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COLLOCATION FOR SINGULAR INTEGRAL EQUATIONS WITH FIXED
SINGULARITIES OF PARTICULAR MELLIN TYPE ∗

PETER JUNGHANNS†, ROBERT KAISER†, AND GIUSEPPE MASTROIANNI‡

Abstract. This paper is concerned with the stability of collocation methods for Cauchy singular integral equa-
tions with fixed singularities on the interval[−1, 1]. The operator in these equations is supposed to be of the form
aI+bS+B± with piecewise continuous functionsa andb. The operatorS is the Cauchy singular integral operator
andB± is a finite sum of integral operators with fixed singularitiesat the points±1 of special kind. The collo-
cation methods search for approximate solutions of the formν(x)pn(x) or µ(x)pn(x) with Chebyshev weights

ν(x) =
√

1+x

1−x
orµ(x) =

√
1−x

1+x
, respectively, and collocation with respect to Chebyshev nodes of first and third

or fourth kind is considered. For the stability of collocation methods in a weightedL2-space, we derive necessary
and sufficient conditions.
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1. Introduction. Polynomial collocation methods for singular integral equations with
fixed singularities are studied, for example, in [1, 11, 17]. In [11], the stability of a poly-
nomial collocation method is investigated for a class of Cauchy singular integral equations
with additional fixed singularities of Mellin convolution type. The papers [1, 17] are more
concerned with the computational aspects of these methods.While [17] deals with integral
equations of the form

u(x) + b(x)

∫ 1

−1

h

(
1 + x

1 + y

)
u(y) dy

1 + y
+

∫ 1

−1

h0(x, y)u(y) dy = f(x), −1 < x < 1,

whereh : (0,∞) −→ C, b, f : [−1, 1] −→ C, andh0 : [−1, 1]2 −→ C are given (contin-
uous) functions, the paper [1] deals with the effective realization of polynomial collocation
methods for the equation (see [1, (1.8)])

1

π

∫ 1

−1

[
1

y − x
− 1

2 + y + x
+

6(1 + x)

(2 + y + x)2
− 4(1 + x)2

(2 + y + x)3

]
u(y) dy = f(x),

− 1 < x < 1,

(1.1)

associated with the so-called notched half plane problem; see also [14, Section 37a] and
[2, Section 14]; we also refer to [1, Remark 2.6]. In particular, if the right-hand sidef(x)
of (1.1) is a constant function, then the solutionu(x) has a singularity of the form(1−x)−

1
2 at

the endpoint1 of the integration interval. More detailed, the function
√
1− xu(x) is bounded

and satisfies certain smoothness properties; cf. [2, Theorem 14.1]. In [11], singularities of the
solutions are considered which can be represented by a Jacobi weight the exponents of which
are in the interval(− 1

4 ,
3
4 ). Hence, the stability results given in [11] are not applicable to the

equation (1.1) if we want to represent the asymptotic behaviour(1− x)−
1
2 of the solution at

the right endpoint of the integration interval.
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In the present paper, we investigate the stability of collocation methods applied to a class
of Cauchy singular integral equations with additional fixedsingularities of Mellin type (of
special form) covering equation (1.1) of the notched half plane problem, where the solu-
tion u(x) can be represented in the form

(1.2) u(x) =

√
1 + x

1− x
u0(x) or u(x) =

√
1− x

1 + x
u0(x)

with sufficiently regular functionsu0(x). Of course, for the problem (1.1), this asymptotic
behavior is not the best one, and further investigations arenecessary. Let us also mention that
other exponents in the weights are of interest depending on the concrete problem; see, for
example, [2, Theorem 15.1] or [5, Section 2]. In [11], the stability of the collocation methods
is proved by using respective results for Cauchy singular integral equations (cf. [12, 13]) and
a representation of the Mellin operators by Bochner integrals. Since the kernels of Mellin
operators under consideration in the present paper do not satisfy all assumptions made in [11],
we develop here necessary and sufficient conditions for the stability of these methods in a
more direct manner taking advantage of the special structure of the Mellin kernels occurring
for example in (1.1).

The paper is organized as follows. In Section2 we introduce the class of integral equa-
tions under consideration and describe the polynomial collocation methods we want to apply.
In Section3.1an algebra of operator sequences is defined for which the stability of these oper-
ator sequences is equivalent to its invertibility modulo a suitable ideal and the invertibility of
four limit operators associated to the operator sequence. The fact that the operator sequences
of our collocation methods belong to this algebra is the topic of Section3.2, where also the
respective four limit operators are presented. Section3.3 discusses the invertibility of these
limit operators and prepares the proof of the main result on the stability of the collocation
methods, which is presented in Section4. Section5 shows how to deal with the first type of
singularities in (1.2) since the previous results are concerned with the second type in (1.2).
In Section6 we discuss some numerical aspects of the investigated collocation methods and
present numerical results for their application to the notched half plane problem (1.1) together
with a discussion of the numerical results already presented in [1]. The final Sections7 and8
give the technical proofs for the results of Section3.2and of Lemma4.8, respectively.

2. The integral equation and a collocation method.Here we consider the Cauchy
singular integral equation with fixed singularities of the form

a(x)u(x) +
b(x)

πi

∫ 1

−1

u(y)

y − x
dy +

m−∑

k=1

β−
k

πi

∫ 1

−1

(1 + x)k−1u(y) dy

(y + x+ 2)k

+

m+∑

k=1

β+
k

πi

∫ 1

−1

(1− x)k−1u(y) dy

(y + x− 2)k
= f(x), −1 < x < 1,

(2.1)

with given β±
k ∈ C and nonnegative integersm±. In this equation, the coefficient func-

tionsa, b belong to the setPC of piecewise continuous functions1, the right-hand side func-
tion f is assumed to belong to the weightedL2-spaceL2

ν , andu ∈ L2
ν stands for the unknown

solution. The inner product in the Hilbert spaceL2
ν is given by

〈u, v〉ν :=

∫ 1

−1

u(y)v(y)ν(y) dy,

1We call a functiona : [−1, 1] → C piecewise continuous if it is continuous at±1 , if the one-sided limits
a(x± 0) exist for allx ∈ (−1, 1), and at least one of them coincides witha(x) .
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whereν(x) =
√

1+x
1−x is the Chebyshev weight of third kind. Let

S : L2
ν → L2

ν , u 7→ 1

πi

∫ 1

−1

u(y)

y − · dy

be the Cauchy singular integral operator,aI : L2
ν → L2

ν , u 7→ au be the operator of multi-
plication bya, and

B±
k : L2

ν −→ L2
ν , u 7→ 1

πi

∫ 1

−1

(1∓ ·)k−1u(y) dy

(y + · ∓ 2)k

be the integral operators with a fixed singularity at±1. We write equation (2.1) in the form

Au :=

(
aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k

)
u = f.

It is a well known fact that the single operatorsaI, S, and B±
k are bounded inL2

ν ;
see [2, Theorem 1.16 and Remark 8.3]. This means that these operators belong to the Banach
algebraL(L2

ν) of all bounded and linear operatorsA : L2
ν −→ L2

ν . In order to get approx-
imate solutions of the integral equation, we use a polynomial collocation method. For this

we need some further notions. Letσ(x) = 1√
1−x2

, ϕ(x) =
√
1− x2, andµ(x) =

√
1−x
1+x

be the Chebyshev weights of first, second, and fourth kind, respectively. Forn ≥ 0 and
τ ∈ {σ, ϕ, ν, µ}, we denote bypτn(x) the corresponding normalized Chebychev polynomials
of degreen with respect to the weightτ(x) and with positive leading coefficient, which we
abbreviate byTn(x) = pσn(x), Un(x) = pϕn(x), Rn(x) = pνn(x), andPn(x) = pµn(x). We
know that

T0(x) =
1√
π
, Tn(cos s) =

√
2

π
cosns, n ≥ 1, s ∈ (0, π),

and, forn ≥ 0 , s ∈ (0, π) ,

Un(cos s) =

√
2 sin(n+ 1)s√

π sin s
, Rn(cos s) =

cos(n+ 1
2 )s√

π cos s
2

, Pn(cos s) =
sin(n+ 1

2 )s√
π sin s

2

.

The zerosxτ
jn of pτn(x) are given by

xσ
jn = cos

j − 1
2

n
π, xϕ

jn = cos
jπ

n+ 1
, xν

jn = cos
j − 1

2

n+ 1
2

π, xµ
jn = cos

jπ

n+ 1
2

,

for j = 1, · · · , n. We introduce the Lagrange interpolation operatorLτ
n defined for every

functionf : (−1, 1) → C by

Lτ
nf =

n∑

j=1

f(xτ
jn)ℓ

τ
jn, ℓτjn(x) =

pτn(x)

(x− xτ
jn)(p

τ
n)

′(xτ
jn)

=

n∏

k=1,k 6=j

x− xτ
kn

xτ
jn − xτ

kn

.

We remark that the respective Christoffel numbersλτ
jn =

∫ 1

−1

ℓτjn(x)τ(x) dx are equal to

λσ
jn =

π

n
, λϕ

jn =
π
[
1− (xϕ

jn)
2
]

n+ 1
, λν

jn =
π(1 + xν

jn)

n+ 1
2

, λµ
jn =

π(1− xµ
jn)

n+ 1
2

.
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The collocation method seeks an approximationun ∈ L2
ν of the form

(2.2) un(x) = µ(x)pn(x), pn ∈ Pn,

to the exact solution ofAu = f by solving

(2.3) (Aun)(x
τ
kn) = f(xτ

kn), k = 1, 2, . . . , n,

wherePn denotes the set of all algebraic polynomials of degree less thann ∈ N. We set

p̃n(x) := µ(x)Pn(x), n = 0, 1, 2, . . .

Using the Lagrange basis

ℓ̃τkn(x) =
µ(x)ℓτkn(x)

µ(xτ
kn)

, k = 1, . . . , n,

in µPn, we can writeun as

un =
n−1∑

j=0

αjnp̃j =
n∑

k=1

ξknℓ̃
τ
kn.

If we introduce the Fourier projections

Ln : L2
ν → L2

ν , u 7→
n−1∑

j=0

〈u, p̃j〉ν p̃j

and the weighted interpolation operatorsMτ
n := µLτ

nµ
−1I, then the collocation system (2.3)

can be written as an operator equation

(2.4) Aτ
n := Mτ

nALnun = Mτ
nf, un ∈ imLn,

whereim denotes the range of an operator. For the relation between the approximate solution
and the exact solution, we have to investigate the stabilityof the collocation method. We
call the collocation method stable if the approximation operatorsAτ

n are invertible for all
sufficiently largen ∈ N and if the norms

∥∥(Aτ
n)

−1Ln

∥∥
L(L2

ν)
are uniformly bounded. If the

collocation method is stable, then the strong convergence of Aτ
nLn to A ∈ L(L2

ν) as well as
the convergenceMτ

nf −→ f in L2
ν imply the convergence of the approximationsun to the

exact solutionu in L2
ν . This can be seen from the estimate

‖Lnu− un‖ν =
∥∥A−1

n Ln(AnLnu−Anun)
∥∥
ν

≤
∥∥A−1

n Ln

∥∥
L(L2

ν)
(‖AnLnu−Au‖ν + ‖f −Mτ

nf‖ν) ,

which also shows that, for getting convergence rates, one has to estimate the errorsLnu− u
andAnLnu − Au with the solutionu and the errorMτ

nf − f with the right-hand sidef .
The technique, which we use to prove stability, includes theproof of strong convergence
Aτ

nLn −→ A; cf. the definition of the algebraF in Section3.1. For Mτ
nf −→ f, see

Lemma7.2. But the focus of the present paper is the stability of the methods under consid-
eration. Proving convergence rates by using certain smoothness properties of the right-hand
sidef and of the solutionu is a further task; cf., for example, [17, Section 5]. The main
result of our paper on the stability of the collocation methods (2.4) applied to the integral
equation (2.1) is given in Theorem4.11.

Of course, by making the ansatz (2.2), we are only concerned with the second representa-
tion of the solution in (1.2). How to use the corresponding results for the other representation
in (1.2) is shown in Section5.
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3. The stability of the collocation methods.

3.1. The Banach algebra framework for the stability of operator sequences.In what
follows, the operator sequence, for which we want to prove stability, is considered as an
element of a Banach algebra. For the definition of this algebra, we need some spaces as
well as some useful operators. Byℓ2 we denote the Hilbert space of all square summable
sequencesξ = (ξj)

∞
j=0, ξj ∈ C, with the inner product

〈ξ, η〉 =
∞∑

j=0

ξjηj .

Additionally, we define the following operators

Wn : L2
ν −→ L2

ν , u 7→
n−1∑

j=0

〈u, p̃n−1−j〉ν p̃j ,

Pn : ℓ2 −→ ℓ2, (ξj)
∞
j=0 7→ (ξ0, · · · , ξn−1, 0, . . . ) ,

and, forτ ∈ {σ, µ},

Vτ
n : imLn −→ imPn, u 7→

(
ωτ
n

√
1 + xτ

1n u(x
τ
1n), . . . , ω

τ
n

√
1 + xτ

nn u(x
τ
nn), 0, . . .

)
,

Ṽτ
n : imLn −→ imPn, u 7→

(
ωτ
n

√
1 + xτ

nn u(x
τ
nn), . . . , ω

τ
n

√
1 + xτ

1n u(x
τ
1n), 0, . . .

)
,

whereωσ
n =

√
π
n andωµ

n =
√

π
n+ 1

2

. LetT = {1, 2, 3, 4} and set

X(1) = X(2) = L2
ν , X(3) = X(4) = ℓ2, L(1)

n = L(2)
n = Ln, L(3)

n = L(4)
n = Pn,

and defineE(t)
n : imLn −→ X

(t)
n := imL(t)

n for t ∈ T by

E(1)
n = Ln, E(2)

n = Wn, E(3)
n = Vτ

n , E(4)
n = Ṽτ

n .

Here and at other places, we use the notionLn, Wn, . . . instead ofLn|im Ln
, Wn|im Ln

, . . . ,
respectively. All operatorsE(t)

n , t ∈ T , are invertible with inverses
(
E(1)
n

)−1

= E(1)
n ,

(
E(2)
n

)−1

= E(2)
n ,

(
E(3)
n

)−1

= (Vτ
n)

−1
,
(
E(4)
n

)−1

= (Ṽ τ
n )

−1
,

where, forξ ∈ imPn,

(Vτ
n)

−1
ξ = (ωτ

n)
−1

n∑

k=1

1√
1 + xτ

kn

ξk−1ℓ̃
τ
kn

and

(Ṽ τ
n )

−1
ξ = (ωτ

n)
−1

n∑

k=1

1√
1 + xτ

kn

ξn−k ℓ̃
τ
kn.

Now we can introduce the algebra of operator sequences we areinterested in. ByF we denote
the set of all sequences(An)

∞
n=1 =: (An) of linear operatorsAn : im Ln −→ im Ln for

which the strong limits

Wt(An) := lim
n→∞

E(t)
n An

(
E(t)
n

)−1

L(t)
n , t ∈ T,

(
Wt(An)

)∗
= lim

n→∞

(
E(t)
n An

(
E(t)
n

)−1

L(t)
n

)∗
, t ∈ T,
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exist. If we provideF with the supremum norm‖(An)‖F := supn≥1 ‖AnLn‖L(L2
ν)

and with
operations(An) + (Bn) := (An + Bn), (An)(Bn) := (AnBn) and(An)

∗ := (A∗
n), one

can easily check thatF becomes aC∗-algebra with the identity element(Ln). Moreover, we
introduce the setJ ⊂ F of all sequences of the form

(
4∑

t=1

(
E(t)
n

)−1

L(t)
n TtE(t)

n + Cn
)
,

where the linear operatorsTt : X(t) −→ X(t) are compact and‖CnLn‖L(L2
ν)

−→ 0
asn → ∞.

PROPOSITION3.1 (Lemma 2.1 in [10], Theorem 10.33 in [18, 19]). The setJ forms a
two-sided closed ideal in theC∗-algebraF. Moreover, a sequence(An) ∈ F is stable if and
only if the operatorsWt(An) : X(t) → X(t), t ∈ T, and the coset(An) + J ∈ F/J are
invertible.

3.2. The collocation sequence as an element of the Banach algebra F. For the inves-
tigation of the stability of the collocation method(Aτ

n) = (Mτ
nALn), we have to show that

this sequence belongs to the algebraF, which means to prove the existence of the four limit
operatorsWt(An). Regarding the multiplication operatoraI as well as the Cauchy singular
integral operatorS, Proposition3.2 below was proved in [10]. To describe the respective
limit operators we need some further notation. Define the isometries

J1 : L2
ν → L2

ν , u 7→
∞∑

j=0

〈u, p̃j〉νRj ,(3.1)

J2 : L2
ν → L2

ν , u 7→
∞∑

j=0

〈u, p̃j〉ν
√
1− xUj ,

J3 : L2
ν → L2

ν , u 7→
∞∑

j=0

〈u, p̃j〉ν
1√
1 + x

Tj ,

and the shift operator

(3.2) V : L2
ν → L2

ν , u 7→
∞∑

j=0

〈u, p̃j〉ν p̃j+1.

The adjoint operatorsJ ∗
1 ,J ∗

2 ,J ∗
3 ,V∗ : L2

ν → L2
ν are given by

J ∗
1 u = J−1

1 u =

∞∑

j=0

〈u,Rj〉ν p̃j , J ∗
2 u = J−1

2 u =

∞∑

j=0

〈
u,

√
1− xUj

〉
ν
p̃j

and

J ∗
3 u = J−1

3 u =

∞∑

j=0

〈
u,

1√
1 + x

Tj

〉

ν

p̃j , V∗u =

∞∑

j=0

〈u, p̃j+1〉ν p̃j .

Finally, we denote byI = [δjk]
∞
j,k=0 the identity inℓ2 and byS̃,Sτ : ℓ2 −→ ℓ2 the operators

defined by

S̃ =

[
1− (−1)j−k

πi(j − k)
+

1− (−1)j+k+1

πi(j + k + 1)

] ∞

j,k=0



ETNA
Kent State University 

http://etna.math.kent.edu

196 P. JUNGHANNS, R. KAISER, AND G. MASTROIANNI

and

Sτ =





[
1− (−1)j−k

πi(j − k)
− 1− (−1)j+k+1

πi(j + k + 1)

] ∞

j,k=0

: τ = σ,

[
1− (−1)j−k

πi

[
1

j − k
− 1

j + k + 2

] ] ∞

j,k=0

: τ = µ.

The following proposition is already known.

PROPOSITION 3.2 (Proposition 3.5 in [10]). Let a, b ∈ PC, A = aI + bS, and
Aτ

n = Mτ
nALn. Then, forτ ∈ {σ, µ}, we have(Aτ

n) ∈ F and

W1(Aτ
n) = A, W2(Aτ

n) =





J−1
1 (aJ1 + ibI) : τ = σ,

J−1
2 (aJ2 − ibJ3V) : τ = µ,

W3(Aτ
n) = a(1)I+ b(1)Sτ , W4(Aτ

n) = a(−1)I− b(−1)S̃.

REMARK 3.3. We have to mention that in [10, p. 745, line 13] there is a sign error. One
has

−
[
1− (−1)j−k

2in sin j−k
2n

π +
1− (−1)j+k+1

2in sin j+k+1
2n

π

] n−1

j,k=0

instead of

−
[
1− (−1)j−k

2in sin j−k
2n

π − 1− (−1)j+k+1

2in sin j+k+1
2n

π

] n−1

j,k=0

.

This leads toW4 (Aσ
n) = a(−1)I − b(−1)S̃ and not toW4 (An) = a(−1)I − b(−1)Sσ as

formulated in [10, Proposition 3.5].

Having in mind Proposition3.2, our next aim is to show that the sequences
(
Mτ

nB±
k Ln

)
,

k ∈ N, belong toF and to determine their limit operatorsWj
(
Mτ

nB±
k Ln

)
. As a result, we

can state the following proposition, the proof of which is given in Section7.

PROPOSITION 3.4. Let a, b ∈ PC, A = aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k , and

Aτ
n = Mτ

nALn. Then, forτ ∈ {σ, µ}, we have(Aτ
n) ∈ F and

W1(Aτ
n) = A,

W2(Aτ
n) =

{
J−1
1 (aJ1 + ibI) : τ = σ,

J−1
2 (aJ2 − ibJ3V) : τ = µ,

W3(Aτ
n) = a(1)I+ b(1)Sτ +Aτ +Kτ ,

W4(Aτ
n) = a(−1)I− b(−1)S̃+A+K,



ETNA
Kent State University 

http://etna.math.kent.edu

COLLOCATION FOR SIE’S WITH PARTICULAR MELLIN TYPE SINGULARITIES 197

where the operatorsA,Aτ ∈ L(ℓ2) are defined as

A =

m−∑

k0=1

β−
k0

[
2h−

k0

(
(j + 1

2 )
2

(k + 1
2 )

2

)
j + 1

2

(k + 1
2 )

2

] ∞

j,k=0

,(3.3)

Aσ =

m+∑

k0=1

β+
k0

[
2h+

k0

(
(j + 1

2 )
2

(k + 1
2 )

2

)
1

k + 1
2

] ∞

j,k=0

,(3.4)

Aµ =

m+∑

k0=1

β+
k0

[
2h+

k0

(
(j + 1)2

(k + 1)2

)
1

k + 1

] ∞

j,k=0

,(3.5)

with

h±
k (x) =

(∓1)k

πi

xk−1

(1 + x)k
, x ∈ (0,∞), k ∈ N,(3.6)

and whereK,Kτ : ℓ2 −→ ℓ2 are compact operators.

3.3. The invertibility of the limit operators. In this section we consider the invert-
ibility of the four limit operators. Due to Proposition3.1, this is necessary for the stability
of the collocation method. Thus, our main concern is devotedto necessary and sufficient
conditions for the invertibility of these limit operators.At first we consider the operator

A = aI + bS +
m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k . For this, we need the Mellin transform

ŷ(z) :=

∫ ∞

0

y(x)xz−1 dx

of a functiony : (0,∞) → C. With the help of the continuous functionsh±
k : (0,∞) −→ C

defined in (3.6), we can write the linear combination of the integral operatorsB±
k in (2.1) in

the form

m−∑

k=1

β−
k (B−

k u)(x) +

m+∑

k=1

β+
k (B+

k u)(x)

=

m−∑

k=1

β−
k

∫ 1

−1

h−
k

(
1 + x

1 + y

)
u(y)

1 + y
dy +

m+∑

k=1

β+
k

∫ 1

−1

h+
k

(
1− x

1− y

)
u(y)

1− y
dy.

(3.7)

For h±
k (x), k ∈ N, the Mellin transform is given bŷh±

k (z) = (∓1)kĥk(z + k − 1) with
hk(x) = (1 + x)k, and (see, for example, [4, 6.2.(6)])

ĥk(z) = (−1)k−1

(
z − 1

k − 1

)
π

sin(πz)

is holomorphic in the strip0 < Re z < k. This implies

ĥ±
k (β − it) =

(
β − it+ k − 2

k − 1

)
(∓1)k

sinh(π(iβ + t))
, 1− k < β < 1, t ∈ R.

We remark that̂h±
k (β − it) is analytic in the strip0 < β < 1 for all k ∈ N. Due to (3.7) and

by [2, Theorem 9.1] (cf. also [3, 7, 8, 16]), we can state the following proposition.
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PROPOSITION3.5. Leta, b ∈ PC,A = aI+bS+
m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k : L2
ν −→ L2

ν .

(a) The operatorA is Fredholm if and only if:
• For any x ∈ (−1, 1), there holdsa(x ± 0) + b(x ± 0) 6= 0 and
a(x± 0)− b(x± 0) 6= 0 as well as a(±1) + b(±1) 6= 0 and
a(±1)− b(±1) 6= 0.

• If a or b has a jump atx ∈ (−1, 1), then there holds

λ
a(x+ 0) + b(x+ 0)

a(x+ 0)− b(x+ 0)
+ (1− λ)

a(x− 0) + b(x− 0)

a(x− 0)− b(x− 0)
6= 0, 0 ≤ λ ≤ 1.

• For x = ±1, there holds

a(1) + b(1)i cot
(
π
4 − iπξ

)
+

m+∑

k=1

β+
k ĥ+

k (
1
4 − iξ) 6= 0, −∞ < ξ < ∞,

and

a(−1) + b(−1)i cot
(
π
4 + iπξ

)
+

m−∑

k=1

β−
k ĥ−

k (
3
4 − iξ) 6= 0, −∞ < ξ < ∞.

(b) If A is Fredholm and if the coefficientsa and b have finitely many jumps, then the
Fredholm index ofA : L2

ν −→ L2
ν is equal to minus the winding number of the

closed continuous curveΓA := Γ− ∪ Γ1 ∪ Γ
′

1 ∪ . . . ∪ ΓN ∪ Γ
′

N ∪ ΓN+1 ∪Γ+

with the orientation given by the subsequent parametrization. Here,N stands for
the number of discontinuity pointsxi, i = 1, . . . , N, of the functionsa andb chosen
such thatx0 := −1 < x1 < · · · < xN < xN+1 := 1. Using thesexi, the curves
Γi, i = 1, . . . , N + 1, andΓ

′

i, i = 1, . . . , N, are given by

Γi :=

{
a(y) + b(y)

a(y)− b(y)
: xi−1 < y < xi

}
,

Γ
′

i :=

{
λ
a(xi + 0) + b(xi + 0)

a(xi + 0)− b(xi + 0)
+ (1− λ)

a(xi − 0) + b(xi − 0)

a(xi − 0)− b(xi − 0)
: 0 ≤ λ ≤ 1

}
.

The curvesΓ±, connecting the point1 with one of the end points ofΓ1 andΓN+1,
are given by the formulas

Γ+ :=

{
a(1) + b(1)i cot

(
π
4 − iπξ

)
+
∑m+

k=1 β
+
k ĥ+

k (
1
4 − iξ)

a(1)− b(1)
: −∞ ≤ ξ ≤ ∞

}

and

Γ− :=

{
a(−1) + b(−1)i cot

(
π
4 + iπξ

)
+
∑m−

k=1 β
−
k ĥ−

k (
3
4 − iξ)

a(−1)− b(−1)
:

−∞ ≤ ξ ≤ ∞
}
.

(c) If A is Fredholm and ifm− = 0 or m+ = 0, thenA is one-sided invertible.
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FIG. 3.1.
{∑

3
k=1

ĥ
−
k

(
3

4
− iξ

)
: −∞ ≤ ξ ≤ ∞

}
.
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FIG. 3.2.
{∑

3
k=1

ĥ
+

k

(
1

4
− iξ

)
: −∞ ≤ ξ ≤ ∞

}
.

Let z1, z2 ∈ C. We denote byγℓ/r[z1, z2] the half circle line fromz1 to z2 lying on
the left, respectively, on the right of the segment[z1, z2] and byγ[z1, z2] the circle line with
diameter[z1, z2] starting inz1 with clockwise orientation. For given functionsa, b ∈ PC

with a(x± 0)− b(x± 0) 6= 0, x ∈ [−1, 1], we define

(3.8) c(x) :=
a(x) + b(x)

a(x)− b(x)
.
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FIG. 3.3.Γ− in case ofa(−1) = 0, m− = 3, β−
k

= 1.
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FIG. 3.4.Γ+ in case ofa(1) = 0, m+ = 3, β+

k
= 1.

The equalities

{
a(1) + b(1)i cot

(
π
4 − iπξ

)

a(1)− b(1)
: −∞ ≤ ξ ≤ ∞

}
= γr[c(1), 1].(3.9)

and

{
a(−1) + b(−1)i cot

(
π
4 + iπξ

)

a(−1)− b(−1)
: −∞ ≤ ξ ≤ ∞

}
= γℓ[1, c(−1)](3.10)
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can easily be shown. The curveΓ+ is a modified arc fromc(1) to 1 and the curveΓ− is
a modified arc from1 to c(−1). For instance, Figures3.1 and 3.2 display the images of∑3

k=1 ĥ
±
k

(
3
4 − iξ

)
(i.e.,m± = 3, β±

k = 1) and Figures3.3and3.4the respective curvesΓ±
in the casea(±1) = 0.

The above proposition enables us to give conditions for the invertibility of the second
limit operatorW2. So we derive from [10, Lemma 4.4 and Corollary 4.5].

LEMMA 3.6. LetAτ
n = Mτ

n(aI + bS)Ln, τ ∈ {σ, µ}.
(a) The operatorW2 (Aσ

n) is invertible inL2
ν if and only if A = aI + bS has this

property.
(b) If aI + bS : L2

ν −→ L2
ν is invertible, then the invertibility ofW2(Aµ

n) : L
2
ν −→ L2

ν

is equivalent to the condition|a(1)| > |b(1)|, which is again equivalent to the con-
ditionRe c(1) > 0.

For the index calculation of the second limit operator, we can state the following lemma.
LEMMA 3.7. Let a, b ∈ PC, τ ∈ {σ, µ}, andA := aI + bS : L2

ν → L2
ν , as well as

Aτ
n := Mτ

nALn. If A is Fredholm, then the second limit operatorW2(Aσ
n) : L

2
ν → L2

ν is
also Fredholm, where

(3.11) indW2(Aσ
n) = − indA.

If A,W2(Aµ
n) : L

2
ν −→ L2

ν are Fredholm, then

(3.12) indW2(Aµ
n) =

{
− indA : Re c(1) > 0 ,

− indA− 1 : Re c(1) < 0 .

Proof. Let indA = κ . Forλ ∈ [0, 1], define

(3.13) c(x, λ) =





c(x− 0)(1− λ) + c(x+ 0)λ : x ∈ (−1, 1),

c(1) + [1− c(1)]f− 1
2
(λ) : x = +1,

1 + [c(−1)− 1]f 1
2
(λ) : x = −1,

wherefα(λ) =
sinπαλ

sinπα
e−iπα(λ−1) andc(x) is defined in (3.8). Note that, forz1, z2 ∈ C,

the image of the functionz1 + (z2 − z1)fα(λ), λ ∈ [0, 1], describes the circular arc from
z1 to z2 such that the straight line segment[z1, z2] is seen from the points of the arc under
the angleπ(1 + α), i.e., in caseα ∈ (−1, 0), the arc lies on the right of the segment[z1, z2]
and, in caseα ∈ (0, 1), on the left. By (3.9), (3.10), and Proposition3.5, it follows that
ΓA = {c(x, λ) : (x, λ) ∈ [−1, 1]× [0, 1]}. Moreover, we denote the winding number of this
curve with respect to the origin of the complex plane bywind c(x, λ). Due to the fact that
every piecewise continuous function can be approximated bya function with finitely many
jumps, we can assume that−1 < x1 < · · · < xN < 1 are the only discontinuities ofc(x).
Define the piecewise continuous argument functionα(x) = 1

2π arg c(x) in such a way that

(3.14) |α(xk + 0)− α(xk − 0)| < 1

2
, k = 1, . . . , N, and α(−1) ∈

(
−3

4
,
1

4

)
.

For the winding number, we derive

(3.15) wind c(x, λ) ∈ Z ∩
(
α(1)− 1

4
, α(1) +

3

4

)
.

Due to Proposition3.5, we haveκ = −wind c(x, λ).
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In caseτ = σ, setd(x) =
b(x)− a(x)

b(x) + a(x)
and defined(x, λ) analogously to (3.13). Then

(cf. the proof of [10, Lemma 4.4]),d(x, λ) 6= 0, ∀ (x, λ) ∈ [−1, 1] × [0, 1], if and only if
c(x, λ) 6= 0, ∀ (x, λ) ∈ [−1, 1] × [0, 1]. Define the piecewise continuous argument function
β(x) = 1

2π arg d(x) satisfying the respective conditions (3.14). Since (cf. again the proof of
[10, Lemma 4.4])

indW2(Aσ
n) = ind (bI − aS) and β(x) = −1

2
− α(x),

we have

−indW2(Aσ
n) = windd(x, λ) ∈ Z ∩

(
−3

4
− α(1),

1

4
− α(1)

)
,

proving, together with (3.15), the relation (3.11).
Let us turn to the caseτ = µ, and assume thatW2(Aµ

n) : L
2
ν −→ L2

ν is Fredholm. From
the proof of [10, Lemma 4.5], we have

− indW2(Aµ
n) ∈ Z ∩

(
−α(1)− 1

4
,−α(1) +

3

4

)
.

In view of (3.15), we getκ ∈
(
−α(1)− 1

4 ,−α(1) + 3
4

)
if and only if

α(1)− 1

4
< wind c(x, µ) < α(1) +

1

4
,

which is equivalent toRe c(1) > 0 . Analogously,κ + 1 ∈
(
−α(1)− 1

4 ,−α(1) + 3
4

)
if and

only if α(1) + 1
4 < wind c(x, µ) < α(1) + 3

4 , i.e.,Re c(1) < 0 .

Observe that the Fredholmness of the operatorA := aI+bS : L2
ν → L2

ν implies that the
half circle lineγr[c(1), 1] does not contain0, which impliesc(1) 6∈ {iy : y ≥ 0}. Moreover,
by the Fredholmness of (cf. [10, (4.4)])

W2(Aµ
n) = J−1

2

1√
2

([
a(
√
1 + x+ ib

√
1− x

]
−
[
ia
√
1− x+ b

√
1 + x

]
S
)
,

we get0 6∈ γr

[
1

c(1) , 1
]
, i.e.,c(1) 6∈ {iy : y ≤ 0}. Hence, (3.12) is proved.

We also need conditions for the Fredholmness of the operatorsW3/4(Aτ
n). For that, we

consider theC∗-algebraL(ℓ2) of all linear and continuous operators inℓ2. By alg T (PC) we
denote the smallestC∗-subalgebra ofL(ℓ2) generated by the Toeplitz matrices

[
ĝj−k

] ∞
j,k=0

with piecewise continuous generating functionsg(t) :=
∑

ℓ∈Z
ĝℓt

ℓ defined on the unit circle
T := {t ∈ C : |t| = 1} and being continuous onT \ {±1}.

PROPOSITION3.8 (Theorem 16.2 in [15]). There exists a (continuous) mapsmb from
alg T (PC) into a set of complex valued functions defined onT × [0, 1], which sends each
R ∈ alg T (PC) to the functionsmbR(t, λ), which is called symbol ofR and which satisfies
the following properties:

(a) For each fixed(t, λ) ∈ T× [0, 1], the mapalg T (PC) −→ C, R 7→ smbR(t, λ) is
a multiplicative linear functional onalg T (PC).

(b) For any t 6= ±1, the valuesmbR(t, λ) is independent ofλ, and the function
t 7→ smbR(t, 0) is continuous on{t ∈ T : Im t > 0} and on{t ∈ T : Im t < 0}
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with the limits

smbR(1 + 0, 0) := lim
t→+1,Im t>0

smbR(t, 0) = smbR(1, 1),

smbR(1− 0, 0) := lim
t→+1,Im t<0

smbR(t, 0) = smbR(1, 0),

smbR(−1 + 0, 0) := lim
t→−1,Im t<0

smbR(t, 0) = smbR(−1, 1),

smbR(−1− 0, 0) := lim
t→−1,Im t>0

smbR(t, 0) = smbR(−1, 0).

(c) An operatorR ∈ alg T (PC) is Fredholm if and only ifsmbR(t, λ) 6= 0 for all
(t, λ) ∈ T× [0, 1].

(d) For any Fredholm operatorR ∈ alg T (PC), the index ofR is the negative winding
number of the closed curve

ΓR : = {smbR(eis, 0) : 0 < s < π} ∪ {smbR(−1, s) : 0 ≤ s ≤ 1}

∪ {smbR(−eis, 0) : 0 < s < π} ∪ {smbR(1, s) : 0 ≤ s ≤ 1},
(3.16)

where the orientation ofΓR is given in a natural way by the parametrization ofT

and[0, 1].
(e) An operatorR ∈ alg T (PC) is compact if and only if the symbolsmbR(t, λ) van-

ishes for all(t, λ) ∈ T× [0, 1].
In what follows, we show that the limit operatorsW3/4(Aτ

n) belong toalg T (PC)
and consider their symbols as well as the respective curves (3.16). Using the results of
[10, Section 4] and the relations

i cot

(
π

4
± i

4
log

λ

1− λ

)
= ±(2λ− 1) + 2i

√
λ(1− λ) , 0 ≤ λ ≤ 1 ,

as well as
{
i cot

(π
4
− iξ

)
: −∞ ≤ ξ ≤ ∞

}
= γr[1,−1]

and
{
i cot

(π
4
+ iξ

)
: −∞ ≤ ξ ≤ ∞

}
= γℓ[−1, 1]

(cf. also (3.9), (3.10)), we get the following lemma.
LEMMA 3.9. Letτ ∈ {σ, µ} andAτ

n = Mτ
n(aI+bS)Ln. The limit operatorsWt(Aτ

n),
t ∈ {3, 4}, belong to the algebraalg T (PC), and their symbols are given by

smbW3(Aτ
n)
(t, λ) = a(1) + b(1) ·





1 : Im t > 0,

−1 : Im t < 0,

i cot
(

π
4 + i

4 log
λ

1−λ

)
: τ ∈ {σ, µ}, t = 1,

i cot
(

π
4 − i

4 log
λ

1−λ

)
: τ = σ, t = −1,

−i cot
(

π
4 + i

4 log
λ

1−λ

)
: τ = µ, t = −1,

and

smbW4(Aτ
n)
(t, λ) = a(−1)− b(−1) ·





1 : Im t > 0,

−1 : Im t < 0,

−i cot
(

π
4 − i

4 log
λ

1−λ

)
: t = 1,

−i cot
(

π
4 + i

4 log
λ

1−λ

)
: t = −1.
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The respective closed curves(3.16) are

ΓW3(Aσ
n)

= γr[a(1) + b(1), a(1)− b(1)] ∪ γℓ[a(1)− b(1), a(1) + b(1)],

ΓW3(Aµ
n) = γ[a(1) + b(1), a(1)− b(1)],

ΓW4(Aσ
n)

= ΓW4(Aµ
n)

= γℓ[a(−1)− b(−1), a(−1) + b(−1)] ∪ γr[a(−1) + b(−1), a(−1)− b(−1)].

We remark that the limit operatorsWt(Mτ
n(aI+ bS)Ln), t = 3, 4, are invertible if they

are Fredholm with index0 [10, Corollary 4.9].
LEMMA 3.10 (Lemma 4.2 and Lemma 4.6 in [10]). LetAτ

n = Mτ
n(aI+ bS)Ln, where

τ ∈ {σ, µ}.
(a) If aI + bS : L2

ν −→ L2
ν is Fredholm, thenW3(Aσ

n) andW4(Aτ
n) are invertible.

(b) The operatorW3(Aµ
n) is invertible if and only if|a(1)| > |b(1)|.

We turn to the limit operators ofB±
k and verify thatA,Aσ,Aµ ∈ alg T (PC). For this

we recall the following lemma.
LEMMA 3.11 (Lemma 7.1 in [12] and Lemma 4.5 in [13]). Suppose that the Mellin

transformŷ(z) of the functiony : (0,∞) −→ C is analytic in the strip

1

2
− ε < Re z <

1

2
+ ε

for someε > 0 and that

sup
1
2
−ε<Re z< 1

2
+ε

∣∣∣∣
dk

dzk
ŷ(z)(1 + |z|)k

∣∣∣∣ < ∞, k = 0, 1, . . .

Then,y : (0,∞) −→ C is infinitely differentiable, the operatorsM±1, M̃±1 ∈ L(ℓ2) defined
by

M+1 :=

[
y

(
j + 1

2

k + 1
2

)
1

k + 1
2

] ∞

j,k=0

, M̃+1 :=

[
y

(
j + 1

k + 1

)
1

k + 1

] ∞

j,k=0

,

and

M−1 :=

[
(−1)j−ky

(
j + 1

2

k + 1
2

)
1

k + 1
2

] ∞

j,k=0

, M̃−1 :=

[
(−1)j−ky

(
j + 1

k + 1

)
1

k + 1

] ∞

j,k=0

belong to the algebraalg T (PC), and their symbols are given by

smbM+1
(t, λ) = smb

M̃+1
(t, λ) =

{
ŷ
(

1
2 + i

2π log λ
1−λ

)
: t = 1,

0 : t ∈ T\{1},
and

smbM−1
(t, λ) = smb

M̃−1
(t, λ) =

{
ŷ
(

1
2 + i

2π log λ
1−λ

)
: t = −1,

0 : t ∈ T\{−1}.

Fork ∈ N, setg−
k (x) := 2h−

k (x
2)x andg+

k (x) := 2h+
k (x

2) such that

ĝ−
k (z) = ĥ−

k (
z+1
2 ) and ĝ+

k (z) = ĥ+
k (

z
2 ).
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Since the Mellin transformŝh±
k (z) are analytic in the strip0 < Re z < 1, it follows that

ĝ−
k (z) is analytic in the strip−1 < Re z < 1 andĝ+

k (z) is analytic in the strip0 < Re z < 2.
Hence, we can apply Lemma3.11and obtain thatA,Aσ,Aµ ∈ alg T (PC) with symbols

smbA(t, λ) =





m−∑

k=1

β−
k ĥ−

k

(
3

4
+

i

4π
log

λ

1− λ

)
: t = 1,

0 : t ∈ T\{1},

smbAτ (t, λ) =





m+∑

k=1

β+
k ĥ+

k

(
1

4
+

i

4π
log

λ

1− λ

)
: t = 1,

0 : t ∈ T\{1}.

From Proposition3.4, Lemma3.9, Lemma3.11, and
{

1
4π log λ

1−λ : λ ∈ (0, 1)
}

= R, we

conclude the following assertion.
LEMMA 3.12.Let τ ∈ {σ, µ} and

Aτ
n = Mτ

n

(
aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k

)
Ln.

Then, the limit operatorsW3(Aτ
n) andW4(Aτ

n) belong to the algebraalg T (PC) with

ΓW3(Aσ
n)

=
{
a(1) + b(1)i cot

(
π
4 − iπξ

)
: −∞ ≤ ξ ≤ ∞

}

∪
{
a(1) + b(1)i cot

(
π
4 + iπξ

)
+

m+∑

k=1

β+
k ĥ+

k (
1
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
,

ΓW3(Aµ
n) =

{
a(1)− b(1)i cot

(
π
4 + iπξ

)
: −∞ ≤ ξ ≤ ∞

}

∪
{
a(1) + b(1)i cot

(
π
4 + iπξ

)
+

m+∑

k=1

β+
k ĥ+

k (
1
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
,

and

ΓW4(Aτ
n)

=
{
a(−1) + b(−1)i cot

(
π
4 + iπξ

)
: −∞ ≤ ξ ≤ ∞

}

∪
{
a(−1) + b(−1)i cot

(
π
4 − iπξ

)
+

m−∑

k=1

β−
k ĥ−

k (
3
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
.

COROLLARY 3.13.Let τ ∈ {σ, µ} and

Aτ
n = Mτ

n

(
aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k

)
Ln.

For t ∈ {3, 4}, the limit operatorWt(Aτ
n) is invertible if and only if the closed curveΓWt(Aτ

n)

does not contain the zero point, its winding number vanishes, and the null space of the oper-
atorWt(Aτ

n) ∈ L(ℓ2) is trivial.
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In the following three propositions, we give our final results concerning the invertibility
of the limit operators.

PROPOSITION 3.14. Let A = aI + bS +
m−∑
k=1

β−
k B−

k : L2
ν −→ L2

ν be invertible,

Aτ
n = Mτ

nALn, and letW4(Aτ
n) be Fredholm with index zero. Then,

(a) in caseτ = σ, W2(Aσ
n) andW3(Aσ

n) are invertible,
(b) in caseτ = µ, W2(Aµ

n) andW3(Aµ
n) are invertible if and only if|a(1)| > |b(1)|.

Proof. WriteΓA = Γ−∪Γc∪Γ+, withΓc = Γ1∪Γ′
1∪. . .∪ΓN+1; cf. Proposition3.5(b).

In the present situation we haveΓ+ = γr[c(1), 1]. Then (see Lemma3.12),

ΓW4(Aτ
n)

= [a(−1)− b(−1)]
(
γℓ[1, c(−1)] ∪ Γ̃−

)

and

ΓaI+bS = γℓ[1, c(−1)] ∪ Γc ∪ γr[c(1), 1],

whereΓ̃− is Γ− with reverse orientation. In view of Proposition3.5 and Corollary3.13,
the invertibility of W1(Aτ

n) and the vanishing index ofW4(Aτ
n) imply the invertibility of

aI + bS : L2
ν −→ L2

ν . Since the second and third limit operators are independentof B−
k (see

Proposition3.4), it remains to apply Lemma3.6and Lemma3.10.
The following two propositions can be proved analogously.

PROPOSITION 3.15. Let A = aI + bS +
m+∑
k=1

β+
k B+

k : L2
ν −→ L2

ν be invertible,

Aτ
n = Mτ

nALn, and letW3(Aτ
n) be Fredholm with index zero. Then,

(a) in caseτ = σ, W2(Aσ
n) andW4(Aτ

n) are invertible,
(b) in caseτ = µ, W2(Aµ

n) is invertible if and only if|a(1)| > |b(1)|.

PROPOSITION3.16. Let A = aI + bS +
m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k : L2
ν −→ L2

ν be

invertible,Aτ
n = Mτ

nALn, and letW3(Aτ
n) as well asW4(Aτ

n) be Fredholm with index
zero. Then,

(a) in caseτ = σ, W2(Aσ
n) is invertible,

(b) in caseτ = µ, W2(Aµ
n) is invertible if and only if|a(1)| > |b(1)|.

EXAMPLE 3.17. ConsiderA = aI + bS +
3∑

k=1

B−
k : L2

ν → L2
ν andAτ

n = Mτ
nALn,

τ ∈ {σ, µ}, wherea(x) = i
√
1− x + 1 andb(x) = −

√
1 + x − 1. In Figure3.5, the curve

ΓA = Γ− ∪ Γc ∪ γr[c(1), 1] (blue, dashed, and red lines) is given.
The winding number ofΓA vanishes. Thus, the operatorA is invertible (see Proposi-

tion 3.5(c)). If we replace the bloated arcΓ− (blue) by the circular arcγℓ[1, c(−1)] (green),
we get the curve concerning the operatoraI + bS : L2

ν → L2
ν . Consequently,aI + bS is

Fredholm with index−1 and, in particular, not invertible. As a consequence of Lemma 3.7,
we derive

indW2(Aσ
n) = 1 and indW2(Aµ

n) = 0.

W3(Aτ
n) does not depend on the Mellin part of the operator and, due to Lemma3.12,

ΓW3(Aσ
n)

= [a(1)− b(1)] (γr[c(1), 1] ∪ γℓ[1, c(1)])

and

ΓW3(Aµ
n) = [a(1)− b(1)] (γℓ[c(1), 1] ∪ γℓ[1, c(1)]) .
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Thus, by Proposition3.8 and Lemma3.9, indW3(Aσ
n) = 0 and indW3(Aµ

n) = 1. The

winding number of the curveΓW4(Aτ
n)

= [a(−1) − b(−1)]
(
γℓ[1, c(−1)] ∪ Γ̃−

)
, whereΓ̃−

equalsΓ− but with reverse orientation, is equal to1. Thus, in view of Proposition3.8 and
Lemma3.12, the limit operatorsW4(Aτ

n), τ ∈ {σ, µ}, are Fredholm with index−1.
EXAMPLE 3.18. Consider the functionsa(x) = 1− x andb(x) = 5− x. Let

A = aI + bS +
3∑

k=1

B+
k : L2

ν → L2
ν

andAτ
n = Mτ

nALn, τ ∈ {σ, µ}. The imageΓc of the functionc(x), x ∈ [−1, 1], is the
straight segment from−2 to −1. The curveΓA = γℓ[1, c(−1)] ∪ Γc ∪ Γ+ (green, dashed,
and blue lines) and the curveΓaI+bS = γℓ[1, c(−1)] ∪ Γc ∪ γr[c(1), 1] (green, dashed, and
red lines) are given in Figure3.6.

In view of Proposition3.5, the operatorsA : L2
ν −→ L2

ν andaI + bS : L2
ν → L2

ν are
invertible. By Lemma3.7, W2(Aσ

n) is invertible andW2(Aµ
n) is Fredholm with index−1.
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For the fourth limit operators, we have (see Lemma3.12)

ΓW4(Aτ
n)

= [a(−1)− b(−1)] (γℓ[1, c(−1)] ∪ γr[c(−1), 1])

implying their invertibility. Furthermore,ΓW3(Aσ
n)

= [a(1) − b(1)]
(
γr[c(1), 1] ∪ Γ̃+

)
and

ΓW3(Aµ
n) = [a(1) − b(1)]

(
γℓ[c(1), 1] ∪ Γ̃+

)
, whereΓ̃+ equalsΓ+ but with reverse orien-

tation. Thus, in view of Proposition3.8 and Lemma3.12, the limit operatorW3(Aσ
n) is

Fredholm with index0, and the limit operatorW3(Aµ
n) is Fredholm with index1.

4. The main theorem for the stability of the collocation methods. In this section we
investigate the invertibility of the coset(Aτ

n) + J in the algebra F/J, where

Aτ
n = Mτ

n

(
aI + bS +

m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k

)
Ln is one of the considered collocation

methods. For this, we need some other operator sequences. Let R ∈ alg T (PC). We define
the finite sectionsRn := PnRPn ∈ L(im Pn) and setRt

n := (E(t)
n )−1RnE(t)

n , t ∈ {3, 4}.

LEMMA 4.1 (Lemma 5.4 in [10]). For R ∈ alg T (PC) and t ∈ {3, 4}, the sequences
(Rt

n) belong to the algebraF.
Let m± ∈ N be fixed. Now we denote byA the smallestC∗-subalgebra ofF generated

by all sequences of the idealJ, all sequences(Rt
n) with t ∈ {3, 4} andR ∈ alg T (PC) as

well as by all sequences(An) with An = Mτ
n

(
aI + bS +

m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k

)
Ln,

a, b ∈ PC. Moreover, letA0 be the smallestC∗-subalgebra ofF containing all sequences

from J and all sequences(An) with An = Mτ
n

(
aI + bS +

m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k

)
Ln,

a, b ∈ PC. For the coset(An)+J, we use the abbreviation(An)
o. As a main tool for proving

invertibility in the quotient algebraA/J, we use the local principle of Allan and Douglas. For
this, we have to find aC∗-subalgebra of the center ofA/J as well as its maximal ideal space.

Let 0 < ε < 1
2 and defineC−

ε (C+
ε ) as the Banach space of all continuous functions

f : (−1, 1] −→ C (f : [−1, 1) −→ C) satisfying

lim
x→−1+0

(1 + x)εf(x) = 0

(
lim

x→1−0
(1− x)εf(x) = 0

)

with the norm

‖f‖∞,ε,± := sup {(1∓ x)ε|f(x)| : −1 < x < 1} .

Remark thatC±
ε is continuously embedded intoL2

ν .
LEMMA 4.2. For a polynomialp, the operatorsB±

k pI − pB±
k : L2

ν −→ C±
ε are com-

pact.
Proof. For example, the operatorB−

k pI−pB−
k is an integral operator with kernel function

h−,k(x, y) =
[p(y)− p(x)](1 + x)k−1

(2 + y + x)k
.

Since(1+x)εh−,k(x, y) is continuous on[−1, 1]×[−1, 1], we obtain the assertion by Arzela-
Ascoli’s theorem.

LEMMA 4.3. For f ∈ C[−1, 1], the cosets(Mτ
nfLn)

o belong to the center ofA/J.
Proof. We have to show that

(4.1) (Mτ
nfLnAn −AnMτ

nfLn) ∈ J
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for all generating sequences(An) of A. In the casesAn = Mτ
n(aI + bS)Ln, a, b ∈ PC,

andAn = R(t)
n , t = 3, 4, this was proved in [10, Lemma 5.7]; cf. also [12, 13]. It remains to

considerAn = Mτ
nB±

k Ln. In view of the estimate (see, [10, (3.11)])

‖Mτ
nf1Ln −Mτ

nf2Ln‖L(L2
ν)

≤ const ‖f1 − f2‖∞ ,

and the closedness ofJ, it is sufficient to verify (4.1) for polynomialsf . Thus, letp be a poly-
nomial withdeg p ≤ m. ByMτ

npLn−m = pLn−m, n > m, andLn − Ln−m = WnLmWn,
we derive

Mτ
npLnMτ

nB±
k Ln −Mτ

nB±
k LnMτ

npLn

= −Mτ
n(B±

k p− pB±
k )Ln +Mτ

nB±
k (I −Mτ

n)p(Ln − Ln−m)

= −Mτ
n(B±

k p− pB±
k )Ln

+
[
Mτ

n(B±
k p− pB±

k )Ln +Mτ
npB±

k Ln −Mτ
nB±

k LnMτ
npLn

]
WnLmWn.

The application of the ideal property together with Lemma4.2completes the proof.
Lemma4.3shows that the setC := {(Mτ

nfLn)
o : f ∈ C[−1, 1]} forms aC∗-subalgebra

of the center ofA/J. This subalgebra is via the mapping(Mτ
nfLn)

o → f ∗-isomorphic to
C[−1, 1]. Consequently, the maximal ideal space ofC is equal to{Tω : ω ∈ [−1, 1]} with

Tω := {(Mτ
nfLn)

o : f ∈ C[−1, 1], f(ω) = 0} .

By Jω we denote the smallest closed ideal ofA/J which containsTω, i.e.,Jω is equal to

closA/J





m∑

j=1

(
Aj

nMτ
nfjLn

)o
:
(
Aj

n

)
∈ A, fj ∈ C[−1, 1], fj(ω) = 0, m = 1, 2, . . .



 .

The local principle of Allan and Douglas claims the following.
PROPOSITION4.4 (cf. Sections 1.4.4, 1.4.6 in [9]). For all ω ∈ [−1, 1], the idealJω is

a proper ideal inA/J. An element(An)
o of A/J is invertible if and only if(An)

o
+ Jω is

invertible in(A/J)/Jω for all ω ∈ [−1, 1].
LEMMA 4.5. The cosets(Mτ

nB−
k Ln)

o, 1 ≤ k ≤ m−, are contained inJω,−1 < ω ≤ 1,
and the cosets(Mτ

nB+
k Ln)

o, 1 ≤ k ≤ m+, are contained inJω, −1 ≤ ω < 1.
Proof. Consider the caseB = B−

k . (The caseB = B+
k has to be handled in the same

way.) Let−1 < ω ≤ 1 and letχ be a smooth function which vanishes in some neighbor-
hood of−1 and satisfiesχ(ω) = 1. SinceχB : L2

ν → C[−1, 1] is compact, the operator
norm‖(Ln −Mτ

n)χBLn‖L(L2
ν)

tends to zero. Due to the definition of the idealJ, we get
(Mτ

nχBLn) ∈ J. Thus,

(Mτ
nBLn)

o = (LnMτ
nBLn −Mτ

nχBLn)
o =

(
Mτ

n(1− χ)LnMτ
nBLn

)o ∈ Jω.

The lemma is proved.
As a consequence of Lemma4.5, for −1 < ω < 1, the invertibility of the coset

(
Mτ

n

(
aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k

)
Ln

)o

+ Jω

is equivalent to the invertibility of(Mτ
n(aI + bS)Ln)

o + Jω. In the same manner as in
[10, Corollary 5.13], we can state the following.
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LEMMA 4.6. Let (An) ∈ A0. If the limit operatorW1(An) : L
2
ν −→ L2

ν is Fredholm,
then for allω ∈ (−1, 1), the coset(An)

o
+ Jω is invertible in(A0/J)/Jω.

Now, we consider the invertibility of(Aτ
n)

o
+ J±1 in (A/J)/J±1. To this end, we show

that the invertibility of the limit operatorsW3(Aτ
n) andW4(Aτ

n) implies the invertibility of
(Aτ

n)
o
+ J+1 and(Aτ

n)
o
+ J−1, respectively.

LEMMA 4.7 (Lemma 5.9 in [10]). Let a ∈ PC[−1, 1] be continuous at the point
ω ∈ [−1, 1] with a(ω) = 0. Then,(Mτ

naLn)
o ∈ Jω.

By C±1 we refer to the set all of continuous functionsf ∈ C[−1, 1] with f(±1) = 1
and0 ≤ f(x) ≤ 1 for all x ∈ [−1, 1]. For an arbitrary(An)

o
+ J±1 ∈ (A/J)/J±1, we have,

due to Lemma4.7,

(4.2) ‖(An)
o
+ J±1‖(A/J)/J±1

≤ inf
f∈C±1

‖(Mτ
nfLn)

o
(An)

o‖
A/J .

The proof of the following lemma is given in Section8.
LEMMA 4.8. LetR ∈ alg T (PC) and let

Aτ
n = Mτ

n

(
aI + bS +

m−∑

k0=1

β−
k0
B−
k0

+

m+∑

k0=1

β+
k0
B+
k0

)
Ln,

S := W3(Aτ
n), andT := W4(Aτ

n).

(a) If R is invertible, then the coset
(
[R−1]

3/4
n

)o
+J±1 is the inverse of

(
R

3/4
n

)o
+J±1

in (A/J)/J±1.

(b) We have
(
S3
n

)o
+ J1 = (Aτ

n)
o
+ J1 and

(
T4

n

)o
+ J−1 = (Aτ

n)
o
+ J−1.

For the generating sequences ofA0, we know that the limit operators witht ∈ {3, 4}
belong toalg T (PC); cf. Lemma3.12. Since the mappingsW3/4 : F −→ L(ℓ2) are con-
tinuous∗-homomorphisms (see [10, Corollary 2.4]), we haveW 3/4(An) ∈ alg T (PC) if
(An) ∈ A0. Thus, by Lemma4.8and the closedness ofJ±1, we get the following corollary.

COROLLARY 4.9. Let (An) ∈ A0. Then, the invertibility ofW3(An) andW4(An)
implies, respectively, the invertibility of(An)

o
+ J+1 and(An)

o
+ J−1 in (F/J)/J±1.

Now, we are able to prove the stability theorem for sequencesof the algebraA0, in par-

ticular, for the collocation method(Aτ
n) =

(
Mτ

n(aI + bS +
m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k )Ln

)
.

Indeed, with the help of Proposition3.1, Lemma4.6, Corollary4.9, and the local principle of
Allan and Douglas, we can state the following theorem.

THEOREM 4.10. A sequence(An) ∈ A0 is stable if and only if all operators
Wt (An) : X

(t) −→ X(t), t = 1, 2, 3, 4, are invertible.
Having in mind Proposition3.4, we set

A− := a(−1)I− b(−1)S̃+A+K and Aτ
+ := a(1)I+ b(1)Sτ +Aτ +Kτ .

Moreover, we define the curves

Γ− =
{
a(−1) + b(−1)i cot

(
π[ 14 + iξ]

)
: −∞ < ξ < ∞

}

∪
{
a(−1) + b(−1)i cot

(
π[ 14 − iξ]

)
+

m−∑

k=1

β−
k ĥ−

k (
3
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
,

Γσ
+ =

{
a(1) + b(1)i cot

(
π[ 14 − iξ]

)
: −∞ < ξ < ∞

}

∪
{
a(1) + b(1)i cot

(
π[ 14 + iξ]

)
+

m+∑

k=1

β+
k ĥ+

k (
1
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
,
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Γµ
+ =

{
a(1)− b(1)i cot

(
π[ 14 + iξ]

)
: −∞ < ξ < ∞

}

∪
{
a(1) + b(1)i cot

(
π[ 14 + iξ]

)
+

m+∑

k=1

β+
k ĥ+

k (
1
4 + iξ) : −∞ ≤ ξ ≤ ∞

}
.

With the help of Theorem4.10, Corollary 3.13, Proposition3.16, and Proposition3.4, we
derive the following.

THEOREM4.11.Leta, b ∈ PC andA = aI+bS+
m−∑
k=1

β−
k B−

k +
m+∑
k=1

β+
k B+

k : L2
ν → L2

ν .

Then, the collocation methodMτ
nALn, τ ∈ {σ, µ}, is stable if and only if

(a) the operatorA ∈ L(L2
ν) is invertible (cf. Proposition3.5),

(b) the closed curvesΓ− andΓτ
+ do not contain the zero point and their winding num-

bers vanish,
(c) the null spaces of the operatorsA−,A

τ
+ ∈ L(ℓ2) are trivial,

(d) in caseτ = µ, the relation|a(1)| > |b(1)| is fulfilled.

5. Approximate solutions of the formν(x)pn(x). In this section we consider the inte-
gral equation (2.1) in the spaceL2

µ, which stands for the weightedL2-space referring to the
fourth Chebyshev weightµ(x). Again we apply a collocation method to the integral equation.
However, this time the collocation method seeks an approximationun ∈ L2

µ of the form

un(x) = ν(x)pn(x)

with a polynomialpn(x) of degree less thann. Setting

p̂n(x) := ν(x)Rn(x), n = 0, 1, 2, . . . and ℓ̂τkn =
ν(x)ℓτkn(x)

ν(xτ
kn)

, k = 1, . . . , n,

we can writeun in the form

un =
n−1∑

j=0

αjnp̂j =
n∑

k=1

ξknℓ̂
τ
kn.

Introducing the Fourier projections

L̂n : L2
µ −→ L2

µ, u 7→
n−1∑

j=0

〈u, p̂j〉µ p̂j

and the weighted interpolation operatorŝMτ
n := νLτ

nν
−1I instead of the collocation meth-

od (2.3), we consider the collocation method

(5.1) Âτ
n := M̂τ

nÂL̂nun = M̂τ
nf̂ , un ∈ im L̂n

for solving the operator equation

Âu = f̂ in L2
ν

approximately, where

Â := aI + bS +

m−∑

k=1

β−
k B−

k +

m+∑

k=1

β+
k B+

k : L2
µ −→ L2

µ.
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Here and in what follows, forI,S,B±
k : L2

ν −→ L2
ν and forI,S,B±

k : L2
µ −→ L2

µ, we use
the same notation, which does not lead to any confusion. For the investigation of the stability
of the collocation method (5.1), we introduce the isometric isomorphismJ : L2

µ −→ L2
ν ,

u(x) 7→ u(−x), and we get

JSJ−1 = −S, JB±
k J−1 = (−1)kB∓

k , and J L̂nJ−1 = Ln,

where, for the last equality, we took into account the relation p̂n(−x) = (−1)np̃n(x). Since
xσ
n−j+1,n = −xσ

jn andxν
n−j+1,n = −xµ

jn, j = 1, . . . , n, it follows that

ℓσn−j+1,n(−x) = ℓσj,n(x) and ℓνn−j+1,n(−x) = ℓµj,n(x),

which implies, for every functionf : (−1, 1) → C, the relationsJLσ
nJ−1f = Lσ

nf and
JLν

nJ−1f = Lµ
nf . Consequently, usingJ νJ−1 = µI,

JM̂σ
nJ−1f = Mσ

nf and JM̂ν
nJ−1f = Mµ

nf.

Thus, we arrive at the following result: the collocation method (5.1) is equivalent to the
method

Anvn =

{ Mσ
nf : τ = σ,

Mµ
nf : τ = ν,

for the approximate solution of

Av = f in L2
µ,

wherevn = J un ∈ imLn, f = J f̂ , and

(5.2) An =

{ Mσ
nALn : τ = σ,

Mµ
nALn : τ = ν,

as well as

A := ãI − b̃S +

m−∑

k=1

(−1)kβ−
k B+

k +

m+∑

k=1

(−1)kβ+
k B−

k , ã(x) := a(−x), b̃(x) := b(−x).

LEMMA 5.1. The collocation method
(
Âτ

n

)
given by(5.1) is stable inL2

µ if and only if
the respective method(An) defined by(5.2) is stable inL2

ν .
This lemma enables us to check the stability of the method (5.1) in L2

µ by applying
Theorem4.11to the sequence (5.2).

6. Computational aspects and numerical results.In this section we want to discuss
computational aspects of the collocation methods (2.4). In particular, we are interested in
a fast computation of the approximate solutionsun of the collocation methods. Moreover,
we will present numerical results for specifically chosena, b, β±

k as well as for a specifically
chosen right-hand sidef . First of all, if we want to compute the solutionsun, we can solve
the corresponding system of linear equations

(6.1) Ãnξ̃n = η̃n,

where the involved matrices and vectors are given by

Ãn =
[
(Aℓ̃τkn)(x

τ
jn)

] n

j,k=1
, ξ̃n =

[
ξkn

] n

k=1
, η̃n =

[
f(xτ

kn)
] n

k=1
,
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and whereξkn are the coefficients ofun in the basis
{
ℓ̃τkn; k = 1, . . . , n

}
of the spaceimLn.

Since this basis is not orthonormal, the stability of the collocation method does not imply the
uniform boundedness of the condition numbers of the matricesÃn. With the help of the Gaus-

sian quadrature rule, one can show that the set
{
(ωτ

n)
−1(1 + xτ

kn)
− 1

2 ℓ̃τkn : k = 1, . . . , n
}

forms an orthonormal basis ofimLn. The matrix representation of the operatorsMτ
nALn in

this basis is given by the matrix

An :=
[ √

1+xτ
jn

1+xτ
kn

(Aℓ̃τkn)(x
τ
jn)

] n

j,k=1
,

which is equal to the operator(Vτ
n)

−1Mτ
nALnVτ

n : imLn −→ imLn. Consequently, in
case of stability of the collocation method(Aτ

n), the system (6.1) can be preconditioned with

the help of the diagonal matricesDn = diag
[ √

1 + xτ
jn

] n

j=1
, and we have to solve the

system

Anξn = ηn,

where

An = DnÃnD
−1
n , ηn = Dnη̃n, and ξn = Dnξ̃n.

Thus, we are mainly interested in the fast computation of theentries of the matrices

S
τ
n =

[ √
1+xτ

jn

1+xτ
kn

(
S ℓ̃τkn

)
(xτ

jn)

] n

j,k=1

and

B
τ,±
k0,n

=

[ √
1+xτ

jn

1+xτ
kn

(
B±
k0
ℓ̃τkn

)
(xτ

jn)

] n

j,k=1

or/and in the fast application of these matrices to a vector.Let us represent the weighted
fundamental Lagrange interpolation polynomials in the form

ℓ̃τkn(x) =

n∑

m=1

ετmkp̃m−1(x), ετmk =
〈
ℓ̃τkn, p̃m−1

〉
ν
.

Then,

(6.2) S
τ
n = DnH

τ
nJ

τ
nD

−1
n and B

τ,±
k0,n

= DnH
τ,±
k0,n

J
τ
nD

−1
n ,

where

J
τ
n =

[
ετmk

] n

m,k=1
, H

τ
n =

[
(Sp̃m−1)(x

τ
jn)

] n

j,m=1
,

and

H
τ,±
k0,n

=
[
(−1)k0−1 hk0

m−1(±2− xτ
jn)

] n

j,m=1
.

In view of (7.9) we have

(Sp̃m−1)(x
τ
jn) = iRm−1(x

τ
jn) =

i√
1 + xτ

jn

√
2

π

{
cos (2j−1)(2m−1)π

4n : τ = σ,

cos j(2m−1)π
2n+1 : τ = µ.
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Defining the matrices

C
σ,8
n =

[
cos

(2j − 1)(2k − 1)π

4n

] n

j,k=1

and C
µ,7
n =

[
cos

j(2k − 1)π

2n+ 1

] n

j,k=1

,

we can write

(6.3) H
τ
n =





i

√
2
π D−1

n Cσ,8
n : τ = σ,

i

√
2
π D−1

n Cµ,7
n : τ = µ.

The entriesετmk of Jτn can be computed with the help of the respective Gaussian rules, namely

εσmk =
λσ
kn

µ(xσ
kn)

(1− xσ
kn)Pm−1(x

σ
kn) =

√
2π

n

√
1 + xσ

kn sin
(2m− 1)(2k − 1)π

4n

and

εµmk =
λµ
kn

µ(xµ
kn)

Pm−1(x
µ
kn) =

√
2π

n+ 1
2

√
1 + xµ

kn sin
(2m− 1)kπ

2n+ 1
.

Thus,

(6.4) J
σ
n =

√
2π

n
S
σ,8
n Dn and J

µ
n =

√
2π

n+ 1
2

S
µ,7
n Dn,

where the matricesSσ,8n andSµ,7n are defined by

S
σ,8
n =

[
sin

(2j − 1)(2k − 1)π

4n

] n

j,k=1

and S
µ,7
n =

[
sin

(2j − 1)kπ

2n+ 1

] n

j,k=1

.

From (6.2), together with (6.3) and (6.4), we conclude

S
σ
n =

4i

2n
C

σ,8
n S

σ,8
n and S

µ
n =

4i

2n+ 1
C

µ,7
n S

µ,7
n

as well as

B
σ,±
k0,n

=

√
2π

n
DnH

σ,±
k0,n

S
σ,8
n and B

µ,±
k0,n

=

√
2π

n+ 1
2

DnH
µ,±
k0,n

S
µ,7
n .

The matricesCσ,8
n , Cµ,7

n , Sσ,4n , andSµ,8n represent well-known discrete cosine and sine trans-
forms. This enables us to apply them to a vector of lengthn with O(n log n) complexity. So,
it remains to consider the matricesHτ,±

k0,n
. For this, we use the recurrence relations (cf. (7.1)

and (7.2))

h1
1(x)− (2x+ 1)h1

0(x) =
2

πi

∫ 1

−1

µ(y)P0(y) dy =
2√
πi

,(6.5)

h1
n+1(x)− 2xh1

n(x) + h1
n−1(x) =

2

πi

∫ 1

−1

µ(y)Pn(y) dy = 0, n ≥ 1,(6.6)

and, fork > 1,

hk
1(x)− (2x+ 1)hk

0(x) = 2(1− |x|)hk−1
0 (x),(6.7)

hk
n+1(x)− 2xhk

n(x) + hk
n−1(x) = 2(1− |x|)hk−1

n (x), n ≥ 1.(6.8)
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To compute the entries ofHτ,±
k0,n

, we solve the linear systems




−(2z + 1) 1
1 −2z 1

. . .
.. .

. . .
1 −2z 1

1 −2z







h1
0(z)

h1
1(z)
...

h1
n−3(z)

h1
n−2(z)



=




2√
πi

0
...
0

−h1
n−1(z)




and, fork = 2, 3, . . . ,




−(2z + 1) 1
1 −2z 1

.. .
. . .

.. .
1 −2z 1

1 −2z







hk
0(z)

hk
1(z)
...

hk
n−3(z)

hk
n−2(z)



=




2(1− |z|)hk−1
0 (z)

2(1− |z|)hk−1
1 (z)

...
2(1− |z|)hk−1

n−3(z)

2(1− |z|)hk−1
n−2(z)− hk

n−1(z)




for z = ±2 − xτ
jn, j = 1, . . . , n. To use these systems and not the forward recurrences

suggested by (6.5), (6.6) and (6.7), (6.8) is motivated by the following fact. In case|x| > 1,
the roots of the characteristic polynomialλ2−2xλ+1 of the second order difference equation
(6.6) or (6.8) are equal toλ1/2 = x ±

√
x2 − 1. Consequently, one of these roots has an

absolute value greater than1, and it is well known that this leads to instabilities in the forward
computation; cf. also the discussion in [17, pp. 362, 363].

Of course, the valueshk
n−1(z) have to be precomputed. For this we can use appropriate

Gaussian rules of sufficiently high orderN . For example,

hk0

n−1(2− x) =
(x− 1)k0−1

πi

∫ 1

−1

(1− y)Pn−1(y)

(y + x− 2)k0

dy√
1− y2

≈ (x− 1)k0−1

iN

N∑

k=1

(1− xσ
kn)Pn−1(x

σ
kn)

(xσ
kn + x− 2)k0

with N sufficiently large.
Now we turn back to the integral equation

1

π

∫ 1

−1

[
1

y − x
− 1

2 + y + x
+

6(1 + x)

(2 + y + x)2
− 4(1 + x)2

(2 + y + x)3

]
u(y) dy = f(x),

− 1 < x < 1,

(6.9)

of the notched half plane problem already mentioned in the introduction of this paper. As
stated there, we should take into account that the solution has a singularity of the form
(1− x)−

1
2 . Thus, we try to apply a collocation method in which the approximate solution

has the formun(x) = ν(x)pn(x) with a polynomialpn(x) of degree less thann. With the
notations of Section5, this means that we consider the collocation method

(6.10) Âτ
nun := M̂τ

nAL̂nun = M̂τ
nf, un ∈ im L̂n, τ ∈ {σ, ν} ,

where

Â := iS − iB−
1 + 6iB−

2 − 4iB−
3 .
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FIG. 6.1.ΓA for the operator(6.11).

Due to Lemma5.1, the stability of the collocation method (6.10) in L2
µ is equivalent to the

stability of the method(An) in L2
ν , where

An =

{
Mσ

nALn : τ = σ,

Mµ
nALn : τ = ν,

and

(6.11) A = S − B+
1 − 6B+

2 − 4B+
3 .

Let us verify the conditions of Theorem4.11. Due to Proposition3.5, for the invertibility of
A : L2

ν −→ L2
ν , we have to show that the closed curve

ΓA =
{
−i cot

(
π
4 + iπξ

)
: −∞ ≤ ξ ≤ ∞

}

∪
{
−i cot

(
π
4 − iπξ

)
+ ĥ+

1

(
1
4 − iξ

)
+ 6ĥ+

2

(
1
4 − iξ

)
+ 4ĥ+

3

(
1
4 − iξ

)
: −∞ ≤ ξ ≤ ∞

}

does not contain0 and that its winding number is equal to zero, but this can be seen from
Figure6.1. (Of course, the invertibility ofA : L2

ν −→ L2
ν is equivalent to the invertibility

of Â : L2
µ −→ L2

µ, which was already verified in [1, p. 101].) Obviously, condition (d) of

Theorem4.11is not fulfilled, which implies that the sequence
(
Âν

n

)
for the collocation with

respect to the Chebyshev nodes of third kind is not stable. Therefore, we concentrate on the
caseτ = σ. Due to condition (b) of Theorem4.11, we have to consider the curves

Γ− =
{
i cot

(
π
4 + iπξ

)
: −∞ ≤ ξ ≤ ∞

}
∪
{
i cot

(
π
4 − iπξ

)
: −∞ ≤ ξ ≤ ∞

}

= γℓ[−1, 1] ∪ γr[1,−1] = {z ∈ C : |z| = 1, Im z ≥ 0}

and

Γσ
+ =

{
cot
(
π
4 − iπξ

)
: −∞ ≤ ξ ≤ ∞

}

∪
{
cot
(
π
4 + iπξ

)
− ĥ+

1

(
1
4 + iξ

)
− 6ĥ+

2

(
1
4 + iξ

)
− 4ĥ+

3

(
1
4 + iξ

)
: −∞ ≤ ξ ≤ ∞

}
.



ETNA
Kent State University 

http://etna.math.kent.edu

COLLOCATION FOR SIE’S WITH PARTICULAR MELLIN TYPE SINGULARITIES 217

TABLE 6.1
Collocation for(6.9) with τ = σ.

n cond(Ãn) cond(An)
8 13.5 1.32

16 27.1 1.35
32 54.1 1.37
64 108.1 1.38
128 216.1 1.40
256 432.2 1.41
512 864.3 1.41

1024 1728.5 1.42
2048 3456.9 1.42

TABLE 6.2
Collocation for(6.9) with τ = ν.

n cond(Ãn) cond(An)
8 16.1 5.00

16 30.3 7.37
32 58.7 10.66
64 115.5 15.24
128 229.1 21.63
256 456.3 30.66
512 910.9 43.51

1024 1820.0 61.79
2048 3638.4 87.63

Of course, the winding number ofΓ− is equal to zero and sinceΓσ
+ = −ΓA (with reverse

direction), this is also true forΓσ
+. Due to the complicated structure of the compact operators

Kσ
k0

andKk0
(cf. (7.34) and (7.36)) in the definition ofAσ

+ andA− (cf. (3.3), (3.4), and
(7.37)), we are not able to check if condition (c) of Theorem4.11holds true. But, the results
shown in Table6.1 (already presented in [1, table on page 112], where one can also find
computed values for the stress intensity factor and the crack opening displacement which are
of practical interest) suggest that the collocation method(6.10) with τ = σ applied to (6.9) is
stable.

On the other hand, Table6.2 confirms our theoretical result that the collocation method
(6.10) for τ = ν applied to (6.9) is not stable.

7. Proof of Proposition3.4. At a first step, we compute the valuesB±
k p̃n for the com-

plete orthonormal system(p̃n)∞n=0 (in L2
ν). Define

hk
n(x) :=

(1− |x|)k−1

πi

∫ 1

−1

µ(y)Pn(y)

(y − x)k
dy, n ≥ 0, |x| > 1, k = 1, 2, . . . ,

and sethn(x) := h1
n(x). It is well known that the following recursion formula holds

Pn+1(x) = 2xPn(x)− Pn−1(x), n ≥ 1, P0(x) =
1√
π
, P1(x) =

1√
π
(2x+ 1).

Using this formula, we get

hn+1(x)− 2xhn(x) + hn−1(x) =
2

πi

∫ 1

−1

µ(y)Pn(y) dy = 0, n ≥ 1(7.1)

and

h1(x)− (2x+ 1)h0(x) =
2

πi

∫ 1

−1

µ(y)P0(y) dy =
2√
πi

.(7.2)

In order to solve these recursion formulas, we have to determine the values

i
√
π h0(x) :=

1

π

∫ 1

−1

µ(y) dy

y − x
.

Setting

γ(x) :=
1

π

∫ 1

−1

σ(y) dy

y − x
,
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we easily obtain

i
√
π h0(x) = (1− x)γ(x)− 1.

Let us computeγ(x). Using the substitutionsy = cos s as well asz = tan s
2 , we get

γ(x) =
1

π

∫ 1

−1

σ(y) dy

y − x
=

−2

π(x+ 1)

∫ ∞

0

dz
x−1
x+1 + z2

= − sgn(x)√
x2 − 1

, |x| > 1.

Consequently,

i
√
π h0(x) =

√
x− 1

x+ 1
− 1, |x| > 1.

Using the recursion formulas (7.1), (7.2), we are now able to computehn(x). The zeros
of the characteristic polynomialp(t) = t2 − 2xt + 1 for the recursion (7.1) are given by
x±

√
x2 − 1. Thus, the solution has the form

i
√
π hn(x) = δ0

(
x+

√
x2 − 1

)n
+ δ1

(
x−

√
x2 − 1

)n
,

where theδi are determined by the initial valuesh0(x) andh1(x). Formula (7.2) gives

i
√
πh1(x) = (2x+ 1)

(√
x− 1

x+ 1
− 1

)
+ 2,

and so, for|x| > 1, we get

(7.3) i
√
π hn(x) =

(√
x− 1

x+ 1
− 1

)(
x− sgn(x)

√
x2 − 1

)n
.

If k ≥ 2, we can use the relations

(7.4)
∫ 1

−1

µ(y)Pn(y)

(y − x)k
dy =

1

(k − 1)!

dk−1

dxk−1

∫ 1

−1

µ(y)Pn(y)

y − x
dy, k ≥ 1, |x| > 1.

For the determination of the derivatives, we state the following lemma.
LEMMA 7.1. Letk ∈ N be arbitrary. Then the following equation is true

dk

dxk

(
x±

√
x2 − 1

)n
=
(
x±

√
x2 − 1

)n k−1∑

s=0

nk−s pks(x)

(x2 − 1)
k+s
2

, |x| > 1,

wherepks(x) are polynomials withpk0(x) = (±1)k anddeg pks ≤ s.
Proof. Let us proof this fact by induction with respect tok ∈ N. Fork = 1, we have

d

dx
(x±

√
x2 − 1)n =

(
x±

√
x2 − 1

)n−1

n

(
1± x√

x2 − 1

)

=
(
x±

√
x2 − 1

)n ±n√
x2 − 1

.

Hence,

dk+1

dxk+1

(
x±

√
x2 − 1

)n
=

d

dx

[(
x±

√
x2 − 1

)n k−1∑

s=0

nk−s pks(x)

(x2 − 1)
k+s
2

]

=
(
x±

√
x2 − 1

)n
[
k−1∑

s=0

±nk+1−s pks(x)

(x2 − 1)
k+1+s

2

+

k−1∑

s=0

nk−s qks+1(x)

(x2 − 1)
k+s
2

+1

]
,
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where

qks+1(x) := (x2 − 1)
dpks(x)

dx
− (k + s)x pks(x) = (x2 − 1)

k+s
2

+1 d

dx

pks(x)

(x2 − 1)
k+s
2

.

It follows that

dk+1

dxk+1

(
x±

√
x2 − 1

)n

=
(
x±

√
x2 − 1

)n
[
±nk+1 pk0(x)

(x2 − 1)
k+1

2

±
k−1∑

s=1

nk+1−s pks(x)

(x2 − 1)
k+1+s

2

+

k∑

s=1

nk+1−s qks (x)

(x2 − 1)
k+1+s

2

]

=
(
x±

√
x2 − 1

)n
[
±nk+1 pk0(x)

(x2 − 1)
k+1

2

+

k−1∑

s=1

nk+1−s
[
qks (x)± pks(x)

]

(x2 − 1)
k+1+s

2

+
n qkk(x)

(x2 − 1)k+
1
2

]
.

If we set

pk+1
s (x) := qks (x)± pks(x), 1 ≤ s ≤ k − 1,

pk+1
k (x) := qkk(x), pk+1

0 (x) := ±pk0(x) = (±1)k+1,

then we arrive at

dk+1

dxk+1

(
x±

√
x2 − 1

)n
=
(
x±

√
x2 − 1

)n k∑

s=0

nk+1−s pk+1
s (x)

(x2 − 1)
k+1+s

2

.

The lemma is proved.
We mention that there exist polynomialspk−1(x) with p−1 ≡ 1 anddeg pk−1 ≤ k − 1,

k ≥ 1, such that

(7.5)
dk

dxk

(√
x− 1

x+ 1

)
=

√
x− 1

x+ 1

pk−1(x)

(x2 − 1)k
, |x| > 1,

which can also be proved by induction. With the help of (7.3), (7.4), (7.5), and Lemma7.1
we can write, for|x| > 1 andk ≥ 1,

hk
n(x) =

(1− |x|)k−1

√
πi(k − 1)!

dk−1

dxk−1

[(√
x− 1

x+ 1
− 1

)(
x− sgn(x)

√
x2 − 1

)n
]

=
(1− |x|)k−1

√
πi(k − 1)!

(
x− sgn(x)

√
x2 − 1

)n

·
k−1∑

ℓ=0

(
k − 1

ℓ

)[√
x− 1

x+ 1

pk−2−ℓ(x)

(x2 − 1)k−1−ℓ
− δk−1,ℓ

]
ℓ−1∑

s=0

nℓ−s pℓs(x)

(x2 − 1)
ℓ+s
2

=
(−1)k−1

√
πi(k − 1)!

[√
x− 1

x+ 1

k−1∑

ℓ=0

(
k − 1

ℓ

) ℓ−1∑

s=0

pk−2−ℓ(x) p
ℓ
s(x)n

ℓ−s(|x| − 1)
ℓ−s
2

(|x|+ 1)k−1− ℓ−s
2

−
k−2∑

s=0

pk−1
s (x)nk−1−s(|x| − 1)

k−1−s
2

(|x|+ 1)
k−1+s

2

](
x− sgn(x)

√
x2 − 1

)n
, n ≥ 1,

(7.6)
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and

(7.7) hk
0(x) =

(−1)k−1

√
πi(k − 1)!

√
x− 1

x+ 1

pk−2(x)

(|x|+ 1)k−1
− 1√

πi
δ1,k,

where the sums in (7.6) with negative upper limit are equal to1. For example, the values
hk
n(x), k = 2, 3, x < −1, are given by

i
√
π h2

n(x) =

[
− 1√

x2 − 1
− n

(
1−

√
x+ 1

x− 1

)](
x+

√
x2 − 1

)n
,

and

i
√
π h3

n(x) =

{√
x+ 1

x− 1

[
3

2

1

x2 − 1
− 1

x− 1

]
+

n

2

(
1− 1

x− 1
− x

(x− 1)

√
x+ 1

x− 1

)

− n2

2

(
x+ 1

x− 1
−
√

x+ 1

x− 1

)}(
x+

√
x2 − 1

)n
.

For the determination of the limitsW3/4(Mτ
nB±

k Ln) in caseτ = σ, we have to compute the
values

h̃k
n(x) :=

(1− |x|)k−1

πi

∫ 1

−1

µ(y)Tn(y)

(y − x)k
dy, n ≥ 0, |x| > 1, k ≥ 1.

Again set̃hn(x) := h̃1
n(x). The following relation

cnh̃n(x) = (1− x)γ̃n(x)− δ0,n

holds, where

γ̃n(x) =
cn
πi

∫ 1

−1

σ(y)Tn(y)

y − x
dy

andc0 =
√
π i, cn =

√
π
2 i, n ≥ 1. We can state the recursion formula

γ̃n−1(x)− 2xγ̃n(x) + γ̃n+1 = 0, n ≥ 1,

as well as

−xγ̃0(x) + γ̃1(x) = 1.

Now we can solve the formula as in the previous case. For|x| > 1, we obtain

γ̃1
n(x) = −sgn(x)

(
x− sgn(x)

√
x2 − 1

)n
√
x2 − 1

.

Thus,

cnh̃n(x) =

√
x− 1

x+ 1

(
x− sgn(x)

√
x2 − 1

)n
− δ0,n.
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We obtain, forn ≥ 1,

cnh̃
k
n(x)

=
(1− |x|)k−1

(k − 1)!

dk−1

dxk−1

[√
x− 1

x+ 1

(
x− sgn(x)

√
x2 − 1

)n
]

=
(−1)k−1

(k − 1)!

(
x− sgn(x)

√
x2 − 1

)n√x− 1

x+ 1

·
k−1∑

l=0

(
k − 1

l

) l−1∑

s=0

pk−l−2(x) p
l
s(x)

(|x|+ 1)k−1− l−s
2

nl−s(|x| − 1)
l−s
2

(7.8)

and

c0h̃
k
0(x) =

(−1)k−1

(k − 1)!

√
x− 1

x+ 1

pk−2(x)

(|x|+ 1)k−1
− δ1,k.

For instance, ifx < −1, then

cnh̃
2
n(x) = −

(
x+

√
x2 − 1

)n
{
n+

1√
x2 − 1

}

and

cnh̃
3
n(x) =

{√
x− 1

x+ 1

[
3

2(x− 1)2
+

x+ 1

(x− 1)2

]

+
n

2

(
x+ 1

x− 1
− 3

x− 1

)
+

n2

2

√
x+ 1

x− 1

}(
x+

√
x2 − 1

)n
.

LetR = R(−1, 1) denote the set of all functionsf : (−1, 1) −→ C, which are bounded and
Riemann integrable on each closed subinterval[a, b] ⊂ (−1, 1).

LEMMA 7.2 (Corollary 3.3 in [10]). Letf ∈ R and

|f(x)| ≤ const (1− x)ε−
1
4 (1 + x)ε−

3
4 , −1 < x < 1,

for someε > 0. Then,

Mτ
nf −→ f in L2

ν for τ ∈ {σ, µ}.

Let k : [−1, 1]× [−1, 1] −→ C be a continuous kernel function and

(Ku)(x) :=

∫ 1

−1

k(x, y)u(y) dy, u ∈ L2
ν ,

the associated integral operator.
LEMMA 7.3. If k : [−1, 1]× [−1, 1] −→ C is continuous, thenK : L2

ν −→ C[−1, 1] is
a compact operator. In particular,(Mτ

nKLn) ∈ J for τ ∈ {σ, µ}.
Proof. Letu ∈ L2

ν andε > 0. Sincek(x, y) is uniformly continuous on[−1, 1]× [−1, 1],
there exists a positive numberδ = δ(ε) such that|x − x′| < δ andx, x′ ∈ [−1, 1] implies
|k(x, y)− k(x′, y)| < ε. Thus, for|x− x′| < δ, we have

|(Ku)(x)− (Ku)(x′)| ≤
∫ 1

−1

|k(x, y)− k(x′, y)|√
ν(y)

√
ν(y)|u(y)| dy

≤ ε‖1‖µ‖u‖ν = const ε‖u‖ν .
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Consequently, the set{Ku : u ∈ L2
ν , ‖u‖ν ≤ 1} is bounded and equicontinuous. The

Arzela-Ascoli theorem yields the compactness ofK : L2
ν −→ C[−1, 1]. With the help of

Lemma7.2, we get‖Mτ
nKLn − LnKLn‖L(L2

ν)
−→ 0. Hence,(Mτ

nKLn − LnKLn) ∈ J,
which implies(Mτ

nKLn) ∈ J.
If A(x, n, . . . ) andB(x, n, . . . ) are two positive functions depending on certain variables

x, n, . . . , then we writeA ∼x,n,... B if there is a constantC 6= C(x, n, . . . ) > 0 such that

C−1B(x, n, . . . ) ≤ A(x, n, . . . ) ≤ CB(x, n, . . . )

holds.
LEMMA 7.4. Letn ∈ N, k = 0, 1, . . . , n, andτ ∈ {σ, ϕ, ν, µ}. For the zerosxτ

kn of the
orthogonal polynomialspτn, we have, for all sufficiently largen,

∫ xτ
kn

xτ
k+1,n

√
1 + x

1− x
dx ∼k,n

1

n
(1 + xτ

kn),

wherexτ
0n := 1, xτ

n+1,n := −1.
Proof. Of course,

∫ xτ
kn

xτ
k+1,n

√
1 + x

1− x
dx =

∫ xτ
kn

xτ
k+1,n

1 + x√
1− x2

dx ≤ (1 + xτ
kn)

π

n
.

Moreover, in caseτ = σ and for sufficiently largen,

∫ xσ
kn

xσ
k+1,n

√
1 + x

1− x
dx =

∫ xσ
kn

xσ
k+1,n

1√
1− x2

dx+

∫ xσ
kn

xσ
k+1,n

x√
1− x2

dx

≥ 1

2

(π
n
+ 2 cos kπ

n sin π
2n

)
≥ C π

n

(
1 + cos

kπ

n

)

= C π
n

(
1 + cos

k − 1
2

n
π cos

π

2n
− sin

k − 1
2

n
π sin

π

2n

)

≥ C π
n

(
1 + cos

k − 1
2

n
π cos

π

2n
− sin

π

2n

)

∼k,n
1

n

(
1 + cos

k − 1
2

n
π

)
=

1

n
(1 + xσ

kn).

The proof for the other nodes is analogous.
DefineB̃±

k , k ∈ N, by

(B̃±
k u)(x) =

1

πi

∫ 1

−1

(1∓ y)k−1u(y) dy

(y + x∓ 2)k
, −1 < x < 1.

By induction one can show that there exist constantsc±kj andd±kj such that

B±
k =

k∑

j=1

c±kjB̃j and B̃±
k =

k∑

j=1

d±kjB±
j .
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Since, foru ∈ L2
ν andx, x0 ∈ (−1, 1],

∣∣∣(B̃−
k u)(x)− (B̃−

k u)(x0)
∣∣∣

≤ 1

π

∫ 1

−1

∣∣∣∣∣∣∣∣∣

(1 + y)k−1
k∑

j=0

(
k
j

)
(1 + y)k−j

[
(1 + x0)

j − (1 + x)j
]
u(y)

(1 + y + 1 + x)k(1 + y + 1 + x0)k

∣∣∣∣∣∣∣∣∣
dy

≤ 1

π(1 + x)k(1 + x0)k

·

√√√√√
∫ 1

−1

∣∣∣∣∣∣
(1 + y)k−1

k∑

j=0

(
k

j

)
(1 + y)k−j [(1 + x0)j − (1 + x)j ]

∣∣∣∣∣∣

2

µ(y) dy ‖u‖ν ,

the functions(B̃−
k u)(x) and (B−

k u)(x) are continuous for−1 < x ≤ 1 if u ∈ L2
ν . The

same is true for(B̃+
k u)(x) and(B+

k u)(x) , −1 ≤ x < 1, andu ∈ L2
ν . Hence, the values

(B±
k u)(x

τ
jn) are well defined.

LEMMA 7.5. Let τ ∈ {σ, µ}. Then, fork ∈ N,

Mτ
nB±

k Ln −→ B±
k , (Mτ

nB±
k Ln)

∗ −→ (B±
k )

∗

and

Mτ
nB̃±

k Ln −→ B̃±
k , (Mτ

nB̃±
k Ln)

∗ −→ (B̃±
k )

∗

in the sense of strong convergence inL2
ν .

Proof. Let u ∈ L2
ν . With the help of the exactness of the Gaussian rule for polynomials

of degree less than2n, we have

‖Mσ
nB̃±

k u‖2ν = ‖
√
1− xLσ

nνB̃±
k u‖2σ =

π

n

n∑

k=1

(1 + xσ
kn)|(B̃±

k u)(x
σ
kn)|2

and

‖Mµ
nB̃±

k u‖2ν = ‖Lµ
nνB̃±

k u‖2µ =
π

n+ 1
2

n∑

k=1

(1 + xµ
kn)|(B̃±

k u)(x
µ
kn)|2.

Taking into account Lemma7.4, we can estimate forτ = σ, τ = µ, and for all sufficiently
largen

‖Mτ
nB̃−

k u‖2ν ≤ const

n∑

k=1

∫ xτ
kn

xτ
k+1,n

√
1 + x

1− x
dx

(
1

π

∫ 1

−1

(1 + y)k−1|u(y)| dy
(y + xτ

kn + 2)k

)2

≤ const

n∑

k=1

∫ xτ
kn

xτ
k+1,n

√
1 + x

1− x

(
1

π

∫ 1

−1

(1 + y)k−1|u(y)| dy
(y + x+ 2)k

)2

dx

≤ const

∫ 1

−1

ν(x)

(
1

π

∫ 1

−1

(1 + y)k−1|u(y)| dy
(y + x+ 2)k

)2

dx

= const
∥∥B̃−

k |u|
∥∥2
ν
≤ const

∥∥B̃−
k

∥∥2
L(L2

ν)
‖u‖2ν .
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To handle‖Mτ
nB̃+

k u‖ν , we use the estimate

∫ xτ
k−1,n

xτ
kn

√
1 + x

1− x
dx ≥ π

n
(1 + xτ

kn) , k = 1, . . . , n,

and get

‖Mτ
nB̃+

k u‖2ν ≤
n∑

k=1

∫ xτ
k−1,n

xτ
kn

√
1 + x

1− x
dx

(
1

π

∫ 1

−1

(1− y)k−1|u(y)| dy
(2− y − xτ

kn)
k

)2

≤
n∑

k=1

∫ xτ
k−1,n

xτ
kn

√
1 + x

1− x

(
1

π

∫ 1

−1

(1− y)k−1|u(y)| dy
(2− y − x)k

)2

dx

≤
∫ 1

−1

ν(x)

(
1

π

∫ 1

−1

(1− y)k−1|u(y)| dy
(2− y − x)k

)2

dx

=
∥∥B̃+

k |u|
∥∥2
ν
≤
∥∥B̃+

k

∥∥2
L(L2

ν)
‖u‖2ν .

Since the operators̃B±
k : L2

ν −→ L2
ν are bounded, we obtain uniform boundedness of

the sequences
(
Mτ

nB̃±
k

)
and

(
Mτ

nB±
k

)
. If u ∈ L∞, then the continuous function

B±
k µu : (−1, 1) −→ C satisfies the estimate

|(B±
k µu)(x)| ≤ const

∣∣hk
0(−x± 2)

∣∣ ≤ const
[
(1∓ x)±

1
2 + 1

]
,

where we took into account (7.7). Thus, applying Lemma7.2,

lim
n→∞

Mτ
nB±

k µu = B±
k µu in L2

ν , for u ∈ L∞.

With the help of the Banach-Steinhaus theorem, we get strongconvergence ofMτ
nB±

k −→B±
k

as well asMτ
nB̃±

k −→ B̃±
k in L2

ν .
For convergence of the adjoint operators, we remark that, for a continuous function

χ : [−1, 1] −→ C vanishing in a neighborhood of±1, the operatorχB±
k is an integral op-

erator with continuous kernel so thatχB±
k : L2

ν −→ C[−1, 1] is compact. Hence, by
Lemma7.3,

(
Mτ

nχB±
k Ln

)
∈ J. In particular,(Mτ

nχBkLn)
∗ converges strongly inL2

ν .
Now, let f ∈ C[−1, 1] be vanishing in a neighborhood of±1. The set of these functions is
dense inL2

ν . Moreover, there exists a continuous and real valued function χ vanishing in a
neighborhood of±1 such thatχf = f . Due to(Mτ

nχLn)
∗ = Mτ

nχLn (cf. [10, (3.13)]) and
the uniform boundedness of the sequence

(
Mτ

nB±
k Ln

)
, we get

(Mτ
nB±

k Ln)
∗(Lnf −Mτ

nf) −→ 0

and

(Mτ
nB±

k Ln)
∗Mτ

nf = (Mτ
nB±

k Ln)
∗Mτ

nχLnMτ
nf

= (Mτ
nχB±

k Ln)
∗Mτ

nf −→ (χB±
k )

∗f = (B±
k )

∗f

in L2
ν . The lemma is proved.
Recall the following version of Lebesgue’s dominant convergence theorem.
LEMMA 7.6. If ξ, η ∈ ℓ2, ξn = (ξnk )

∞
k=1, |ξnk | ≤ |ηk| ∀ k = 0, 1, 2, . . ., ∀n ≥ n0 and if

limn→∞ ξnk = ξk ∀ k = 0, 1, 2, . . ., thenlimn→∞ ‖ξn − ξ‖ℓ2 = 0.
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For the determination of the limit operatorsW3/4(Mτ
nB±

k Ln), we need the well known
relations

(7.9) SσTj = −iUj−1, Sp̃j = iRj , j = 0, 1, 2, . . . , U−1 := 0 .

LEMMA 7.7. Let j ≥ 0 be fixed andτ ∈ {σ, µ}. Then,

(7.10) lim
n→∞

(
2 + xτ

n−j,n −
√

(2 + xτ
n−j,n)

2 − 1
)n

= e−(j+
1
2 )π.

Moreover,

(7.11)
(
2 + xτ

jn −
√
(2 + xτ

jn)
2 − 1

)ℓ
≤ e−ℓ+(j− 1

2 )
ℓ
n , 1 ≤ j ≤ n, n, ℓ ∈ N.

Proof. Set

γn = γτ
n := 1 + xτ

n−j,n =





2 sin2
j+ 1

2

2n π : τ = σ,

2 sin2
j+ 1

2

2(n+ 1
2 )
π : τ = µ.

Then,
(
2 + xτ

n−j,n −
√

(2 + xτ
n−j,n)

2 − 1
)n

=
(
1 + γn −

√
(1 + γn)2 − 1

)n
=

1

(1 + δn)n
,

whereδn = γn +
√

(1 + γn)2 − 1, limn→∞ nδn =
(
j + 1

2

)
π, and

(1 + δn)
n =

[
(1 + δn)

1
δn

]nδn
−→ e(j+

1
2 )π.

This proves (7.10). For the second relation we define the mappingh : [0, π] −→ R by

h(s) =
2 + cos s−

√
(2 + cos s)2 − 1

e
s
π

=
1

e
s
π

(
2 + cos s+

√
(2 + cos s)2 − 1

) =:
1

f(s)
.

We show thatf(s) ≥ e for s ∈ [0, π]. Indeed, since

f ′(s) =
e

s
π

π

(
2 + cos s+

√
(2 + cos s)2 − 1

)
+ e

s
π

(
− sin s− (2 + cos s) sin s√

(2 + cos s)2 − 1

)

= e
s
π

(
(2 + cos s+

√
(2 + cos s)2 − 1

)( 1

π
− sin s√

(2 + cos s)2 − 1

)
,

we havef ′(s) = 0 if and only if s = s∗ ∈ (0, π) such that
√
(2 + cos s∗)2 − 1 = π sin s∗.

It follows that

f(s∗) = g(s∗) with g(s) = e
s
π (2 + cos s+ π sin s) .

Now,

g′(s) = e
s
π

[
2

π
+

(
1

π
+ π

)
cos s

]
= 0
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if and only if s = s0 ∈ (0, π) such thatcos s0 = − 2
1+π2 . Hence,

g(s0) = e
s0
π

(
2− 2

1 + π2
+ π

√
1− 4

(1 + π2)2

)

= e
s0
π

(
2π2

1 + π2
+

π

1 + π2

√
(1 + π2)2 − 4

)

≥ e
s0
π

[
2π2

1 + π2
+

π
(
π + 3

π

)

1 + π2

]
> e.

Together withg(0) = 3 > e andg(π) = e, we getg(s) ≥ e for s ∈ [0, π]. This implies
f(s∗) ≥ e, which, together withf(0) = 3 +

√
8 > e andf(π) = e, yieldsf(s) ≥ e for all

s ∈ [0, π]. Using this result we conclude that

(
2 + xσ

jn −
√
(2 + xσ

jn)
2 − 1

)ℓ

e(j−
1
2 )

ℓ
n

≤ e−ℓ,

which proves the second relation. The caseτ = µ can be treated in the same way.
Since

1− xτ
jn =





2 sin2
j− 1

2

2n π : τ = σ,

2 sin2 jπ

2(n+ 1
2 )

: τ = µ,

one can analogously prove the following lemma.
LEMMA 7.8. Let j ≥ 1 be fixed andτ ∈ {σ, µ}. Then,

(7.12) lim
n→∞

(
2− xτ

jn −
√

(2− xτ
jn)

2 − 1
)n

=

{
e−(j−

1
2 )π : τ = σ,

e−jπ : τ = µ.

Moreover,

(7.13)
(
2− xτ

jn −
√

(2− xτ
jn)

2 − 1
)ℓ

≤ e−(j−
1
2 )

ℓ
n , 1 ≤ j ≤ n, n, ℓ ∈ N.

Fork ∈ N, a, b ∈ C, andb 6= a, it follows from the formula

bk − ak = (b− a)

k∑

s=1

ak−sbs−1

by dividing byakbk(a− b) that

1

(a− b)ak
=

1

bk

(
1

a− b
−

k∑

s=1

bs−1

as

)
.

In casea = y + x± 2 andb = x0 + x± 2, we conclude

(7.14)
1

(y − x0)(y + x± 2)k
=

1

(x0 + x± 2)k

[
1

y − x0
−

k∑

t=1

(x0 + x± 2)t−1

(y + x± 2)t

]
.
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LEMMA 7.9. For τ ∈ {σ, µ} andk0 ∈ N, the strong limits

W3(Mτ
nB−

k0
Ln) = Θ and W3(Mτ

nB+
k0
Ln) =

[
aτjk

] ∞
j,k=0

exist, whereΘ is the zero operator inℓ2 and where

aσjk =
2

πi

(−1)k0

(
k + 1

2

) (
j + 1

2

)2k0−2

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0

− (−1)ke−(j+ 1
2
)π

k0∑

t=1

2

πi

(−1)k0−t
(
j + 1

2

)2k0−2t+1

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

t

[(
j + 1

2

)
π√

2

]l−s

,

aµjk =
2

πi

(−1)k0(k + 1)(j + 1)2k0−2

[(k + 1)2 + (j + 1)2]
k0

+ (−1)ke−(j+1)π
k0∑

t=1

2

πi

(−1)k0−t(k + 1)(j + 1)2k0−2t

[(k + 1)2 + (j + 1)2]
k0−t

· 1

(t− 1)!

t−2∑

s=0

χt−1
s

2
t−1+s

2

[
(j + 1)π√

2

]t−1−s

,

with certain real numbersχt and χt
s. Moreover, the respective sequences of the adjoint

operators converge strongly.

Proof. We have to show that the sequence
(
E(3)
n Mτ

nB−
k0
Ln(E(3)

n )−1L(3)
n

)
converges

strongly toΘ in ℓ2. For that, we investigate the convergence at the elementsem = (δj,m)
∞
j=0,

m = 0, 1, 2, . . . , of the standard basis ofℓ2. Forn > m ≥ 0, we can write

E(3)
n Mτ

nB−
k0
Ln(E(3)

n )−1L(3)
n em = Vτ

nMτ
nB−

k0
Ln(Vτ

n)
−1Pnem

=

[ √
1 + xτ

jn

1 + xτ
m+1,n

B−
k0
ℓ̃τm+1,n(x

τ
jn)

]n

j=1

,

where
[
ξj−1

] n

j=1
∈ Cn is identified with(ξ0, . . . , ξn−1, 0, . . . ) ∈ ℓ2. Let us consider the

caseτ = σ. Fork0 ∈ N fixed, we computeB−
k0
ℓ̃σkn(x

σ
jn), j, k = 1, . . . , n. Using, forn ≥ 1,

T ′
n(x

σ
kn) =

√
2

π

n(−1)k+1

ϕ(xσ
kn)

and

1

π

∫ 1

−1

1− y

y − x
σ(y)Tn(y) dy =

1

π

∫ 1

−1

1− x− (y − x)

y − x
σ(y)Tn(y) dy = (1− x)Un−1(x),

− 1 < x < 1,
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we find by applying equation (7.14)

B±
k0
ℓ̃σkn(x) =

ν(xσ
kn)

T ′
n(x

σ
kn)

1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Tn(y)

(y − xσ
kn)(y + x∓ 2)k0

dy

=

√
π

2

(−1)k+1

n
ϕ(xσ

kn)ν(x
σ
kn)

1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Tn(y)

(y − xσ
kn)(y + x∓ 2)k0

dy

=

√
π

2

(−1)k+1

n

1 + xσ
kn

(xσ
kn + x∓ 2)k0

[
1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Tn(y)

y − xσ
kn

dy

−
k0∑

t=1

(xσ
kn + x∓ 2)t−1 1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Tn(y)

(y + x∓ 2)t
dy

]

=

√
π

2

(−1)k+1

ni

1 + xσ
kn

(xσ
kn + x∓ 2)k0

[
(1∓ x)k0−1(1− xσ

kn)Un−1(x
σ
kn)

−
k0∑

t=1

(xσ
kn + x∓ 2)t−1(1∓ x)k0−t 1

π

∫ 1

−1

(1∓ x)t−1µ(y)Tn(y)

(y + x∓ 2)t
dy

]
.

Thus, sinceUn−1(x
σ
kn) = (−1)k+1

√
2
π σ(xσ

kn),

B±
k0
ℓ̃σkn(x) =

1

ni

ϕ(xσ
kn)(1∓ x)k0−1

(xσ
kn + x∓ 2)k0

−
√

π

2

(−1)k+1

n

1 + xσ
kn

(xσ
kn + x∓ 2)k0

·
k0∑

t=1

(xσ
kn + x∓ 2)t−1(1∓ x)k0−t(−1)t−1h̃t

n(−x± 2).

It follows that
√

1 + xσ
jn

1 + xσ
kn

B±
k0
ℓ̃σkn(x

σ
jn)

=
1

ni

√
1− xσ

kn

√
1 + xσ

jn(1∓ xσ
jn)

k0−1

(xσ
kn + xσ

jn ∓ 2)k0
−
√

π

2

(−1)k+1

n

√
1 + xσ

jn

√
1 + xσ

kn

(xσ
kn + xσ

jn ∓ 2)k0

·
k0∑

t=1

(xσ
kn + xσ

jn ∓ 2)t−1(1∓ xσ
jn)

k0−t(−1)t−1h̃t
n(−xσ

jn ± 2)

=
1

ni

√
1− xσ

kn

√
1 + xσ

jn

xσ
kn + xσ

jn ∓ 2

(1∓ xσ
jn)

k0−1

(xσ
kn + xσ

jn ∓ 2)k0−1
−
√

π

2

(−1)k+1

n

√
1 + xσ

kn

xσ
kn + xσ

jn ∓ 2

·
k0∑

t=1

(1∓ xσ
jn)

k0−t

(xσ
kn + xσ

jn ∓ 2)k0−t

√
1 + xσ

jn(−1)t−1h̃t
n(−xσ

jn ± 2) .

(7.15)

Now we considerτ = µ. For the determination ofB±
k0
ℓ̃µkn(x

µ
jn), j, k = 1, . . . , n, we need

P ′
n(x

µ
kn) =

√
2

π

n+ 1
2

ϕ(xµ
kn)

(−1)k+1

√
1− xµ

kn

and Rn(x
µ
kn) =

√
2

π

(−1)k√
1 + xµ

kn

.
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We have

B±
k0
ℓ̃µkn(x) =

ν(xµ
kn)

P ′
n(x

µ
kn)

1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Pn(y)

(y − xµ
kn)(y + x∓ 2)k0

dy

=

√
π

2

(−1)k+1ν(xµ
kn)ϕ(x

µ
kn)
√

1− xµ
kn

n+ 1
2

1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Pn(y)

(y − xµ
kn)(y + x∓ 2)k0

dy

=

√
π

2

(−1)k+1

n+ 1
2

(1 + xµ
kn)
√

1− xµ
kn

(xµ
kn + x∓ 2)k0

[
1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Pn(y)

y − xµ
kn

dy

−
k0∑

t=1

(xµ
kn + x∓ 2)t−1 1

πi

∫ 1

−1

(1∓ x)k0−1µ(y)Pn(y)

(y + x∓ 2)t
dy

]

(7.9)
=

√
π

2

(−1)k(
n+ 1

2

)
i

(1 + xµ
kn)
√

1− xµ
kn

(xµ
kn + x∓ 2)k0

[
(1∓ x)k0−1Rn(x

µ
kn)

+

k0∑

t=1

(xµ
kn + x∓ 2)t−1(1∓ x)k0−t 1

π

∫ 1

−1

(1∓ x)t−1µ(y)Pn(y)

(y + x∓ 2)t
dy

]

=
1(

n+ 1
2

)
i

ϕ(xµ
kn)(1∓ x)k0−1

(xµ
kn + x∓ 2)k0

+

√
π

2

(−1)k

n+ 1
2

(1 + xµ
kn)
√

1− xµ
kn

xµ
kn + x∓ 2

·
k0∑

t=1

(xµ
kn + x∓ 2)t−1(1∓ x)k0−t 1

iπ

∫ 1

−1

(1∓ x)t−1µ(y)Pn(y)

(y + x∓ 2)t
dy .

Thus,

√
1 + xµ

jn

1 + xµ
kn

B±
k0
ℓ̃µkn(x

µ
jn)

=
1(

n+ 1
2

)
i

√
1− xµ

kn

√
1 + xµ

jn(1∓ xµ
jn)

k0−1

(xµ
kn + xµ

jn ∓ 2)k0

+

√
π

2

(−1)k

n+ 1
2

√
1 + xµ

jnϕ(x
µ
kn)

(xµ
kn + xµ

jn ∓ 2)k0

·
k0∑

t=1

(xµ
kn + xµ

jn ∓ 2)t−1(1∓ xµ
jn)

k0−t(−1)t−1ht
n(−xµ

jn ± 2)

=
1(

n+ 1
2

)
i

√
1− xµ

kn

√
1 + xµ

jn

xµ
kn + xµ

jn ∓ 2

(1∓ xµ
jn)

k0−1

(xµ
kn + xµ

jn ∓ 2)k0−1

+

√
π

2

(−1)k

n+ 1
2

ϕ(xµ
kn)

xµ
kn + xµ

jn ∓ 2

·
k0∑

t=1

(1∓ xµ
jn)

k0−t

(xµ
kn + xµ

jn ∓ 2)k0−t

√
1 + xµ

jn (−1)t−1ht
n(−xµ

jn ± 2) .

(7.16)
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Let−1 < x < 1. By (7.6) we have
∣∣ht

n(−x− 2)
∣∣

≤ const

∣∣∣∣∣

√
x+ 3

x+ 1

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

pt−l−2(−x− 2) pls(−x− 2)

(x+ 3)t−1− l−s
2

nl−s(x+ 1)
l−s
2

−
t−2∑

s=0

pt−1
s (−x− 2)

(x+ 3)
t−1+s

2

nt−1−s(x+ 1)
t−1−s

2

∣∣∣∣∣
(
x+ 2−

√
(x+ 2)2 − 1

)n

≤ const

[
1√
x+ 1

t−1∑

l=0

l−1∑

s=0

nl−s (x+ 1)
l−s
2 +

t−2∑

s=0

nt−1−s(x+ 1)
t−1−s

2

]

·
(
x+ 2−

√
(x+ 2)2 − 1

)n
.

Estimate (7.11) leads to
∣∣∣
√
1 + xτ

jn h
t
m(−xτ

jn − 2)
∣∣∣

≤ const

[
t−1∑

l=0

l−1∑

s=0

ml−s(xτ
jn + 1)

l−s
2 +

√
1 + xτ

jn

t−2∑

s=0

mt−1−s(xτ
jn + 1)

t−1−s
2

]

·
(
2 + xτ

jn −
√
(2 + xτ

jn)
2 − 1

)m

≤ const

[
t−1∑

l=0

l−1∑

s=0

ml−s

(
n+ 1− j

n

)l−s

+
n+ 1− j

n

t−2∑

s=0

mt−1−s

(
n+ 1− j

n

)t−s
]
e−m+(j+ 1

2 )
m
n ,

(7.17)

where we used
√

1 + xτ
jn ≤ constn+1−j

n . Consequently,

∣∣∣
√

1 + xτ
jn h

t
n(−xτ

jn − 2)
∣∣∣

≤ const

[
t−1∑

l=0

l−1∑

s=0

(n+ 1− j)l−s +
1

n

t−2∑

s=0

(n+ 1− j)t−s

]
e−n+j

≤ const(n+ 1− j)t−1e−n+j ≤ const, j = 1, . . . , n.

(7.18)

Analogously, one can show that

(7.19)
∣∣∣
√
1 + xτ

jn h̃
t
n(−xτ

jn − 2)
∣∣∣ ≤ const(n+ 1− j)t−1e−n+j ≤ const,

j = 1, . . . , n, as well as
∣∣∣∣∣∣
h̃t
n(−xτ

jn + 2)√
1− xτ

jn

∣∣∣∣∣∣
≤ const jt−1e−j ≤ const, j = 1, . . . , n,(7.20)

∣∣ht
n(−xτ

jn + 2)
∣∣ ≤ const jt−1e−j ≤ const, j = 1, . . . , n.(7.21)
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Thus, for fixedm ∈ N0, the terms in (7.16) without the factor 1
n+ 1

2

are bounded and

∣∣∣∣∣

√
1 + xτ

jn

1 + xτ
m+1,n

B−
k0
ℓ̃τm+1,n(x

τ
jn)

∣∣∣∣∣ ≤ const
1

n
≤ const

1

j
, j = 1, . . . , n.

With the help of Lemma7.6, we obtainW3(Mτ
nB−

k0
Ln) = Θ.

Now, we turn to the sequences(Mτ
nB+

k0
Ln). Defining

s̃
(n)
jk :=

1

ni

√
1− xτ

jn

2− xτ
kn − xτ

jn

and b̃
(n)
jk :=

1− xτ
jn

2− xτ
kn − xτ

jn

,

we have, for fixedj, k ≥ 1,

lim
n→∞

s̃
(n)
jk =

√
2

πi





j − 1
2(

k − 1
2

)2
+
(
j − 1

2

)2 : τ = σ,

j

k2 + j2
: τ = µ,

(7.22)

and

lim
n→∞

b̃
(n)
jk =





(
j − 1

2

)2
(
k − 1

2

)2
+
(
j − 1

2

)2 : τ = σ,

j2

k2 + j2
: τ = µ.

(7.23)

Furthermore,

lim
n→∞

n
√

1− xτ
jn =

1√
2

{ (
j − 1

2

)
π : τ = σ,

jπ : τ = µ.

With the help of (7.15), we obtain

√
1 + xσ

jn

1 + xσ
kn

B+
k0
ℓ̃σkn(x

σ
jn)

= −s̃
(n)
kj

√
1 + xσ

jn(−1)k0−1
[
b̃
(n)
jk

]k0−1

+
(−1)k+1

ni

√
1 + xσ

kn

2− xσ
kn − xσ

jn

·
k0∑

t=1

(−1)k0−t
[
b̃
(n)
jk

]k0−t √
1 + xσ

jn (−1)t−1cnh̃
t
n(2− xσ

jn),
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where, in view of (7.8) and (7.12),

cnh̃
t
n(2− xσ

jn)

n(2− xσ
kn − xσ

jn)

=
(−1)t−1

(t− 1)!

(
2− xσ

jn −
√
(2− xσ

jn)
2 − 1

)n 1√
3− xσ

jn

1

n
√

1− xσ
jn

· b̃(n)jk

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

pt−l−2(2− xσ
jn)p

l
s(2− xσ

jn)

(3− xσ
jn)

t−1− l−s
2

(
n
√

1− xσ
jn

)l−s

−→ (−1)t−1

(t− 1)!
e−(j−

1
2 )π 1(

j − 1
2

)
π

(
j − 1

2

)2
(
k − 1

2

)2
+
(
j − 1

2

)2

·
t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[(
j − 1

2

)
π√

2

]l−s

.

Together with (7.22) and (7.23), this leads to

lim
n→∞

√
1 + xσ

jn

1 + xσ
kn

B+
k0
ℓ̃σkn(x

σ
jn) = aσj−1,k−1, j, k ≥ 1.

In caseτ = µ we have, due to (7.16),
√

1 + xµ
jn

1 + xµ
kn

B+
k0
ℓ̃µkn(x

µ
jn)

=
n

n+ 1
2

(−1)k0 s̃
(n)
kj

[
b̃
(n)
jk

]k0−1√
1 + xµ

jn −
√

π

2

(−1)kn

n+ 1
2

ϕ(xµ
kn)

n(2− xµ
kn − xµ

jn)

·
k0∑

t=1

(−1)k0−t
[
b̃
(n)
jk

]k0−t√
1 + xµ

jn(−1)t−1ht
n(2− xµ

jn),

where, taking into account (7.6) and (7.12),

ht
n(2− xµ

jn)

=
(−1)t−1

√
πi(t− 1)!

[√
1− xµ

jn

3− xµ
jn

t−1∑

l=0

(
t− 1

l

)
·

·
l−1∑

s=0

pt−l−2(2− xµ
jn)p

l
s(2− xµ

jn)

(3− xµ
jn)

t−1− l−s
2

(
n
√

1− xµ
jn

)l−s

−
t−2∑

s=0

pt−1
s (2− xµ

jn)

(3− xµ
jn)

t−1+s
2

(
n
√

1− xµ
jn

)t−1−s
](

2− xµ
jn −

√
(2− xµ

jn)
2 − 1

)n

−→ (−1)t

(t− 1)!
√
πi

t−2∑

s=0

pt−1
s (1)

2
t−1+s

2

(
jπ√
2

)t−1−s

e−jπ.

Consequently,

lim
n→∞

√
1 + xµ

jn

1 + xµ
kn

B+
k0
ℓ̃µkn(x

µ
jn) = aµj−1,k−1, j, k ≥ 1.
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With the help of Lemma7.12, equation (7.13), and equations (7.20), (7.21), one can show
that (cf. the end of the proof of Lemma7.10)

∣∣∣∣∣

√
1 + xτ

jn

1 + xτ
kn

B+
k0
ℓ̃τkn(x

τ
jn)

∣∣∣∣∣ ≤
const

j
, 1 ≤ j ≤ n.

Now, Lemma7.6yieldsW3(Mτ
nB+

k0
Ln) =

[
aτjk

] ∞
j,k=0

. The convergence of the sequences
of the adjoint operators can be seen analogously.

LEMMA 7.10.Let τ ∈ {σ, µ} andk0 ∈ N. Then,

W4(Mτ
nB−

k0
Ln) =

[
ajk

] ∞
j,k=0

and W4(Mτ
nB+

k0
Ln) = Θ,

where

ajk =
2

πi

(
j + 1

2

)2k0−1

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0

+ (−1)ke−(j+ 1
2
)π

k0∑

t=1

2

πi

(
k + 1

2

) (
j + 1

2

)2k0−2t

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

t

[(
j + 1

2

)
π√

2

]l−s

,

with certain real numbersχt andχt
s and where also the respective sequences of the respective

adjoint operators converge strongly.

Proof. Again, we have to check the convergence of
(
E(4)
n Mτ

nB−
k0
Ln(E(4)

n )−1L(4)
n

)
at

the elementsem, m = 0, 1, 2, . . . , of the standard basis ofℓ2. Forn > m ≥ 0, we can write

E(4)
n Mτ

nB−
k0
Ln(E(4)

n )−1L(4)
n em = Ṽτ

nMτ
nB−

k0
Ln(Ṽτ

n)
−1Pnem

=

[√
1 + xτ

n−j,n

1 + xτ
n−m,n

B−
k0
ℓ̃τn−m,n(x

τ
n−j,n)

]n−1

j=0

.

Let j, k be fixed. Define

s
(n)
jk :=

1

ni

√
1 + xτ

jn

xτ
kn + xτ

jn + 2

=
1

ni

1√
2





cos
j− 1

2

2n π

cos2
k− 1

2

2n π + cos2
j− 1

2

2n π
: τ = σ,

cos j
2(n+ 1

2
)
π

cos2 k
2(n+ 1

2
)
π + cos2 j

2(n+ 1
2
)
π

: τ = µ.

(7.24)



ETNA
Kent State University 

http://etna.math.kent.edu

234 P. JUNGHANNS, R. KAISER, AND G. MASTROIANNI

Thus, we have

s
(n)
n−j,n−k =

1

ni

1√
2





sin
j+ 1

2

2n π

sin2
k+ 1

2

2n π + sin2
j+ 1

2

2n π
: τ = σ,

sin
j+ 1

2

2(n+ 1
2
)
π

sin2
k+ 1

2

2(n+ 1
2
)
π + sin2

j+ 1
2

2(n+ 1
2
)
π

: τ = µ.

We obtain convergence ofs(n)n−j,n−k,

(7.25) s
(n)
n−j,n−k −→ 1√

2

2

πi

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
, n −→ ∞, τ ∈ {σ, µ}.

Forn ≥ 1, we set

(7.26) b
(n)
jk :=

1 + xτ
jn

xτ
kn + xτ

jn + 2
=





cos2
j− 1

2

2n π

cos2
k− 1

2

2n π + cos2
j− 1

2

2n π
: τ = σ,

cos2 j
2(n+ 1

2
)
π

cos2 k
2(n+ 1

2
)
π + cos2 j

2(n+ 1
2
)
π

: τ = µ,

and get

b
(n)
n−j,n−k −→ (j + 1

2 )
2

(k + 1
2 )

2 + (j + 1
2 )

2
, n −→ ∞.

Moreover,

(7.27) n
√

1 + xτ
n−j,n −→ (j + 1

2 )π√
2

, n −→ ∞.

For τ = σ, equation (7.8) leads to

(−1)n
√

1 + xσ
n−j,n cnh̃

t
n(−xσ

n−j,n − 2)

=
(−1)t−1

(t− 1)!

(
2 + xσ

n−j,n −
√
(2 + xσ

n−j,n)
2 − 1

)n√
xσ
n−j,n + 3

·
t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

pt−l−2(−xσ
n−j,n − 2)pls(−xσ

n−j,n − 2)

(xσ
n−j,n + 3)t−1− l−s

2

nl−s (xσ
n−j,n + 1)

l−s
2 .

Hence, by (7.10) we have

(−1)n+t−1
√
1 + xσ

n−j,n cnh̃
t
n(−xσ

n−j,n − 2)

−→
√
2

(t− 1)!
e−(j+ 1

2
)π

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

pt−l−2(−1) pls(−1)

2t−1− l−s
2

[(
j + 1

2

)
π√

2

]l−s

.
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Since, due to (7.15),
√

1 + xσ
n−j,n

1 + xσ
n−k,n

B−
k0
ℓ̃σn−k,n(x

σ
n−j,n)

=
√
1− xσ

n−k,n s
(n)
n−j,n−k

[
b
(n)
n−j,n−k

]k0−1

+ (−1)ks
(n)
n−k,n−j

k0∑

t=1

[
b
(n)
n−j,n−k

]k0−t

· (−1)n+t−1
√
1 + xσ

n−j,n cnh̃
t
n(−xσ

n−j,n − 2),

(7.28)

we obtain, together with (7.25) and (7.27), the convergence result
√

1 + xσ
n−j,n

1 + xσ
n−k,n

B−
k0
ℓ̃σn−k,n(x

σ
n−j,n)

−→ 2

πi

(j + 1
2 )

2k0−1

[(k + 1
2 )

2 + (j + 1
2 )

2]k0

+ (−1)ke−(j+ 1
2
)π

k0∑

t=1

2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

pt−l−2(−1) pls(−1)

2t−1− l−s
2

[
(j + 1

2 )π√
2

]l−s

,

for j, k fixed andn tending to infinity. For the caseτ = µ, we have due to (7.16)
√

1 + xµ
n−j,n

1 + xµ
n−k,n

B−
k0
ℓ̃µn−k,n(x

µ
n−j,n)

=
√
1− xµ

n−k,n

n

n+ 1
2

s
(n)
n−j,n−k

[
b
(n)
n−j,n−k

]k0−1

+
(−1)kn

n+ 1
2

s
(n)
n−k,n−j

√
1− xµ

n−k,n

√
π

2

k0∑

t=1

[
b
(n)
n−j,n−k

]k0−t

· (−1)n+t−1
√
1 + xµ

n−j,n h
t
n(−xµ

n−j,n − 2).

(7.29)

So we easily derive that
√

1 + xµ
n−j,n

1 + xµ
n−k,n

B−
k0
ℓ̃µn−k,n(x

µ
n−j,n) −→ ajk, n −→ ∞.

Let k ≥ 0 be fixed andn > k. In view of Lemma7.11, we have

|s(n)n−j,n−k| ≤
√
2

π

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+ const

(
j + 1

n2

)
≤ const

j + 1
, 0 ≤ j < n

as well as

|s(n)n−k,n−j | ≤
1√
2π

1

j + 1
2

+ const

(
k + 1

n2

)
≤ const

j + 1
, 0 ≤ j < n.

Moreover, due to the estimates (7.18) and (7.19),
∣∣∣
√
1 + xσ

n−j,n h̃
t
n(−xσ

n−j,n − 2)
∣∣∣ ≤ const,

∣∣∣
√

1 + xµ
n−j,n h

t
n(−xµ

n−j,n − 2)
∣∣∣ ≤ const,
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for 0 ≤ j < n. With the help of (7.28) and (7.29) as well as

√
1− xn−k,n ≤ const

n+ 1− k

n
,
√
1 + xn−k,n ≤ const

k

n
, |bn−j,n−k| ≤

const

j
,

we arrive at

∣∣∣∣∣

√
1 + xτ

n−j,n

1 + xτ
n−k,n

B−
k0
ℓ̃τn−k,n(x

τ
n−j,n)

∣∣∣∣∣ ≤
const

j + 1
, j = 0, . . . , n− 1.

Applying Lemma7.6, we obtainW4(Mτ
nB−

k0
Ln) =

[
ajk

] ∞
j,k=0

.

The proof ofW4(Mτ
nB+

k0
Ln) = Θ can be performed in the same way as the proof of

W3(Mτ
nB−

k0
Ln) = Θ; cf. the proof of Lemma7.9. The convergence of the sequences of the

adjoint operators can be seen analogously.

Let n ∈ N. In what follows, we study the asymptotic behavior of the valuess(n)jk defined
in (7.24).

LEMMA 7.11.Letd be fixed with0 < d < 1. For n −→ ∞, we have

(7.30) s
(n)
jk =

{
O
(
n+1−j

n2

)
: k ≤ dn, j ≥ 1

O
(
1
n

)
: k ≥ 1, j ≤ dn

and

(7.31) s
(n)
jk =

1√
2

2

πi

n+ 1
2 − j

(n+ 1
2 − j)2 + (n+ 1

2 − k)2
+O

(
n+ 1− j

n2

)
, 1 ≤ j, k ≤ n,

where the constants regarding theO-terms are bounded by a constant which is independent
of j, k, andn.

Proof. We prove the assertion only forτ = σ. The proof for the other case is analogous.
Define

g1 : [0, 1) −→ R, s 7→ cos πs
2

1− s
.

Since this mapping is bounded and positive, we get

(7.32)
√
1 + xσ

jn =
√
2 cos

j− 1
2

2n π =
√
2 g1

(
j− 1

2

n

) (
1− j− 1

2

n

)
≤ const

(
n−j+1

n

)
.

Thus, we easily derive (7.30). Define the mapping

g2 :
[
0,

π

2

]2
−→ R, (s, t) 7→ sin s

s

1

sin2 s+ sin2 t
− 1

s2 + t2
.
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One can show that this mapping is bounded. Thus,

s
(n)
n−j,n−k =

1

ni

1√
2

sin
j+ 1

2

2n π

sin2
k+ 1

2

2n π + sin2
j+ 1

2

2n π

=

(
j+ 1

2

2n π
)

ni

1√
2


 1
(

k+ 1
2

2n π
)2

+
(

j+ 1
2

2n π
)2

+
sin

j+ 1
2

2n π/
j+ 1

2

2n π

sin2
k+ 1

2

2n π + sin2
j+ 1

2

2n π
− 1
(

k+ 1
2

2n π
)2

+
(

j+ 1
2

2n π
)2




=
1√
2

2

πi

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+ g2

(
k+ 1

2

2n π,
j+ 1

2

2n π
)
(

j+ 1
2

2n π
)

ni

1√
2
.

Replacingj andk by n− j andn− k, respectively, we get (7.31).

Analogously, we can prove the following lemma.

LEMMA 7.12.Letd be fixed with0 < d ≤ 1. For n −→ ∞, we have

s̃
(n)
jk =

{
O
(

1
n2

)
: k ≥ dn, j ≥ 1,

O
(
1
n

)
: k ≥ 1, j ≥ dn

and

s̃
(n)
jk =





1√
2

2
πi

j− 1
2

(j− 1
2
)2+(k− 1

2
)2

+O
(

j
n2

)
: τ = σ,

1√
2

2
πi

j
j2+k2 +O

(
j
n2

)
: τ = µ,

1 ≤ j, k ≤ n,

where the constants regarding theO-terms are bounded by a constant which is independent
of j, k, andn.

LEMMA 7.13 (Satz III.5.1 in [6]). Let ϑ(x) = (1 − x)γ(1 + x)δ with γ, δ > −1. If
f ∈ R satisfies

|f(x)| ≤ const(1− x)ε−
1+γ
2 (1 + x)ε−

1+δ
2 , −1 < x < 1,

for someε > 0, thenlimn→∞
∥∥Lϑ

nf − f
∥∥
ϑ
= 0.

LEMMA 7.14.Let τ ∈ {σ, µ} andk0 ∈ N. Then,W2(Mτ
nB±

k0
Ln) = Θ, whereΘ is the

zero operator inL2
ν and where also the sequences of the adjoint operators converge strongly.

Proof. Let k0 ∈ N. It suffices to show convergence on a dense subset. With the help of
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equation (7.17) and the Gaussian quadrature rule, we derive, for fixedm < n,

∥∥WnMσ
nB−

k0
LnWnp̃m

∥∥2
ν

=
∥∥Mσ

nB−
k0
p̃n−1−m

∥∥2
ν
=
∥∥Lσ

nνB−
k0
p̃n−1−m

∥∥2
µ
=
∥∥√1− xLσ

nνB−
k0
p̃n−1−m

∥∥2
σ

=
π

n

n∑

j=1

(1 + xσ
jn)
∣∣B−

k0
p̃n−1−m(xσ

jn)
∣∣2 =

π

n

n∑

j=1

(1 + xσ
jn)
∣∣∣hk0

n−1−m(−2− xσ
jn)
∣∣∣
2

≤ const
π

n

n∑

j=1

[
k0−1∑

l=0

l−1∑

s=0

(n− 1−m)l−s

(
n+ 1− j

n

)l−s

+

k0−2∑

s=0

(n− 1−m)k0−1−s

(
n+ 1− j

n

)k0−s
]2

e−2(n−1−m)+(2j−1)n−1−m
n

≤ const
π

n

n∑

j=1

(n+ 1− j)2k0−2e−2(n−j) −→ 0 for n −→ ∞.

In the last step we used the fact that the sequence
n∑

j=1

jpxj , is convergent for anyp ∈ N0 and

|x| < 1. Using (7.21) and (7.13) for B+
k0

, we easily derive

∥∥WnMσ
nB+

k0
LnWnp̃m

∥∥2
ν
=

π

n

n∑

j=1

(1 + xσ
jn)
∣∣B+

k0
p̃n−1−m(xσ

jn)
∣∣2

≤ 2π

n

n∑

j=1

∣∣∣hk0

n−1−m(2− xσ
jn)
∣∣∣
2

≤ const
π

n

n∑

j=1

j2k0−2e−2j −→ 0 for n −→ ∞.

The caseτ = µ can be treated in the same way.
Let us turn to the convergence of the adjoint operators. Letf ∈ C[−1, 1] be vanishing

in a neighborhood of±1. Setf̃ = J−1
1 f , whereJ1 is the isometry from (3.1). The set of

such functions̃f is dense inL2
ν . Now we choose a smooth functionχ : [−1, 1] −→ C which

vanishes in a neighborhood of±1 such thatχf = f . Since

∥∥Mτ
nχB±

k Ln − LnχB±
k Ln

∥∥
ν
−→ 0

holds (cf. the proof of Lemma7.3), convergence of

Wn(Mτ
nB±

k Ln)
∗Mτ

nχLnWnf̃ = Wn(Mτ
nB±

k Ln)
∗(Mτ

nχLn)
∗Wnf̃

= Wn(Mτ
nχLnMτ

nB±
k Ln)

∗Wnf̃

= Wn(Mτ
nχB±

k Ln)
∗Wnf̃ −→ 0 in L2

ν

(7.33)

is equivalent to

Wn(LnχB±
k Ln)

∗Wnf̃ = Wn

(
χB±

k

)∗ Wnf̃ −→ 0 in L2
ν .
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But this convergence takes place sinceWn tends weakly to zero andχB±
k : L2

ν −→ L2
ν is

compact. Taking into account Lemma7.13, the relation

WnMσ
nχLnWn = J−1

1 Lσ
nχJ1

(cf. [10, (3.19)]), and the above convergence result, we derive

∥∥∥Wn(Mσ
nB±

k Ln)
∗Mσ

nχLnWnf̃ −Wn(Mσ
nB±

k Ln)
∗Wnf̃

∥∥∥
ν

=
∥∥∥Wn(Mσ

nB±
k Ln)

∗WnWnMσ
nχLnWnf̃ −Wn(Mσ

nB±
k Ln)

∗Wnf̃
∥∥∥
ν

≤ const
∥∥∥WnMσ

nχLnWnf̃ − f̃
∥∥∥
ν
= const

∥∥J−1
1 Lσ

nχf − J−1
1 f

∥∥
ν

= const ‖Lσ
nf − f‖ν ≤ const ‖Lσ

nf − f‖σ −→ 0.

This implies together with convergence in (7.33) thatWn(Mσ
nB±

k Ln)
∗Wn −→ 0 in L2

ν . In
case of nodes of the fourth kind, we use the formula

WnMµ
nχLnWn = J−1

2

√
1− xLσ

n

1√
1− x

χJ2

(cf. [10, (3.20)]) and Lemma7.2. We get

∥∥∥Wn(Mµ
nB±

k Ln)
∗Mµ

nχLnWnf̃ −Wn(Mµ
nB±

k Ln)
∗Wnf̃

∥∥∥
ν

≤ const

∥∥∥∥
√
1− xLµ

n

1√
1− x

f − f

∥∥∥∥
ν

= const

∥∥∥∥
√
1 + xMµ

n

1√
1 + x

f − f

∥∥∥∥
ν

≤ const

∥∥∥∥Mµ
n

f√
1 + x

− f√
1 + x

∥∥∥∥
ν

−→ 0.

This completes the proof.
Fork0 ∈ N andτ ∈ {σ, µ}, we define, in accordance with Lemma7.9and Lemma7.10,

the matricesKτ
k0

:=
[
dτjk

] ∞
j,k=0

andKk0
:=
[
djk

] ∞
j,k=0

by

dσjk = −(−1)ke−(j+ 1
2
)π

k0∑

t=1

2

πi

(−1)k0−t
(
j + 1

2

)2k0−2t+1

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[(
j + 1

2

)
π√

2

]l−s

,

(7.34)

dµjk = (−1)ke−(j+1)π
k0∑

t=1

2

πi

(−1)k0−t(k + 1)(j + 1)2k0−2t

[(k + 1)2 + (j + 1)2]
k0−t

· 1

(t− 1)!

t−2∑

s=0

χt−1
s

2
t−1+s

2

[
(j + 1)π√

2

]t−1−s

,

(7.35)
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and

djk = (−1)ke−(j+ 1
2
)π

k0∑

t=1

2

πi

(
k + 1

2

) (
j + 1

2

)2k0−2t

[(
k + 1

2

)2
+
(
j + 1

2

)2]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[(
j + 1

2

)
π√

2

]l−s

.

(7.36)

LEMMA 7.15.The operatorsKτ
k0
,Kk0

: ℓ2 −→ ℓ2, k0 ∈ N, τ ∈ {σ, µ}, are compact.
Proof. We consider onlyKk0

. The proof forKτ
k0

is completely analogous. The estimates

|djk| ≤ const e−jπ
k0∑

t=1

k + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2

(j + 1
2 )

2k0−2t(j + 1
2 )

k0

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t

≤ const
e−jπ(j + 1

2 )
k0

k + 1
2

and

n∑

j,k=0

|djk|2 ≤ const

n∑

j=0

e−2jπ(j + 1
2 )

2k0

n∑

k=0

1

(k + 1
2 )

2

show that

∞∑

j,k=0

|djk|2 < ∞.

Consequently, for everyε > 0, there exists ann0 ∈ N such that

‖Kk0
− PnKk0

Pn‖L(ℓ2) ≤ ‖Kk0
− PnKk0

Pn‖F < ε ∀n > n0,

where‖ · ‖F denotes the Frobenius norm. Since the operatorsPnKk0
Pn are compact, the

operatorKk0
is compact, too.

Let us define the operatorsA,Aτ : ℓ2 −→ ℓ2 as in (3.3), (3.4), (3.5) as well as the
operators

(7.37) K =

m−∑

k0=1

β−
k0
Kk0

and Kτ =

m+∑

k0=1

β+
k0
Kτ

k0
, τ ∈ {σ, µ}.

Then, using Proposition3.2and the Lemmas7.5, 7.9, 7.10, 7.14, 7.15, we get Proposition3.4.

8. Proof of Lemma 4.8. Assertion (a) was established in [10, Corollary 5.15]. In the
case that the operatorsB±

k do not occur, assertion (b) was also proved in [10, Lemma 5.16].
According to Propositions3.2and3.4, it suffices to show that

(8.1)
(
[Ak0

]4n + [Kk0
]4n −Mτ

nB−
k0
Ln

)o ∈ J−1,

and
(
[Aσ

k0
]3n + [Kσ

k0
]3n −Mσ

nB+
k0
Ln

)o ∈ J1,(
[Aµ

k0
]3n + [Kµ

k0
]3n −Mµ

nB+
k0
Ln

)o ∈ J1,
(8.2)
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where

h±
k0
(x) =

(∓1)k0

πi

xk0−1

(1 + x)k0
,

Ak0
=

[
2 · h−

k0

(
(j + 1

2 )
2

(k + 1
2 )

2

)
j + 1

2

(k + 1
2 )

2

] ∞

j,k=0

,

and

Aσ
k0

=

[
2 · h+

k0

(
(j + 1

2 )
2

(k + 1
2 )

2

)
1

k + 1
2

] ∞

j,k=0

,

A
µ
k0

=

[
2 · h+

k0

(
(j + 1)2

(k + 1)2

)
1

k + 1

] ∞

j,k=0

,

and whereKτ
k0

, Kk0
are defined by (7.34), (7.35), (7.36). At first we consider relation (8.1).

Define the matrices (cf. (7.24) and (7.26))

Bn :=

[
2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

−
√

1− xσ
n−k,n s

(n)
n−j,n−k

[
b
(n)
n−j,n−k

]k0−1
] n−1

j,k=0

,

and

Cn :=

[
(−1)ke−(j+ 1

2
)π

k0∑

t=1

2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

· 1

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[
(j + 1

2 )π√
2

]l−s

− (−1)ks
(n)
n−k,n−j

k0∑

t=1

[
b
(n)
n−j,n−k

]k0−t
(−1)n+t−1

√
1 + xσ

n−j,n

√
π

2

· h̃t
n(−2− xσ

n−j,n)

] n−1

j,k=0

.

Regarding Lemma7.10and equation (7.28), we derive

(8.3) Ṽσ
n

(
[Ak0

]4n + [Kk0
]4n −Mσ

nB−
k0
Ln

)
(Ṽσ

n )
−1 = Bn +Cn.

The matrixBn can be written in the form

Bn =

[
2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

−

√
1− xσ

n−k,n
√
2

{
2

πi

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+O

(
1

n

)}

·
[
n
√

1 + xσ
n−j,n

{√
2

π

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+O

(
1

n

)}]k0−1] n−1

j,k=0

,
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where we used

b
(n)
n−j,n−k = ni

√
1 + xσ

n−j,n s
(n)
n−j,n−k

and Lemma7.11. Since (cf. (7.32))

(8.4) n
√

1 + xσ
n−j,n

(
j +

1

2

)−1

≤ const, 0 ≤ j ≤ n− 1, n ∈ N,

we conclude that

Bn =

[
2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

−

√
1− xσ

n−k,n
√
2

{
2

πi

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2

}

·
[
n
√

1 + xσ
n−j,n

{√
2

π

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2

}]k0−1] n−1

j,k=0

+

[
O
(
1

n

)] n−1

j,k=0

=

[
2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

−

√
1− xσ

n−k,n
√
2





n
√

2(1 + xσ
n−j,n)

π
(
j + 1

2

)





k0−1

· 2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

] n−1

j,k=0

+

[
O
(
1

n

)] n−1

j,k=0

.

We remark that the constants inO
(
1
n

)
are independent ofj, k, andn. Define the matrices

Dn =



{
n
√

2(1 + xσ
n−j,n)

π
(
j + 1

2

)
}k0−1

δj,k




n−1

j,k=0

,

En =







√
1− xσ

n−k,n
√
2

− 1



 δj,k




n−1

j,k=0

,

Fn =

[

1−



n
√

2(1 + xσ
n−j,n)

π
(
j + 1

2

)




k0−1




δj,k

] n−1

j,k=0

,

Gn =

[
2

πi

(j + 1
2 )

2k0−1

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0

] n−1

j,k=0

,

andHn =

[
O
(
1

n

)] n−1

j,k=0

such that

(8.5) Bn = −DnGnEn + FnGn +Hn.
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Now we turn to the matrixCn. Due to Lemma7.11, this matrix can be written as

Cn :=

[
(−1)ke−(j+ 1

2
)π

k0∑

t=1

2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

1

(t− 1)!

t−1∑

l=0

(
t− 1

l

)

·
l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[
(j + 1

2 )π√
2

]l−s

− (−1)k√
2

{
2

πi

k + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+O

(
1

n

)}

·
k0∑

t=1

[
n
√

1 + xσ
n−j

{√
2

π

j + 1
2

(k + 1
2 )

2 + (j + 1
2 )

2
+O

(
1

n

)}]k0−t

· (−1)n+t−1
√
1 + xσ

n−j,n

√
π

2
h̃t
n(−2− xσ

n−j,n)

] n−1

j,k=0

.

Taking into account the relations (7.19) and (8.4), we get

Cn :=

[
(−1)ke−(j+ 1

2
)π

k0∑

t=1

2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

1

(t− 1)!

t−1∑

l=0

(
t− 1

l

)

·
l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[
(j + 1

2 )π√
2

]l−s

− (−1)k
k0∑

t=1





n ·
√

2(1 + xσ
n−j)

π
(
j + 1

2

)





k0−t

· 2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

(−1)n+t−1

√
2

√
1 + xσ

n−j,n

·
√

π

2
h̃t
n(−2− xσ

n−j,n)

] n−1

j,k=0

+

[
O
(
1

n

)] n−1

j,k=0

.

Set

Kt
n =

[






n
√

2(1 + xσ
n−j)

π
(
j + 1

2

)





k0−t

− 1


 δj,k

] n−1

j,k=0

,

Lt
n =

[
(−1)k

2

πi

(k + 1
2 )(j +

1
2 )

2k0−2t

[
(k + 1

2 )
2 + (j + 1

2 )
2
]k0−t+1

] n−1

j,k=0

,

Mt
n =

[
(−1)n+t−1

√
2

√
1 + xσ

n−j,n

√
π

2
h̃t
n(−2− xσ

n−j,n)δj,k

] n−1

j,k=0

,

Nt
n =

[(
e−(j+ 1

2
)π

(t− 1)!

t−1∑

l=0

(
t− 1

l

) l−1∑

s=0

χt−l−2χ
l
s

2t−1− l−s
2

[
(j + 1

2 )π√
2

]l−s

− (−1)n+t−1

√
2

√
1 + xσ

n−j,n

√
π

2
h̃t
n(−2− xσ

n−j,n)

)
δj,k

] n−1

j,k=0

,
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andPn =

[
O
(
1

n

)] n−1

j,k=0

. We get

(8.6) Cn =

k0∑

t=1

Nt
n · Lt

n −
k0∑

t=1

Kt
n ·Mt

n · Lt
n +Pn.

The diagonal operatorsMt
n,Dn : ℓ2 −→ ℓ2 are uniformly bounded due to (7.19) and (8.4).

The same holds true forLt
n,Gn : ℓ2 −→ ℓ2 in view of Lemma3.11. Hence, using (8.3),

(8.5), (8.6), (4.2), and taking into account the unitarity of̃Vσ
n : im Ln −→ im Pn, we can

write

∥∥∥
(
[Ak0

]4n + [Kk0
]4n −Mτ

nB−
k0
Ln

)o
+ J−1

∥∥∥
(F/J)/J−1

≤
∥∥∥
(
(Ṽσ

n )
−1BnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+
∥∥∥
(
(Ṽσ

n )
−1CnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

≤
∥∥∥
(
(Ṽσ

n )
−1DnGnEnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+
∥∥∥
(
(Ṽσ

n )
−1FnGnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+
∥∥∥
(
(Ṽσ

n )
−1HnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+

k0∑

t=1

∥∥∥
(
(Ṽσ

n )
−1Nt

nL
t
nṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+

k0∑

t=1

∥∥∥
(
(Ṽσ

n )
−1Kt

nM
t
nL

t
nṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

+
∥∥∥
(
(Ṽσ

n )
−1PnṼσ

nLn

)o
+ J−1

∥∥∥
(F/J)/J−1

≤ inf
f∈C−1

sup
n=1,2,...

∥∥∥DnGnEn

[
f(xσ

n−j,n)δj,k
] n−1

j,k=0

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
FnGn

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Hn

∥∥∥
L(ℓ2)

+

k0∑

t=1

inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Nt

nL
t
n

∥∥∥
L(ℓ2)

+

k0∑

t=1

inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Kt

nM
t
nL

t
n

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Pn

∥∥∥
L(ℓ2)
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≤ const

(
inf

f∈C−1

sup
n=1,2,...

∥∥∥En

[
f(xσ

n−j,n)δj,k
] n−1

j,k=0

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Fn

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Hn

∥∥∥
L(ℓ2)

+

k0∑

t=1

inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Nt

n

∥∥∥
L(ℓ2)

+

k0∑

t=1

inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Kt

n

∥∥∥
L(ℓ2)

+ inf
f∈C−1

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Pn

∥∥∥
L(ℓ2)

)
.

Choosingf ∈ C−1 with supp(f ◦ cos) ⊂ [π − ε, π] and withε ∈ (0, 1), a simple Frobenius
norm estimate shows that

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Hn

∥∥∥
L(ℓ2)

≤ const · ε

and

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Pn

∥∥∥
L(ℓ2)

≤ const · ε.

Moreover, there exist aδ ∈ (0, 1) and a functionf ∈ C−1 with supp(f ◦ cos) ⊂ [π − δ, π],
such that

sup
n=1,2,...

∥∥∥En

[
f(xσ

n−j,n)δj,k
] n−1

j,k=0

∥∥∥
L(ℓ2)

≤ ε,

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Fn

∥∥∥
L(ℓ2)

≤ ε,

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Nt

n

∥∥∥
L(ℓ2)

≤ ε,

and

sup
n=1,2,...

∥∥∥
[
f(xσ

n−j,n)δj,k
] n−1

j,k=0
Kt

n

∥∥∥
L(ℓ2)

≤ ε.

For example, let us consider the matricesNt
n =

[
(αj − βj)δj,k

]n−1

j,k=0
, where

αj =
e−(j+

1
2 )π

(t− 1)!

t−1∑

ℓ=0

(
t− 1

ℓ

) ℓ−1∑

s=0

χt−ℓ−2χ
ℓ
s

2t−1− ℓ−s
2

[(
j + 1

2

)
π√

2

]ℓ−s

and (cf. (7.8))

βj =
(−1)n+t−1

√
2

√
1 + xσ

n−j,n

√
π

2
h̃t
n(−2− xσ

n−j,n)

=
(
2 + xσ

n−j,n −
√

(2 + xσ
n−j,n)

2 − 1
)n√3 + xσ

n−j,n

2

1

(t− 1)!

·
t−1∑

ℓ=0

(
t− 1

ℓ

) ℓ−1∑

s=0

pt−ℓ−2(−2− xσ
n−j,n)p

ℓ
s(−2− xσ

n−j,n)

(3 + xσ
n−j,n)

t−1− ℓ−s
2

(
n
√
1 + xσ

n−j,n

)ℓ−s

.
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Remember thatχs = ps(−1) andχℓ
s = pℓs(−1), whereps(x) andpℓs(x) are polynomials.

This yields

αj − βj

=
1

(t− 1)!

t−1∑

ℓ=0

(
t− 1

ℓ

)

·
ℓ−1∑

s=0

[
pt−ℓ−2(−1)pℓs(−1)

2t−1− ℓ−s
2

−
√

3 + xσ
n−j,n

2

pt−ℓ−2(−2− xσ
n−j,n)p

ℓ
s(−2− xσ

n−j,n)

(3 + xσ
n−j,n)

t−1− ℓ−s
2

]

· e−(j+ 1
2 )π

[(
j + 1

2

)
π√

2

]ℓ−s

+
1

(t− 1)!

t−1∑

ℓ=0

(
t− 1

ℓ

) ℓ−1∑

s=0

[√
3 + xσ

n−j,n

2

pt−ℓ−2(−2− xσ
n−j,n)p

ℓ
s(−2− xσ

n−j,n)

(3 + xσ
n−j,n)

t−1− ℓ−s
2

]

·
{
e−(j+

1
2 )π

[(
j + 1

2

)
π√

2

]ℓ−s

−
(
2 + xσ

n−j,n −
√

(2 + xσ
n−j,n)

2 − 1
)n (

n
√
1 + xσ

n−j,n

)ℓ−s }
.

Since, forsupp(f ◦ cos) ⊂ [π − δ, π], f(xσ
n−j,n) 6= 0 is equivalent to

(j+ 1
2 )π
n ≤ δ, it is

sufficient to show thatεjn ≤ const ε for

εjn :=
∣∣∣e−(j+ 1

2 )π

[(
j + 1

2

)
π√

2

]ℓ−s

−
(
2 + xσ

n−j,n −
√
(2 + xσ

n−j,n)
2 − 1

)n (
n
√

1 + xσ
n−j,n

)ℓ−s ∣∣∣

and forn ∈ N,
(j+ 1

2 )π
n ≤ δ, andδ > 0 sufficiently small. Using the same notations as in the

proof of (7.10), we can write

εjn = e−(j+
1
2 )π

[(
j + 1

2

)
π√

2

]ℓ−s



1−


 sin

(j+ 1
2 )π

2n

(j+ 1
2 )π

2n



ℓ−s




+
(
n
√

1 + xσ
n−j,n

)ℓ−s
∣∣∣∣e

−(j+ 1
2 )π −

(
2 + xσ

n−j,n −
√
(2 + xσ

n−j,n)
2 − 1

)n∣∣∣∣

= ε
(1)
jn + ε

(2)
jn ,

where

ε
(1)
jn = e−(j+

1
2 )π

[(
j + 1

2

)
π√

2

]ℓ−s



1−


 sin

(j+ 1
2 )π

2n

(j+ 1
2 )π

2n



ℓ−s




and

ε
(2)
jn =

(
n
√

1 + xσ
n−j,n

)ℓ−s

e−(j+
1
2 )π

∣∣∣∣∣∣∣
1− e(j+

1
2 )π

[
(1 + δn)

1
δn

]nδn

∣∣∣∣∣∣∣
.
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Of course,ε(1)jn ≤ ε if δ > 0 is small enough. Furthermore,

ε
(2)
jn ≤

[(
j + 1

2

)
π√

2

]ℓ−s

e−(j+
1
2 )π

·

∣∣∣∣∣∣



[

e

(1 + δn)
1
δn

]nδn
− 1


 e(j+

1
2 )π−nδn + e(j+

1
2 )π−nδn − 1

∣∣∣∣∣∣

= ε
(3)
jn + ε

(4)
jn ,

where

ε
(3)
jn =



[

e

(1 + δn)
1
δn

]nδn
− 1



[(

j + 1
2

)
π√

2

]ℓ−s

e−nδn ,

ε
(4)
jn =

[(
j + 1

2

)
π√

2

]ℓ−s

e−(j+
1
2 )π
∣∣∣e(j+ 1

2 )π−nδn − 1
∣∣∣ .

For sufficiently smallδ > 0, we have
e

(1 + δn)
1
δn

≤ 1 + ε. Consequently, since

∣∣∣∣nδn −
(
j +

1

2

)
π

∣∣∣∣ ≤ c1δ

(
j +

1

2

)

and(1 + ε)nδn − 1 ≤ nδn2
nδn−1ε ≤ c2

(
j +

1

2

)
2nδnε with constantsc1 andc2, we get

ε
(3)
jn ≤ c2

[(
j + 1

2

)
π√

2

]ℓ−s(
j +

1

2

)(
2

e

)nδn

ε

≤ c2

[(
j + 1

2

)
π√

2

]ℓ−s(
j +

1

2

)(
2

e

)(π−c1δ)(j+ 1
2 )

ε ≤ c3ε if c1δ <
π

2
.

Finally, to estimateε(4)jn , we remark that there are constantsc4 andA > 0 such that

[
xπ√
2

]ℓ−s

e−xπ ≤ c4 for all x ≥ 0 and

[
xπ√
2

]ℓ−s

e−
xπ
2 ≤ ε for x ≥ A.

Chooseδ > 0 such thatc1δ ≤ π
2 and

∣∣e±c1δA − 1
∣∣ ≤ ε. Then,ε(4)jn ≤ c4ε if j + 1

2 ≤ A and

ε
(4)
jn ≤

[(
j + 1

2

)
π√

2

]ℓ−s

e−(j+
1
2 )πec1δ(j+

1
2 ) ≤

[(
j + 1

2

)
π√

2

]ℓ−s

e−(j+
1
2 )

π
2 ≤ ε

if j + 1
2 ≥ A. Consequently,

∥∥∥
(
[Ak0

]4n + [Ãk0
]4n −Mτ

nBk0
Ln

)o
+ J−1

∥∥∥
(F/J)/J−1

= 0.

Hence, (8.1) is proved in caseτ = σ. The proofs of (8.1) in caseτ = µ and of (8.2) can be
done in the same way.



ETNA
Kent State University 

http://etna.math.kent.edu

248 P. JUNGHANNS, R. KAISER, AND G. MASTROIANNI

REFERENCES

[1] M. R. CAPOBIANCO, G. CRISCUOLO, AND P. JUNGHANNS, On the numerical solution of a hypersingular
integral equation with fixed singularities, in Recent Advances in Operator Theory and Applications. Pro-
ceedings of the 17th International Workshop on Operator Theory and Applications, T. Ando, R. E. Curto,
I. B. Jung, and W. Y. Lee, eds., Oper. Theory Adv. Appl., 187, Birkhäuser, Basel, 2009, pp. 95–116.
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