SOME TIDBITS ON IDEAL PROJECTORS, COMMUTING MATRICES AND THEIR APPLICATIONS^∗

BORIS SHEKHTMAN^†

To my teacher and friend Richard Varga on the occasion of his eightieth birthday.

Abstract. The main result of this paper is the parametrization of ideal projectors onto an arbitrary finitedimensional linear subspace G ⊂ k[x]. This parametrization extends the previous ones by B. Mourrain and by M. Kreuzer and L. Robbiano. We also give applications of the technique developed in this paper to a question of similarity between a sequence of commuting matrices and its transpose and to the existence of real solutions to a system of polynomial equations.

Key words. Ideal projector, commuting operators, border schemes.

AMS subject classifications. Primary: 41A63, 41A10, 41A35; Secondary: 13P10.

1. Introduction. Throughout the paper k will stand for the field of complex numbers or the field of real numbers, k[x] := k [x_1, . . . , x_d] will denote the space (algebra, ring) of polynomials in d indeterminants with coefficients in the field k.

DEFINITION 1.1 ([1]). A linear idempotent operator P : k[x] → k[x] is called an ideal projector if ker P is an ideal in k[x].

Lagrange interpolation projectors, Taylor projectors and, in one variable, Hermite interpolation projectors are all examples of ideal projectors. For this reason the study of ideal projectors holds a promise of an elegant extension of operators, traditionally used in numerical analysis, to multivariate setting. The theory was initiated by G. Birkhoff [1], C. de Boor [2], C. de Boor and A. Ron [4], H. M. Möller [9], and T. Sauer [14].

In this paper I will describe the family of ideal projectors onto a given a finite-dimensional linear subspace G ⊂ k[x]. The family of all such projectors is denoted by P_G. Due to Birkhoff’s restriction of the domain of a projector to the ring k[x], the study of ideal projectors parallels the study of ideals J ⊂ k[x], that complement G:

(1.1) J ⊕ G = k[x];

equivalently, those ideals J ⊂ k[x] for which G spans the quotient algebra k[x]/J. Let J_G denotes the family of all ideals satisfying (1.1). In commutative algebra the characterization of J_G was previously considered by Mourrain [10] and by Kreuzer and Robbiano [7, Chapter 6.4] in connection with some questions in computer algebra. They gave a description of the bases for the ideals in J_G when G satisfies some additional assumptions: G is connected to 1, in case of [10] and G is a D-invariant space spanned by monomials (order ideals) in case of [7]. Further discussion on the relationship between these assumptions can be found in [3].

The main result of the next section characterizes (parametrizes) P_G (equivalently J_G) without any assumptions on G. In this sense Theorem 2.3 below extends the results of [10] and [7] to arbitrary G. This parametrization allows to “compute” all ideal projectors for general subspace G. The two examples in Section 3 of the paper show the difference between parametrization of P_G for special G and arbitrary G.

As in [10] and [7], the indispensable tool in caring out the characterization of P_G is a commuting family of multiplication operators (matrices) on G: M_P := (M_j , j = 1 : d)

∗Received March 13, 2009. Accepted for publication May 1, 2009. Published online August 24, 2009. Recommended by V. Mehrmann.

†Department of Mathematics & Statistics, University of South Florida, Tampa, FL 33620-5700, USA (boris@math.usf.edu). 17

defined by M_j (g) := P (x_j g) for every g ∈ G. These operators are similar (literally and figuratively) to the multiplication maps m_j on k[x]/J defined by m_j ([f]) := [x_j f] ∈ k[x]/J for every [f] ∈ k[x]/J. A relationship between ideals, multiplication maps and numerical analysis was initiated and explored by H. Stetter [17].

Unlike [10] and [7], our proofs rely on the language of ideal projectors. It is my belief that this language, as a substitute for a division algorithm, allows extensions and simplification of some of the arguments used in algebraic geometry.

In the consecutive sections we will present applications of the interrelations between ideal projectors, zero-dimensional ideals and commuting matrices to such diverse fields as linear algebra, solutions of polynomial equations and algebraic geometry.

We will make use of the following observation due to Carl de Boor [2]. THEOREM 1.2. A linear operator P : k[x] → k[x] is an ideal projector if and only if

(1.2) P (fg) = P (f · P (g))

for all f, g ∈ k[x].

In terms of the quotient algebra k[x]/J, (1.2) says that [f[g]] = [fg] ∈ k[x]/J, for all f, g ∈ k[x].

For every J ∈ I_G, we use M_J = (M_1, . . . , M_d) to denote the sequence of multiplication operators on G defined by M_i(g) = P_J (x_ig). It is easy to see (cf. [2]) that this is a sequence of pairwise commuting operators which is cyclic, with the cyclic vector P_J 1 ∈ G:

(1.3) {p (M_J ) (P_J 1), p ∈ k[x]} = G.

2. Border schemes. Let g = (g_1, . . . , g_N ) be a linear basis for G. We define the border of g as

∂g := {1, x_ig_k, i = 1, . . . , d, k = 1, . . . , N} \G.

For every ideal J ∈ I_G, the decomposition (1.1) induces an ideal projector P_J onto G with ker P_J = J. From (1.1) it follows that for every ideal J ∈ I_G and for every b ∈ ∂g there exists a unique (!) polynomial p_b = P_J b ∈ G such that b − p_b ∈ J. As it turns out, the set {b − p_b, b ∈ ∂g} forms an ideal basis for J, called a (generalized) border basis.

PROPOSITION 2.1. Let J ∈ I_G and for every b ∈ ∂g let p_b := P_J b be the unique polynomial in G such that b − p_b ∈ J. Then {b − p_b, b ∈ ∂g} forms an ideal basis for J.

This proposition is not new; cf. [2], [16]. The proof below is essentially the same as in [2] and presented purely for convenience.

Proof. We wish to prove that for every element of f ∈ J there are f_{i,k} ∈ k[x] such that f = ∑ i,k f_{i,k} · (x_ig_k − P_J (x_ig_k)) ,

since x_ig_k − P_J (x_ig_k) = 0 if x_ig_k ∈ G.

Since J is the range of I − P_J , and by linearity of P_J , it suffices to show that for every monomial x^α there are f_{i,k} ∈ k[x] such that

x^α − P_J x^α = ∑ f_{i,k} · (x_ig_k − P_J (x_ig_k)) .

The rest of the proof is by induction on the degree |α| := ∑ α_j . If |α| = 0 then 1 − P_J 1 = 1 − p_1 ∈ {b − p_b, b ∈ ∂g} and there is nothing to prove. Next, assume that x^α − P_J x^α ∈ ⟨b − g_b, b ∈ ∂g⟩. Then, for every i = 1, . . . , d,

x_ix^α − P_J (x_ix^α) = x_ix^α − P_J (x_iP_J x^α) = x_i (x^α − P_J x^α) + x_iP_J x^α − P_J (x_iP_J x^α) .

By the inductive assumption, x_i (x^α − P_J x^α) ∈ ⟨b − g_b, b ∈ ∂g⟩.. Also P_J x^α ∈ G hence P_J x^α = ∑ a_kg_k and

x_iP_J x^α − P_J (x_iP_J x^α) = ∑ k a_kx_ig_k − ∑ k a_kP_J (x_ig_k) = ∑ a_k (x_ig_k − P_J (x_ig_k)) ∈ ⟨b − g_b, b ∈ ∂g⟩ ,

since x_ig_k − P_J (x_ig_k) = 0 if x_ig_k ∈ G.

REMARK 2.2. This proposition is a direct generalization of Proposition 6.4.15 in [7], where it is proved for D-invariant subspaces G spanned by monomials. The argument in [7] uses the division algorithm with remainder coming from the space G. This, once again, shows that the language of ideal projectors is an alternative to that of division algorithm: for every f ∈ k[x], f = ∑ f_b · p_b + P_J f

where P_J f is the unique “remainder” in G of the division of f by the ideal J.

What about a converse? That is, what polynomials (p_b, b ∈ ∂g) have the property that the ideal ⟨b − p_b, b ∈ ∂g⟩ is in I_G? This is the question first dealt with in [10] with some additional assumptions on G; cf. also [3] and [7].

Mimicking the terminology of [7, 6.4B], we will characterize those border prebases that are border bases. We will present necessary and sufficient conditions on polynomials {p_b, b ∈ ∂g} for {b − p_b, b ∈ ∂g} to be a basis for an ideal in I_G. As in [7, 6.4B], the criterion involves formal multiplication operators M_j : G → G defined by

M_ig_k = { x_ig_k if x_ig_k ∈ G, p_{xigk} if x_ig_k /∈ G.

Here is the main theorem of this section.

THEOREM 2.3. Let (p_b, b ∈ ∂g) be a sequence of polynomials in G. Then the ideal ⟨f − p_f , f ∈ ∂g⟩ ∈ I_G if and only if

(i) M_iM_k = M_kM_i for all i, k = 1, . . . , d, (ii) g (M_1, . . . , M_d) p_1 = g for all g ∈ G.

Proof. First assume that J = ⟨b − p_b, f ∈ ∂g⟩ ∈ I_G and let P_J be the ideal projector onto G with ker P_J = J.. Then M_ig = P_J (x_ig) for all i = 1, . . . , d. It follows from (1.2) that

M_j M_k(g) = P_J (x_iP_J (x_kg)) = P_J (x_ix_kg) = P_J (x_kx_ig) = M_kM_i(g),

which proves (i). Also observe that if g = ∑ a_αx^α, then, for M := (M_1, . . . , M_d) and g_0 := P 1, we have

g (M_1, . . . , M_d) g_0 = g = ∑ a_αM^α (P_J 1) = ∑ a_αP_J (x^α (P_J 1)) = ∑ a_αP_J (x^α) = P_J (∑ a_αx^α ) = P_J g = g,

which proves (ii).

Now, suppose that (i) and (ii) hold. Then the mapping φ : k[x] → k[x] defined by

φf = f(M)p_1 is a ring homomorphism, hence its kernel

K := ker φ = {f ∈ k[x] : f(M)p_1 = 0}^{by (ii)}= {f ∈ k[x] : f(M) = 0}

is an ideal in k[x]. By (ii) the range of φ is G and K ∩ G = 0. By the fundamental theorem of homomorphisms k[x]/K is isomorphic to G. In particular codimension of K is equal to dim G and K complements G.

Let h_b be the unique element in G such that b − h_b ∈ K. We need to show that J = K or, alternatively that h_b = g_b for every b ∈ ∂g. Since b − h_b ∈ K we have

0 = (b(M) − h_b(M))p_1^{by (ii)}= b(M)p_1 − h_b.

On the other hand, by definition of M, we have b(M)p_1 = p_b which implies that p_b = h_b for all b ∈ ∂g.

REMARK 2.4. If G is a D-invariant subspaces of k[x] spanned by monomials, then 1 ∈ G and, by the D-invariance, condition (ii) of Theorem 2.3 is automatically satisfied (see Example 3.1 below). Hence Theorem 2.3 generalizes Theorem 6.4.30 of [7] with, what seems to be, a shorter, simpler proof, courtesy of the language of ideal projectors.

The operators M_1, . . . , M_k can be written as N × N matrices in the basis g and, the polynomial p_1 ∈ G generates an N × 1 matrix of its coefficients.

DEFINITION 2.5. The affine scheme B_g defined by the ideal I_g generated by the entries of the matrices M_j M_i − M_iM_j , i, j = 1, . . . , d, and the coordinates of the vector p_1,

⟨g_k (M_1, . . . , M_d) p_1 − g_k⟩ , k = 1, . . . , N,

is called the generalized border scheme for g or g-border scheme. It parametrizes the family of ideals I_G or, equivalently, the family of ideal projectors P_G.

Unlike the border schemes for monomial D-invariant subspaces of k[x], the g-border scheme is defined by, possibly, N extra parameters (if 1 /∈ G): coefficients of p_1, and N extra equations: g_k (M_1, . . . , M_d) p_1 − g_k = 0; cf. Example 3.2 below.

Note that, for the ideal J ∈ I_G, the operators M_j depend only on the space G and not on its basis g. The entries of the matrices M_j depend on the basis, hence the g-border scheme depends on the particular choice of basis g for G.

3. Two examples. The first example is standard; cf. [8, Example 18.23], [13], [15]. EXAMPLE 3.1. Let g = (1, x, y) ⊂ k[x] and G be the space spanned by g. Thus ∂g = { x^2, xy, y^2 } and every P ∈ P_G is determine by its values

P x^2 = a_0 + b_0x + c_0y, P xy = a_1 + b_1x + c_1y,

P y^2 = a_2 + b_2x + c_2y.

or, equivalently, by nine coefficients

(3.1) (a_0, a_1, a_2, b_0, b_1, b_2, c_0, c_1, c_2) .

So what are the condition on the coefficients (3.1) that guarantee that the ideal ⟨ x^2 − P x^2, xy − P xy, y^2 − P y^2 ⟩ complements G? To answer this question we form formal multiplication matrices

M_1 =

0 a_0 a_1 1 b_0 b_1 0 c_0 c_1

, M_2 =

0 a_1 a_2 1 b_1 b_2 0 c_1 c_2 .

This is the case when G is a monomial D-invariant space and the conditions (ii) of Theorem 2.3 is automatically satisfied. All that is left is to enforce the commutativity. The six quadratic equations obtained from M_1M_2 − M_2M_1 = 0 are

(a_0b_1 + a_1c_1) − (a_1b_0 + a_2c_0) = 0, (a_1 + b_0b_1 + b_1c_1) − (b_0b_1 + b_2c_0) = 0, ( c^2_1 + b_1c_0 ) − (a_0 + b_0c_1 + c_0c_2) = 0, (a_0b_2 + a_1c_2) − (a_1b_1 + a_2c_1) = 0, (a_2 + b_0b_2 + b_1c_2) − ( b^2_1 + b_2c_1 ) = 0, (b_2c_0 + c_1c_2) − (a_1 + b_1c_1 + c_1c_2) = 0.

A close examination reveals that there is a lot of redundancy in these equations. The solutions to these equations are given by

(3.2) a_0 = −b_0c_1 + c^2_1 + b_1c_0 − c_0c_2, a_1 = b_2c_0 − b_1c_1,

a_2 = b^2_1 − c_2b_1 − b_0b_2 + b_2c_1.

The border scheme B_g is a six-dimensional affine variety in k^9 that consists of all nine-tuples (a_0, a_1, a_2, b_0, b_1, b_2, c_0, c_1, c_2) satisfying (3.2).

By checking (3.2) we see that the following four projectors defined by

(3.3)

T : T x^2 = T (xy) = T y^2 = 0,

P_∗ : P_∗x^2 = y, P_∗(xy) = P_∗y^2 = 0,

L : Lx^2 = x, L(xy) = 0, Ly^2 = y,

H : Hx^2 = Hxy = Hy^2 = y,

are in fact ideal projectors onto G. The first, T , is the Taylor projector onto G, it interpolates the function and its first partial derivatives at 0. The second, P_∗, also interpolates various derivatives at zero, namely

δ_0, δ_0 ∘ D_x, δ_0 ∘ ( D^2_x + 2D_y ) , and is a different projector. Hence, unlike the case in one variable, there are two (infinitely many) ideal projectors onto G such that the zero locus Z(ker P ) of the ideal ker P is {0}.. The projector L is a Lagrange projector interpolating at sites (0, 0), (1, 0) and (0, 1). Finally the last projector H interpolates the value of a function and its derivative with respect to x at zero and the value of the function at (1, 1).

EXAMPLE 3.2. We want to determine and parametrize the family of ideals that complement the two-dimensional space G spanned by g = {x, y}. In this case, G is not D-invariant and 1 /∈ G, hence in addition to commutativity condition we need to enforce condition (ii) of Theorem 2.3: Let

p_1 = ux + vy = [ u v ]

and matrices

M_1 = [ a c b d ] , M_2 = [ A C B D ] .

The commutativity conditions give four equations:

Bc − Cb = 0, Ab − bD − Ba + Bd = 0, cD − Ac + Ca − Cd = 0, Cb − Bc = 0.

The two additional equations M_1p_1 = x, M_2p_1 = y give four more equations:

au + cv − 1 = 0, bu + dv = 0, Au + Cv = 0, vD + Bu − 1 = 0.

Together these two sets of equations define a four-dimensional affine algebraic set (the gborder scheme) in k^{10}. Clearly (u, v) can not be zero. If u, v ≠ 0, then the solutions to these equations are given in terms of four free parameters, u, v, C, d:

b = −d v u , A = −C v u , c = −C v u , D = −

−1 + du v , B = d, a =

Cv^2 + u u^2 , and all ideal projectors onto G are given by

P 1 = ux + vy, P x^2 = ax − d v u y, P xy = −C v u x + dy, P y^2 = Cx −

−1 + du v y. The remaining cases are listed below:

2) C = 0, d = − vD − 1 u , B = − vD − 1 u , A = 0, c = 0, b = vD − 1 u^2 v, a = 1 u . 3) d = 0, C = 0, u = 0, A = D, v = 1 D , B = 0, c = D.

4) v = 0, d = 1 u , A = 0, c = 0, B = 1 u , b = 0, a = 1 u . 4. Applications.

4.1. To linear algebra. It is well-known and easy to see (cf. [18]) that every square matrix M is similar to its transpose. This is not the case for sequences of commuting matrices. For instance, the pair of matrices (M_1, M_2) associated with the Taylor projector T in (3.3) has the form

0 0 0 1 0 0 0 0 0 , 0 0 0 0 0 0 1 0 0 ,

with the cyclic vector e_1 = (1, 0, 0). The adjoint pair of matrices (M^t_1, M^t_2) is not cyclic. Hence there cannot be an invertible transformation S such that M^t_i = SM_iS^{−1} for i = 1, 2. As an easy application of ideal projectors we obtain the following non-trivial result.

THEOREM 4.1. A cyclic sequence L = (L_1, . . . , L_d) is similar to its transpose L^t = (L^t_1, . . . , L^t_d) if and only if L^t is cyclic.

The starting point is the observation (cf. [5], [11, Theorem 1.9], [12]) that not only an ideal projector generates a cyclic sequence of commuting operators (and therefore matrices) but any cyclic sequence of commuting matrices is similar to a sequence of multiplication operators for some ideal projector.

PROPOSITION 4.2. Let L = (L_1, . . . , L_d) be a cyclic sequence of commuting N × N matrices. Then the ideal

J_L := {f ∈ k[x] : f(L) = 0}

has codimension N and L is similar to the matrices of multiplication operators M_P of any ideal projector P with ker P = J_L.

Proof. Let v_0 be a cyclic vector for L. Define

φ : k[x] → k^N , f → f(L)v_0.

Since L is cyclic, φ is onto and by the fundamental theorem of homomorphisms k[x]/ ker φ is isomorphic to k^N . But

ker φ = {f ∈ k[x] : f(L)v_0 = 0} = J_L,

which shows that codimension of J_L is N.

Now, let G be a subspace that complements J_L and let P be an ideal projector onto G with ker P = J_L. Since G complements J_L, it follows that the restriction φ_{|G} of φ to G is invertible and, by direct computation, P = ( φ_{|G}

)_{−1}

∘ φ.

To show that L is similar to the sequence of multiplication operators M_P we will verify the

identity: ( φ_{|G}

)_{−1} ∘ L_j ∘ ( φ_{|G} ) = M_j , i.e., ( φ_{|G}

)_{−1}

∘ L_j ∘ ( φ_{|G} ) g = P_L (x_j g) ,

for all g ∈ G. Indeed,

P (x_j g) = ( φ_{|G}

)_{−1} φ (x_j g) = ( φ_{|G}

)_{−1}

(L_j g(L)v_0) = ( φ_{|G}

)_{−1} ∘ L_j (g(L)v_0) = (( φ_{|G}

)_{−1} ∘ L_j ∘ φ ) (g) = ( φ_{|G}

)_{−1}

∘ L_j ∘ ( φ_{|G} ) (g),

since g ∈ G.

Proof of Theorem 4.1. Suppose that L^t is cyclic. Since ker L^t = ker L, by Proposition 4.2, L^t is similar to matrices for multiplication operators M_P for the projector P just as L is. By transitivity, L^t is similar to L. The converse is obvious. That is, if L^t = SLS^{−1}, then L^t is also cyclic.

In general the problem of (simultaneous) similarity of two d-tuple of matrices seems to be quite difficult; cf. [6]. The following generalization of Theorem 4.1 is straightforward, but may be new.

THEOREM 4.3. Let L be a cyclic d-tuple of commuting N × N matrices and let B = (B_1, . . . , B_d) be an arbitrary d-tuple of N × N matrices. Then B is similar to L if and only if B is a cyclic d-tuple of commuting matrices.

PROBLEM 4.4. What are the necessary and sufficient conditions for a general commuting sequence of matrices to be similar to its transpose?

4.2. To real solutions of polynomial systems. A standard exercise in Calculus uses the intermediate value theorem to prove that every real polynomial of odd degree has at least one real zero. In this section we give a simple proof of a (hopefully original) observation that generalizes this statement to the systems of polynomial equations in several variables. Namely, we prove that every ideal of real polynomials of odd codimension has a common zero.

In one variable every polynomial p ∈ R[x] of odd degree defines the ideal

J := ⟨p⟩ := {fp, f ∈ R[x]},

that complements the space R_{<2n−1}[x] of polynomials of degree less than 2n − 1; thus J is of odd codimension. The existence of a solution is equivalent to

Z(I) := {x ∈ R : q(x) = 0 for all q ∈ J} ≠ ∅.

The existence of a real solution for ideals of odd codimension is intuitively obvious from the principle of conjugation. If z_1, . . . , z_m ∈ C^d are all the solutions of the generators of J, then they must be invariant under the conjugation. If they are all complex one has to have an even number of them. This translates to even codimension. But the technical proof of this needs to take into account multiplicities of solutions and is more involved than the one, presented below, using multiplication operators.

THEOREM 4.5. Let J ⊂ R[x] = R [x_1, . . . , x_d] be an ideal of odd codimension. Then

Z(J) := {x ∈ R^d : q(x) = 0 for all q ∈ J} ≠ ∅.

Proof. Let P be an ideal projector from R[x] onto a subspace G ⊂ R[x] with ker P = J. To prove the theorem it suffices to show that the sequence M_J := (M_1, . . . , M_d) of commuting operators on an odd-dimensional space G has a common eigenvector. Indeed, if M_j g = λ_j g for some g ≠ 0, then for every p ∈ J, p (M_1, . . . , M_d) = 0. Hence

0 = p (M_1, . . . , M_d) g = p (λ_1, . . . , λ_d) · g,

and the eigentuple (λ_1, . . . , λ_d) is a zero of p.

The proof that M_J has a common eigenvector is by induction on d. If d = 1, then the characteristic polynomial of M_1 has an odd degree and thus has a real root that corresponds to an eigenvector of M_1. Assume that the statement is true for any sequence of d−1 commuting operators. Let H be a subspace of G of minimal odd dimension, invariant with respect to M_1, . . . , M_d. Let M̃_1, . . . , M̃_d be the restrictions of M_1, . . . , M_d to H. It is clearly enough to prove that M̃_1, . . . , M̃_d have a common eigenvector in H. Let h ∈ H be an eigenvector for M̃_d corresponding to an eigenvalue λ. Consider the spaces

H_1 := ker ( M̃_d − λI ) , H_2 := ran ( M̃_d − λI ) . These two spaces are invariant with respect to M_1, . . . , M_d, and one of the two has an odd dimension since dim H_1 + dim H_2 = dim H. Since H_1 ≠ {0}, dim H_2 < dim H, and from minimality of H it follows that H_1 has and odd dimension and hence H_1 = H. Thus M_d is a multiple of the identity on H and any eigenvector in H, common to M_1, . . . , M_{d−1}, is also an eigenvector of M_d.

For instance, any system of three quadratic equations

x^2 − (a_0 + b_0x + c_0y) = 0, xy − (a_1 + b_1x + c_1y) = 0,

y^2 − (a_2 + b_2x + c_2y) = 0, with coefficients satisfying (3.2) has a real solution since, by Example 3.1, the corresponding ideal complements the space of linear polynomials, hence has codimension 3.

4.3. To the geometry of border schemes. For a monomial D-invariant space G ⊂ k[x] the following problem was posed in [13]:

PROBLEM 4.6. Is the border scheme B_g, where g is the monomials basis for G, connected?

In other words, given two ideal projectors, P_0 and P_1 ∈ P_G, does there exist a continuous family of ideal projectors P (t) ∈ P_G such that P (0) = P_0 and P (1) = P_1? The answer is affirmative for those D-invariant monomial spaces G where deg f ≥ max{deg g : g ∈ G} for every f ∈ ∂g. It is interesting to note that it follows from the general theory of Gröbner basis (cf. [8, Remark 18.3], [13]), that “the Hilbert schemes” are connected. That is, for a given pair of ideal projectors P_0, P_1 ∈ P_G there exists a continuous family P (t) of ideal projectors, such that P (0) = P_0, P (1) = P_1, and dim ran P = dim G for all t. The rub is: for some t the ideal projector P (t) may project onto a subspace of dimension N that is different from G.

Are generalized border schemes connected? The answer in R[x], real polynomials in one variable, is clearly negative. Indeed, let G be the one-dimensional space spanned by x. Then the family J_G consists of maximal ideals, missing the one supported at zero. And since R/{0} is not connected, neither is the border scheme B_{(x)}. Of course, this based on the peculiarity of one-dimensional real space, where a point separates the space. A more subtle example can be obtained by the projectors onto the two dimensional subspace G = span { 1, x^2 } in R[x].

If P ∈ P_G is given by

(4.1) P x = a + bx^2, P x^3 = c + dx^2,

then the multiplication matrix for P is M = [ a c b d ] , and by Theorem 2.3, the requirement on the coefficients is

M^2(1, 0)^t = ( a^2 + bc, ab + bd

)_t

= (0, 1)^t,

which implies that b ≠ 0. Thus, the ideal projectors P_0 and P_1 given by

P_0x = 1 + x^2, P_0x^3 = −1 − x^2,

P_1x = 1 − x^2, P_1x^3 = 1 − x^2,

satisfy (i) and (ii) of Theorem 2.3, yet cannot be connected by a continuous family of ideal projectors given by (4.1) with b ≠ 0. Hence B_{(1,x}2_) is not connected.

PROBLEM 4.7. Are the generalized border schemes in C[x] connected? Are generalized border schemes in R[x] connected for d ≥ 2?

Acknowledgments. I would like to thank Carl de Boor, Martin Kreuzer and Lorenzo Robbiano for many useful conversations and for help in the preparation of this paper.

REFERENCES

[1] G. BIRKHOFF, The algebra of multivariate interpolation, in Constructive Approaches to Mathematical Models, C. V. Coffman and G. J. Fix, eds., Academic Press, New York, 1979, pp. 345–363.

26 B. SHEKHTMAN

[2] C. DE BOOR, Ideal interpolation, in Approximation Theory XI: Gatlinburg 2004, C. K. Chui, M. Neamtu, and L. Schumaker, eds., Nashboro Press, Brentwood, TN, 2005, pp. 59–91.

[3] , Ideal interpolation: Mourrain’s condition vs. D-invariance, in Approximation and Probability, T. Figiel and A. Kamont, eds., vol. 72 of Banach Center Publications, Polish Acad. Sci., Warsaw, 2006, pp. 49–55.

[4] C. DE BOOR AND A. RON, On polynomial ideals of finite codimension with applications to box spline theory, J. Math. Anal. Appl., 158 (1991), pp. 168–193.

[5] C. DE BOOR AND B. SHEKHTMAN, On the pointwise limits of bivariate Lagrange projectors, Linear Algebra Appl., 429 (2008), pp. 311–325.

[6] S. FRIEDLAND, Simultaneous similarity of matrices, Adv. in Math., 50 (1983), pp. 189–265. [7] M. KREUZER AND L. ROBBIANO, Computational Commutative Algebra. 2, Springer, Berlin, 2005. [8] E. MILLER AND B. STURMFELS, Combinatorial Commutative Algebra, vol. 227 of Graduate Texts in Mathematics, Springer, New York, 2000.

[9] H. M. MÖLLER, Hermite interpolation in several variables using ideal-theoretic methods, in Constructive Theory of Functions of Several Variables, W. Schempp and K. Zeller, eds., vol. 571 of Lecture Notes in Mathematics, Springer, Berlin, 1977, pp. 155–163.

[10] B. MOURRAIN, A new criterion for normal form algorithms, in Applied Algebra, Algebraic Algorithms and Error-Correcting Codes (Honolulu, 1999), M. Fossorier, H. Imai, S. Lin, and A. Poli, eds., vol. 1719 of Lecture Notes in Computer Science, Springer, Berlin, 1999, pp. 430–443.

[11] H. NAKAJIMA, Lectures on Hilbert Schemes of Points on Surfaces, vol. 18 of University Lecture Series, American Mathematical Society, Providence, RI, 1999.

[12] L. ROBBIANO, Zero-dimensional ideals or the inestimable value of estimable terms, in Constructive Algebra and Systems Theory, B. Hanzon and M. Hazewinkel, eds., vol. 53 of Verh. Afd. Natuurkd. 1. Reeks. K. Ned. Akad. Wet., R. Neth. Acad. Arts Sci., Amersterdam, 2006, pp. 95–114.

[13] , On border basis and Gröbner basis schemes, Collect. Math., 60 (2009), pp. 11–25. [14] T. SAUER, Polynomial interpolation in several variables: Lattices, differences, and ideals, in Topics in Multivariate Approximation and Interpolation, M. Buhmann, W. Hausmann, K. Jetter, W. Schaback, and J. Stöckler, eds., Stud. Comput. Math., Elsevier, Amsterdam, 2006, pp. 191–230.

[15] B. SHEKHTMAN, Ideal projections onto planes, in Approximation Theory XI: Gatlinburg 2004, C. K. Chui, M. Neamtu, and L. Schumaker, eds., Nashboro Press, Brentwood, TN, 2005, pp. 395–404.

[16] , On the limits of Lagrange projectors, Constr. Approx., 29 (2009), pp. 293–301. [17] H. J. STETTER, Numerical Polynomial Algebra, SIAM, Philadelphia, PA, 2004.

[18] O. TAUSSKY AND H. ZASSENHAUS, On the similarity transformation between a matrix and its transpose, Pacific J. Math., 9 (1959), pp. 893–896.