ADAPTIVE REDUCTION-BASED MULTIGRID FOR NEARLY SINGULAR AND HIGHLY DISORDERED PHYSICAL SYSTEMS^∗

J. BRANNICK^†, A. FROMMER^‡, K. KAHL^‡, S. MACLACHLAN^§, AND L. ZIKATANOV^†

Abstract. Classical multigrid solution of linear systems with matrices that have highly variable entries and are nearly singular is made difficult by the compounding difficulties introduced by these two model features. Efficient multigrid solution of nearly singular matrices is known to be possible, provided the so-called Brandt-McCormick (or eigenvector approximation) criterion is satisfied, which requires building interpolation to fit the near-null-space modes with high accuracy. When these modes are known, traditional multigrid approaches may be very effective. In this paper, we consider the case of matrices describing highly disordered systems, such as those that arise in lattice quantum chromodynamics (QCD), where the near-null modes cannot be easily expressed in closed form. We develop a variational adaptive reduction-based algebraic multigrid preconditioner for such systems and present a two-level convergence theory for the approach for Hermitian and positive-definite systems. The proposed method is applied to a two-dimensional model known as the Gauge Laplacian, a common test problem for development of solvers in quantum dynamics applications, showing promising numerical results. The proposed reduction-based setup uses compatible relaxation coarsening together with a sparse approximation to the so-called ideal interpolation operator to recursively construct the coarse spaces.

Key words. algebraic multigrid, lattice QCD, gauge Laplacian, iterative methods, adaptive multigrid

AMS subject classifications. 65N55, 65N22, 65F10

∗Received October 2, 2009. Accepted for publication June 28, 2010. Published online September 7, 2010. Recommended by R. Lehoucq.

†Department of Mathematics, Pennsylvania State University, University Park, PA 16802, USA ({brannick,ludmil}@psu.edu). This work was supported by the National Science Foundation grants OCI- 0749202 and DMS-810982.

‡Fachbereich Mathematik und Naturwissenschaften, Bergische Universität Wuppertal, D-42097 Wuppertal, Germany ({frommer,kkahl}@math.uni-wuppertal.de). This work was supported by the Deutsche Forschungsgemeinschaft through the Collaborative Research Centre SFB-TR 55 “Hadron physics from Lattice QCD”._§

Department of Mathematics, Tufts University, 503 Boston Avenue, Medford, MA 02155, USA (scott.maclachlan@tufts.edu). This work was supported in part by the European Community’s Sixth Framework Programme, through a Marie Curie International Incoming Fellowship, MIF1-CT-2006-021927, and by the National Science Foundation grants OCI-0749317 and DMS-0811022.