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DISCRETE POINCARE INEQUALITIES FOR ARBITRARY MESHES IN THE
DISCRETE DUALITY FINITE VOLUME CONTEXT*

ANH HA LE'f AND PASCAL OMNES#

Abstract. We establish discrete Poincaré type inequalities on a two-dimensional polygonal domain covered
by arbitrary, possibly nonconforming meshes. On such meshes, discrete scalar fields are defined by their values
both at the cell centers and vertices, while discrete gradients are associated with the edges of the mesh, like in the
discrete duality finite volume scheme. We prove that the constants that appear in these inequalities depend only on
the domain and on the angles between the diagonals of the diamond cells constructed by joining the two vertices of
each mesh edge and the centers of the cells that share that edge.
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1. Introduction. Let 2 be a two-dimensional polygonal domain. Let us introduce the
following two Poincaré inequalities which will be mentioned throughout this article: the
Friedrichs (also called Poincaré) inequality

(1.1 /u2(x)dx < CF/ |Vu(z)?de, Yue€ H}(Q),
Q Q
and the Poincaré (also called mean Poincaré) inequality
(1.2) / u?(z)dx < cP/ |Vu(z)|?de, VYuc H'(Q) such that / u(z)dx =0,
Q Q Q

where ¢ and cp are constants depending only on (2. These two inequalities play an important
role in the theory of partial differential equations. Here, H* () is the Sobolev space of L?(£2)
functions with generalized derivatives in (L?(2))?, and Hg () is the subspace of H'(2)
with zero boundary values in the sense of traces on J€2. More details on the Sobolev spaces
HY(Q), H(2) may be found, e.g., in [1].

This article considers discrete versions of Poincaré inequalities for the so-called dis-
crete duality finite volume (DDFV) method with discretization on arbitrary meshes, as pre-
sented, e.g., in [11]. Originally developed for the discretization of (possibly heterogeneous,
anisotropic, nonlinear) diffusion equations on arbitrary meshes [3, 6, 11, 15, 16, 20], this tech-
nique has found applications in other fields, like electromagnetics [17], div-curl problems [9]
and Stokes flows [8, 18, 19], drift diffusion and energy transport models [4].

The originality of these schemes is that they work well on all kinds of meshes, includ-
ing very distorted, degenerating, or highly nonconforming meshes; see the numerical tests
in [11]. The name DDFV comes from the fact that these schemes are based on the definition
of discrete gradient and divergence operators which verify a discrete Green formula.

Details about this method are recalled in Section 2. In this introduction, let us only
mention that in the DDFV discretization scalar functions are discretized by their values both
at the centers and at the vertices of a given mesh, and their gradients are evaluated on the
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so-called “diamond-cells” associated with the edges of the mesh. Each internal diamond-cell
is a quadrilateral; its vertices are the two nodes of a given internal edge and the centers of the
two cells which share this edge. Each boundary diamond cell is a degenerated quadrangle
(i.e., a triangle); its vertices are the two nodes of a given boundary edge and the center of the
corresponding cell and that of the boundary edge.

Then, the discrete version of the L? norm on the left-hand side of (1.1) and (1.2) is the
half-sum of the L? norms of two piecewise constant functions, one defined by the discrete
values given at the centers of the original (“primal” in what follows) cells, and the other
defined by the discrete values given at the vertices of the primal mesh, to which we associate
cells of a dual mesh. Moreover, the discrete version of the gradient L? norm on the right-hand
side of (1.1) and (1.2) is the L? norm of the piecewise constant gradient vector field defined
by its discrete values on the diamond-cells.

In the finite volume context, discrete Poincaré-Friedrichs inequalities have previously
been proved in [12, Lemma 9.1, Lemma 10.2] and [14], respectively for so-called “admis-
sible” meshes (roughly speaking, meshes such that each edge is orthogonal to the segment
joining the centers of the two cells sharing that edge; see the precise definition in [12, Defi-
nition 9.1]) and for Voronoi meshes. Similar results on duals of general simplicial triangula-
tions are proved in [21]. In the DDFV context, a discrete version of (1.1) is given for arbitrary
meshes in [3]. However, the discrete constant ¢ which appears in that paper depends on the
mesh regularity in a rather intricate way; see [3, Formula (2.6) and Lemma 3.3].

The main result of our contribution is the proof of discrete versions of both (1.1) and (1.2)
in the DDFV context, with constants ¢y and cp depending only on the domain and on the
minimum angle in the diagonals of the diamond cells of the mesh.

Our proof of the discrete version of (1.1) is very similar to those given in [12] or [21].
We also prove a discrete version of (1.1) in a slightly more general situation when the domain
is not simply connected and the discrete values of the function vanish only at the exterior
boundary of the domain and are constant on each of the internal boundaries; this will have a
subsequent application in the last section of the present work.

However, the task is more difficult for the mean-Poincaré inequality. Like in [12], it is
divided into three steps. The first is the proof of this inequality on a convex subdomain; in the
second, our proof differs from that in [12] because we actually do not need to prove a bound
on the L? norm of the difference of discrete functions and their discrete mean value on the
boundary of a convex subset, but rather an easier bound on the L' norm of this difference.
The final step consists of dividing a general polygonal domain into several convex polygonal
subdomains and in combining the first two steps to obtain the result.

As a consequence, we derive a discrete equivalent of the following statement (which is a
particular case of a result given in [13]). Let us consider open, bounded, simply connected,
convex polygonal domains (Qq)qe[o,Q] of R?, such that Q, C Qg for all ¢ € [1,Q)], and

Q,,NQy, = Oforall (¢1,q2) € [1,Q)? with g1 # go. Let Q2 be defined by Q = Qo\(U(?zlﬁq).

Letus denote by I' = 992 = UqQZOI‘q, with 'y = 08, for all ¢ € [0, Q]. Then, there exists a
constant C, depending only on €2, such that for all vector field v in H(div, Q) N H (rot, §2),
withv-n=0onT and (v-7,1)p, = 0forall g € [1,Q], there holds

IVllz2) < CUIV - VllL2) + IV X v|[2(0))-

The discrete equivalent has applications in the derivation of a priori error estimates for the
DDFV method applied to the Stokes equations ([10]).

Let us mention that, although 3D extensions of the DDFV scheme have been pub-
lished [2, 5, 6], the extension of our results to 3D is beyond the scope of this article.
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FIGURE 2.1. A nonconforming primal mesh and its associated dual mesh (left) and diamond-mesh (right).

The paper is organized as follows. Section 2 introduces some notations and definitions
related to the meshes, to discrete differential operators and to discrete functions. In Section 3,
discrete Poincaré inequalities are presented. First, we prove a discrete Poincaré inequality for
discrete functions vanishing at the boundary of the polygonal domain, then we extend this
result to the slightly more general case mentioned above, and we prove the discrete mean
Poincaré inequality with the 3 steps described above. Finally, we present in Section 4 an
application of the previous results to the derivation of another discrete inequality, relating the
norm of discrete vector fields defined on the diamond cells and verifying special boundary
conditions, to that of their divergence and curls defined on the primal and dual meshes. In
Appendix A, we present the details of the proof of a lemma required for our main results.

2. Notations and Definitions. The following notations are summarized in Figure 2.1
and Figure 2.2. Let 2 be defined as above and be covered by a primal mesh with polygonal
cells denoted by T3, i € [1, I]. With each T;, we associate a point G; located in the interior
of T;. Let us denote by S, with k € [1, K], the nodes of the cells. With any Sj,, we associate
a dual cell Py by joining the points G; associated with the primal cells surrounding Sy, to the
midpoints of the edges of which S}, is a node.

With any primal edge A; with j € [1,J], we associate a so-called diamond-cell D;
obtained by joining the vertices Sy, (;) and Sy, ;) of A; to the points Gy, (;) and G, ;) asso-
ciated with the primal cells that share A; as a part of their boundaries. When A; is a boundary
edge (there are J* such edges), the associated diamond-cell is a flat quadrilateral (i.e., a tri-
angle) and we denote by Gy, ;) the midpoint of A; (thus, there are .J " such additional points
G). The unit normal vector to A; is n; and points from G, () to Gy, ;). We denote by A’
(resp. A’,) the segment joining G, (j) (resp. G, (;)) and the midpoint of A;. Its associated
unit normal vector, pointing from Sy, (jy t0 Sk, (;), is denoted by n}l (resp. n}Q). We also
define vectors 7;, 7/; and T, such that (n;, 7;), (n);,7};) and (n,, 75) are orthonor-
mal, positively oriented basis of R2. In the case of a boundary diamond-cell, A’j2 reduces to
{G,(j)} and does not play any role. Finally, for any diamond-cell D;, we shall denote by
M;, 1, the midpoint of G; () Sk, (j), With (o, 8) € {1, 2}2, M; the midpoint of Sk (5)Ska ()
and 0;, (resp 0;,) is defined to be the angle, smaller than 7/2, between segment Sy, (;ySk, ;)
and segment G, ;) M; (resp G, (jyM;). We shall use the following definition.

DEFINITION 2.1. We denote by 8* > O the largest angle in the mesh such that

0;, >0 and b, > 0%,  forall j€[1,J].

Now we shall associate discrete scalar values to the points (G; and .Sy and discrete two-
dimensional vector fields to the diamond-cells. This leads us to the following definitions.
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FIGURE 2.2. Notations for the inner diamond-cell (left) and a boundary diamond mesh (right).

DEFINITION 2.2. Let ¢ = (¢7, ¢F) and p = (], pF) be in RT x RE. Let v = (v;)

and w = (w;) be in (RJ ) ? We define the following scalar products and associated norms

1

(6 0)rp =g | D ITli vl + D [Pulefvr |,
i€[1,1] ke[l1,K]
161175 == (6, 9)1,P,
(w,V)p = > |Djlw;-v;, |v]h = (v,v)p.
JE[L,J]

DEFINITION 2.3. Let ¢ = (¢F,¢F) be in RI+7" x RE. We define the trace ¢ of ¢
on the boundary edges A; C T' by qu = % (¢51(j) + 2(;53;(” + rb,i‘(j)). We also define a

discrete scalar product for the traces of v - n and gz~5 on the boundaries I,

(ven, @), ni= Y |4 (v;-n;) e,

Jjely

and on T’

@.1) (v, drn= Y (v-n¢r,n
q€[0,Q]

In the proof of discrete Poincaré inequalities, we often use the piecewise constant func-
tions based on the discrete functions defined at the centers of each mesh; we make the fol-
lowing definitions

DEFINITION 2.4. Let ¢ € RI+7" % RE. The piecewise constant functions ¢ (x) and
o' () are defined as follows

o' () = oF, Vo € T; andi € [1,1];

o" () = o, Vr € Pyandk € [1, K].

We recall here the discrete gradient [7, 11] and (vector) curl operators [9] which have
been constructed on the diamond cells.



ETNA

Kent State University
http://etna.math.kent.edu

98 A. H. LE AND P. OMNES

DEFINITION 2.5. Let ¢ = (¢pF, ¢F) be in R+ Its discrete gradient VY ¢ and
discrete curl VhD X ¢ are defined by their values in the cells D; through

1
(V7o) = 3D, {{6f, — oL 1A} 0" j1 + |Alo|n’j2) + [6], — ¢ 11A;m; },
J
1
(VY x ¢); = 3D {[h, — St (AL 1T 51 + |Ala |7 52) + [0, — o511 A 175} -
J

In the proof of our results, we shall use the following theorem [9, Theorem 4.7].
THEOREM 2.6 (Discrete Hodge decomposition). Let (v;);e1,s) be a discrete vector
field defined by its values on the diamond-cells D;. There exist unique
¢ = ( iTa¢lI:)ie[1,I+JF],ke[1,K]a

¢ =0 08 )ien, 107 ke, K]

and (ct', cl’) qepn.q) such that

q’-q
2.2) v =(V5e);+ (Vi x);, Viell,J],
doITlel = > IPdet =0,
i€([1,1] ke[l,K]
(2.3) I =0, VieTy, I =0, VkecT,,
and
(2.4) Vge1,Ql, vl =cl, Viel, ¢f=c VkeTl,.

Moreover, the decomposition (2.2) is orthogonal. We shall also need the following construc-
tion of discrete divergence and (scalar) curl operators on both primal and dual cells.

DEFINITION 2.7. Let v = (v;) be defined in (R?)” by its values on the diamond-cells.
We define

1
(Vg 'V)i = 173 Z |Aj[vj - nji,

JEOT;

1

(Vi V)= 57 Z (1A% [v; -y + [Afs|v; - 0oy

| Pe|
JEOPy

|45
+ Z ijj'nj 5

JEOP,NT

1
(Vi xv), = T > 14l T
JEOT;

(Vf X V)

B

1
= um( S (5019 T+ ARl )

JEOPy

|45
+ Z TJVJ"T]' .

JEOP,NT
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The following result [9, Proposition 4.1], which consists of discrete Green formulas, has
motivated the name “discrete duality”.

THEOREM 2.8 (Discrete Green formulas). For ¢ = (¢7,¢F) € RIT7" x R and
v € (R?)7, it holds that

2.5) v, VPo)p=—(Vir v, 0)rp + (v-1,@)ru,
(2.6) (v,VE x¢)p= (V' xv.d)rp — (V- T,0)rn.

3. Discrete Poincaré Inequalities. We first start with a discrete version of (1.1). Our
result is a special case of that proved in [3, Lemma 3.3], but our expression of the discrete
constant cg is more accurate and simple, in that its dependence on the geometry of the cells
occurs only through the angles between the diagonals of the diamond-cells. This is an impor-
tant result in the DDFV context, since also a priori error estimation of the discrete solution of
the Laplace equation obtained with this method only depends on the cell geometries through
angles in the diamond-cells; see [11].

THEOREM 3.1 (Discrete Poincaré-Friedrichs inequality). Let 2 be an open bounded

polygonal domain; let us consider u = (ul, ukp ) € RIH " x R such that

ul =0,Vk el and ul =0, Vi e T.

Let 0 be defined by Definition 2.1. Then, there exists a constant C only depending on 2 and
0* such that

3.1 ull7,p < C|IVul|p.

Proof. Let u” (-) and u’(-) be the piecewise constant functions defined in Definition 2.4.

Then obviously |[ul|7. p = ([[u"]|72(q) + [[u"]|72(qy)/2. so that, in order to prove (3.1), it
suffices to prove

(3.2) [u" || L2y < CIVRullp,
(3.3) [u® || L2y < CI VR ullp.

We shall first prove (3.2). Letd; = (0,1)! and dy = (1,0)%; for x € €, let D! and D2 be the
straight lines going through x and parallel to the vectors d; and ds. For any edge j € [1, J]
and any x € (), let us define Xjr’l(m) and X?’z(x) by

1 if A;NDL £
3.4 May=14" e
3.4 X; () {0’ it A; N Di =0,

for £ = 1,2. Forany x = (1,22) € €, we note that x} () only depends on z; and x3(z)
only depends on 5.
From the first formula of Definition 2.5 and simple geometry, it is easy to see that

D 7 .
Then, for any i € [1,I] and a.e. z € Ty, let us follow the straight line DY until it intersects the
boundary I, and let us denote by vy (@) := 4, v2(i), . .., v,—1(i), the indices of the primal cells
that it intersects (in the order they are intersected), and by v,, (i) the index in [I + 1,1 + J']
corresponding to the first boundary segment intersected by D; see Figure 3.1. Then, since
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FIGURE 3.1. Straight line D2 intersecting primal cells from point x to the boundary.

uvT ) = 0 because of the boundary conditions, we may write

T T T T T
Ui = Uy, (i) = (Uoy(5) = (i) + (Uoy(a) = () T+ (U, (5) = Yo, (i)
n—1
_ T T
- (uvm (i) — uvm+1(z))’

fm“( i)) is a pair of neighboring values through an edge

A; intersected by Dﬁ, there holds, thanks to (3.5)

so that, since any couple (u’ (i) U

J
—_—
" (@)] = luf| < 3 |(VPw); - Giu ) Gantr)| XS (@),
j=1

e
for ¢ = 1,2. Then, setting v; := ‘(V]Du)j : Gil(j)GiZ(j)‘, one has
J J
T, T,
(@) < | D v @) | | Dowxg (@)
j=1 j=1

Integrating the above inequality over 7; and summing over i € [1, I], yields

J J
(3.6) [ e S/Q douixg @) ] | Do @) | | de.
j=1 j=1

Let o = inf{x; : (x1,22) € Q} and § = sup{z1 : (z1,22) € Q}. For each z; €
(a, B), we denote by H (1) the set of a2 such that x = (21, 22) € . From the fact that

fH(Il)XjT’Q(xg)dxg < |A,| and ff XjT’l(arl)datl < |A,|, we infer that (3.6) may be written
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in the following way:

J
T, T,
[ 2 < / iy / | 0 ) S )
(z1

j=1 j=1

/ZUJXJ x1) /H Z’U]XJ (x2)dxs | day

(z1) j=1

J
/ ZU] X;' Zvj/ ij’Q(xg)dzg dx
(% H(Il)

j=1
B J J
T,1
< [ e @) | ulal | dn
> =1 j=1
J J 8 J
< Zvj|Aj| ZUJ Xj7 z1)dxy < ZUJ|A | ZUJ’|AJ'|
j=1 j=1 o j=1
We thus obtain
; 2
—_—
(3.7) w1320y < | D I(VEW);.Gi, () Gia)] 1451
j=1
Finally, using the Cauchy-Schwarz inequality, we obtain
J J
™12y < | D IVEW); 1G5 Gt 1451 | | D 1G5y Giai] 1451
j=1 j=1

Since |D]| = % (|A]| |Gi1Mj| sinﬁjl + |AJ‘ |G22Mj| sin9j2), we have that |AJ| |Gi1Gi2| <
2|D;|
sin 0% °

holds

by Definition 2.1 and the triangle inequality. Moreover, since ijl |D;| = |92, there

\QIZ (V3 u)l?| Dl

7 e < 55

We have completed the proof of inequality (3.2), with C' = = 0* Q|'/2. We now turn to
inequality (3.3). We shall use a very similar process to that employed in the proof of (3.2). A
slight difference comes from the fact that dual cells may be non-convex, and that the straight
lines D! may thus intersect twice the boundary A%y U A%, between two adjacent dual cells

(see Figure 3.2), in which case it is not useful to introduce the difference uf;( N ul,cp1 ) in

the calculation. We thus define Xf’l (x) and Xf’Q(x) by

Py = 1, if either A’ NnD~ #(Z)orA;QODﬁ 0,
J 0, if (A}, UAL)NDL =9,

for / = 1,2. In the above definition, it is meant that the “either-or” is exclusive: if Dﬁ
intersects both A’ and A’,, then Xf e(m) = 0. From the first formula of Definition 2.5, it is
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FIGURE 3.2. The straight line D2 intersects twice the boundary A;l U A;2 of a non convex dual.

easy to see that

N .
(V ’LL) Skl(])Sk2(]) Ulljz(]) - ukPl(j), Vj S [1, J]

Thus, for any k € [1, K] and a.e. © € Py, one has

J
T o Pt
[ui | < Z (VR u); - St Skati| x5 (@), £=1,2.
Using a similar process as in the proof of (3.2), and taking into account that

B
/ Xf’l(ml)dl’l < |4}, [+14},] and / Xf’Q(Iz)d@ <A} [+ A4l
« H(CEl)

we obtain

J
lu”l1Z2 ) < Z )il 1A;1(1A7, [+ 145,1)

This allows to obtain, similarly as above,

[u” 172 < 29* IQIZI (Vi u); PIDj,

which concludes the proof of inequality (3.3), with C' = = 0* Q2. 0

We now turn to a generalization of Theorem 3.1, which will be useful in the last section
of this work.

THEOREM 3.2 (Discrete Poincaré-Friedrichs inequality). Let us consider open, boun-
ded, simply connected, convex polygonal domains (Qq)qe[o,Q] of R?, such that Q, C Qg for
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all g € [1,Q), and Qq, N Qy, = 0 forall (q1,q2) € [1, Q)% with q1 # go. Let 2 be defined by
Q= QO\(Uququ). Let us denote by I' = 0§) = UQQZOFq, with Ty = 09, for all q € [0, Q).
Letu = (uT,uf) € RI*7" x RE be such that

ul =0,Vk €Ty, ul =0,VieTy,
up = ch, Vk eTy, ul = ch, Viely, Vg e[1,Q].

K2

(3.8)

For 0* given by Definition 2.1, there exists a constant C' depending only on Q) and 0* such
that (3.1) holds.

Proof. Like in Theorem 3.1, it suffices to prove both (3.2) and (3.3). We shall only
prove (3.2), since the proof of (3.3) follows exactly the same lines.

The only difference in the proof of (3.2) in Theorem 3.2 with respect to Theorem 3.1
is that the straight line D’ may now intersect one or several internal boundaries I'y, with
q € [1,Q)], before intersecting the external boundary T'g; see Figure 3.3. For the sake of
simplicity, we shall consider only one intersection with an internal boundary I'; (since the
alternative may be treated exactly in the same way), and we denote by v, (i) and vy, 41 (i)
the indices in [ + 1, + JT] corresponding to those intersected boundary edges of ry,. We
may still write

n—1
T _ T T
U; = Z (uum(i) - uvarl(i))’
m=1

T T
oy (8 Yy i1 (é

A; intersected by Dﬁ. However, these two values are equal because of (3.8), so that

T __ T T
u; = Z (uvm(i) - u?)erl(i))'

me(l,n—1]
m#ng

but now the couple ( )) is not a pair of neighboring values through an edge

Now, any couple (ufm(i)7 ufmﬂ (i)) in the above sum is a pair of neighboring values through
an edge A; of the mesh intersected by Dﬁ, so that there holds, thanks to (3.5),

J
—
uf | <) ’(V}JU);' Ga (G| X (@),
=1

for / = 1, 2, and we finish the proof just like in the proof of (3.2). a

Let us now turn to a discrete version of (1.2). As announced in the Introduction, the
proof will be divided into three steps. The first step is to prove it in the case of a convex
polygonal domain (Theorem 3.3), then we shall prove an inequality related to the mean value
on the boundary of a convex polygonal domain (Theorem 3.5), and we shall conclude by the
general case of a possibly non-convex polygonal domain (Theorem 3.6).

THEOREM 3.3 (Discrete mean Poincaré inequality for a convex polygonal domain). Let
Q be an open bounded polygonal connected domain, and let w be an open convex polygonal
subset of Q, withw # 0. Letu = (ul | ul) € R+ xRE ; the associated piecewise constant
functions uT, u are defined through Definition 2.4. Let 8% be defined through Definition 2.1.
Let us define the following mean-values:

mT(u) = ﬁ/qu(x)dx, mP (u) = /wup(x)dx.

|l
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Mo
rq
7
u, i)™
° o)
i) o
o o us . 2
u; Vg1 %/ . D,
Uy, wofi)

Uy, ()7 My, ()

FIGURE 3.3. Straight line Dg intersecting primal cells from point x to the boundary through internal boundary
Iy

X2

X

0

FIGURE 3.4. Notation for points A, B, C, D and points T ac, TBD, YAC, YBD-

Then, there exists a constant C only depending on ) and 0* such that

(3.9) [ = mE (W)l 2wy < CIVRullp,
and
(3.10) [ = mE ()] 20y < CIVE ullp.

(Choosing w = () proves the discrete equivalent of (1.2) if ) is convex.)
Proof. We only prove inequality (3.9). The proof of (3.10) may be adapted just like in
the proof of Theorem 3.1. We first note that

@) =t = [ aT@ = o [T @y
sﬁ | [ 1@ =T wPaya.

We define points A, B, C, D belonging to @ in the following way

2
dx

(3.11)

x4 =inf{zy : (21, 22) € W}, xe =sup{ry : (x1,22) € W},
yp = inf{ys : (y1,92) € W}, yp = sup{y2 : (y1,¥2) € w}.
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Up to a rotation of w, we may always suppose that those four points are distinct, except if
w is triangular; in that case, up to a rotation of w, we may set A = B and the proof is exactly
the same as that below.

For any © = (r1,22) € w, we define x4 € [AC] such that (x4¢)1 = 1 and xpp €
[BD] such that (x5p)2 = x2. The notations are summarized in Figure 3.4. These points are
used because, since x 4 does not depend on x5, nor xpp on 1, they will help us simplify
the quadruple integral in the right-hand side of (3.11) into double integrals. Moreover, since
these points are all located on the two fixed straight lines [AC] and [BD], the evaluation of
the remaining integrals may be treated in a systematic way, as it will be shown below.

Applying the triangle inequality leads to

lu”(z) —u" ()| < |u” () — " (zpp)| + [u" (25D) — u" (yac)|

(3.12)
+ [u" (yac) — u" (y)|,
and also to
3.13) [u”(z) —u" (y)| < W' (2) — v (zac)| + [u" (zac) — v (ysD)|

+ [u" (yp) — u” ().
From (3.12) and (3.13), we have

9
(3.14) / / lu” (z) — u” (y)Pdedy < Zli’

i=1

where [1—1Iy are defined and estimated in the following.
Treatment of 4

(3.15) // lul (z) —u” (zpp)| [u” (z) — u” (z.ac)| dzdy.

Using again (3.4) and (3.5), we may write

(3.16) lu” (2) —uT (za0)| XJ: ’ Viu); - m‘

and

(3.17) lu” (z) —u" (z5D)| zJ: ‘ (V7 u); m’ .

Henceforth, we set for convenience v; = ‘(V,? u);j - m ' Recalling that XjT’l(x)

only depends on z; and X?’z(x) only depends on x5, and noting that the integrand in (3.15)
does not depend on y, there holds

YD
I < |w| Z Xj x)v;dx, / Z X;‘-F’z(a:)vjdmg
y

J zaA J v
<lol [ Su / @y | {30, / 32 () dacy
Yy

Jj=1 Jj=1
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We use that

and
YD T9
(3.18) [0 @dn < 14,
YB
and obtain
2
J
(3.19) n< ol [ 3 14,0

j=1

Treatment of I

I, = / / |uT(x) — uT(ngD)| |UT(-TAC) _ uT(yBD)| dzdy.

Using inequality (3.17), we have

J
I, < // fo(m) v; | [u" (zac) — v’ (ypp)| dzdy.

By definition, X?(x) only depends on x5 (which is in [yp, yp]), while 2 4 only depends on
21 (which is in [z 4, 2¢]); of course, ypp does not depend on x, so that

YD rc
I, < Zvj/ XJ-T’Q(x)dl“z // ' (zac) —u” (yp)| dz1dy.

Thanks to (3.18), we thus have

J

zC
L< (140 / / T (2a0) — " (ysp)| derdy.
wJxTa

j=1

Since ypp only depends on s and x 4 does not depend on y, the integration with respect to
y1 (which is in [x 4, z¢]) is straightforward and yields

J

YD rc
(320) L < (zc—xa) | D |44y / / " (zac) = u" (ypp)| dr1dys.
YB TA

j=1

Treatment of I3

I3

/ / T (2) — (@) o (ypp) — u” (y)| ddy.

This integral clearly decouples into two independent integrals

:/\uT —u (zBD) |d:v/|u yBD)—u (y)| dy,
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which may be treated like in the estimation of I; thanks to (3.17), (3.18), and the fact that
x72 only depends on z5. We obtain

2
J

3.21) Is < (wc —2a)* | D 14;]v;

j=1

Treatment of I,

Iy = /w/w 1w (z5p) — uL (yac)| [u” (z) — vl (zac)| dzdy.

We may proceed very similarly to the estimation of /5 and we obtain that

J To YD
(322)  Li<(yp—yn) | Y|4y / / [u” (zp) — u" (yac)| dzady:.
TA YB

j=1

Treatment of 5

I5 = / / |UT($BD) - uT(yAC)| |uT(xAC) _ UT(yBD)‘ dzdy.

On the one hand, xpp and y4¢c do not depend on x1; on the other hand, x 4¢ and ypp do
not depend on 2, so that the integration with respect to « decouples into

he< [ ( /y ZD T (@0) — u (yac)| dxg) ( / (@) — uT<yBD>|dx1) dy.

We also note that ypp and x 4 do not depend on y; and that y 4 and zpp do not depend
on Y5, so that the integration with respect to y decouples into

(3.23)
I S/ / lu* (xpp) — u (yAc)|d$2dy1/ / [u” (zac) —w (yBp)|dv1dys.
TA yB YyB TA

Treatment of g

o= [ [ 10" @ap) ~ " (ac)] [u” vzn) — u (0)| oy
We may proceed very similarly to the estimations of /5 and I, and we obtain that
J o YD
(B24) I < (zc—xa) | Y|4l / / [T (z5p) — uT (yac)| deady,.
j:1 TA YB
Treatment of I
fo= [ [ 1 ae) = )] 10" () — " (wac)| didy,
w Jw

We may proceed very similarly to the estimation of /3 and we obtain that

2

J
(3.25) Ir < (yp —y)* | D_ |4jv;
j=1
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Treatment of Ig

Iz = AA |'LLT(yAC) - uT(y)‘ ‘uT(fEAC) - UT(yBD)|d£Cdy,

We may proceed very similarly to the estimations of I, I, and I and we obtain that

J yp e

(3.26) Is < (yp — yB) Z|Aj|vj / / lul (zac) — ul (ypp)| dz1dys.
j=1 YyB

Treatment of Ig

Iy = / / [u” (yac) — u" ()| [« (ypp) — u” (y)| dady.

We may proceed very similarly to the estimations of I; and we obtain that

2

J
(3.27) Iy < |wl | Y |Ajv;

In order to conclude the proof of Theorem 3.3, we need the following lemma, a proof of
which is postponed to Appendix A.
LEMMA 3.4. There exists a constant C1, depending only on S, such that

YD
/ / [u" (zac) — u" (ypp)|dz1dys < Oy diam(w z [ Ajlvs |

el YD J
/ / " (wpp) — u” (yac)|dzadyy < Cy diam(w) | Y|4 v
A YB J=1
Applying Lemma 3.4 and combining estimations (3.19) to (3.27) with the bound (3.14)
results in

//|u T(y)Pdxdy < C? Z|A l; |
7j=1

where C3 = (4+4C, +C?) diam?(w). Now this inequality may be treated exactly like (3.7),
and there holds

//|u (v)Pdudy < -

From (3.11), we have

IWIZI (V5 w);[*|Djl.

[ @) = mbw)?ds < Z| VP PID; |

which implies the desired result with C' = 2€2 |

sin 6* *

sin 9*
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D

X2

[9) X

FIGURE 3.5. Notation for points A, B, C, D and points x oc, cgp-

The second step in the proof of a discrete version of (1.2) is to establish an inequality
related to the mean value on the boundary of a convex polygonal domain

THEOREM 3.5 (Mean boundary inequality). Let §2 be an open bounded polygonal con-
nected subset of R?, and let w be an open polygonal convex subset of Q and T C Ow, with
|Z| > 0; |Z| is the one-dimensional Lebesgue measure of I. Assume that T is included in a
hyperplane of R%. Let u = (u”,u?) € RI+7" x R be given and the associated piecewise
constant functions u” and u®’ be defined through Definition 2.4. Let v* (u)(o) = ul for all
o €T;Now. (Ifo € T; N Ty, then the choice of ul or u) in the definition of v* does not
matter.) Let vF (u)(o) = uf forall o0 € Py N Ow. (If o € Py N Py, then the choice of ul,
or ul, in the definition of ¥*' does not matter.) Let mL (u) (resp m¥ (u)) be the mean value
of v (u) (resp v (u)) on I. Let 0* be defined through Definition 2.1. Then, there exists a
constant C, only depending on (), w, T, and 0%, such that

(3.28) [u” —mZ (u)| 11wy < ClIVRullp,
(3.29) [ = mZ (W) 11wy < ClIVE ullp.

Proof. Since 7 is included in a hyperplane, it may be assumed, without loss of generality,
that Z = {0} x [a,b] and w C Ry x R; the convexity of w is used here. We choose points A,
B, C, and D, belonging to w, such that

x4 = inf{zy : (21, 22) € W}, xe = sup{w : (21, 29) € w},

yp = inf{zs : (x1,22) € W}, yp = sup{wa : (z1,72) € w}.

It may happen, in particular cases, that those four points are not distinct, but this does
not change the general idea of the proof. If A = B and Z = [BD)], then it even simplifies the
proof, since in that case we do not have to introduce the point oz p defined below.

For any x = (x1,22) € wand ¢ = (01,02) € Z, we define z4c € AC such that
(xac)1 = z1,and opp € BD such that (o0pp)2 = o2. The notations are summarized in
Figure 3.5. The following triangle inequality holds:

ju”(z) — yu"(0)] < [u” (2) = v (zac)| + [u” (zac) — u" (o5D)|
+yu" (0) —u"(oBD)!.
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Moreover, there holds

o = mE @l = [ fu@) 7 [T (oo o
= i UTI' — 'LLTU g X
- [ |7 [ @ =)o) a

so that, taking into account the above triangle inequality, we obtain
[ = mZ ()| L1 (w) <|I| / / lu” (z) — u? (zac)| dodz
+ */ / luT (zac) — uT (opp)| dodz
‘I‘ wJIT

1
+—//|7uT(U)—uT(UBD)|d0dx.
‘I‘ wJT

We first observe that the function |u” () — u” (2 a¢)| does not depend on the variable o.
Then, using similar techniques to those which led to (3.16) and the fact that f co T 1( Ydxy <
|A;|, there holds

(3.30) |I|//|u —ul(z4¢)| dode < diam(w Z|A I |

—
where we recall the notation v; = (V1) u); - Giy()Gir () |-
Then, we know that the function |yu” (o) — u? (c5p)| only depends on the variable o,
and, using similar techniques to those which led to (3.17) and the fact that fI X]T’Q(a)do <
|, we have

J
1 |w]

(3.31) —// WuT o) —ul (o dodxr < ~— E Ailvs

|I| . I‘ ( ) ( BD)‘ |Z‘ | ]| J

j=1

Now, = 4¢ does not depend on the variable x4, so that

1 diam(w zc
m//|uT(l‘AC)_uT(UBD)|dO'd(L’§ |I()/ /|“T(37AC)—UT(OBD)\d0dx1.
wJT - .

Applying an inequality like in Lemma 3.4 leads to
Oy diam?®(w) !
1
(3.32) ] / / lu(zac) —u(opp)| dodr < T ; |A;]v;

Using (3.30), (3.31) and (3.32), we conclude that

. w|  C* diam®(w
o = e < [dimme) + 5+ SEEL] (S 4,
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Then, the Cauchy-Schwarz inequality yields (3.28). Similarly, we also obtain (3.29). a

Now, we come to the final step of our result.

THEOREM 3.6 (Mean Poincaré inequality). Let 2 be an open bounded polygonal con-
nected subset of R%; let u = (u”,u”) be in R+ x RX, and ul (z), ul’ (x) be defined
through Definition 2.4. Let 0* be defined through Definition 2.1. Then, there exists a constant
C only depending on ) and 0* such that

(3.33) " = md(u)l| L2y < C|IVE ullp
and
(3.34) [l —m§ (u)||r2) < CIVEullp,

where md(u) (resp. m¥ (w)) is the mean-value of u™ (resp. uf’) on Q.

Proof. Since () is polygonal, there exists a finite number of disjoint convex polygonal
sets, denoted by {Q1, ..., 2, }, such that Q = U™, Q;. Let Z; = QN ﬁj and B be the set
of couples (i, j) € {1,...,n}? such that i # j and the one-dimensional Lebesgue measure of
Z;,;, denoted by |Z; |, is strictly positive.

Let m,; denote the mean value of u” on Q;, i € {1,...,n}, and m; ; denote the mean
value of u” on Z; ;, (i,7) € B. Note that m; ; = m;, for all (i, j) € B. Theorem 3.3 gives
the existence of C;, 7 € {1, ...,n}, only depending on € (since the £2; only depend on £2) and
0*, such that

(3.35) [u” —ml| 20 < Ci |[VRullp, Vi€ {1,..,n}.
Applying the Cauchy-Schwarz inequality, we have
[u” = mill ) < 1UV2Ci [V ullp,  Vie{l,..,n}.

Moreover, Theorem 3.5 gives the existence of C; ;, (i,7) € B, only depending on €2 and 6*,
such that

\VPu|lp, Y(i,j) € B.

[u —mi i, < Ci
Then, one has, by the triangle inequality
(3.36) €% [mi — mig| = [lmi —mi Lo, < <|Qi\1/20i + Cz‘,j) V3 ullp,

for all (i,j) € B. Applying again the triangular inequality and using the fact that m; ; =
m;;, we get from (3.36) that there exists a constant C’{y ;» only depending on 2 and 6", such
that

(3.37) Imi —m;| < Cf IV ullp,

for all (4, j) € B.

Since € is connected, we can always connect any (i,5) € {1,...,n}? by a finite set of
couples belonging to B. Applying the triangular inequality and related inequalities (3.37),
we obtain the existence of K ;, only depending on Q and 6%, such that |m; — m;| <
K; |V ul p, for all (i,7) € {1,..,n}? and therefore the existence of a constant M;,
only depending on €2 and 6*, such that

1

(3.38) |mé (u) —my| = o]

D 11(my —ma)| < M|V ullp.
J€[L,n]
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Then, (3.35), (3.38) and the triangle inequality yield

lu® — mg(”)HL?(szi) < flu” - mill Lz, + |Qi|1/2 |m£(u) - mz‘|

(3:39) < (Co+ f0]2) |V 2ul .

Summing up the squares of inequalities (3.39) over ¢ € {1,...,n} yields (3.33). We ob-
tain (3.34) in a similar way. This completes the proof. a

COROLLARY 3.7. Let §) be an open bounded polygonal connected subset of R?; let
u=(uT,uf) be in RI+7" x RX and such that

I K
DoITul =" [Pelug = 0.
i=1 k=1

Let 0% be defined through Definition 2.1. Then there exists a constant C only depending on ()
and 0* such that

lullr,p < CIIVE ullp.

4. Applications. The so-called “div—curl” problem, which consists of finding a veloc-
ity field from the knowledge of its divergence and curl, together with appropriate boundary
conditions, has important applications in electrostatics and magnetostatics as well as in fluid
dynamics; the discrete duality discretization allows us to solve this problem numerically on
arbitrary 2D meshes; see [9]. The next theorem shows the stability of such a numerical pro-
cedure.

THEOREM 4.1 (Discrete Div-Curl stability). Let Q2 be a two-dimensional polygonal
domain with exterior boundary denoted by 'y and internal connected components denoted
by Ty, with ¢ € [1,Q). There exists a constant C' depending only on Q2 and §* defined by
Definition 2.1, such that for any discrete vector field (v;);jep, ) with v -n = 0 on T and
(v-7, 1), n =0, forall g € [1,Q)], there holds

4.1) IVllo < C(IVTT -Vl + VDY x v]lrp) .
Proof. Let (vj);e(1,s be given with v-n = Oon T and (v-7,1)r, 5, = 0, for
all ¢ € [1,Q]. According to Theorem 2.6, there exists ¢ = (QS;TF,¢kp)i€[1,I+Jr]’ke[1’K],

P = (YT, w,f)ie[171+Jr]7ke[17K] and (ch, cqp)qe[l)Q] such that (2.2) holds, the decomposition

being orthogonal. Then, there holds

4.2) IV|H = (v.VPé)p + (v, V) x ¥)p,
(4.3) IVYdllp <|[Ivlp, and ||V} x¢|lp =||V7 Y[ < [Ivllp-

Using the discrete integration by part properties (2.5) and (2.6) in (4.2), we obtain
@4 v} ==V " v, 0" ) rp+ (v, )+ (Ve xv, ) p— (voT,9)r 0.

In (4.4), both boundary terms vanish. The first because v - n = 0 on I'. As far as the second
is concerned, from (2.4) and the definition of the boundary scalar product (2.1) we have

N . k4l
VT, rn =T P)rgn+ Y - (v 7, r, b,
q€[1,Q]
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so that (2.3) and the fact that (v - 7,1)r, » = 0, for all ¢ € [1, @], allow us to conclude that
(v - 7,4)r 5 = 0. Thus, we have

(4.5) V15 = =(VIP v, 6T P p + (VIF x v, P )p p.

Using the Cauchy-Schwarz inequality in (4.5), and applying Theorem 3.2 for 1) and Corol-
lary 3.7 for ¢, we get (4.1) from (4.3). 0

Appendix A. Proof of Lemma 3.4. We shall only give the proof of the first inequality
in Lemma 3.4, since the proof of the other inequality follows exactly the same lines. If the
four points (A, B, C, D) are distinct, then we may denote by I the intersection of AC' and
BD, and the angle « between the diagonals AC' and BD is different from 0. This is also the
case for the angles (; and ~y; displayed in Figure A.1. If w is a triangle, up to a rotation we
have that A = B and we set I = A = B. Then, the angles «, 31, and ~y; are all different
from 0 and evaluating the term G in (A.1) reduces to the evaluation of H;, which simplifies
the proof. Let us go back to the general case. We set

YD Trc
(A.1) G:/ / |u" (xac) —u” (ypp)|dx1dys = Hy + Hy + Hz + Hy,
YyB TA

where

YD Trc
H, = / / T (z.ac) — uT (y5D)| dardyn,
yr xTr
YD xTr
H, = / / W (zac) —u” (ypp)| dz1dys,
yr TA
Yyr xrr T T
Hs =/ / lu* (xac) — v (yBp)|dx1dys,
YyB TA

yr  pac
H, = / / |uT(xAc) - uT(yBD)| dx1dys.
YyB Tr

We only estimate the first term in the right-hand side of equation (A.1), since the others may
be treated similarly. For any x4 € IC and ygp € I D, let x); (resp. yp) be the intersection
of DC with the straight line going though z 4¢ (resp. yp) and parallel to the segment [/ D)
(resp. [IC]), and let 25, (resp. yp,) be the intersection of I.D (resp. IC') with the straight
line going through z s (resp. x p) and parallel to the segment IC' (resp. I D). Then, we shall
examine two cases, according to where the broken line x 4o 5y, intersects the broken line

YBDYPYP, at point N.
Case I: The broken line x scx pr2a, intersects DC' at 5, before it intersects the broken
line yppypyp,; see Figure A.1. Then, the triangle inequality leads to

[ (zac) = u" (ysp)| < [u” (zac) — u” (war)] + [u” (2ar) — u" (N))|
+ul (N) = u" (yp)| + [u” (yp) — u(ysp)|.
Let the function x; from R? x R? to {0, 1} be defined by

1, if[z,y|NA; #0,

Xj(,y) = {07 if [z,y] N A; = 0.

o
Recalling once again the notation v; = |(Vu”); - G, (j)Gi, ;) |, we have that

J J
(A2) " (zar) = u"(N)| <) xs(@n, N) vy < x5 (@an, ) v,
j=1 1

Jj=
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Bz

B
FIGURE A.1. x acx T, intersects DC' before it intersects yg pypyp, -

due to the fact that since N € [zarzaq, ] then x,(xar, N) < xj(Tar, xar, ). Similarly, we
obtain that

J
(A3) "' (N) — Z (yp.yp,)
We also have
7
(A4) W (wac) —u” (@) < Xj(Tac, xa) v
j=1
and
J
(A.5) lu” (yp) — u” (yBD)| Z (yBD,YP)
From (A.2)-(A.5), we have
J J
W' (wac) = u" (ysp)l <Y xj(@ac,war) v + DX (@ar, ) v;
= =
J J
+ Z X;j(yBD:YyP) vj + Z X;(yp,yp) v
j=1 j=1

Case 2: The broken line x 4cx s, intersects the broken line yppypyp, at N before
it intersects DC'; see Figure A.2. We use the triangle inequality to obtain

(A.6) " (wac) = u” (ysp)| < [u" (wac) — u (N)| + [u" (N) — u" (y5D)|.
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a

B
FIGURE A.2. x scx T, intersects yppypyp, before it intersects DC.

Similarly to Case 1, since N € [z acx ] and N € [yppyp], there holds

(A7) " (wac) —u" (N)| < xj(wac, wm) v,
j=1
J
(A.8) W (N) = u" (ysp)| <> x;(ysDYP) V;-
j=1

Adding (A.7) to (A.8), and combining with (A.6), we have

J J
" (@ac) = u" (ysp)| <D xi(ac,2a)v; + Y x;(YsD, yP) ;.
=1 j=1
Thus, in both cases, we always obtain
J J
" (wac) —u" (ysp)l <> Xj(@ac, en)v; + Y x5 (@ar, wan,) v
j=1 =1
J J
+ Y XiWsp,yr) v + Y X (Yp,yp,) v;-
j=1 j=1

We thus always have

YD el
(A.9) H, = / / |ul (xa0) — uT (ypp)|da1dys < Ly + Ly + L3 + Ly,
Yyr Ty
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N

o
H

=y

aq

FIGURE A.3. How to estimate the term f;jc Xj(Tac,zar)dey.

where L1, Lo, L3, and L, are defined as follows:

YD xrc J
Ly =/ / ZXj(xACuxM)UjdxldyQ»
Yyr xrr j=1
YD Trc J
Ly = / / ZXj(xMale)UjdwldyQ,
JYr T j=1
yp pzc J
Ls =/ / > Xi(yBp,yp) vjdridys,
Y1 I =1

yp rrc J
Ly= / / ZXj(yP,yPI) vjdzdys.
Yr I =1

Observing that x;(z ac, £ar) only depends on the variable 1, we find

co J

Ly < (yp — yz)/ > xi(@ac, zar) vydan

xrr j:1

J ze
= (yp — 1) Z/ Xj(Tac, Ta)dz1v;.
j=17%1

Let us take a look at Figure A.3 and its associated notations. Simple geometrical arguments

show that

cosar _ cosa |A;]

zc
/ Xj(xac,xm)drr =1 dy = dscosay = ds

. sin o sin «

This results in

J
coS aq
A10 Ly < (yp — Aolos
(A.10) 1< (yp —yr) o ;71' il
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FIGURE A.4. How to estimate the term ff[c X5 (Tar, wary )day.

Moreover, there holds

el J
Ly < (yp — yI)/ Y xi@ar ) vjdn
Trooi—q
J e
= (yp —yr1) Z/ Xj(@nm, o, )dzrv;.
j=171

Let us take a look at Figure A.4 and its associated notations. Simple geometrical arguments
show that

zc
cos o

/ X; (@, oar )dey =: dy = dacosay = dg—
o sin o

cos a1 sinyq g o8 sin v < cosa siny |4

T M dna ~ Psina sin f1 —  sinasinfy
so that there holds

cos (v Sin 7y J
A1l Ly < — 12 Mg — Ajlv;
( ) %= Sina sin By o —y1) ]2::1| J|U]
Similarly,

J

COS (xg
(A.12) Ly < ——*(zc — 1) ;IAJ'IW :

cos a sin 8 J
A.13 Ly < —"2" " Pligo — Ajlv;i
( ) 1= sna sinyy (@o — 1) ;| J|UJ
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From (A.9)—(A.13), we conclude that there exists a constant C' depending only on the geom-
etry of w (since the angles depend only on the geometry of w) such that

J
(A.14) H, < Cdiam(w) Z |A;|v;
j=1
Using similar techniques, we also obtain that
J
(A.15) Hy < Cdiam(Q) | Y |4;]v; |,
j=1
J
(A.16) Hy < Cdiam(Q) | Y |4;]v; |,
j=1
J
(A.17) Hy < Cdiam(Q) | Y |4;]v;
j=1

Combining (A.14)—(A.17) with (A.1), we have

YD xCc J
/ / T (2ac) — T (y5p)| dzrdys < Cy diam(@) | 3 4510 |
YB TA j=1

where C; = 4C, which concludes the proof of Lemma 3.4.
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