1) A =

A_1 0 A_{13} 0 A_2 A_{23} A_{31} A_{32} A_3 .

Here A_i, i = 1, 2, correspond to interior node points and A_3 to edge and vertex node points. Clearly the matrices A_i themselves are block diagonal. This matrix can be factored into the form

(4.2)

A_1 0 0 0 A_2 0 A_{31} A_{32} S

I_1 0 A^{−1}_1 A_{13} 0 I_2 A^{−1}_2 A_{23} 0 0 I_3 ,

where S is the Schur complement matrix

(4.3) S_3 = A_{33} − A_{31}A^{−1}_1 A_{13} − A_{32}A^{−1}_2 A_{23}

and some simpler matrix is used in a corresponding approximate block matrix factorization. Although the actions of the matrices A^{−1}_i can be computed readily separately for each subdomain, the major problem remains how to precondition the matrix S_3.

As indicated in Section 2, and shown in papers on domain decomposition methods (see, e.g., [23, 22] and also [1]), if we just use A_{33} as preconditioner then the condition number κ(A^{−1}_{33} S_3) grows as O(h/H) (as h → 0), where h, H are the characteristic mesh sizes for the fine mesh and for the subdomains, respectively. Furthermore, as mentioned in Section 3, the condition number of S_3 itself deteriorates as the magnitude of coefficient jumps increase, which makes the construction of an efficient preconditioner to S_3 additionally difficult.

Instead, we will use a preconditioner of A that takes contributions from both interior and boundary points into account. This is similar to the second approach in Section 3.

The preconditioner B will be in additive form

(4.4) B = B_1 + B_2.

The matrices B_1, B_2 are formed from the inverse matrices

B_{11} 0 B_{13} 0 I_2 0 B_{31} 0 (S^{(1)}_3 )^{−1} = A_1 0 A_{13} 0 I_2 0 A_{31} 0 A_3 −1 ,

and I_1 0 0 0 B_{22} B_{23} 0 B_{32} (S^{(2)}_3 )^{−1} = I_1 0 0 0 A_2 A_{23} 0 A_{32} A_3 −1 ,

where

S^{(i)}_3 = A_3 − A_{3i}A^{−1}_i A_{i3}, i = 1, 2,

and the matrices B_{ij} need not be given as we only aim at a bound on κ(BA) in which B_{ij} will not appear. To form B_i, the sub-block identity matrices are deleted from the above, i.e.,

(4.5) B_1 :=

B_{11} 0 B_{13} 0 0 0 B_{31} 0 (S^{(1)}_3 )^{−1} , B2 := 0 0 0 0 B_{22} B_{23} 0 B_{32} (S^{(2)}_3 )^{−1} .

We will show that by use of perturbations of the subblocks in the position (3, 3) of the inverses, we can derive a condition number κ of the preconditioned matrix which de-

pends only on the CBS constant γ = ϱ (A^{−1/2}_3 (A_{31}A^{−1}_1 A_{13} + A_{32}A^{−1}_2 A_{23})A^{−1/2}_3 )^{1/2}, since κ ≤ 1/(1 − γ^2)^{1/2}.

Let first the preconditioner B be defined by (4.4)-(4.5). The matrix A is split as

A = Â_1 + Â_2 − E,

where

Â_1 =

A_1 0 A_{13} 0 0 0 A_{31} 0 A_3

, Â_2 =

0 0 0 0 A_2 A_{23} 0 A_{32} A_3 , E = 0 0 0 0 0 0 0 0 A_3 .

Then

B_1Â_1 =

I_1 0 0 0 0 0 0 0 I_3

, B_2Â_2 =

0 0 0 0 I_2 0 0 0 I_3 .

A computation shows that ABA = A ( B_1Â_1 + B_1(Â_2 − E) + B_2Â_2 + B_2(Â_1 − E) ) = A ( I + blockdiag(0, 0, I_3) + B_1(Â_2 − E) + B_2(Â_1 − E) )

= A +

0 0 A_{13} 0 0 A_{23} 0 0 A_3 + I_1 0 0 0 0 0 0 0 I_3

0 0 0 0 A_2 A_{23} 0 A_{32} 0 + 0 0 0 0 I_2 0 0 0 I_3

A_1 0 A_{13} 0 0 0 A_{31} 0 0

+ (Â_2 − E)B_1(Â_2 − E) + (Â_1 − E)B_2(Â_1 − E)

= A +

0 0 A_{13} 0 0 A_{23} A_{31} A_{32} A_3 + 0 0 0 0 A_2 A_{23} 0 A_{32} 0

0 0 0 0 0 0 0 0 (S^{(1)}_3 )^{−1}

0 0 0 0 A_2 A_{23} 0 A_{32} 0 + A_1 0 A_{13} 0 0 0 A_{31} 0 0

0 0 0 0 0 0 0 0 (S^{(2)}_3 )^{−1}

A_1 0 A_{13} 0 0 0 A_{31} 0 0

= A +

A_{13} (S^{(2)}_3 )^{−1}A_{31} 0 A_{13} 0 A_{23} (S^{(1)}_3 )^{−1}A_{32} A_{23} A_{31} A_{32} A_3 =: A + F.

Hence (4.6) ABA − A = F and A^{1/2}BA^{1/2} = I + A^{−1/2}F A^{−1/2}.

Let A_3 be split as A_3 = A^{(1)}_3 + A^{(2)}_3 , where A^{(i)}_3 (i = 1, 2) arises from contributions to edge nodes from odd and even numbered subdomains, respectively. Then the matrices

A_1 0 A_{13} 0 0 0 A_{31} 0 A^{(1)}_3 and 0 0 0 0 A_2 A_{23} 0 A_{32} A^{(2)}_3

are the full contributions from odd and even numbered subdomains, respectively, so they are positive semidefinite. Hence A^{(i)}_3 − A_{3i}A^{−1}_i A_{i3} (i = 1, 2) are also positive semidefinite, thus

S^{(1)}_3 = A^{(1)}_3 + A^{(2)}_3 − A_{31}A^{−1}_1 A_{13} ≥ A^{(2)}_3 or (A^{(2)}_3 )^{−1} ≥ (S^{(1)}_3 )^{−1}

and similarly, (A^{(1)}_3 )^{−1} ≥ (S^{(2)}_3 )^{−1}. Hence

A_{13} (S^{(2)}_3 )^{−1}A_{31} ≤ A_{13} (A^{(1)}_3 )^{−1}A_{31} ≤ A_1, A_{23} (S^{(1)}_3 )^{−1}A_{32} ≤ A_{23} (A^{(2)}_3 )^{−1}A_{32} ≤ A_2 ,

and by (4.6),

ABA − A ≤ A_1 0 A_{13} 0 A_2 A_{23} A_{31} A_{32} A_3 = A.

Therefore

(4.7) A^{1/2}BA^{1/2} ≤ 2I and λ_{max}(BA) ≤ 2.

To derive a lower bound, we will use perturbations. Let then B be defined as above, and let the preconditioner B̃ to A be defined as

(4.8) B̃ := B + Δ, where Δ := δ

0 0 0 0 0 0 0 0 A^{−1}_3 for some δ ≥ 0.

The intention is to keep δ sufficiently small so as not to increase the upper bound too much. We have AB̃A−A = ABA−A+AΔA, and we wish to find a positive number ξ sufficiently large to make (ξ + 1)AB̃A ≥ A.

Here (ξ + 1)AB̃A − A = ξA + (ξ + 1)(ABA − A) + (ξ + 1)AΔA. Further,

(4.9) AΔA = δ

0 0 0 0 0 0 0 0 A_3

and, using (4.6), we have

(4.10)

(ξ + 1)(AB̃A − A) = ξ A_1 0 αA_{13} 0 A_2 αA_{23} αA_{31} αA_{32} α^2D_3

+(ξ + 1)

A_{13} (S^{(2)}_3 )^{−1}A_{31} 0 βA_{13} 0 A_{23} (S^{(1)}_3 )^{−1}A_{32} βA_{23} βA_{31} βA_{32} β^2 (S^{(1)}_3 + S^{(2)}_3 )

+ ( (2ξ + 1) + (ξ + 1)δ − 2β^2(ξ + 1) ) 0 0 0 0 0 0 0 0 A_3 ,

where

D_3 = A_{31}A^{−1}_1 A_{13} + A_{32}A^{−1}_2 A_{23}, S^{(1)}_3 + S^{(2)}_3 = 2A_3 − D_3,

and ξ, α, β are positive numbers satisfying

(4.11) ξα + (ξ + 1)β = 2ξ + 1 (equating the off-diagonal matrices), ξα^2 = (ξ + 1)β^2 (equating the D_3-terms), 2(ξ + 1)β^2 = (2ξ + 1) + (ξ + 1)δ (equating the A_3-terms).

Now we can prove

THEOREM 4.1. Assume that A_1 in (4.1) is positive definite, and let B̃ be defined in (4.8). Then λ_{min}(B̃A) ≥ 1 ξ + 1 and λ_{max}(B̃A) ≤ 2 + δ 1 − γ^2 , where ξ = ξ(δ) satisfies the equation (4.11) and

γ = ϱ (A^{−1/2}_3 (A_{31}A^{−1}_1 A_{13} + A_{32}A^{−1}_2 A_{23})A^{−1/2}_3 )^{1/2}.

As δ → 0, ξ → ∞, the condition number is asymptotically bounded by κ(B̃A) ⪅ 1 2 √ 2 ( 2δ^{−1/2} + δ^{1/2} 1 − γ^2 ) , and min_{δ>0} κ(B̃A) ⪅ 1 √ 1 − γ^2 .

Proof. We have

A_1 0 αA_{13} 0 A_2 αA_{23} αA_{31} αA_{32} α^2D_3 = I_1 0 0 0 I_2 0 αA_{31}A^{−1}_1 αA_{32}A^{−1}_1 I_3

A_1 0 0 0 A_2 0 0 0 0

I_1 0 αA^{−1}_1 A_{31} 0 I_2 αA^{−1}_1 A_{32} 0 0 I_3 and A_{13} (S^{(2)}_3 )^{−1}A_{31} 0 βA_{13} 0 A_{23} (S^{(1)}_3 )^{−1}A_{32} βA_{23} βA_{31} βA_{32} β^2 (S^{(1)}_3 + S^{(2)}_3 )

= 0 0 A_{13} 0 0 0 0 0 β S^{(2)}_3

0 0 0 0 0 0 0 0 (S^{(2)}_3 )^{−1}

0 0 0 0 0 0 A_{31} 0 β S^{(2)}_3

+ 0 0 0 0 0 A_{23} 0 0 β S^{(1)}_3

0 0 0 0 0 0 0 0 (S^{(1)}_3 )^{−1}

0 0 0 0 0 0 0 A_{32} β S^{(1)}_3 .

It follows that the first two terms in (4.10) are positive semidefinite. Since by (4.11) the last term in (4.10) is zero, it follows that (ξ + 1)AB̃A ≥ A, whence λ_{min}(B̃A) ≥ 1 ξ + 1

. Further, using (4.7) and (4.9),

λ_{max}(B̃A) = sup_{x≠0} x^T AB̃Ax x^T Ax ≤ 2 + sup_{x≠0} x^T AΔAx x^T Ax = 2 + δ sup_{x≠0} x^T_3 A_3x_3 x^T Ax

= 2 + δ sup_{x≠0} x^T_3 A_3x_3 x^T_3 S_3x_3

= 2 + δ 1 − γ^2 , where S_3 is from (4.3).

A computation from (4.11) shows that α = √ ξ + 1 ξ β, √ ξ + 1( √ ξ + 1 + √ ξ)β = 2ξ + 1, and 1 ξ + 1 = 1 + ζ + 2 √ ζ √ ζ + 1 √ δ ≤ 2 √ 2δ,

where ζ = ξ ξ + 1

. Hence ζ < 1. If δ → 0, then ξ → ∞, ζ → 1, and hence

λ_{min}(B̃A) ≥ 1 ξ + 1 ≈ 2 √ 2δ. For the condition number we have κ(B̃A) ⪅ 2 + δ/(1 − γ^2) 2 √ 2δ which is minimized for δ = 2(1 − γ^2). Hence

min_{δ>0} κ(B̃A) ⪅ 1 √ 1 − γ^2 . As follows from Section 2, for partitioning in subdomains, γ^2 = 1 − O(h/H), where h, H are the characteristic mesh sizes for the finest elements and for the macroelements, respectively. Hence it follows from Theorem 4.1 for the condition number that κ(B̃A) = O ( (h/H)^{−1/2} ) . Therefore, the number of conjugate gradient iterations to solve a system with matrix A, using the preconditioner B̃ = B̃(δ) with δ = 2 1 − γ^2

= O(h/H), increases at most as O ( (h/H)^{−1/4} ) , which is fairly minor. For instance, (h/H)^{−1/4} = 2, respectively 4, if H = 16h or H = 256h.

We remark that for convenience of the derivation of the condition number, we have formulated the matrix A based on an odd-even ordering. However, since the matrix B is given in additive form, we can actually implement the actions of the local element inverses in any order, or even in parallel. The method can be further improved by use of a perturbation matrix in the form Δ = δ blockdiag(0, 0, A^{−1}_3 S_3A^{−1}_3 ) instead of (4.8). It turns out that in this case the condition number does not depend on γ but only on δ, which can be chosen independently of the coefficient in the differential operator. This shows independence of both the mesh parameter and coefficient jumps, but will not be discussed further in this paper.

The above method can be further extended by use of a splitting of node points in a coarse mesh set and a remaining fine mesh set. For the corresponding two-by-two block matrix the above method can be applied for the pivot block matrix, and the arising Schur complement matrix in the block preconditioner can likewise be preconditioned elementwise. This will be discussed in Section 6; see further analysis in [10, 12], and for related results [21]. In the following section elementwise preconditioners are also analyzed by more analytical means.

5. Some model analysis on the continuous level. A continuous analogue of the method of Section 3 is presented now on some model problems, including the introduction of a certain modified Poincaré–Steklov operator for the interfaces. This study on the continuous level can help the understanding of the properties of the studied factorization approach.

5.1. Preliminaries: the Poincaré–Steklov operator. As pointed out in Section 3, the analysis of standard domain decomposition methods relies strongly on the Poincaré–Steklov operator; see, e.g., [23, 22]. In this subsection we give a brief description, following [22].

Let us consider a boundary value problem

(5.1) { −Δu = f, in Ω, u_{|∂Ω} = 0,

where Ω is a bounded domain with Lipschitz boundary and f ∈ L^2(Ω). The domain Ω is decomposed in two nonoverlapping domains Ω_1 and Ω_2, whose common boundary is denoted by Γ, further, we let Γ_1 := ∂Ω_1 \ Γ and Γ_2 := ∂Ω_2 \ Γ.

The Poincaré–Steklov operator is then defined in the following way. Let us choose an arbitrary function γ ∈ H^{1/2}_{00} (Γ). (For the definition of H^{1/2}_{00} (Γ) and other related Sobolev spaces, see also [23].) Let H_1γ and H_2γ denote the harmonic extensions of γ in Ω_1 and Ω_2, respectively, with zero boundary condition on ∂Ω, i.e., H_iγ, i = 1, 2, is the solution of the problem

(5.2)

−Δ H_iγ = 0, in Ω_i, H_iγ_{|Γi} = 0, H_iγ_{|Γ} = γ.

Then the Poincaré–Steklov operator is R : H^{1/2}_{00} (Γ) → H^{−1/2}_{00} (Γ), which assigns to γ the jump of the normal derivatives of its harmonic extensions on Γ, i.e.,

(5.3) Rγ := ∂ ∂n H_1γ + ∂ ∂n H_2γ, on Γ.

The plus sign represents the jump with the convention that the outward normal vector n of Ω_1 is opposite to n of Ω_2 on Γ, which will be understood throughout this paper. That is, for a smooth function on Ω, the two normal derivatives are the opposite of each other and hence the jump on Γ equals zero.

REMARK 5.1. Problem (5.1) can then be reduced to equation

(5.4) Rγ = ψ

with ψ defined as follows. Let T_if, i = 1, 2, respectively, denote the solutions of the problems

(5.5) { −Δ T_if = f, in Ω_i, T_if_{|∂Ωi} = 0, and let ψ := − ∂ ∂n T_2f − ∂ ∂n T_1f, on Γ,

which represents the negative jump of the corresponding normal derivatives. Then u := H_iγ + T_if on Ω_i (i = 1, 2) satisfies −Δ u = f on both Ω_1 and Ω_2 and is continuous on

Ω. Hence u solves (5.1) if and only if its normal derivative has zero jump on Γ, which is equivalent to (5.4).

REMARK 5.2. Green’s formula implies that the bilinear form of the Poincaré–Steklov operator R is (5.6) ⟨Rγ, μ⟩ = ∫ Ω_1 ∇H_1γ · ∇H_1μ + ∫ Ω_2 ∇H_2γ · ∇H_2μ, ∀γ, μ ∈ H^{1/2}_{00} (Γ), whence R is a symmetric and strictly positive operator.

On the discrete level, let us now consider a FEM discretization of problem (5.1) and let us decompose the stiffness matrix as

(5.7) A =

A_{11} 0 A_{1Γ} 0 A_{22} A_{2Γ} A_{Γ1} A_{Γ2} A_{ΓΓ} ,

corresponding to the node points in Ω_1, in Ω_2 and on Γ, respectively. The linear system can be reduced to the Schur complement

(5.8) Σ := A_{ΓΓ} − A_{Γ1}A^{−1}_{11} A_{1Γ} − A_{Γ2}A^{−1}_{22} A_{2Γ},

i.e., Σ is the Schur complement for Γ with respect to both Ω_1 and Ω_2. Then, as pointed out in [22], Σ is the discrete analogue of the Poincaré–Steklov operator (5.3). Essentially, the term A_{ΓΓ} is responsible for the boundary values of the considered function and the two other terms represent the procedures involving the two harmonic extensions.

REMARK 5.3. The generalization of the above notions to the case of more (say, k) subdomains is straightforward. Then the Poincaré–Steklov operator involves harmonic extensions from the union of interfaces to all subdomains, and its bilinear formulation will contain a sum of k terms, e.g., for k = 3 the form (5.6) is replaced by (5.9) ⟨Rγ, μ⟩ = ∫ Ω_1 ∇H_1γ · ∇H_1μ + ∫ Ω_2 ∇H_2γ · ∇H_2μ + ∫ Ω_3 ∇H_3γ · ∇H_3μ . Similarly, the stiffness matrix (5.7) and the corresponding Schur complement (5.8) will include k interior blocks A_{ii}, e.g., for the above example k = 3, we have

(5.10) Σ := A_{ΓΓ} − A_{Γ1}A^{−1}_{11} A_{1Γ} − A_{Γ2}A^{−1}_{22} A_{2Γ} − A_{Γ3}A^{−1}_{33} A_{3Γ}

as in (3.5).

5.2. The modified Poincaré–Steklov operator. Let us consider again a FEM discretization of problem (5.1). We decompose the domain Ω in subdomains Ω_1, . . . , Ω_m, such that, in addition to a corresponding portion of the original boundary ∂Ω, each Ω_i has a common boundary only with its neighbours Ω_{i−1} and Ω_{i+1}. Denoting here these common boundaries by Γ_{i−1,i} and Γ_{i,i+1}, respectively, we decompose the stiffness matrix as in (2.1), corresponding to the subdomains Ω_1, . . . , Ω_m, such that the node points on Γ_{i,i+1} are taken into account in A_{ii} (i.e., together with Ω_i). Our goal is to study the factorization (2.2). Since, in contrast to the idea of (5.7), the boundary node points are not considered here separately, the Schur complements in (2.2) are understood recursively as complements for Ω_i with respect to Ω_{i−1}. This is an important difference as compared to (5.8), and therefore the continuous analogues of the Schur complements in (2.2) will also be appropriate modifications of the Poincaré–Steklov operator (5.3). In fact, the proper operator takes only into account the previous subdomain Ω_{i−1}.

First, for simplicity, let us consider the case of two subdomains Ω_1 and Ω_2, where one can follow more clearly how the operator in subsection 5.1 is modified. Similarly as therein, the common boundary of Ω_1 and Ω_2 is denoted by Γ, further, we let Γ_1 := ∂Ω_1 \ Γ and Γ_2 := ∂Ω_2 \ Γ. We wish to define the continuous analogue of the Schur complement S_2 := A_{22} − A_{21}A^{−1}_{11} A_{12}.

Let us take a function u_2 on Ω_2, such that u_{2 |Γ2} = 0. Applying the operator −Δ_{|Ω2} to u_2 (which corrresponds to the term A_{22} in S_2), we want it to equal f. Let us further consider the restriction u_{2 |Γ}, and calculate its harmonic extension to Ω_1, i.e., let H_1u_2 be the solution of the problem

(5.11)

−Δ H_1u_2 = 0, in Ω_1, H_1u_{2 |Γ1} = 0, H_1u_{2 |Γ} = u_2,

which solves the analogue of (5.2) only on Ω_1. Accordingly, the modified Poincaré–Steklov operator P assigns to u_2 the jump of the normal derivative of its harmonic extension and of itself, i.e.,

(5.12) P u_2 := ∂ ∂n H_1u_2 + ∂ ∂n u_2, on Γ.

REMARK 5.4. Similarly as in Remark 5.1, problem (5.1) can now be reduced to the equation

(5.13) P u_2 = χ,

where χ := −^∂_{∂n} T_1f with T_1f defined in (5.5). Letting u = u_1 := H_1u_2 + T_1f on Ω_1 and u = u_2 on Ω_2, it is readily seen that u solves (5.1) if and only if Lu_2 = f in Ω_2 and (5.13) holds on Γ.

REMARK 5.5. The analogue of Remark 5.2 holds if, according to our setting, we handle the operators −Δ_{|Ω2} and P together. Using Green’s formula, the pair P̃ of these operators satisfies ⟨ P̃ (u_2, u_{2 |Γ}), (φ, φ_{|Γ}) ⟩ ≡ ⟨(−Δ P ) (u_2, u_{2 |Γ}), (φ, φ_{|Γ}) ⟩ = ∫ Ω_2

(−Δu_2)φ + ∫ Γ (P u_2)φ

(5.14) = ∫ Ω_1

∇H_1u_2 · ∇H_1φ + ∫ Ω_2 ∇u_2 · ∇φ, for all φ ∈ H^1_D (Ω_2) := {φ ∈ H^1(Ω_2) : φ_{|Γ2} = 0}, whence it is a symmetric and strictly positive operator.

REMARK 5.6. For more subdomains, one can define P_i in just an analogous way. Namely, for simplicity, let Γ_{i−1} denote the common boundary of Ω_{i−1} and Ω_i. Let u_i be defined on Ω_i, such that u_{i |∂Ωi\Γi−1} = 0. We consider u_{i |Γi−1} = 0 and solve the Dirichlet problem on Ω_1 ∪ · · · ∪ Ω_{i−1} with this boundary condition (which can be reduced to previous subproblems in a recursive way, just as is the Schur complement reduced to previous Schur complements), and finally calculate the jump of the corresponding normal derivatives on Γ. Here the bilinear form that replaces (5.14) will thus include a term on Ω_1 ∪ · · · ∪ Ω_{i−1} and a term on Ω_i. For instance, in the case of three subdomains, we have

(5.15) ⟨ P̃_3 (u_3, u_{3 |Γ}), (φ, φ_{|Γ}) ⟩ = ∫ Ω_1 ∪Ω_2

∇H_{12}u_3 · ∇H_{12} φ + ∫ Ω_3 ∇u_3 · ∇φ, for all φ ∈ H^1_D(Ω_3) := {φ ∈ H^1(Ω_3) : φ_{|∂Ω3 \Γ2} = 0}, where H_{12}u_3 denotes the harmonic extension of u_{3 |Γ2} to Ω_1 ∪ Ω_2.

REMARK 5.7. For problems with jumps in the diffusion coefficients, the conditioning properties observed in Section 3 are in accordance with their analogues on the continuous level. This will be outlined here. Namely, we have observed in Section 3 that the condition numbers of the Schur complements are sensitive to jumps in the first approach but not in the second approach. Accordingly, one can indicate for the same example that the standard Poincaré–Steklov operator is sensitive to the jumps whereas the modified Poincaré–Steklov operator is not.

Let us therefore consider the model problem of Section 3. The domain Ω is decomposed in three subdomains Ω_1, Ω_2 and Ω_3, such that there are common boundaries Γ_1 := Ω_1 ∩ Ω_2 and Γ_2 := Ω_2 ∩ Ω_3, but Ω_1 and Ω_3 have no common boundary. We consider an elliptic problem, formally as −div (w ∇u) = f with u_{|∂Ω} = 0, with weak form (3.13), where w is a weight function on Ω, such that w_{|Ωi} ≡ w_i (i = 1, 2, 3). We assume w_1 ≥ w_2 ≥ w_3 and, varying the coefficients, we are interested in the case w_1/w_2 → ∞.

The standard Poincaré–Steklov operator can be extended directly to such piecewise constant coefficient problems, such that one considers weighted normal derivatives on the interfaces with weights w_i. Considering the bilinear form for our model problem with three subdomains, the form (5.9) is replaced by (5.16) ⟨R(w)γ, μ⟩ = w_1 ∫ Ω_1

∇H_1γ · ∇H_1μ + w_2 ∫ Ω_2

∇H_2γ · ∇H_2μ + w_3 ∫ Ω_3 ∇H_3γ · ∇H_3μ . Factoring out w_2, we see that R(w) is the constant multiple of an operator, where the first term is proportional to w_1/w_2 and the other two terms are bounded as w_1/w_2 → ∞, i.e., R(w) behaves similarly as Σ(w) in Corollary 3.2.

The modified Poincaré–Steklov operator can be extended similarly to piecewise constant coefficient problems, using the same weighted normal derivatives as above. The bilinear form for our model problem with three subdomains is the proper modification of (5.15):

(5.17) ⟨ P̃_3(w) (u_3, u_{3 |Γ}), (φ, φ_{|Γ}) ⟩ = ∫ Ω_1 ∪Ω_2

w ∇H_{12}u_3 · ∇H_{12} φ + w_3 ∫ Ω_3 ∇u_3 · ∇φ, for all φ ∈ H^1_D(Ω_3) := {φ ∈ H^1(Ω_3) : φ_{|∂Ω3 \Γ2} = 0}, where H_{12}u_3 denotes the wharmonic extension of u_{3 |Γ2} to Ω_1 ∪ Ω_2, that is, H_{12}u_3 = v if and only if v_{|Γ2} = u_3 and v_{|∂(Ω1 ∪Ω2)\Γ2} = 0, and further

(5.18) ∫ Ω_1 ∪Ω_2 w ∇v·∇ϕ ≡ w_1 ∫ Ω_1 ∇v·∇ϕ+w_2 ∫ Ω_2

∇v·∇ϕ = 0 ∀ϕ ∈ H^1_0 (Ω_1∪Ω_2).

Let us now consider an arbitrary test function φ ∈ H^1_D(Ω_3) as required for (5.17), and denote by φ̃ an extension of φ to Ω, such that φ̃_{|Ω1} ≡ 0 and φ̃_{|∂Ω} ≡ 0. Then φ̃ coincides with the w-harmonic extension H_{12}φ on Γ_2, and also on ∂(Ω_1 ∪ Ω_2) \ Γ_2 since both vanish on the latter. Hence H_{12}φ−φ̃ equals zero on the entire ∂(Ω_1 ∪Ω_2), i.e., H_{12}φ−φ̃ ∈ H^1_0 (Ω_1 ∪Ω_2). Setting ϕ := H_{12}φ − φ̃ in (5.18) and using φ̃_{|Ω1} ≡ 0, we obtain ∫ Ω_1 ∪Ω_2 w ∇v · ∇H_{12}φ = ∫ Ω_1∪Ω_2 w ∇v · ∇φ̃ = w_2 ∫ Ω_2 ∇v · ∇φ̃ . Since by definition H_{12}u_3 = v, we have just obtained an equality for the first term of (5.17). Substituting this into the whole expression in (5.17), we obtain a form for P̃_3(w) that contains integrals only on Ω_2 and Ω_3 with respective weights w_2 and w_3:

(5.19) ⟨ P̃_3(w) (u_3, u_{3 |Γ}), (φ, φ_{|Γ}) ⟩ = w_2 ∫ Ω_2 ∇v · ∇φ̃ + w_3 ∫ Ω_3 ∇u_3 · ∇φ . To sum up, the behaviour of the Schur complements under jumps in Section 3 follows that of their continuous analogues.

5.3. Approximate modified Poincaré–Steklov operator on a model problem. In this subsection we consider a continuous analogue of the procedure (2.5)-(2.6), and show on a model problem that it can be carried out in a similar way as on the discrete level. This gives an alternate illustration of the fact that the condition numbers in Theorem 2.1 are mesh independent.

Let us consider the 3D model problem

(5.20) { −Δu = f, in B, u_{|∂B} = 0, where B ⊂ R^3 is the unit ball. Let us fix a positive integer k and numbers 0 = R_0 < R_1 < · · · < R_{k−1} < R_k = 1.

Using notation r := |x| for the Euclidean norm of vectors x ∈ R^3 , we define annular subdomains (5.21) Ω_j := {x ∈ B : R_{k−j} < r < R_{k−j+1}}, i = 1, . . . , k. First, for simplicity, let k = 2 and R_1 = 1/2. Then (2.6) becomes D_2e = A_{2,1}A^{−1}_{11} A_{1,2}e for the constant vector e = (1, . . . , 1). Its continuous analogue, with the notation of subsection 5.2, is to find an operator D̂_2, such that (5.22) D̂_2e = P e, on Γ, for the constant function e ≡ 1. Here Γ := {x ∈ R^3 : r = 1/2}, and P is defined in (5.12) and the procedure before that. We have (5.23) Ω_1 = {x ∈ B : 1/2 < r < 1} and Ω_2 = {x ∈ B : 0 < r < 1/2}. Further, Γ_1 := ∂Ω_1 \ Γ = ∂B and Γ_2 := ∂Ω_2 \ Γ = ∅. Then P e can be calculated explicitly. First, the harmonic extension of e to Ω_1 is H_1e =: v, where v is the solution of

(5.24)

−Δ v = 0, in Ω_1, v_{|∂B} = 0, v_{|Γ} = 1 .

Here we use the form of the Laplace operator in 3D spherical coordinates, which reduces to Δv =^1_{r2}^∂_{∂r} (r^{2 ∂v}_{∂r} ) for radially symmetric functions. Then an elementary calculation yields v(r) = 1 r − 1. Hence by (5.12) and using that now^∂_{∂n} = −^∂_{∂r} on Γ, we obtain P e = − (_{∂v} ∂r +^{∂e}_{∂r} ) |r=1/2 = 4.

That is, P e is constant on Γ, i.e., we can write P e = 4e on Γ, which means that the operator required in (5.22) can be defined as (5.25) D̂_2 := 4I, where I is the identity operator on Γ.

Our goal now is to verify a continuous analogue of condition (2.7). According to the above, the operator 4I corresponds to D_2, further, as seen before, the analogue of A_{22} is the operator −Δ, such that homogeneous Dirichlet boundary conditions are considered on ∂Ω_2 = ∂B. Hence the required analogue of (2.7) reads as

(5.26) 4I ≤ −ϱΔ, for some ϱ < 1/2.

Denoting by λ_1 the smallest eigenvalue of −Δ with the given boundary conditions, and taking into account the condition ϱ < 1/2, inequality (5.26) is equivalent to 8 < λ_1. Here the eigenfunctions of −Δ are the restrictions to Ω_2 of the eigenfunctions on B with homogeneous Dirichlet boundary conditions on ∂B. The first eigenfunction is the first three-dimensional

Bessel function w(r) := sin πr πr , with eigenvalue λ_1 = π^2 > 8. Therefore (5.26) is satisfied.

Now let us consider more subdomains. Here by (5.21),

(5.27) Ω_k := {x ∈ B : 0 < r < R_1}.

In order to determine the operator P_k, problem (5.24) has now to be solved with Γ replaced by Γ_{k−1} = {x ∈ R^3 : r = R_1}. The solution is v(r) = 1 r − 1 1 R_1 − 1 . Hence the constant 4 in (5.25) is replaced by^1_{R1 (1−R1)} , and accordingly, the above property 8 < π^2 is replaced by condition

(5.28) 2 < π^2R_1(1 − R_1).

If this holds then the operator D̂_k :=^1_{R1 (1−R1)} I satisfies the required analogue of (2.7), i.e., D̂_k ≤ −ϱΔ for some ϱ < 1/2. Analogous calculations can be carried out to find D̂_1, . . . , D̂_{k−1}. Inequality (5.28) is satisfied if, up to four digits, 0.2824 < R_1 < 0.7176. Concerning the case of several subdomains, one may define for technical convenience R_j := (^j_k )^{1/3} in (5.21) to have equal volume of the subdomains. Then the condition 0.2824 < R_1 = (^1_k )^{1/3} is satisfied up to k = 44, i.e., (5.28) is satisfied for any reasonable number of subdomains.

6. Element by element preconditioners for matrices partitioned in 2×2 block form. As the method described in Section 3 uses a recursive computation, its parallelism is restricted; on the other hand, the method in Section 4 is parallelizable. Now a highly parallelizable method to construct preconditioners for the Schur complement matrix is presented, which has also shown nice results in numerical tests [10, 12]. First the method is described briefly, then its robustness with respect to coefficient jumps is shown.

6.1. Construction of the method. Let us consider an elliptic problem with piecewise constant coefficients. We start with a coarse mesh of triangles (tetrahedra) or rectangles (cubes), which has been constructed such that all coefficient jumps occur across element edges only. Each of these macroelements is then subdivided in a number (say m^2) of minielements. The corresponding global matrix is then partitioned in 2 × 2 block form

(6.1) [ A_{f f} A_{f c} A_{cf} A_{cc} ] , where A_{cc} corresponds to the coarse (macroelement) vertex nodes. To form a preconditioner B to A, we will be guided by the block matrix factorization of A,

(6.2) A = [ A_{f f} 0 A_{cf} S_c(A) ] [ I_f A^{−1}_{f f} A_{f c} 0 I_c ] , where S_c(A) = A_{cc} − A_{cf} A^{−1}_{f f} A_{f c} is the corresponding Schur complement matrix.

In general, S_c(A) is a full matrix and A_{f f} has a very large size. Therefore, to form B, we replace A_{f f} and S_c(A) by some approximations. These will be based on macroelement by element constructed matrices.

For the global assembled matrix A_{f f} , we first take the restrictions A^{(E)}_{f f} to each macroele-

ment, form their exact inverses A^{(E)}_{f f}^{−1}, and assemble them to a global matrix denoted by B_{f f} , which will replace A^{−1}_{f f} in (6.2). Similarly, each element version S^{(E)}_2 of S_c(A) is computed exactly from the exact form of the corresponding element matrix

(6.3) A^{(E)} = [ Ã^{(E)}_{f f} Ã^{(E)}_{f c} Ã^{(E)}_{cf} Ã^{(E)}_{cc} ] ,

i.e., S^{(E)}_2 = Ã^{(E)}_{cc} − Ã^{(E)}_{cf} ~ A^{(E)}_{f f} −1 Ã^{(E)}_{f c} . Then S_c(A) in (6.2) is replaced by the assembly of

S^{(E)}_2 , denoted by S, and the preconditioner B to A takes the form

(6.4) B = [ B^{−1}_{f f} 0 A_{cf} S ] [ I_f B_{f f} A_{f c} 0 I_c ] . Note that the actions of B_{f f} can take place fully in parallel, from the local actions of A^{(E)}_{f f} .

The above method can be extended to a multilevel version, but in this paper we only study the two-level version. Our goal is to show that the condition number of B^{−1}A is bounded independently of coefficient jumps in the given elliptic operator.

We will use that (6.5)

B^{−1}A = [ I_f −B_{f f} A_{f c} 0 I_c ] [ B_{f f} A_{f f} 0 S^{−1}A_{cf} (I_f − B_{f f} A_{f f} ) S^{−1}S_c(A) ] [ I_f A^{−1}_{f f} A_{f c} 0 I_c ] . 6.2. Independence of coefficient jumps in a model problem. For simplicity, we follow the model problem in Section 3, and study the case of three macroelements E_1, E_2 and E_3. Accordingly, we have common boundaries Γ_1 := E_1 ∩ E_2 and Γ_2 := E_2 ∩ E_3, but E_1 and E_3 have no common boundary. These macroelements are defined to match the coefficient of problem (3.13), i.e., w_{|Ei} ≡ w_i, i = 1, 2, 3. We assume as in Section 3 that the relations (3.14)-(3.16) hold. Our goal is to show that the condition number κ(B^{−1}A) remains bounded as the ratio w_1/w_2 grows unboundedly.

The stiffness matrix then has a form as in (3.17), where the five rows/columns now correspond to the nodes in E_1, E_2 and E_3, on Γ_1 and on Γ_2:

(6.6) A = w_1A_{11} 0 0 w_1A_{1,Γ1} 0 0 w_2A_{22} 0 w_2A_{2,Γ1} w_2A_{2,Γ2} 0 0 w_3A_{33} 0 w_3A_{3,Γ2} w_1A_{Γ1 ,1} w_2A_{Γ1 ,2} 0^{w1 +w2}_2 A_{Γ1 ,Γ1} 0 0 w_2A_{Γ2 ,2} w_3A_{Γ2,3} 0^{w2 +w3}_2 A_{Γ2 ,Γ2} .

With the notation of (6.1), we have

A_{f f} = w_1A_{11} 0 0 0 w_2A_{22} 0 0 0 w_3A_{33} , A_{f c} = w_1A_{1,Γ1} 0 w_2A_{2,Γ1} w_2A_{2,Γ2} 0 w_3A_{3,Γ2} ,

A_{cf} = [ w_1A_{Γ1,1} w_2A_{Γ1 ,2} 0 0 w_2A_{Γ2 ,2} w_3A_{Γ2 ,3} ] , A_{cc} = [_{w1+w2} 2 A_{Γ1,Γ1} 0 0^{w2+w3}_2 A_{Γ2,Γ2} ] . From (3.18), the Schur complement is

(6.7) S_c(A) = W A_{ΓΓ} − w_1A_{Γ1}A^{−1}_{11} A_{1Γ} − w_2A_{Γ2}A^{−1}_{22} A_{2Γ} − w_3A_{Γ3}A^{−1}_{33} A_{3Γ},

where W is the diagonal matrix

(6.8) W :=

[_{w1 +w2} 2 0 0^{w2 +w3}_2 ] . First we observe that

A^{−1}_{f f} A_{f c} =

A^{−1}_{11} A_{1,Γ1} 0 A^{−1}_{22} A_{2,Γ1} A^{−1}_{22} A_{2,Γ2} 0 A^{−1}_{33} A_{3,Γ2}

is independent of the w_i. Further, by construction, we have

B_{f f} = 1 w_1 B11 0 0

0^1_{w2} B_{22} 0 0 0^1_{w3} B_{33} ,

where B_{ii} := A^{(Ei)}_{f f}^{−1}, i = 1, 2, 3, since the latter act independently on the three macroelements. Hence

B_{f f} A_{f c} =

B_{11}A_{1,Γ1} 0 B_{22}A_{2,Γ1} B_{22}A_{2,Γ2} 0 B_{33}A_{3,Γ2}

is also independent of the w_i. That is, the left and right matrices in the product in (6.5) are independent of w_i. It remains to study the matrix in the center.

PROPOSITION 6.1. The condition number of S^{−1}S_c(A) is bounded as^{w1}_{w2} → ∞. Proof. Let Σ̃ :=^1_{w2} S_c(A) and S̃ :=^1_{w2} S. Then κ(S^{−1}S_c(A)) = κ(S̃^{−1}Σ̃). Here, following (3.20), (6.9)

Σ̃ = [_{w1} w_2 Σ1 0 0 0 ] + [_1 2 A_{Γ1 ,Γ1} 0 0^1_2 (1 +^{w3}_{w2} )A_{Γ2 ,Γ2} ] − A_{Γ2}A^{−1}_{22} A_{2Γ} − w_3 w_2

A_{Γ3}A^{−1}_{33} A_{3Γ},

where Σ_1 :=^1_2 A_{Γ1,Γ1} − A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} . As seen after (3.20), here Σ_1 is a Schur complement, corresponding to the positive definite matrix Ã_{11} from (3.7), modified by setting the weights w_1 = 1 and^{w1 +w2}_2 =^1_2 in the integrals. Hence Σ_1 is still positive definite. Denoting by R_Σ the second to fourth terms of (6.9), we have

Σ̃ = w^1 w_2 [ Σ_1 0 0 0 ] + R_Σ , where R_Σ has bounded coefficients as^{w1}_{w2} → ∞.

Let us now similarly rewrite S̃. By definition, S is the assembly of the Schur complements S^{(Ei)}_2 for the element matrices A^{(Ei )} (i = 1, 2, 3). To form the latter, we note that by assumption E_1 and E_3 only have interior vertices on Γ_1 or Γ_3, respectively, whereas E_2 has vertices on both of Γ_1 and Γ_3. Therefore the element matrices take the following form:

A^{(E1)} = [ w_1A_{11} w_1A_{1,Γ1} w_1A_{Γ1 ,1}^{w1+w2}_2 A_{Γ1 ,Γ1} ] , A^{(E3 )} = [ w_3A_{33} w_3A_{3,Γ2} w_3A_{Γ2 ,3}^{w2+w3}_2 A_{Γ2 ,Γ2} ] ,

A^{(E2)} = [ w_2A_{22} w_2A_{2c} w_2A_{c2} W A_{cc} ] , where A_{c2} := A^T_{2c} := [ A_{Γ1 ,2} A_{Γ2 ,2} ] , and W is from (6.8). Then

S^{(E1)}_2 =^{w1+w2}_2 A_{Γ1 ,Γ1} − w_1A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} , S^{(E3)}_2 =^{w2+w3}_2 A_{Γ2,Γ2} − w_3A_{Γ2 ,3}A^{−1}_{33} A_{3,Γ2} ,

S^{(E2)}_2 = W A_{cc} − w_2A_{c2}A^{−1}_{22} A_{2c} = [_{w1+w2} 2 A_{Γ1,Γ1} 0

0^{w2+w3}_2 A_{Γ2 ,Γ2} ] − w_2 [ A_{Γ1 ,2}A^{−1}_{22} A_{2,Γ1} A_{Γ1 ,2}A^{−1}_{22} A_{2,Γ2} A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ1} A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ2} ]

= [_{w1+w2} 2 A_{Γ1,Γ1} − w_2A_{Γ1,2}A^{−1}_{22} A_{2,Γ1} −w_2A_{Γ1,2}A^{−1}_{22} A_{2,Γ2} −w_2A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ1}^{w2+w3}_2 A_{Γ2 ,Γ2} − w_2A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ2} ] . The assembly of S^{(Ei)}_2 is a 2 × 2 block matrix, where the first and second rows/columns correspond to the boundaries Γ_1 and Γ_2, respectively. That is, S^{(E1)}_2 and S^{(E3)}_2 are added to the (1,1) and (2,2) blocks of S^{(E2)}_2 : S = [ S_{11} S_{12} S_{21} S_{22} ] , where

S_{11} = (w_1 + w_2) A_{Γ1 ,Γ1} − w_1A_{Γ1 ,1}A^{−1}_{11} A_{1,Γ1} − w_2A_{Γ1 ,2}A^{−1}_{22} A_{2,Γ1} , S_{12} = −w_2A_{Γ1 ,2}A^{−1}_{22} A_{2,Γ2} , S_{21} = −w_2A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ1} , S_{22} = (w_2 + w_3) A_{Γ2 ,Γ2} − w_2A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ2} − w_3A_{Γ2 ,3}A^{−1}_{33} A_{3,Γ2} .

Therefore

S̃ = [_{w1} w_2 (AΓ^1 ,Γ^1 − AΓ^1 ,1A −1 11 A_{1,Γ1} ) 0 0 0 ]

+ [ A_{Γ1 ,Γ1} − A_{Γ1 ,2}A^{−1}_{22} A_{2,Γ1} −A_{Γ1,2}A^{−1}_{22} A_{2,Γ2} −A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ1} (1 +^{w3}_{w2} ) A_{Γ2 ,Γ2} − A_{Γ2 ,2}A^{−1}_{22} A_{2,Γ2} −^{w3}_{w2} A_{Γ2,3}A^{−1}_{33} A_{3,Γ2} ]

=^{w1}_{w2} [ S_1 0 0 0 ] + R_S ,

where S_1 := A_{Γ1 ,Γ1} − A_{Γ1,1}A^{−1}_{11} A_{1,Γ1} is a Schur complement of the matrix Ã_{11} in (3.7). Hence S_1 is positive definite, further, R_S denotes the second matrix above, which has bounded coefficients as^{w1}_{w2} → ∞. (Recall that, by assumption, 0 < α ≤^{w3}_{w2} ≤ 1.)

Now it is easy to derive the spectral equivalence of S̃ and Σ̃. Let us consider vectors in the form x = (_{x1} x_2 ) , where the decomposition into the vectors x_1 and x_2 corresponds to the

block form of S̃. Then S̃x · x = w^1 w_2

(S_1x_1 · x_1) + R_S x · x and Σ̃x · x = w_1 w_2

(Σ_1x_1 · x_1) + R_Σ x · x .

Hence Σ̃x · x S̃x · x = (Σ_1x_1 · x_1) +^{w2}_{w1} (R_Σ x · x) (S_1x_1 · x_1) +^{w2}_{w1} (R_S x · x) . Here, by assumption, 0 ≤^{w2}_{w1} ≤ 1. Hence

(6.10)

(Σ_1x_1 · x_1) (S_1x_1 · x_1) + (R_S x · x) ≤ Σ̃x · x S̃x · x ≤ (Σ_1x_1 · x_1) + (R_Σ x · x) (S_1x_1 · x_1) . Here the matrices Σ_1 and S_1 were seen to be positive definite. Let us now define

Σ̃_1 := [ Σ_1 0 0 0 ] + R_Σ and S̃_1 := [ S_1 0 0 0 ] + R_S .

These matrices are also positive definite since they coincide with Σ̃ and S̃, respectively, in the case w_1 = w_2. Then (6.10) implies

λ_{min}(S̃^{−1}_1 Σ_1) ≤ λ_{min}(S̃^{−1} Σ̃), λ_{max}(S̃^{−1} Σ̃) ≤ λ_{max}(S^{−1}_1 Σ̃_1),

which yields the desired boundedness of κ(S̃^{−1}Σ̃) as^{w1}_{w2} → ∞.

COROLLARY 6.2. The condition number of B^{−1}A is bounded as^{w1}_{w2} → ∞. Proof. We have seen just before Proposition 6.1 that the left and right matrices in the product in (6.5) are independent of the w_i. Hence it remains to prove that the matrix in the center has bounded condition number as^{w1}_{w2} → ∞. Since this matrix is block diagonal, its eigenvalues coincide with those of its diagonal blocks, therefore it suffices that κ(B_{f f} A_{f f} ) and κ(S^{−1}S_c(A)) have bounded condition numbers as^{w1}_{w2} → ∞. The latter has been proved in Proposition 6.1, whereas in the former case

B_{f f} A_{f f} =

B_{11}A_{11} 0 0 0 B_{22}A_{22} 0 0 0 B_{33}A_{33}

is even independent of the w_i.

REMARK 6.3. The above result can be extended to the case of more than three subdomains under corresponding assumptions on the coefficients w_i.

Acknowledgements. The authors acknowledge the generous provisions at the Mathematisches Forschungsinstitut Oberwolfach, which enabled writing the first version of this paper during their ‘Research in Pairs’ stay at the Institute from 24 February–8 March 2008. The first author was also supported by the grant IET40030045 of the Academy of Sciences of the Czech Republic (Program Information Society), and the second author was also supported by the Hungarian Research Grant OTKA No.K 67819 and by HAS via Bolyai János Scholarship.

194 O. AXELSSON AND J. KAR^´ATSON

REFERENCES

[1] O. AXELSSON, Iterative Solution Methods, Cambridge University Press, Cambridge, 1994. [2] O. AXELSSON, I. FARAGÓ, AND J. KARÁTSON, Sobolev space preconditioning for Newton’s method using domain decomposition, Numer. Linear Algebra Appl., 9 (2002), pp. 585–598.

[3] O. AXELSSON AND I. GUSTAFSSON, On the use of preconditioned conjugate gradient methods for red-black ordered five-point difference schemes, J. Comput. Phys., 35 (1980), pp. 284–289.

[4] O. AXELSSON AND I. GUSTAFSSON, Preconditioning and two-level multigrid methods of arbitrary degree of approximation, Math. Comp., 40 (1983), pp. 219–242.

[5] O. AXELSSON, YU. R. HAKOPIAN, AND YU. A. KUZNETSOV, Multilevel preconditioning for perturbed finite element matrices, IMA J. Numer. Anal., 17 (1997), pp. 125–149.

[6] O. AXELSSON AND J. KARÁTSON, Conditioning analysis of separate displacement preconditioners for some nonlinear elasticity systems, Math. Comput. Simulation, 64 (2004), pp. 649–668.

[7] O. AXELSSON AND J. KARÁTSON, Preconditioning of block tridiagonal matrices, Oberwolfach Preprint OWP 2008-05.

[8] O. AXELSSON AND L. KOLOTILINA, Diagonally compensated reduction and related preconditioning methods, Numer. Linear Algebra Appl., 1 (1994), pp. 155–177.

[9] O. AXELSSON AND H. LU, A survey of some estimates of eigenvalues and condition numbers for certain preconditioned matrices, J. Comput. Appl. Math., 80 (1997), pp. 241–264.

[10] O. AXELSSON, R. BLAHETA, AND M. NEYTCHEVA, Preconditioning of boundary value problems using elementwise Schur complements, SIAM J. Matrix Anal., 31 (2009), pp. 767–789.

[11] O. AXELSSON AND P. S. VASSILEVSKI, Variable-step multilevel preconditioning methods. I. Selfadjoint and positive definite elliptic problems, Numer. Linear Algebra Appl., 1 (1994), pp. 75–101.

[12] E. BÄNGTSSON AND M. NEYTCHEVA, Finite element block-factorized preconditioners, Technical Report, Department of Information Technology, Uppsala University, 2007-008.

[13] R. R. BANK, Hierarchical bases and the finite element method, Acta Numer., 5 (1996), pp. 1–43. [14] R. E. BANK AND T. DUPONT, An optimal order process for solving finite element equations, Math. Comp., 36 (1981), pp. 35–51.

[15] M. DRYJA, An iterative substructuring method for elliptic mortar finite element problems with discontinuous coefficients, in Domain Decomposition Methods, Contemporary Mathematics, vol. 218, J. Mandel, C. Farhat, and X.-C. Cai, eds., American Mathematical Society, Providence, RI, 1998, pp. 94–103.

[16] M. DRYJA, M. V. SARKIS, AND O. B. WIDLUND, Multilevel Schwarz methods for elliptic problems with discontinuous coefficients in three dimensions, Numer. Math., 72 (1996), pp. 313–348.

[17] U. LANGER AND O. STEINBACH, Coupled finite and boundary element domain decomposition methods, in Boundary Element Analysis, Lecture Notes in Applied and Computational Mechanics, vol. 29, M. Schanz and O. Steinbach, eds., Springer, Berlin, 2007, pp. 61–95.

[18] H. LU AND O. AXELSSON, Conditioning analysis of block incomplete factorizations and its application to elliptic equations, Numer. Math., 78 (1997), pp. 189–209.

[19] J. MANDEL AND M. BREZINA, Balancing domain decomposition for problems with large jumps in coefficients, Math. Comp., 65 (1996), pp. 1387–1401.

[20] J. MANDEL AND C. R. DOHRMANN, Convergence of a balancing domain decomposition by constraints and energy minimization, Numer. Linear Algebra Appl., 10 (2003), pp. 639–659.

[21] M. NEYTCHEVA AND E. BÄNGTSSON, Preconditioning of nonsymmetric saddle point systems as arising in modelling of visco-elastic problems, Electron. Trans. Numer. Anal., 29 (2008), pp. 193–211,

http://etna.math.kent.edu/vol.29.2007-2008/pp193-211.dir/.

[22] A. QUARTERONI AND A. VALLI, Domain Decomposition Methods for Partial Differential Equations, Oxford University Press, New York, 1999.

[23] A. TOSELLI AND O. WIDLUND, Domain Decomposition Methods – Algorithms and Theory, Springer Series in Computational Mathematics, vol. 34, Springer, Berlin, 2005.