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METHOD APPLIED TO INTEGRAL-ALGEBRAIC VOLTERRA EQUATIONS
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�
Abstract. In this work, we analyze the Legendre collocation method for a mixed system of Volterra integral

equations of the first and second kind which is known as Integral Algebraic Equations (IAEs). In order to obtain the
approximate solution, the kernels in the system of integral equations are approximated by using the discrete Legendre
expansion. A posteriori error estimate is obtained which is based on the Lebesgue constants corresponding to the
Lagrange interpolation polynomials and some well-known results of orthogonal polynomials theory. The spectral
rate of convergence for the described method applied to linear and nonlinear IAEs is also established in the ��� -norm.
Finally, the proposed method is illustrated by several test problems which confirm the theoretical prediction of the
error estimation.
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1. Introduction. Consider the following system of integral equation���� ��� 	�
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where �DCFE 
%GH IGJ� , K  7LM�ON0 ,PQ are ( CSR ( E matrices, ��� and ��+ are given (T�' ,(0+ dimensional
vector functions, respectively and 

	U ,-/� is a solution to be determined. Here, we assume that
the data functions � C and �VCJE , K  7LW�XN� #P , are sufficiently smooth such that ��+�
 1 �Y� 1 andZ (/[$� � +,+�

�! ���� Z.\^] �`_ 1 for all �a9b: . The existence and uniqueness results for the solution
of the system (1.1) have been discussed in [1]. However, the solvability and regularity of
the solution of (1.1) may be utilized if we differentiate the second equation and consider the
resulting equation as an equation of the second kind for - . Then, we formally solve for -and replace the resulting expressions in the first equation of the system, and we obtain an
equation of the second kind for 	 . We emphasize that this reduction to an integral equation
of the second kind is not practical from a numerical point of view.

The system (1.1) is a particular case of the general form of the Integral Algebraic Equa-
tions (IAEs) c 
����4de
�������f`

����� � �� � 
��! ,"0 �dg
&"'����(/"0 
which has been introduced in [1], where (0[$� c 

���h� 1 and Rank

c 

��� \ N on : . An initial
investigation of these equations indicates that they have properties very similar to Differential
Algebraic Equations (DAEs). In analogy with the theory of DAEs (see, e.g., [13]), Kauthen
[16] in 2000 has called the system (1.1) the semi-explicit IAEs of index 1.

An important remark concerning the analysis of index-1 IAEs with respect to IAEs of
higher index (index larger than one) is their wide range of applications in the mathematicali
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modelling of problems in engineering and sciences, e.g., the controlled heat equation which
represents a boundary reaction in diffusion of chemicals [12], the two dimensional bihar-
monic equation in a semi-infinite strip [5, 11], dynamic processes in chemical reactors [15]
and deformed Pohlmeyer equation [21]. Also a good source of information (including numer-
ous additional references) on applications of IAEs system is the monograph by Brunner [1].

As far as we know, there are some papers which have considered the theory of IAEs
system. The existence and uniqueness results of continuous solution to linear IAEs system
have been investigated by Chistyakov [8]. Gear [9] defined the index notion of IAEs system
by considering the effect of perturbation of the equations on the solutions. He has also intro-
duced the “index reduction procedure” for IAEs system in [9] similar to that in [10] for DAEs
in which if the reduction process is terminated, then the index is determined. This means
that under suitable conditions, there is a solution for the resulting regular system of integral
equations. Bulatov [2] in 1997, gave the existence and uniqueness conditions of the solution
for IAEs systems with convolution kernels and defined the index notion in analogy to Gear’s
approach. Further details of his investigation may be found in [3, 4]. A few numerical based
works, e.g., the spline collocation method and its convergence properties [16], are also avail-
able in the literature for the semi-explicit IAEs system (1.1). Brunner [1] defined the index-1
tractable for the IAEs system (1.1) which is analogous to that defined for DAEs by März [17]
and he also investigated the existence of a unique solution for this type of systems. Recently,
the authors in [12] have defined the index-2 tractable for a class of IAEs and presented the
Jacobi collocation method including the matrix-vector multiplication representation of the
equation and its convergence analysis.

On the other hand, the classical Legendre polynomials have been used extensively in
mathematical analysis and practical applications, and play an important role in the analysis
and implementation of the spectral methods. Here, the numerical solvability of the index-1
semi-explicit IAEs (1.1) using the Legendre collocation scheme is investigated. We will
provide a posteriori error estimate in the m + -norm which theoretically justifies the spectral
rate of convergence. To do so, we use some well-known results of the approximation theory
from [6, 14, 18] relevant to the Legendre polynomials, Gronwall inequality and the Lebesgue
constant regarding the Lagrange interpolation polynomials .

This paper is organized as follows. In Section 2, we carry out the Legendre collocation
approach for the IAEs system (1.1). A posteriori error estimation of the method in the m + -norm as a main result of the paper is given in Section 3. In Section 4, we generalize our
results to the semi-explicit IAEs of index-1 in the Volterra-Hammerstein form and finally,
some numerical experiments are reported in Section 5 to verify the theoretical results obtained
in the previous sections.

2. The Legendre collocation method. We turn our attention to the formulation of the
polynomial spectral method for solving the IAEs system (1.1), using the collocation approach.
We first use some variable transformations to change the equation into a new system of inte-
gral equations defined on the standard interval [-1,1], so that the Legendre orthogonal poly-
nomial theory can be applied conveniently. In order to describe the key ideas without having
to resort to complex notations involving Kronecker products of matrices and vectors, we will
consider the IAEs system (1.1) with ( � �n( + �^N .For the sake of applying the theory of orthogonal polynomials, we use the change of
variables: o

� P? "SpgN0 qphNar
o
rMsQ sD� P? �tpgN0 uphNvrMs;r�N� (2.1)
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to rewrite the IAEs system (1.1) as:���� ���xw	U
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 K  7L<�^N� #P��(2.3)

where
� �

is a projection to the finite dimensional space � � �>"��6�/�t� � � 

�U�#� �� � � and � � is
the Legendre polynomial such that


 w�DCFE � � � N� � �� � � ��� � w�DCJE 
�s �  �s � � � � 
�s � �!G(2.4)

Moreover, the quadrature points s � are the Legendre Gauss quadrature points, i.e., the
zeros of � �*� � , where the normalization constant � � and the weights � � are given by� � � PP ] �xN  ] � 1  IG�GIG� ,�� � � � P
%NAp�s +� �I
 �h��5� � 
�s � ��� +  �|� 1  �GIGIGI ���G

In the Legendre collocation method, we seek a solution of the form�A� 
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Inserting the discrete expansion (2.3) and (2.5) into (2.2), we obtain������ ����� w	 � 

sy��� w� � 
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The unknown coefficients w	 � and w- � , ] � 1  I¨I¨�¨� �� , are defined by the solution of the
following system of equations which is obtained by substituting the collocation points s�� in
the system (2.6) and employing the discrete representation (2.5):������ �����

���!� � w	 � � � 

s � ��� w�0��

s � �|� ����� � �� � ��� 
&¡ � � �e¡ �� � ��¢ � � 

s � �! 1 � w��+0

s � �|� ���!� � �� � � � 
&£ � � �e£ �� � ��¢ � � 
�s � �! (2.7)

for ��� 1  IN0 I¨I¨�¨� �� .
Now, the coefficients w	 � and w- � are obtained by solving the linear system (2.7) and fi-

nally the approximate solutions w	 � 

o
� and w- � 


o
� will be computed by substituting these

coefficients into (2.5).

3. Error estimation. In this section, we present a posteriori error estimate for the pro-
posed scheme in the m + -norm. At first, we recall some preliminaries and useful Lemmas
from [6] and [18].

Following [6], the inverse inequality concerning differentiability of the algebraic polyno-
mials on the interval 
�phN� IN'� can be expressed in terms of m�© -norms. Let ª 9 � � , where � �
denotes the space of all polynomials of degree less than or equal to � . Then for any integer« \ N and P<r��;rn¬ , there exists a positive constant ­ independent of � such that® ª�¯±°,² ®�³)´ ¯ { �#µ � ² r ­ � + ° ® ª ®I³)´ ¯ { �!µ � ² G(3.1)

We also give some error bounds for the Legendre system in terms of the Sobolev norms.
The Sobolev norm and semi-norm of order ¶ \ 1

, considered in this section are given by®!· 

�U� ® +¸�¹ ¯ { �!µ � ² �»º��!� � ®y¼ � ·¼ � � ® +³Q½ ¯ { �!µ � ²  (3.2) Z ·tZ ¸�¹�¾ ¿ ¯ { �#µ � ² �ÁÀÂ º�E � º C � ¯ º µ �5� � ²
ZHZ · ¯ E ² ZHZ +³y½ ¯ { �#µ � ²BÃÄÆÅ½ G(3.3)

The truncation error
· p �A� · , where

�A� · � ���!� � w· � � � , can be estimated as follows:®!· p � � ·�®�³Q½ ¯ { �!µ � ² r ­ � { º Z ·�Z ¸*¹t¾ ¿ ¯ { �!µ � ²  Ç · 9;È º 
%phN0 IN$��G(3.4)

In those cases for which the truncation error of the derivatives is relevant, the following
estimate extends (3.4) to higher order Sobolev norms:®!· p � � ·�® ¸5É ¯ { �!µ � ² r ­ � + � { Å½ { º Z ·�Z ¸ ¹t¾ ¿ ¯ { �!µ � ²  (3.5)

for
· 9�È º 
%phN0 IN'�! ¶ \ N and NhrM�}r ¶ GThe following main theorem reveals the convergence results of the presented scheme inm + -norm:
THEOREM 3.1. Consider the system of integral algebraic equation (2.2) where w	6 w-Ê9È º 
%phN0 IN$� and the data functions w� C and w�DCFE , K  BL��ËN� #P , are sufficiently smooth and
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sQ �sy� Z*\Ì] � _ 1 for all sx9�
%phN� �N$� . Let 
 w	 �  w- � � be the Legendre collocation ap-
proximation of 
 w	U w-/� which is defined by (2.5). Then the following estimates hold:® w	 � p w	 ®�³Q½ ¯ { �!µ � ² r ­ � { º�Í 
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(3.6)
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provided that � is sufficiently large andÎ � E � Ñ`Ò�Ó�IÔ � Ô � Z w� � E 
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o
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Proof. Rewriting the first equation of (2.7) as:w	 � 
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Then it follows from (3.8) thatw	 � 
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such that [)
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&"'� .Now, using (2.3), we first multiply both sides of (3.9) by �ØIÙ � � � � 

s � � and sum up from�3� 1 to � and then multiply the altered equation by � � 

sy� and sum up from
] � 1 to � ,

and we get

w	 � 

sy�*� �A� Í w� � 
�sy� Ï � �5�ÛÚ ��z{ � w� ��� 

sQ 
o
� w	|

o
��(
o)Ü

� � �ÛÚ �ez{ � w� �,��
�sQ 
o
�%[)

o
��(
o Ü
� � �ÛÚ �ez{ � w� ��+�
�sQ 

o
�B×Q

o
��(
o Ü

� �A�ÛÚ � z{ � w� ��+ 
�sQ 
o
� w-.

o
��(
o)Ü
� �5� 
7Ö � 

sy��� � �5� 
BÖ + 

sy���|G(3.10)



ETNA
Kent State University 

http://etna.math.kent.edu

332 S. PISHBIN, F. GHOREISHI AND M. HADIZADEH

Subtracting the first equation of (2.2) from (3.10), we obtain[/
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The second equation of (2.7) can be rewritten as follows:1 � w� + 
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From the second equation of (2.2), we can write�A�áÚ �ez{ � w� +!� 
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Consequently, using a similar procedure as outlined in the first part and (3.15), equa-
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where Ý â and Ý ã are defined byÝ âS� � �áÚ � z{ � w� +!�'
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Differentiating (3.16) with respect to s , yields:p w� +#��
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Equations (3.11) and (3.17) can be written as the equivalent compact matrix representa-
tion: ä 
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sy���}��Ý����eÝ +*��Ý}Þ��eÝ�ß� �� 
7Ö�Þ/

sy���}� � �� 
7ÖUß)

sy���}��Ý �â �eÝ �ã
ïóòð G

Noting that, since
Z w� +,+�
�sQ �sy� Z�\ô] �§_ 1 , the inverse of the matrix

ä 

sy� exists and is
bounded.

From now on, to simplify the notation, we denote
® ¨ ®�³ ½ ¯ { �!µ � ² by

® ¨ ® G Using the
Gronwall inequality (see, e.g., [19, Lemma 3.4]) on (3.18), we have® å ® r ­ ZHZ ç Z±Z G(3.19)

It follows from (3.4) that® � � 
 w����
�sy����p w����

sy� ® r ­ � { º Z w��� Z ¸*¹t¾ ¿ ¯ { �!µ � ² G(3.20)

Using (3.4) and (3.3) for ¶ �>N , we obtain® Ýt� ® r ­ � { � ® w� ����

sQ �sy�%[)

sy�}� �ez{ � ¼ 
 w� �,� 
�sQ 
o
���¼ s [)


o
��(
o ®

r ­ � { � ¥ ® w� ��� 

sQ �sy� ®v® [)

sy� ® � ® �3z{ � ¼ 
 w� ����

sQ 
o
���¼ s [)


o
��(
o ®Qõ

r ­ � { �0ö ® w� �,��
�sQ �sy� ® ­ � { º Z w	 Z ¸�¹t¾ ¿ ¯ { �#µ � ² � ­ ® [)
�sy� ®0÷r ­ � { �0ö 
 ® w� �,��

sy �sy� ® � ­ � ­ � { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² ÷r ­ � { � { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ²  
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and consequently ® Ý + ® r ­ � { � { º Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ²  ® Ý Þ ® r ­ � { � ® w	 ®  ® Ý ß ® r ­ � { � ® w- ® G
Also, � � 
&Ö���

sy����� ���!� � Í N� �

��� � � � � Ö���
�s � � � � 
�s � � Ï � � 
�sy�� ��� � � Ö���

s � � Í � �
���!� � N� � � � 

sy� � � 

s � � Ï� ��� � � Ö���

s � � m � 
�sy�! 

where m � 
�sy� is the Lagrange interpolation polynomial based on the Gauss quadrature nodes
(see, e.g., [14, page 90]). Therefore, we have® � � 
7Ö���
�sy��� ® røÑ`Ò�Ó��Ô � Ô � Z Ö���

s � � Z Ñ`Ò�Óz�ù ¯ { �!µ � ² ��� � � Z m � 

sy� Z G(3.21)

Moreover, using the Cauchy-Schwarz inequality [6],
Z Ö ��
�s � � Z can be written as:Z Ö���
�s � � Z �ûúúú ¤ z Õ{ � Í � � 
 w� ����

s �  

o
���tp w� �,��

s �  

o
� Ï w	 � 


o
��(
o
úúúr ® � � 
 w� �,��
�s �  

o
����p w� �,��
�s �  

o
� ®ü® w	 � ® G

It then follows from (3.4) thatZ Ö���
�s � � Z r ­ � { º Z w� �,��
�s �  
o
� Z ¸*¹t¾ ¿ ¯ { �!µ � ² 
 ® [ ® � ® w	 ® �!G(3.22)

The expression Ñ`Ò�Óz�ù ¯ { �!µ � ² ��� � � Z m � 

sy� Z in (3.21) can be estimated by considering the fol-

lowing result on the Lebesgue constant for Lagrange interpolation from [18]:

Ñ`Ò�Óý ù ¯ { �!µ � ² �� C � � Z m C 

o
� Z �áN�� ­ � � Å½ � ­ ���eþÿ
&��� Å½ �! (3.23)

where � m E 
��.�#� �E � � are Lagrange interpolation polynomials with the Legendre Gauss, Gauss-
Radau, or Gauss-Lobatto points ��� E � �E � � .Considering the above result and (3.22), the following relation for (3.21) holds® � � 
&Ö���

sy��� ® r ­ � Å½ { º Î~�,��
 ­ � { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w	 ® �! (3.24)

and similarly ® � � 
7Ö�+0
�sy��� ® r ­ � Å½ { º Î~��+�
 ­ � { º Z w- Z ¸ ¹t¾ ¿ ¯ { �#µ � ² � ® w- ® ��G(3.25)
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Set �|�áN in (3.5) and using (3.2), we have® Ý �â ® r ® Ý â ® ¸ Å ¯ { �!µ � ² r ­ � �½ { º úúú � z{ � w� +!��
�sQ 
o
��[/

o
�%(
o
úúú ¸*¹t¾ ¿ ¯ { �!µ � ² GApplying (3.3) for ¶ �>N , the above relation can be written as® Ý �â ® rg� Å½ ZHZ w� +!��
�sQ �sy��[)

sy� � � z{ � ¼ 
 w� +!� 
�sQ 

o
���¼ s [)


o
�%(
o Z±ZrM� Å½ ö 
 ® w� +!� 

sy �sy� ® � ­ � ­ � { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² ÷ r ­ � Å½ { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² GConsequently, we have Z±Z Ý �ã ZHZ r ­ � Å½ { º Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ² GIt then follows from (3.1), (3.24) and (3.25) that® � �� 
7Ö�Þ0
�sy��� Z±Z r ­ � + ® � � 
7Ö�Þ�
�sy��� Z±Z r ­ � Ð½ { º Î5+!��
 ­ � { º Z w	 Z ¸�¹�¾ ¿ ¯ { �#µ � ² � ® w	 ® �! and ® � �� 
&Ö ß 
�sy��� ® r ­ � Ð½ { º Î +,+ 
 ­ � { º Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � ® w- ® �!GFinally, combining the above estimates and (3.19), the desired error estimates (3.6) and

(3.7) are obtained.

4. Generalization to the semi-explicit IAEs of index-1 in the Volterra-Hammerstein
form. As a matter of interest, it is remarked that this approach may be applicable for the
nonlinear IAEs of index-1. For this purpose, here we will consider the nonlinear semi-explicit
IAEs of index-1 and try to obtain an error estimation for the proposed method similar to
Theorem 3.1. We emphasize that our error analysis does not cover the general nonlinear case
which contains some complications and restrictions for establishing a convergent result that
will be the subject of our future work.

Consider the nonlinear semi-explicit IAEs of index-1 in the Volterra-Hammerstein form������ ����� 	�

�����2� � 
������ ���� æ � 

�! #"'� � � 
&"0 �	�
&"'�� �-.
&"'����(/"0 1 �x��+0

����� � �� æ +�
��! ,"'� � +/
&"0 �	U
7"'�! �-.
&"'���%()"� �*9�:��>= 1  �?A@7 (4.1)

where æ C 
��! ,"'�n�q= �VC ��

�! #"$�� �DC +�
��! ,"'�B@ are sufficiently smooth and
� C 
7"0 �	�
&"'�! ,-6
7"'���n�= f C � 
&"0 �	�
&"'���! �f C + 
&"0 �-.
&"'���4@ � are nonlinear in 	U
7"'� and -.
&"'� , K �>N0 ,P .Using the change of variables (2.1), the system can be written in the general form:wä wde

sy��� w�}

sy�}� � z{ � wæ 

sy 

o
� w� 


o
 wd�


o
���%(
o
 s;9Ê=óphN0 INI@7 (4.2)

where wde

sy��� = w	U w-�@ �  w�}

sy�2� � w���� w��+ � �  wæ 
�sQ 
o
��� diag

� wæ �' wæ + � , w� 

o
 wde


o
���x�� w� �  w� + � � and wä � è N 11 1 ê .
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Using the discrete expansion of wde
�sy�! we obtain:�A� 
 wde

o
����� wd � 


o
��� ���!� � w� � � � 


o
��G(4.3)

Assume that, the nonlinear analytic function w� 

o
 wde


o
��� can be expanded as:w� 


o
 wd�


o
������� �� C � � � C 


o
� wd C 


o
�!G(4.4)

Substituting wd � 

o
� in (4.4), yieldsw� � 


o
 wd � 


o
����� �� C � � � C 


o
� wd C� 


o
��G(4.5)

Using the orthogonal Legendre series expansion of wæ 
�sQ 
o
� , (4.3), (4.5), and inserting

the Gauss Legendre quadrature points s � in the system (4.2), we concludewä»����� � w� � � � 

sI�Q��� w�t

s��y�|� �� C � � � z%Õ{ � � C 

o
� Í
�� � � � wæ � � � 


o
� Ï Í

���!� � w� � � � 

o
� Ï C (

o
 ¶ � 1  �N� I¨�¨I¨� ,�� (4.6)

where � � C 

o
�!� �C � � are continuous functions and � wæ � � �� � � can be obtaine from (2.4).

The above procedure leads to a nonlinear system of equations for w� � whose solution
yields the unknown coefficients.

We can now follow the strategy given in the previous section with some restrictions and
new conditions for establishing a convergent result similar to Theorem 3.1:

THEOREM 4.1. Assume that the hypotheses of Theorem 3.1 hold and let the functionw� 

o
 wde


o
����� in the nonlinear IAEs (4.2) satisfy (4.4). If wd � � = w	 �  w - � @ be the Legendre

collocation approximation of wd � = w	U w-�@ which is defined by (2.5), then the following esti-
mates hold® w	 � p w	 ®I³Q½ ¯ { �!µ � ² r ­ �xÐ½ { º Î �,�

�� C � � Í ­ � �	 { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � ® w	 ®�³�
 ¯ { �!µ � ²4Ï C��� Ð½ { º Î~��+
�� C � � Í ­ � �	 { º Z w- Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w- ®I³�
 ¯ { �!µ � ² Ï C� ­ � Å½ { º;Í Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ² Ï� �
 ����
 w	Q��� � 
 ��+�
 w-/�� 

(4.7)

® w- � p w - ®I³ ½ ¯ { �#µ � ² r ­ � Ð½ { º Î5+!�
�� C � � Í ­ � �	 { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � ® w	 ®�³ 
 ¯ { �!µ � ² Ï C� ­ �xÐ½ { º Î +,+

�� C � � Í ­ � �	 { º Z w- Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w- ®I³�
 ¯ { �!µ � ² Ï C� ­ � Å½ { º;Í Z w	 Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � Z w- Z ¸ ¹t¾ ¿ ¯ { �#µ � ² Ï� �
 +!��
 w	)��� �
 +�+/
 w-)�! 
(4.8)
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where

�
 � E 
 w· ��� ­�� � E � Å �	 { º Z w·tZ ¸ ¹t¾ ¿ ¯ { �!µ � ²
�� C � + ö�� ­ � �	 { º Z w·�Z ¸ ¹t¾ ¿ ¯ { �!µ � ²� ® w·}®I³ 
 ¯ { �!µ � ²�� C { � �x¨I¨�¨$� ® w·}® C { �³�
 ¯ { �#µ � ² ÷  

and

� � E � Ñ`Ò�Ó��Ô � Ô � ® w� � E 

sI�| 
o
� ®I³ ½ ¯ { �#µ � ²  ]  BL��áN� ,PQ 

provided that � is sufficiently large.
Proof. Rewriting the first equation of (4.6) as:

w	 � 

s � ��� w����
�s � ��� �� C � � ��z Õ{ � 
 � �,��� C w� ����

s �  
o
���	 C� 


o
�%(
o
���D��

s � �� �� C � � �ez%Õ{ � 
 � �%+ � C w� ��+ 

s��� 

o
���- C� 


o
�%(
o
��� + 
�sI�y�� (4.9)

where

� � 

s��Q��� �� C � � �ez%Õ{ � 
 � ��� � C Í �5� 
 w� ��� 

sI�U 
o
����p w� �,� 

sI�| 

o
� Ï �	 C� 


o
��(
o
 

�ÿ+�
�s � ��� �� C � � � z%Õ{ � 
 � ��+�� C Í � � 
 w� �%+0

s �  
o
����p w� ��+�

s �  

o
� Ï �- C� 


o
�%(
o
G

The first equation of (4.2), together with (4.4), gives rise to� �áÚ ��z{ � 
 � ������� w� �,�'

sQ 
o
� w	|

o
��(
o
� ��z{ � 
 � �%+$��� w� �%+0

sQ 

o
� w-.

o
�%(
o Ü

�� � � Í w	�
�sy�tp w�0��

sy��p �ez{ � 
�
 � ����� � w� �,��
�sQ 
o
����
 � �%+$� � w� ��+�

sy 

o
����(
o Ïp � � Í

�� C � + � z{ � 
�
 � �,�I� C w� �,��
�sQ 
o
� w	 C 


o
� ��
 � ��+�� C w� ��+�
�sQ 

o
� w- C 


o
����(
o Ï G(4.10)

Considering (3.10), after some manipulations on (4.9) and inserting (4.10) into the re-
sulted equation, we obtain1 � ��z{ � 
 � ��� � � w� �,� 

sy 

o
�%[)

o
��(
o
� ��z{ � 
 � �%+ � � w� �%+ 

sQ 

o
�B×Q

o
�%(
o
� 
 � � 
 +� � � 
��D��
�sy���}� � � 
��<+0

sy��� �eÝt���eÝ}+� (4.11)

where


 �A� �� C � + � � Í �ez{ � 
 � �,�I� C w� �,�'
�s �  
o
�I
��	 C� 


o
�tp��	 C 


o
���%(
o Ï  



ETNA
Kent State University 

http://etna.math.kent.edu

338 S. PISHBIN, F. GHOREISHI AND M. HADIZADEH


 +ü� �� C � + � � Í � z{ � 
 � �%+'� C w� �%+0

s �  
o
��
��- C� 


o
��p��- C 


o
���%(
o Ï G

Differentiating (4.11) with respect to s , yields:

pY
 � �,���,� w� �,��
�sQ �sy��[)

sy��pM
 � ��+��,� w� ��+�
�sQ �sy�4×Q

sy��� �ez{ � ¼ w� ����

sQ 
o
�I
 � ���$�,�¼ s [)


o
�%(
o
� 
 �� � 
 �+� ��z{ � ¼ w� �%+�
�sQ 

o
�I
 � �%+����¼ s ×Q


o
�%(
o
� � � � 
��`��

sy��� � � � � 
��ÿ+�

sy��� �gÝ �� ��Ý �+ G(4.12)

Consequently, the second equation of (4.6) can be written as:

pY
 � +!���,� w� +!��
�sQ �sy��[)

sy��pM
 � +,+��,� w� +,+�
�sQ �sy�4×Q

sy��� � z{ � ¼ w� +#��

sQ 
o
�I
 � +#�$�,�¼ s [)


o
�%(
o
� 
 �Þ � 
 �ß� � z{ � ¼ w� +,+�

sQ 

o
��
 � +,+'�,�¼ s ×Q


o
��(
o
� � �� 
��ÿÞ�

sy��� � � �� 
��<ß0
�sy���}��Ý �â �eÝ �ã  (4.13)

where


 �Þ � �� C � + � � � Í � z{ � 
 � +!�I� C w� +#��

s �  
o
�I
��	 C� 


o
��p��	 C 


o
���%(
o Ï  


 �ß � �� C � + � � � Í ��z{ � 
 � +�+ � C w� +,+ 

sI�| 
o
��
��- C� 


o
��p��- C 


o
���%(
o Ï  

� Þ 
�sy��� �� C � � �ez{ � 
 � +!� � C Í �A� 
 w� +!� 

sy 
o
���tp w� +!� 
�sQ 

o
� Ï �	 C� 


o
��(
o
 

� ß 
�sy��� �� C � � � z{ � 
 � +,+ � C Í �A� 
 w� +�+ ��
�sQ 
o
���tp w� +�+ 

sQ 

o
� Ï �- C� 


o
��(
o
G

Now, considering (4.12) and (4.13) in the matrix notation (3.18) and using the Gronwall
inequality for the obtained equation, we conclude:® å ® r ­ ZHZ��ç Z±Z  (4.14)

where

�çà�íìî � � � 
��D��
�sy��� � � � � 
��<+0

sy��� � 
 �� � 
 �+ ��Ý �� �eÝ �+
 �Þ � 
 �ß � � �� 
��ÿÞ�

sy��� � � �� 
��<ß/

sy���}��Ý �â �eÝ �ã
ïð G

In a similar manner to (3.21) and (3.22), we have® � � 
��`��

sy��� ® r Ñ`Ò�Ó�IÔ � Ô � Z �`��

s � � Z Ñ`Ò�Óz�ù ¯ { �!µ � ² ��� � � Z m � 
�sy� Z  (4.15)
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such that
Z
� � 
�sI�y� Z can be written as:Z
� � 

sI�Q� Z � �� C � � úúúú �ez Õ{ � 
 � ��� � C Í �5� 
 w� �,� 
�sI�� 

o
���tp w� ��� 

sI�| 

o
� Ï �	 C� 


o
�%(
o úúúúr ® Í � � 
 w� ����

s �  

o
���tp w� �,��

s �  

o
� Ï ® �� C � � ® 
 � �,��� C �	 C� ®r ­ � { º Z w� ����

s �  

o
� Z ¸�¹t¾ ¿ ¯ { �#µ � ² �� C � � ® �	 C� ®I³�
 ¯ { �#µ � ²r ­ � { º Z w� ��� 

sI�� 
o
� Z ¸ ¹t¾ ¿ ¯ { �#µ � ² �� C � � ® �	 � ® C³ 
 ¯ { �#µ � ²r ­ � { º Z w� ����

s �  

o
� Z ¸�¹t¾ ¿ ¯ { �#µ � ² �� C � � Í ® [ ®�³ 
 ¯ { �#µ � ² � ® w	 ®�³ 
 ¯ { �!µ � ²4Ï C G

We are now applying the well-known Sobolev inequality from [6]®�·t®I³ 
 ¯! µ " ² r Í N# p�� �eP Ï Å½ ®�·t® Å½³Q½ ¯! µ " ² ®!·�® Å½¸ Å ¯$ µ " ²  where 
��. # �&%(' is a bounded interval of the real line and
· 9�È � 
��. # � .It then follows from (3.4) and (3.5) thatZ

�`��

s � � Z r ­ � { º Z w� ����

s �  
o
� Z ¸�¹�¾ ¿ ¯ { �!µ � ² �� C � � Í ­ � �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w	 ®�³ 
 ¯ { �!µ � ²4Ï C G

On the other hand, using (3.1) and (3.23), similar to (3.24) and (3.25), we obtain® � �� 
��D��

sy��� ® r ­ � + ® � � 
��D��

sy��� ®r ­ �xÐ½ { º Î~���
�� C � � Í ­ � �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w	 ®I³ 
 ¯ { �#µ � ²4Ï C  (4.16)

and ® � � � 
�� + 

sy��� ® r ­ � Ð½ { º Î �%+
�� C � � Í ­ � �	 { º Z w- Z ¸ ¹�¾ ¿ ¯ { �#µ � ² � ® w- ®�³ 
 ¯ { �!µ � ² Ï C G(4.17)

Similarly,® 
 � ® røÑ`Ò�Ó��Ô � Ô � �� C � + úúú Í �ez Õ{ � 
 � �,��� C w� �,��
�s �  
o
�I
��	 C� 


o
��p��	 C 


o
���%(
o Ï úúú Ñ`Ò�Óz�ù ¯ { �!µ � ² ��� � � Z m � 

sy� Z  
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such that�� C � + úúú Í �ez Õ{ � 
 � �,� � C w� �,� 
�sI�� 
o
�I
��	 C� 


o
��p��	 C 


o
���%(
o Ï úúú r ® w� �,� 

s��U 

o
��� ® �� C � + ® 
 � �,� � C 
)�	 C� p��	 C � ®r ­ ® w� �,��

s �  

o
��� ®�® �	 � p*�	 ®I³ 
 ¯ { �!µ � ² �� C � + ® �	 C { �� �+�	 C { +� �	h�n¨�¨I¨$�,�	 C { � ®I³ 
 ¯ { �!µ � ²r ­ ® w� �,��

s �  
o
��� ® � �	 { º Z w	 Z ¸�¹�¾ ¿ ¯ { �!µ � ²

�� C � + Í ® �	 � ® C { �³�
 ¯ { �#µ � ² �n¨�¨I¨$� ® �	 ® C { �³�
 ¯ { �!µ � ² Ïr ­ ® w� ��� 

sI�U 
o
��� ® � �	 { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �#µ � ²

�� C � + Í � ­ � �	 { º Z w	 Z ¸ ¹t¾ ¿ ¯ { �#µ � ²� ® w	 ®I³�
 ¯ { �#µ � ² � C { � �n¨�¨I¨$� ® w	 ® C { �³ 
 ¯ { �!µ � ² Ï  
and® 
 � ® r ­�� ���I� Ð	 { º Z w	 Z ¸�¹�¾ ¿ ¯ { �#µ � ²

�� C � + Í � ­ � �	 { º Z w	 Z ¸�¹�¾ ¿ ¯ { �#µ � ²� ® w	 ®I³�
 ¯ { �#µ � ² � C { � �n¨�¨I¨$� ® w	 ® C { �³-
 ¯ { �!µ � ² Ï G
Using (3.1), we have® 
 �� ® r ­�� ��� � Å �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ²

�� C � + Í � ­ � �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ²� ® w	 ®I³�
 ¯ { �#µ � ² � C { � �n¨�¨I¨$� ® w	 ® C { �³ 
 ¯ { �!µ � ² Ï G
and® 
 �+ ® r ­�� �%+ � Å �	 { º Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ²

�� C � + Í � ­ � �	 { º Z w- Z ¸ ¹�¾ ¿ ¯ { �#µ � ²� ® w- ®I³�
 ¯ { �!µ � ² � C { � �x¨I¨�¨$� ® w- ® C { �³ 
 ¯ { �#µ � ² Ï G
Due to (3.1), (4.16) and (4.17), we obtain® � �� 
��ÿÞ�
�sy��� ® r ­ � + ® � � 
��<Þ/

sy��� ®r ­ �xÐ½ { º Î5+!�

�� C � � Í ­ � �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ² � ® w	 ®�³ 
 ¯ { �#µ � ²4Ï C  ® � �� 
�� ß 

sy��� ® r ­ � Ð½ { º Î +,+
�� C � � Í ­ � �	 { º Z w- Z ¸ ¹t¾ ¿ ¯ { �!µ � ² � ® w- ®�³�
 ¯ { �#µ � ² Ï C  

and similarly® 
 �Þ ® r ­�� +#� � Å �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ²
�� C � + Í � ­ � �	 { º Z w	 Z ¸*¹t¾ ¿ ¯ { �!µ � ²� ® w	 ®I³�
 ¯ { �#µ � ² � C { � �n¨�¨I¨$� ® w	 ® C { �³ 
 ¯ { �!µ � ² Ï G
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and® 
 �ß ® r ­�� +�+$� Å �	 { º Z w- Z ¸�¹�¾ ¿ ¯ { �#µ � ²
�� C � + Í � ­ � �	 { º Z w- Z ¸�¹t¾ ¿ ¯ { �#µ � ²� ® w- ®�³ 
 ¯ { �!µ � ².� C { � �x¨I¨�¨$� ® w- ® C { �³ 
 ¯ { �!µ � ² Ï G

Finally, according to (3.12) and (3.13) in the proof of Theorem 3.1 and applying (3.2)
and (3.3) for ¶ �>N , we have® Ý �� ® r ® Ý�� ® ¸ Å ¯ { �#µ � ² r ­ � Å½ { º Z w	 Z ¸ ¹�¾ ¿ ¯ { �#µ � ²  ® Ý �+ ® r ® Ý + ® ¸ Å ¯ { �#µ � ² r ­ � Å½ { º Z w- Z ¸ ¹t¾ ¿ ¯ { �#µ � ² GAlso, using (4.14) and the upper bound which is obtained for

® Ý �â ® and
® Ý �ã ® , together

with the above estimations, the desired estimates (4.7) and (4.8) are obtained.

5. Numerical experiments. In the following, we implement the Legendre collocation
method on some test problems and show the reliability and efficiency of the presented method
and error estimation using program code written in Mathematica / . We will also show that
the proposed scheme can provide reasonable results for nonlinear as well as linear IAEs
systems.

EXAMPLE 5.1. Consider the following linear system of IAEs with index 1:ä 

���4dg

�����10U
����|� � �� æ 

�! ,"'�%de
&"'�%()"0 �*9Ê= 1  IN�@B 
where ä 

����� è N 11 1 ê  æ 

�! #"$���éè � Þ �g"��xN325476I
�8/"'�|�nN���g"��gP 6�9!:�
�8/"'���eP ê  de

�����Û= 	�
����ë-.

���4@ �  ;0U
������á= � � 
����;� + 
����B@ �
and ����

�����>NApM
�N*�3�|��� Þ �<6=9>:A�tp N8 
�8S�?25476@8����I
�6=9>: 8��P � +  ��+0

�����>NApA2B4�6T�tp3PQ
%N������<6=9>:5��� NN$P 
�pDCvpAE����?CF25476<8��|��6=9!:DE����!GThe exact solution of this system is	�

�����G254�6Q�! -.

�����H6�9!:D8��!G

Let 
)�	 �  ��- � � and 
)�	U I�-0� be the approximate and the exact solution of the system, respec-
tively, which is given by (2.5). The m + 
%phN� �N$� norm of the errors are reported in Table 5.1
and Figure 5.1.

EXAMPLE 5.2.ä 

���4dg

�����10U
����|� ���� æ 

�! ,"'�%de
&"'�%()"0 �*9Ê= 1  IN�@B 
where ä 

����� è N 11 1 ê  æ 

�! #"$��� è � + �g" + �eP "������nN[ + � �KJ "5�3� + �eP ê  
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TABLE 5.1� �ML�NPORQ�O=S errors for Example 5.1.� ®
�	 � p��	 ®I³ ½ ¯ { �!µ � ² ®

�- � p��- ®�³ ½ ¯ { �!µ � ²T PQG 8 1 R N 1 { ß U G E 1 R N 1 { ß
E PQG P�V R N 1 { ã N0G V�8 R N 1 { â
C N0G T N R N 1 {-W N0G 8�8 R N 1 {-XN 1 EyG 1 T R N 1 { �,� Y G T C R N 1 { � �N$P N0G C Y R N 1 { ��Þ PQG U P R N 1 { ��+

4 6 8 10 12

-14

-12

-10

-8

-6

-4

-2

N

L
og

10
HError

L

: ỳN

: z̀N

FIG. 5.1. � � L�NPORQ�O=S errors versus Z for Example 5.1.

de

�����Û= 	U
����V-.

���4@ �  0U
������á= ����
����;��+�
����B@ �  
and

� � 

�����x[ + � NT 
�V~�eP�� + p�[ + � 
�VapÊP���� T � + ���tpÆ
%N������TÒ�[\25],Ò^:5�tp NP _ :�
�N��3� + �! ��+�

�����>p N8 [ + � 
%phN���[ Þ � �tpM
7P~�e� + �TÒ�[\25],Ò^:5�}p NP _ :�
�N*�3� + �! 
with the exact solution: 	U
������x[ + �  -.

����� NN��3� + GTable 5.2 and Figure 5.2 show the errors for several values of � and the associated
rate of convergence, which confirms the expected convergence of the method as described in
Theorem 3.1.
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TABLE 5.2� �ML�NPORQ�O=S errors for Example 5.2.� ®
�	 � p��	 ®I³ ½ ¯ { �#µ � ² ®

�- � p��- ®I³ ½ ¯ { �!µ � ²T N0G 8�C R N 1 { Þ T G C 1 R N 1 { Þ
E Y G C U R N 1 { ã PTG 8�8 R N 1 { â
C PQG Y N R N 1 {-W VTG U 1 R N 1 { ãN 1 Y G±N 1 R N 1 { �,� 8QGHN 1 R N 1 {-XN'P CyG CyN R N 1 { ��Þ VTG E0P R N 1 {-`

4 6 8 10 12

-14

-12

-10

-8

-6

-4

-2

N

L
og

10
HError

L

: ỳN

: z̀N

FIG. 5.2. � � L�NPORQ=O=S errors versus Z for Example 5.2.

The last test problem considers the following nonlinear IAEs system of index-1 from [16].
EXAMPLE 5.3.������ ����� 	�

�����2����
������ � �� [ � { J 	 + 
7"$��-6
7"'�%()"� 1 ����+�

��� � ���� 
%N���� p�"'�4	�
&"'��-6
7"$��(/"0 ��9Ê= 1  INI@7 

where �0��

������[ { � p NN 1 [ { + � 
�8�[ Þ � pa8F25476T���?6=9>:A���� � + 
������ NP 
%phNAp����e[ { � 254�6Q���! 
with the exact solution: 	�

�����x[ { �  }-.

�����H25476T� .
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We work with the same conditions as in [16]. Let 
 ·  =b)� be the approximation of the exact
solution 

	U �-)� . The errors for the numerical results obtained by using the spline collocation
method with ¶ �G8Q T and � � T  \EQ =Cy IN 1 for Radau II collocation parameters are presented
in Table 5.3; the m + p norm of the errors for the proposed method with several values of �are also reported in the same Table. Figure 5.3 displays the exponential rate of convergence
which confirms the prediction of Theorem 4.1.

TABLE 5.3
Comparison of the spline collocation and Legendre spectral methods for Example 5.3.

Spline collocation method [16]cdc egfihjcdc k cdc lmfin@cdc ko p�q�r p�qts p*q�r p�qts
4

s�u vMv�wyxRz j<{ s�u s)|}w~xRz j<� x�u �Mv�wyxRz j<� � u �Mz�w~xRz j<{
6

|^u v�|�w~xRz j@� � u r�|}w~xRz j-��� |^u � v�wyxRz j@� xMu s�v�w~xRz j<{
8

x�u rMr}w~xRz j@� � u vM��w~xRz j-�.� � u �B� wyxRz j@� s�u � xgw~xRz j@�
10

s�u � s�w~xRz j<� �^u z^xgw~xRz j-� � x�udxMxgwyxRz j@� xMu v � w~xRz j@�
Present method�7�e���f��e���� ½B� j-�.� ��� ���lB��f��l7��� ½B� j��.� ���

4 � u � s�wix�z jI{ |^u � � w~xRz j<�
6

x�u � v}wix�z jI� � u � s�w~xRz jI�
8

x�udx � wyxRz j��.� x�u z�x�w~xRz j����
10

��u s)z}wyxRz j���� r�u z�z}w~xRz j����
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FIG. 5.3. �.� L�NPORQ�O=S errors versus Z for Example 5.3.
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Figure 5.4, presents a comparison between the error behaviours of the spline collocation
scheme with ¶ � T  ,� � N 1 and the proposed method with � � N 1 . From Table 5.3 and
Figure 5.4, we can see that the Legendre spectral method coincide to a very high degree of
accuracy over the spline collocation method. This is also consistent with the prediction of
Theorem 4.1.
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FIG. 5.4. The error behaviors for the spline collocation method with Z(� O���Q�� �i� (Left) and the Legendre
spectral method for Z(� O�� (Right) in Example 5.3.

6. Conclusions. This paper studies the Legendre collocation method for the semi-explicit
IAEs system of index-1. The scheme consists of finding an explicit expression for the integral
terms of the equations associated with the Legendre collocation method. A posteriori error
estimation of the method in the m + norm was obtained. It should be noticed that, the IAEs sys-
tems are coupled systems consisting of the first and second kind Volterra equations, so that in
our considered numerical tests, we can not use the Legendre-Gauss-Radau or Gauss-Lobatto
points as the collocation points. An optimal error estimate may be obtained by choosing a
suitable collocation points. We may need to follow some other ways, in modifying the pro-
posed method in Section 2, to obtain the optimal rate of convergence which is the subject of
our future work.
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