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REMARKS ON THE CIARLET-RAVIART MIXED FINITE
ELEMENT*

Y.D. YANGT AND J.B. GAO?

Abstract. This paper derives a new scheme for the mixed finite element method for the bi-
harmonic equation in which the flow function is approximated by piecewise quadratic polynomial
and vortex function by piecewise linear polynomials. Assuming that the partition, with triangles as
elements, is quasi-uniform, then the proposed scheme can achieve the approximation order that is
observed by the Ciarlet-Raviart mixed finite element when approximating the flow function and the
vortex functions by piecewise quadratic polynomials.
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1. Review of the Ciarlet-Raviart mixed element scheme. Consider the
biharmonic problem (with clamped boundary conditions)

A%p = f, in Q,

%:0 on 01},

(1) _
0= on

where the domain Q is a convex polygon in R?.

Let by H*® () denote the Sobolev space, let |||, denote its norm, and let ||-[|,
denote the norm of the space L?(2). Let H~1(2) be the dual space of H{(f2) with
|-l _, as its norm. It is well known that for f € H~!(2), (1.1) admits only one
solution ¢ satisfying

(1.2) ¢ € H*(Q), and [|¢ll; < C-[IfI|_; -

The Ciarlet-Raviart mixed finite element method is used to simultaneously ap-
proximate the flow function ¢ and the vortex —Ag:
With u := —Ag, consider the following variational problem corresponding to (1.1):

Find (u, ¢) € H*(Q) x H} (), such that
(1.3) / uvdzrdy — / VoVedrdy =0, Yv € H'(Q);

Q Q
/Vuvwdxdy = —/ fibdzdy, Yo € HY(Q).
Q Q

Let 7;, = {K} be a quasi-uniform partition of { with h the maximum diameter
of the partition. Set

Xy = {’UECO(Q)I U|K€PmavK€,Th}7
My, = X, NH}Q).
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Consider the discrete variational problem used to approximate (1.3):

Find (up, ¢n) € Xp x M}, such that

/ upvdrdy — / VoVepdrdy =0, Vv e Xp;
(1.4) o O

/ VupVipdxdy = —/ f-vdxdy, Yy € My,
Q Q

Equation (1.4) is called the Ciarlet-Raviart scheme for biharmonic problem. From
this it can be seen that subspaces of X}, namely X; and My, are used for the ap-
proximation of both spaces H'(Q2) and H}(Q2). The assumption M;, = X, N HE(Q)
yields a significant simplification in the proof of error estimates.

In [1] and [2], it was shown, using different approaches, that the following error
estimates for the Ciarlet-Raviart scheme hold:

¢ = nlly < C-h7H|gl;
|u—wuplls <C-h279, §=0,1.

where 1 < s < min{k + 1,7}, u € H"(Q). These estimates depend upon the order
k of the polynomials and the smoothness r of generalized solution u. However, in
general case, the solution of (1.1) statisfies ¢ € H3(Q) and u = —A¢ € H(Q), so
that the approximation order can not be increased by increasing the order k of the
piecewise polynomials in the spaces M} and Xj,. Hence under the natural smoothness
assumptions, to achieve a higher approximation order, a reasonable choice would be
to take the degree of polynomial to be 2 for M} and a lower degree than 2 for Xj.
The aim of this paper is to look for such spaces M) and Xj,.

2. Main results and proofs. Let 755, be a quasi-uniform triagulation of 2. 7j,
is a triangulation obtained by connecting all middle points of edges for each triangle in
Ton. Define V; (i = 1,2) to be the order of the associated piecewise polynomial spaces
defined on 7T;;,. It is obvious that V; € H(2). Taking Xj, = V4 and M), = Vo N HE ()
in the Ciarlet-Raviart mixed element model (1.3), then we will have shown that the
same conclusions hold for error estimates as the case in which X}, and M), are taken
as the quadratic piecewise polynomial spaces. In our case, as My C X} is not valid,
the error estimates cannot be proved with the approach used in [1].

Let H,M and X be three real Banach spaces with norms |||, |||, and [|-] x,
respectively, and let X be continuously embedded into H, denote by X «— H. As-
sume that a(-,-) and b(-,-), bounded bilinear forms defined on H x H and H x M,
respectively, satisfy

(2.1) la(u,v)] < C- llully olly Vu € X, Vo€ X,

(2.2) b(u, )| < C - llullx (vl ,Vu € X, Vi € M.

Consider the following abstract problem:
For any f € X’ and any g € M’, find (u,¢) € X x M such that

a(“?”)_b(va¢):<fvv>v V’U€X,
23) { blu, ) = (g, ), Vb € M,

where X’ and M’ are the dual spaces of X and M, and where (-, -) represents the dual
inner product between X’ and X or M’ and M, respectively. The discrete variational
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approximation of (2.3) is:

Find (up, ¢n) € Xp x M}, such that
(24) CL(Uh,U) - b(U, (bh) = <f7 U>7 Vv € Xh7
b(uhnw) = <9,¢>a W/} € Mh7

where X, C X and My, C M are finite dimensional spaces. The following lemma is
proved in [2]:
LEMMA 2.1. Assume that the following hypotheses are satisfied:
H1 For any (f,g) € D, the problem (2.3) has only one solution, where D is the
subspace of X' x M'.
H2 If G is a Banach space and M — G, then ¥d € G’, the following problem
has only one solution:

Find (yq,zq) € X x M such that
(2.5) a(v,yq) —b(v,2q) =0, YveX,
b(yd7'¢) = <da w>a Vi € M,

H3 There exists a constant a > 0, independent of h, such that
a(v,v) > « ||v||§1 , Yve Xy,
H4 There exists a constant S(h) satisfying
lollx < SWllelly. W0 e X
HS5 There exists an operator P:Y — Xy, such that
bly — Py,) =0, VyeY, Ve My,

where Y := span{{ya}4eq’, u}, (u, @) is the solution of (2.3), and (ya, za) is
the solution of (2.5) corresponding to d € G'.
Then (2.4) admits only one solution (up, @p) which satisfies the error estimates

(2.6) lu=unllyr < C- (Ju— Pully +S0) o =llar) V9 € My,

2.7) o —enllg < sup b(ya — Pya, ¢ — ) + a(u — un, Pya — ya) + b(u — up, 2a — v)7
e lldll g

Yy, v € My,.

Now, we introduce another lemma proven in [5].
LEMMA 2.2. Vv € C(Q),

2
(28) It~ 1ol < /2 I,

where HwHi = (Vw,Vw) = |w|, and I; : C° — V,, i.e., I; is the piecewise interpola-
tion operator of order i on all vertices of triangles of Tip.

Now we are in a position to state a main result of this paper.

THEOREM 2.3. When X;, = Vi, and My, = Vo N HY(Q), there exists only one
solution (up,@n) for (1.4) which satisfies the error estimates

(2.9) lu—up|| < C-h, and
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(2.10) e —onlls <C-h* §=0,1.

Proof. Take X = H'(Q), M = H}(Q), H = L*(Q), a(u,v) = [, uwvdady, b(v,v) =
Jo VoVpdady, D =0 x H-Y(Q), G = Hg(Q) and G’ = H'(Q). Then we will use
Lemma 1 to prove this theorem. It is obvious that (2.1), (2.2) and hypotheses H1-H3
are valid. As the partition is quasi-uniform, H4 is valid for S(h) = C'-h~!. Hence it is
necessary to construct an operator P such that H5 be satisfied, and then to estimate
u— Pully, lya — Pyally and |ys — Pyal, -

For a given v € H(Q), consider the auxiliary problem:

Find w € Vi such that
(2.11) /vawdxdy = / VoVdzdy, Vi € Va;
Q Q

(2.12) /wdxdyz/vdmdy.
Q Q

Equation (2.11) is equivalent to

(2.13) /QVwV(Igw)dxdyz/QVUV(IQw)dxdy, Vi € V1.

Define the quotient space H'(Q)/Py, where Py is the polynomial space of order 0.
From [1], this space is a Banach space with its norm defined as

s — ], - g ot
be 1'(@)/Py — ||i] = int o+l

. . [e] [e]
where v is any element of the equivalence class v. For any v, one has

(2.14) ve HY(Q)/Py — |0 =1l
and
2.1 v| <O
(2.15) vl S C-lv .
In the quotient space H'(Q)/ Py, define
(2.16) (1,0)g = / VuVvdzdy.
Q
Then
(2.17) (ﬁ,%)o = / VuVvdxdy = / VoVudzdy = (8,&)0;
Q Q

(4 +w,0)g = Jo V(u+ w)Vudzdy

(2.18) = f? Yqudoxciy + [ VwVudady
= (U,’U)O + (’w,'[))o;

and

o2
u

(2.19) (1, )y = /Q \Vul? dedy = ul} > c-

1
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Hence, (&, 8)0 is an inner product in H'(Q)/Po.

By the definition of ‘f) , one has
1
2.20 M = inf < inf - H”H .
(2.20) = ok lotply < bl +pl, )

It is thus realized from (2.14), (2.15) and (2.20) that the norm (QOL, )0, derived from
the above inner product, is equivalent to H&Hl Hence, H'(Q)/ P, is a Hilbert space
with respect to the inner product (&, 13)0.
Let V1 /Py be the subspace of H'(Q2)/P,, and define
(2.21) I(w,u) == / VuwV (Iyu)dzdy.
Q

Then in terms of Lemma 2, for any w € V it can be seen that

Jo VuV(Lw)dzdy = [, VwV(low — Lw + Lw)dzdy
(2.22) = [o |Vw|® dedy — [, VwV(Liw — Lw)dady

2 2 2
> fl} = 2 lul} = (1 - /2) o}

Combining (2.21), (2.22), (2.13) and (2.14) results in

(2.23) 1(8,0) > C - Hw‘ . Ve Vi/P.
1
From (2.20) and (2.21),
I(w, ) Jo VwV (Lv)dzdy

[wly - [I20]1 < C-|wly - oy

(2.24)
e[l véievn

IN N

By the definition (2.21) and w + u=w T u, one has

(2.25) I(w 4 u,0) = I(w,v) + I(u,v)
and also
(2.26) I(w, % 4 v) = I(w, ) + I(u, ).

Hence, I (&, 13) is a continuous positive definite bilinear form. For a fixed v define the
functional

(2.27) g(¥) == / vV (I29))dxdy,

Q
so that g(%) is a continuous on V3 /Py. By the Lax-Milgram Lemma, the following
problem has only one solution w:

(2.28) { Find we Vi /P, such that

I(w,0) = g(v), VveVi/Py.
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Consequently, there exists a class of solutions for (2.13). All of solutions are same
except for a constant. Thus for any v € H'(Q), the solution of (2.11), satisfying
(2.12), is unique. Denote by w € V; this solution. An operator P satisfying H5 can
be defined as P : H'(Q) — Vi, w = Pv. Finally from Lemma 1 there is only one
solution (up, pp) for (1.4).

In order to establish the estimates (2.9) and (2.10), one has to estimate | Pyq—yaq|1
and ||Pyq — yally- As G’ = H=(Q2), by (1.2) the solution of (2.4) obeys z4 € H*(2)N
HZ(Q), ya € HY(Q) and

(2.29) lzalls < C-[ldl| ., and [lyall, < C-[|d]| _, -

From the property of P, Pyy € V; and

[ 9P = ) Vodsdy =0, Vo€ Vi,
Q

Hence,
|Pyali < C-a(Pya, I2(Pya)) = C - a(ya, I»(Pya))

< C-lyaly - [L2(Pya)ly

< C-lyaly - [Pyal; -
That is,

[Pyal, < C - lyal; -

Consequently,
(2.30) |Pya = yaly < [Pyal; + lyal; <C - lyaly <C-[ld]_; .

Now we will use Nitsche’s technique to estimate || Pyq — yal|,- Let z be the solution
of the variational problem

(2.31) { z € H'(Q),

b(v,2) = (v,ya — Pya), Yv € HY(Q).
From [1], z € H%(Q), and
(2.32) Izlly < C - 1Pya — yall, -

Taking v := yq — Pyq in (2.31) results in, with (2.11) and (2.32),

|Pya—valli = b(ya— Pya,2) = b(ya — Pya,» — )
< NPya—wyall, - |z = L22[l; <C-|ld||_y - b+ |2,
< C-h-|dll_y-1Pya—yallo-
That is,
(2.33) |Pya — yall, < C-hld|_,,
and by (2.6)

lu—unlly < C - (llu—~ Pully+C - h~" [lp = Ingll,) < C-h.
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This completes the proof for (2.9). On the other hand, take v = Irz4 and ¢ = ¢ in
(2.7). Then it can be derived in terms of (2.30), (2.33) and (2.29) that

b(ya—Pya,p—Y)ta(u—un,Pyi—yd) +b(u—un,2a—I>24)

e —enll, < Sup Tal_,
deH-1() -
—Pyal.-|o—1 —un|lo- || Pya— —unly-|za=I
< sup lya—Pyal,-lo—T2pl; +lu—us |\||(Zl|||| ya—yallotlu—unl, [za—I224],
deH-1(Q) -t
C-|ldll_y-h?|lells+C-h2||d|| _,+C-h2||d|| _,
s sup T,
de H-1(Q)
< C-h?

That is, (2.10) and the theorem is proven. [
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