A SURVEY AND COMPARISON OF CONTEMPORARY ALGORITHMS FOR COMPUTING THE MATRIX GEOMETRIC MEAN^∗

BEN JEURIS^†, RAF VANDEBRIL^†, AND BART VANDEREYCKEN^‡

Abstract. In this paper we present a survey of various algorithms for computing matrix geometric means and derive new second-order optimization algorithms to compute the Karcher mean. These new algorithms are constructed using the standard definition of the Riemannian Hessian. The survey includes the ALM list of desired properties for a geometric mean, the analytical expression for the mean of two matrices, algorithms based on the centroid computation in Euclidean (flat) space, and Riemannian optimization techniques to compute the Karcher mean (preceded by a short introduction into differential geometry). A change of metric is considered in the optimization techniques to reduce the complexity of the structures used in these algorithms. Numerical experiments are presented to compare the existing and the newly developed algorithms. We conclude that currently first-order algorithms are best suited for this optimization problem as the size and/or number of the matrices increase.

Key words. matrix geometric mean, positive definite matrices, Karcher mean, Riemannian optimization

AMS subject classifications. 15A24, 53B21, 65K10

∗ Received March 22, 2012. Accepted August 16, 2012. Published online on November 5, 2012. Recommended by L. Reichel.

†Department of Computer Science, KU Leuven, Celestijnenlaan 200A, 3001 Heverlee, Belgium ({ben.jeuris, raf.vandebril}@cs.kuleuven.be).

‡Chair of ANCHP, MATHICSE, Mathematics Section, École Polytechnique Fédérale de Lausanne, 1015 Lausanne, Switzerland (bart.vandereycken@epfl.ch).