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COLLOCATION FOR SINGULAR INTEGRAL EQUATIONS WITH FIXED
SINGULARITIES OF PARTICULAR MELLIN TYPE *

PETER JUNGHANNS, ROBERT KAISER, AND GIUSEPPE MASTROIANN}

Abstract. This paper is concerned with the stability of collocation neels for Cauchy singular integral equa-
tions with fixed singularities on the intervgt1, 1]. The operator in these equations is supposed to be of the form
aZ + bS + BE with piecewise continuous functiomsandb. The operatosS is the Cauchy singular integral operator
and B+ is a finite sum of integral operators with fixed singularitisthe points+1 of special kind. The collo-
cation methods search for approximate solutions of the fe(m)p, (x) or p(z)pn(x) with Chebyshev weights

v(z) =4/ if; orpu(x) =4/ }_‘Ti respectively, and collocation with respect to Chebyslules of first and third

or fourth kind is considered. For the stability of collocatimethods in a weightel2-space, we derive necessary
and sufficient conditions.
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1. Introduction. Polynomial collocation methods for singular integral eguras with
fixed singularities are studied, for example, i 11, 17]. In [11], the stability of a poly-
nomial collocation method is investigated for a class of €@gusingular integral equations
with additional fixed singularities of Mellin convolutioypte. The papersl| 17] are more
concerned with the computational aspects of these methttile [17] deals with integral
equations of the form

u(:c)—!—b(a:)/1h<1j:z> Ul(?{’)_zy +[1 ho(z,y)uly)dy = f(z), —-1<z<1,

whereh : (0,00) — C, b, f : [-1,1] — C, andhy : [-1,1]> — C are given (contin-
uous) functions, the papet][deals with the effective realization of polynomial colidon
methods for the equation (sek [1.8)])

1 /L 1 1 6(14_3;) 4(1+x)2 B

—-l<x<l,

associated with the so-called notched half plane probleza;atso 14, Section 37a] and
[2, Section 14]; we also refer td.[ Remark 2.6]. In particular, if the right-hand sigiéx)
of (1.1) is a constant function, then the solutiof:) has a singularity of the forrfil —z) 2 at
the endpoint of the integration interval. More detailed, the functigh — = u(z) is bounded
and satisfies certain smoothness properties2cfieorem 14.1]. In11], singularities of the
solutions are considered which can be represented by aidaeigint the exponents of which
are in the interva{—%, %). Hence, the stability results given ifh]] are not applicable to the
equation {.1) if we want to represent the asymptotic behavipur x)*% of the solution at
the right endpoint of the integration interval.
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In the present paper, we investigate the stability of callimn methods applied to a class
of Cauchy singular integral equations with additional fixséagularities of Mellin type (of
special form) covering equatiori.(l) of the notched half plane problem, where the solu-
tion u(z) can be represented in the form

1+ 1—x
or ) =
uo(x) u@) =\

(1.2) u(x) = uo(x)

with sufficiently regular functions(z). Of course, for the probleni (1), this asymptotic
behavior is not the best one, and further investigationsecessary. Let us also mention that
other exponents in the weights are of interest depending\@rcadncrete problem; see, for
example, P, Theorem 15.1] orq, Section 2]. In 1], the stability of the collocation methods
is proved by using respective results for Cauchy singukagiral equations (cf12, 13]) and

a representation of the Mellin operators by Bochner integr&ince the kernels of Mellin
operators under consideration in the present paper do tigflyszl assumptions made ia ],
we develop here necessary and sufficient conditions forttiglisy of these methods in a
more direct manner taking advantage of the special streaciuthe Mellin kernels occurring
for example in (.1).

The paper is organized as follows. In Sectibwe introduce the class of integral equa-
tions under consideration and describe the polynomiabcation methods we want to apply.
In Section3.1an algebra of operator sequences is defined for which thiitstabthese oper-
ator sequences is equivalent to its invertibility modula#able ideal and the invertibility of
four limit operators associated to the operator sequenue fact that the operator sequences
of our collocation methods belong to this algebra is thed@piSection3.2, where also the
respective four limit operators are presented. Se@i@riscusses the invertibility of these
limit operators and prepares the proof of the main resulthenstability of the collocation
methods, which is presented in SectibnSection5 shows how to deal with the first type of
singularities in {.2) since the previous results are concerned with the secqality(L.2).

In Section6 we discuss some numerical aspects of the investigatedcatibm methods and
present numerical results for their application to the hetthalf plane probleni(1) together
with a discussion of the numerical results already preskintfl]. The final Section§ and8
give the technical proofs for the results of SectbBand of Lemmal.8, respectively.

1—=x

2. The integral equation and a collocation method.Here we consider the Cauchy
singular integral equation with fixed singularities of tloem

b(z) B (1 +2)" 'u(y) dy
um@%gkwf Z;/ yxm

15} (1- d
+Z7r’“1/ yix—;)) Y~ fla), -1<a<l,

2.1)

with given ﬂ,f € C and nonnegative integers... In this equation, the coefficient func-
tionsa, b belong to the seéPC of piecewise continuous functiohghe right-hand side func-
tion f is assumed to belong to the weighlettspacd.?, andu € L2 stands for the unknown
solution. The inner product in the Hilbert spacg is given by

mm:/wwmw%

—1

Iwe call a functiona : [—1,1] — C piecewise continuous if it is continuous 4l , if the one-sided limits
a(z £+ 0) exist for allz € (—1, 1), and at least one of them coincides witfx) .
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wherer(z) = |/ 12 is the Chebyshev weight of third kind. Let

1 /1
S:LZ L2 ue — Mdy
™) Y

be the Cauchy singular integral operatef, : L2 — L2, u + au be the operator of multi-
plication bya, and

Bf L2 — L2 uws

1t (1) u(y) dy
5[1 (y+ F2)F

be the integral operators with a fixed singularitytat. We write equationZ.1) in the form

m_ 77L+
Au = <aI+b$+Zﬁ,€_B,€_ —0—252'32') u=f.

k=1 k=1

It is a well known fact that the single operato#g, S, and B,f are bounded inL2;

see P, Theorem 1.16 and Remark 8.3]. This means that these opebsiong to the Banach
algebral(L2) of all bounded and linear operatars: L2 — L2. In order to get approx-
imate solutions of the integral equation, we use a polynbotHlocation method. For this

l1—zx

we need some further notions. Letr) = ﬁ p(x) = V1—a2 andpu(z) = /1=
be the Chebyshev weights of first, second, and fourth kingheetively. Forn > 0 and

7 € {o,¢,v, u}, we denote by’ (x) the corresponding normalized Chebychev polynomials
of degreen with respect to the weight(x) and with positive leading coefficient, which we
abbreviate byrn(x) = pZ(.’E), Un(x) = pf(l‘), Rn(x) = p’lrjb(x)’ andpn(x) = pﬁ(x) We
know that

1 2
To(x) = 7= T, (coss) =1/ —cosns, 1 >1, se(0,m),

and, forn >0, s € (0,7),

V2sin(n + 1)s cos(n+ 1)s sin(n + 1)s

U, 58) = , R 55) = ————, P, 35) = .
n(cos s) \/Tsin s n(cos s) /T cos 5 n(cos s) V/msin 5
The zeros:7, of p; (z) are given by
i—3 jm i=3 jm
— < 2 L o _ o 2 Ho_ 3
xJ, = cos S, Ty, =08 ey T, = cos 7%77, ), = cos %,
for j = 1,---,n. We introduce the Lagrange interpolation operai@rdefined for every
functionf : (—1,1) — C by
n T n T
ph () LTy
Lof=) f@j )., ,(z)= — = -
" 2 i S = a7, ) (a7,) ,C_H# T, — i,

1
We remark that the respective Christoffel numbkjs = / (7, (z)7(z) dz are equal to
-1

7T(1 + m;’n) noo_ 7T(1 - xétn)

ﬂ[l—(x}pn)Q] o
B e Sl

n+1 ’ Jn

o=y =
m = 0 Nin T
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The collocation method seeks an approximatigne L2 of the form

(22) un(x) = M(I‘)pn(l‘), Pn € Pna
to the exact solution aflu = f by solving
(2.3) (Aun)(zf,) = o), k=1.2,....n,

wherelP,, denotes the set of all algebraic polynomials of degree lessit € N. We set
pn(x) = p(x)Py(z), n=0,1,2,...
Using the Lagrange basis

~ 7
T (2) = L’;n(x)7 k=1,....n,
M(lem)
in ulP,,, we can writeu,, as

n—1

n
Uy = Z ajnDj = kanN};R.
j=0 k=1
If we introduce the Fourier projections
n—1
,Cn:L?/—>L12,, uHZ(u,@}Vﬁj
7=0

and the weighted interpolation operatdvt], := pL7 1~ 1Z, then the collocation systera.Q)
can be written as an operator equation

(2.4) AT = MT AL u = M, uy €1m L,

whereim denotes the range of an operator. For the relation betwesapihroximate solution
and the exact solution, we have to investigate the statfitihe collocation method. We
call the collocation method stable if the approximationrapars.47, are invertible for all

sufficiently largen € N and if the normsﬂ(A;)—%nHE(Lz) are uniformly bounded. If the

collocation method is stable, then the strong convergehc&,@,, to A € £(L2) as well as
the convergencé” f — f in L2 imply the convergence of the approximatiansto the
exact solution: in L2. This can be seen from the estimate

|Lru —uyll, = HA,_LIE,L(AnEnu - Anun)HV
< |l AZLa| (lMAnLru — Aull, + [|f = MZSI],)

’ﬁ(LE)

which also shows that, for getting convergence rates, osgédhestimate the erros,u — u
andA,, L, u — Au with the solutionu and the errotM], f — f with the right-hand sidef.
The technique, which we use to prove stability, includesgreof of strong convergence
AT L, — A; cf. the definition of the algebrd in Section3.1L For M} f — f, see
Lemma7.2 But the focus of the present paper is the stability of thehods$ under consid-
eration. Proving convergence rates by using certain smesthproperties of the right-hand
side f and of the solution is a further task; cf., for examplel?, Section 5]. The main
result of our paper on the stability of the collocation meth@.4) applied to the integral
equation 2.1) is given in Theorem.11

Of course, by making the ansafz ), we are only concerned with the second representa-
tion of the solution in {.2). How to use the corresponding results for the other reptaten
in (1.2 is shown in Sectio.
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3. The stability of the collocation methods.

3.1. The Banach algebra framework for the stability of operdor sequences.In what
follows, the operator sequence, for which we want to proebibty, is considered as an
element of a Banach algebra. For the definition of this algeime need some spaces as
well as some useful operators. By we denote the Hilbert space of all square summable
sequences = (gj)j"jo, &; € C, with the inner product

m=>_ &
j=0

Additionally, we define the following operators

n—1

W, : L2 — L2, u Z<U,5n—1—j>u§ja
3=0

,Pn:£2_>£2a (gj)jo:OOH(&)a'”7§n—1707"')7

and, forr € {o, u},

ViimL, —imP,, u~— (w;\/lerInu(as'{"),... o/ 1+ ar, u(x],), 0, ),
VT iim L, — imP,,  u (w;\/l+acfmu(x;n),...,w;«/l +x{nu(m1n)707...),

T LetT ={1,2,3,4} and set
2

wherew] = /T andw! =
XM oxX® 12 X —x@W o2 OO _p L@ @ _p
and definee" : im £,, — X == im £ fort € T by
EVN =L, EP=w, EP=vr W=y

Here and at other places, we use the notign\V,, ... instead ofC,, |im £,.» Walim 2,,+ - - -
respectively. All operatorgr(f), t € T, are invertible with inverses

-1

(57(11))_1 — g, (57(12)>_1 — @), (5723))_1 — v, (57(14))_1 = (VD)

where, for¢ € im P,

(V:;) Z mgk 1 kn

and

Now we can introduce the algebra of operator sequences vigtarested in. By§ we denote
the set of all sequencést,,)>2, =: (A,) of linear operators4,, : im £,, — im £, for
which the strong limits

WHA,) = lim ED A, (5,@) Lo, ter,

n—oo

—1 *
(W(An))" = lim (85,”An () zg“) : teT,
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exist. If we provide§ with the supremum normi(A,,)[| 5 := sup,,>1 [|A4nLn | ¢(1,2) and with
operations(A,,) + (B,) = (A, + B,), (An)(Bn) := (A,B,) and(A,)* := (A}), one
can easily check thg becomes &'*-algebra with the identity elemeft,,). Moreover, we
introduce the se€¥ C § of all sequences of the form

(3 (ex) " eomep e,

t=1

where the linear operatorg : X* — X are compact andCnLnllgzy — 0
asn — oo.

PrRoOPOSITION3.1 (Lemma 2.1 in]0], Theorem 10.33 in18, 19]). The setj forms a
two-sided closed ideal in the*-algebraF. Moreover, a sequended,,) € § is stable if and
only if the operatorsVt(A,,) : X® — X® t ¢ T, and the cosetA,) +J € §/J are
invertible.

3.2. The collocation sequence as an element of the Banacheldga §. For the inves-
tigation of the stability of the collocation methddl”) = (M7 AL,,), we have to show that
this sequence belongs to the algefravhich means to prove the existence of the four limit
operatordVt(A,,). Regarding the multiplication operateZ as well as the Cauchy singular
integral operatosS, Proposition3.2 below was proved in]0]. To describe the respective
limit operators we need some further notation. Define thmetdies

(3.1) JiiLl L2 ue > (u,5)0R,

j=0

Jo: L2 =12 ue Y (512U,
j=0

> 1
L2 5L ue Uy Py ———T},
jB v v j:0< pj> \/m J
and the shift operator
(oo}
(32) V: L,2/ — LIQ,, U —r Z<U,ﬁj>yﬁj+1.
=0
The adjoint operators;, 75, J5, V* : L2 — L2 are given by
TJiu=J "tu= Z (u, Rj), Dj, Tou =Ty u= Z (u,v1— xUj>Vj5j
j=0 j=0
and
* — S 1 ~ * S ~ ~
Tiu=J; 'u= ]z::() <U7 Niew: Tj>l/pj7 Viu= JZ:O (U, Pjt+1), Dj-

Finally, we denote bf = [9,1]%5._, the identity in/* and byS,S™ : £2 — (2 the operators
defined by

s [ 1- (_1).7’—16 1— (_1)j+k+1 &
> { AG-k MG ErD) Lk_o
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and

[ 1-— (_1)jfk B 1— (_1)j+k+1 } ©
mi(j — k) mi(j+k+1) 150

[1—<—1>M[1 o1 H°° e
i -k jtk+el ), TN

The following proposition is already known.

ProPOSITION 3.2 (Proposition 3.5 in10]). Leta,b € PC, A = o + bS, and
AT = M7 AL, Then, forr € {o, u}, we havg A7) € § and

T Hadh +ibT) ‘T =0,
WHAD) = A (A7) =

Ty Hads —ibTV) T =,
W3AD) = a(DI+b(1)S™,  WHAT) = a(—1)I — b(—1)S.

REMARK 3.3. We have to mention that in(), p. 745, line 13] there is a sign error. One
has

n—1
1—(=1)—F 1 — (—1)I+k+1
_[ (-1t 1 (1) ﬂ]
J,k=0

2in sin £ 2in sin 1HE+L
2n 2n

instead of

1 (—1)i* 1— (=1)i+k+1 net
a 2in sin =k T 2in sin LEEEL i '
2n 2n 3,k=0
This leads toV* (A%) = a(—1)I — b(—1)S and not toW* (A4,,) = a(—1)I — b(—1)S° as
formulated in [LO, Proposition 3.5].
Having in mind PropositioB.2, our next aim is to show that the sequent4?, 5" L., ),

k € N, belong toF and to determine their limit operatoys”’ (M;B,fﬁn). As a result, we
can state the following proposition, the proof of which igegi in Sectiorv.

— m
PROPOSITION3.4. Leta,b € PC, A = aZ +bS+ > BB, + > BB, and
k=1 k=1
AT = M7 AL, Then, forr € {o, u}, we havg( A7) € § and
WHAT
B Yady +ibT) CT =0,
ajz bTY) T =p,
DI+b(1)S™+A™ + K7,
( DI—b(—1)S + A +K,

W4(An)
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where the operatord, A™ € £(¢?) are defined as

o~ [ G+ J+E 17
(3.3) A=S"3 2h>( 7
2 P 22 (b)) e |
m+ - . 1 2 oo
(J+3) 1
(3.4) A=Y B th]( 2 ,
PO RN ==t
S I +1)2\ 1 >
35 A = + 1 9nt (+ ) - } 7
(59 kglﬁko [T ((k+1)2 k1 1 k=0
with
:Fl k $k71
(3.6) hg(x):(ﬁ) Ao 00 ke,

and whereKK, K™ : (2 — (2 are compact operators.

3.3. The invertibility of the limit operators. In this section we consider the invert-
ibility of the four limit operators. Due to Propositidhl, this is necessary for the stability
of the collocation method. Thus, our main concern is devétedecessary and sufficient
conditions for the invertibility of these limit operatordt first we consider the operator

m_ m
A=aT+bS+ Y B, B, + > B B/. Forthis, we need the Mellin transform
k=1 k=1

7= [ T y)et s

of a functiony : (0, 00) — C. With the help of the continuous functiohs : (0, 00) — C
defined in 8.6), we can write the linear combination of the integral oprmvrs,'u\B,;AL in (2.1 in
the form

S By (Byu)(w) + B (B w)(a)
k=1

k=1

_m7 ot 1+ uly) o n ! L (1=2Y\ uly)
_kz_llgk/1hk (1+y)1+ydy+zﬁk/1hk (1_y>1_ydy.

k=1

(3.7)

Forhi(z), k € N, the Mellin transform is given by (z) = (F1)*hy(z + k — 1) with
hy(x) = (1 + z)*, and (see, for example4,[6.2.(6)])

he(z) = (~1)* (k - D )

is holomorphic in the strip < Re z < k. This implies

~ . f—it+k—2 (F1)*

hi (8 —it) = — . 1- 1 .
A < k-1 )sinh(w(iBth))’ k<f<lteR

We remark thaﬁf(ﬁ — it) is analytic in the stri) < 8 < 1 for all £ € N. Due to 8.7) and
by [2, Theorem 9.1] (cf. alsa3] 7, 8, 16]), we can state the following proposition.
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m_—

PROPOSITION3.5. Leta,b € PC, A = aI+bS+Z B By +Z BIBY L2 — L2.

k=1 e
(a) The operator4 is Fredholm if and only if:

e For any z € (—1,1), there holdsa(z + 0) + b(z =+ 0) # 0 and
a(r+0) —b(x+0)#A0 as well as a(+£l) + b(+l) # 0 and
a(%1) — b(£1) #0.

e Ifaorbhasajump at € (—1, 1), then there holds

a(x 4 0) + b(x +0)
a(x 4+ 0) — b(x 4+ 0)

+(1-=XN

e For z = +1, there holds

a(1) +b(1)icot (5 — im¢) —|—Zﬂ+h"~'7—1§)7é , —o00<E<oo,

and

a(—1) + b(—1)icot (I +in€) + iﬁ;ﬁ;(% —i) #0, —o0<¢<oo.

k=1

(b) If Ais Fredholm and if the coefficientsand b have finitely many jumps, then the
Fredholm index of4 : L2 — L2 is equal to minus the winding number of the
closed continuouscunig, :=T_ UT; UT; U ... UTy UTy UTxy UTy
with the orientation given by the subsequent parametomatiHere, N stands for
the number of discontinuity poinis, i = 1,..., N, of the functions andb chosen
such thatry := -1 < x1 < -+ < oy < xy4+1 := 1. Using theser;, the curves
Iy,i=1,...,N+1,andl’,, i=1,..., N, are given by

oy +by) -
FZ'_{a(y)b(y)' s }

- e +0)+b(9:1+0)

{ ( a(z; —0) 4+ b(x; —0)
v a(z; +0) — b(z; +0)

a(x; —0) — b(x; — 0)

+(1=2)

:OgAgl}.

The curved™y, connecting the point with one of the end points @f; andT"n 1,
are given by the formulas

_Jat) +b(1)icot (F —in) + >0 “‘h‘*‘(f —i£)
I‘+.—{ (1) —b(1) .—oo<§<oo}
and
o e+ b(-Dicot (§ +imé) + TR By hy (3 - i) |
a(—1) — b(—1)
—o00<EL oo}.

(c) If Ais Fredholm and ifn_ = 0 or m = 0, thenA is one-sided invertible.
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imag

real

FiG. 3.2.{zi:1 B (L —i¢):—co<E< oo}.

Let 21,2, € C. We denote byy,/,[21, 2] the half circle line fromz; to z; lying on

the left, respectively, on the right of the segmnt z2] and by~[z1, 23] the circle line with
diameter(z1, 25| starting inz; with clockwise orientation. For given functionsb € PC

with a(z £0) — b(z £0) # 0, x € [-1, 1], we define

(3.8) c(x) == @) —b(a)
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OF ~ - 5

imag

Fic.3.3.T— incase ofu(—1) = 0,m— = 3,3, = 1.

0.6 4

0.4} q

! ! !

-1 -0.5 0 0.5 1
real

FiG.3.4.T'1 incase ofa(1) = 0, m4 = 3, 8} = 1.

The equalities

a(1) 4+ b(1)icot (3 - i7r§) . B
(3.9) { a(l) — b(lﬁ -0 <€ < OO} = r[e(1),1].
and
a(—1) + b(—1)icot (% + iﬂf) . B
(3.10) { o(—1) — (1) P —00 <€ < 00} = Ye[1, c(—1)]
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can easily be shown. The cur¥e is a modified arc frome(1) to 1 and the curve'_ is
a modified arc froml to ¢(—1). For instance, Figure8.1 and 3.2 display the images of
Sr_ hiE (3 —i¢) (ie.,ms = 3, B = 1) and Figures8.3and3.4the respective curves,
in the caseu(+1) = 0.
The above proposition enables us to give conditions for nlertibility of the second
limit operatornV2. So we derive from]0, Lemma 4.4 and Corollary 4.5].
LEMMA 3.6.Let A}, = M7 (aZ +bS)Ly, T € {0, pu}.
(@) The operatonV? (A7) is invertible inL2 if and only if A = aZ + bS has this
property.
(b) If aZ +bS : L2 — L2 is invertible, then the invertibility ofV?(A*) : L2 — L2
is equivalent to the conditiofu(1)| > |b(1)], which is again equivalent to the con-
dition Re ¢(1) > 0.
For the index calculation of the second limit operator, we sate the following lemma.
LEMMA 3.7. Leta,b € PC, 7 € {o,u}, and A := aZ + bS : L2 — L2, as well as
AT = MTAL,. If Ais Fredholm, then the second limit operatdi?(A2) : L2 — L2 is
also Fredholm, where

(3.11) ind W?(A9) = —ind A.
If A, W2(AL) : L2 — L2 are Fredholm, then

—ind A :Re ¢(1) >0,

. 2 Y —
(3.12) ind W*(A}) = { —indA—1 :Rec¢(l)<0.

Proof. Letind A = k. For A € [0, 1], define

(=01 =N +ec(x+0)X xe(-1,1),

(3.13) c(z,A) = ¢ (1) +[1—c(D)f_1(N) cx=+1,
14 [e(—1) — 1]£5 () o= 1,
wheref, (\) = SIMTOA _ira(r-1) andc(z) is defined in 8.8). Note that, forz;, z, € C,

sinma
the image of the function; + (22 — z1)f4(A), A € [0, 1], describes the circular arc from

z1 t0 z9 such that the straight line segmdnt, z5] is seen from the points of the arc under
the angler(1 + «), i.e., in casex € (—1,0), the arc lies on the right of the segméat, z5]
and, in casex € (0,1), on the left. By 8.9), (3.10, and Propositior8.5, it follows that
Ty ={c(z,N): (x,\) € [-1,1] x [0,1]}. Moreover, we denote the winding number of this
curve with respect to the origin of the complex planeviyid c(z, A). Due to the fact that
every piecewise continuous function can be approximated function with finitely many
jumps, we can assume thafl < 21 < --- < zy < 1 are the only discontinuities of(z).
Define the piecewise continuous argument functién) = ;- arg ¢(x) in such a way that

(3.14) |a(xk+0)—a(xk—0)|<%,kzl,...7N, and a(—l)e(—i,i).

For the winding number, we derive

(3.15) windc(z,\) € ZN (a(l) - i,a(l) + i) .

Due to Propositior3.5, we havex = — wind c(z, ).
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m and defined(z, A) analogously to%.13. Then
(cf. the proof of L0, Lemma 4.4])d(z, A) # 0, ¥V (z,\) € [—1,1] x [0,1], if and only if
c(z,\) # 0,V (z,\) € [-1,1] x [0,1]. Define the piecewise continuous argument function
Blx) = % arg d(z) satisfying the respective conditiors.{4). Since (cf. again the proof of
[10, Lemma 4.4])

In caser = o, setd(z) =

indW?(A?) =ind (bZ — aS) and B(z) = —= —a(z),
we have
: 2 o : 3 1
—ind W*(A?) = windd(z,\) € ZN 1~ a(l),= —a(l) ),

proving, together with3.15), the relation 8.11).
Let us turn to the case = 1, and assume thaw?(A*) : L2 — L2 is Fredholm. From
the proof of L0, Lemma 4.5], we have

—ind W?(A*) € ZN (—a(l) -

In view of (3.19), we gets € (—a(1) — 1, —a(1) + 2) if and only if

a(l) — i < wind c(z, ) < a(1) + i ,
which is equivalent t®Re c(1) > 0. Analogously,x + 1 € (—a(1) — 1, —a(1) + 2) if and
only if a(1) + 1 < winde(z, ) < a(1) + 2 ,i.e.,Rec(1) < 0.
Observe that the Fredholmness of the operdtos aZ +bS : L2 — L2 implies that the

half circle line~,[¢(1), 1] does not contaif), which impliese(1) ¢ {iy : y > 0}. Moreover,
by the Fredholmness of (cf1(, (4.4)])

1
V2

WAL = Ty ' —= ([a(VT+ 2+ V1 — 2] — [lav/T — 2+ bv/T + 2] S),

we get0 ¢ v, [ﬁ, 1}, i.e.,c(1) ¢ {iy : y <0}. Hence, 8.1 isproved. O

We also need conditions for the Fredholmness of the operg¥dr* (A7 ). For that, we
consider the>*-algebral(¢?) of all linear and continuous operatorstth By alg T(PC) we
denote the smallest*-subalgebra of (¢?) generated by the Toeplitz matnc[esh k=0

with piecewise continuous generating functigrs) := ., got’ defined on the un|t circle
T:={t € C : |t| = 1} and being continuous Jfi \ {+1}.

PrROPOSITION3.8 (Theorem 16.2 inlp]). There exists a (continuous) mamb from
alg T(PC) into a set of complex valued functions definedlbr [0, 1], which sends each
R € alg T (PC) to the functiorsmbg (¢, A), which is called symbol @& and which satisfies
the following properties:

(a) For each fixedt, ) € T x [0,1], the mapalg 7T (PC) — C, R — smbg (¢, ) is

a multiplicative linear functional onlg 7 (PC).
(b) For any ¢t # =1, the valuesmbg(t,\) is independent of\, and the function
t — smbg(¢,0) is continuous ot € T : Im¢ > 0}andon{t € T : Im¢ < 0}
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with the limits

smbgr (1 +0,0) := t%+lli,IIIri1t>O smbg (t,0) = smbgr(1, 1),
smbgr (1 —0,0) := t_>+lli’rlr11nt<0 smbg (t,0) = smbgr(1,0),
smbgr(—1+0,0) := t—)—lli,lirrlnt<0 smbg (t,0) = smbgr(—1, 1),
smbr(—1—0,0) := lim  smbgr(t,0) = smbgr(—1,0).

t——1,Imt>0

(c) An operatorR € alg 7 (PC) is Fredholm if and only ikmbg (¢, \) # 0 for all
(t,\) € T x [0, 1].

(d) For any Fredholm operatoR € alg 7 (PC), the index oR is the negative winding
number of the closed curve

I'r : = {smbr(e*,0): 0 <s<7}U{smbr(~1,5): 0<s<1}
(3.16) )
U {smbr(—€",0): 0 <s <7} U {smbr(l,s): 0<s <1},
where the orientation of' g is given in a natural way by the parametrization®f
and|0, 1].
(e) An operatorR € alg 7 (PC) is compact if and only if the symbghbg (¢, \) van-
ishes for all(¢, ) € T x [0, 1].
In what follows, we show that the limit operatoy¥/4(A7) belong toalg 7 (PC)
and consider their symbols as well as the respective cué$)( Using the results of
[10, Section 4] and the relations

i A
1 — — — — 1 — < <
icot < £ 1 log 1 )\> 2N 1)+ 2i/A(1—-)N), 0<A<1T,

as well as

{icot (% — if) -0 <EL oo} =7 [1, —1]
and

{icot (% Jrif) oo <EL oo} = y[—1,1]

(cf. also B.9), (3.10), we get the following lemma.
LEMMA 3.9.Letr € {o,u} and. A7 = M] (aZ+bS)L,,. The limit operatorsV* (A7),
t € {3,4}, belong to the algebralg 7 (PC), and their symbols are given by

1 : Imt >0,
-1 : Imt <0,
. s i A . —
smbyys ) (1.4) = a(1) +0(1) -4 Tt (T Fglor =) s € dopk =1,
icot %félogﬁ I T =0, t=-1,
—icot %—i—ilogﬁ) ST = U, t=-1,
and
1 :Imt >0,
-1 :Imt <0,
SmbW‘L(A;)(t?A) = a(_l) - b(_l) ! ficot % — ilog% . t - 1,
—icot %—l—%logﬁ it =—1.
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The respective closed curvgs16) are

Tyws(azy = vrla(l) +b(1),a(1) = b(1)] Uela(l) = b(1), a(1) + b(1)],
Dyysany = yla(l) +b(1), a(1) — b(1)],
DPwicag) = Dwscan)
= Yela(=1) = b(~1),a(=1) + b(=1)] Ur,[a(=1) + b(~1),a(~1) — b(-1)].

We remark that the limit operatoy®* (M7, (aZ + bS)L,,), t = 3,4, are invertible if they
are Fredholm with indeR [10, Corollary 4.9].

LEMMA 3.10 (Lemma 4.2 and Lemma 4.6 it(]). Let A" = M7 (aZ + bS)L,,, where
T € {o, p}.

(@) If aZ +bS : L2 — L2 is Fredholm, thenV3(A9) and W*(A7) are invertible.

(b) The operatonV?3(A#) is invertible if and only ifia(1)| > |b(1)].

We turn to the limit operators ctf,iE and verify thatA, A7, A* € alg T (PC). For this
we recall the following lemma.

LEmMA 3.11 (Lemma 7.1 in1]2] and Lemma 4.5 in13]). Suppose that the Mellin
transformy(z) of the functiory : (0,00) — C is analytic in the strip

1 1
5—5<Rez<§+5

for somes > 0 and that

dr
sup dzky(z)(l—i—|z)k’ <oo, k=0,1,...

%—5<Re z<%+s

Thenyy : (0,00) — Cis infinitely differentiable, the operatoel 1, M, € L(¢?) defined
by

WZES AN — [ (i1 1]
M+1:: y< 1) 1 5 M—i—l:: Y\ 77— | 77— )

U\E+3) k3], MACES YRS P
and

[ (I 1 17T — e (1) 1 ]
Moy [0y () ] M e

L k‘i’g k+§ §,k=0 L k+1)k+1 7,k=0

belong to the algebralg 7 (PC), and their symbols are given by

g1+l L) t=1
smbM+1(t7)\) :Smbﬁ+l(t’>\) _{ y<2 + 55 log 75 )

0 tte T\{1},
and
U5+ 5= log 25 t=-1
Smbel(t,)O = Smbﬁ (t7)\) = y (2 + ox 108 1_/\) R
N 0 cte T\{~1}.

Fork € N, setg; (z) := 2h, (2?)z andg; (z) := 2h; (2?) such that

).

g, () =h, (#£!) and g/ (2) = h}(

ol
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Since the Mellin transformﬁf(z) are analytic in the strig < Rez < 1, it follows that
g (z) is analytic in the strip-1 < Re z < 1 andg;’ (z) is analytic in the strif) < Re z < 2.
Hence, we can apply Lemn#alland obtain tha\, A9, A* € alg T (PC) with symbols

A
amba (£, ) = Z/J)k < +log1_/\) =1,
0 :t e T\{1},

my ; A
ﬂ+h+ ( lo ) t=1,
smba-(t,A) = Z 1T
0 .t e T\{1}.
From Propositior8.4, Lemma3.9, Lemma3.11, and{ﬁ log 25 : A€ (0, 1)} =R, we

conclude the following assertion.
LEmmA 3.12.Let7 € {0, u} and

M
AT = M, (aI+bS+ZﬁkB +Zﬁ,j6+>

k=1 k=1

Then, the limit operator¥V3 (A7) andW* (A7) belong to the algebralg 7 (P C) with

Tyyeas) = {a(l) +b(1)icot (X —ing) : —co < € < o0}

k=1

’ {a(l) Fbeon (5 +i7) + 3 AR 1)+ oo << w},
Fyys(any = {a(l) —b(1)icot (ﬂ + iwg) f o0 <E< OO}

U{a(1)+b(1)icot( +in€) +Zﬂ;§h+ + i) : oogggoo},

and

Tyyacary = {a(—1) + b(—1)icot (¥ +im€) : —00 < &£ < oo}

U{a(—l)—i—b(—l)icot (%—iﬂf)—l—ZB;ﬁ +i¢) - —oo<§<oo}.
k=1
COROLLARY 3.13.LetT € {0, 1} and
m— m
An = M, <az+ bS+ > B By + Zﬁ,j@,j) c
k=1 k=1

Fort € {3,4}, the limit operaton/V* (A7) is invertible if and only if the closed cunigy: 4-)
does not contain the zero point, its winding number vanisaied the null space of the oper-
ator Wi (A7) € L(¢?) is trivial.
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In the following three propositions, we give our final resudbncerning the invertibility
of the limit operators.

PROPOSITION3.14. Let A = aZ + bS + Z By B, : L2 — L2 be invertible,

AT = MI AL, and letWw?* (A7) be Fredholm W|th mdex zero. Then,
(@) in caser = o, W?(A9) andW3(A9) are invertible,
(b) in caser = u, W2(A%) and W3 (A#) are invertible if and only ifa(1)] > |b(1)].
Proof. WriteT'y =T _UT.UT', withT', = T UT"{ U. . .Ul y41; cf. Propositior8.5(b).
In the present situation we haVe. = ~,-[¢(1), 1]. Then (see Lemma.12),

Ty ag) = la(=1) = b(=1)] (e[, (-] UT )
and

Lazips = ye[l, (=D UTe Unre(1), 1],

whereI'_ is T'_ with reverse orientation. In view of Propositiéh5 and Corollary3.13
the invertibility of W' (A7) and the vanishing index afv*(A7) imply the invertibility of
aZ +bS : L2 — L2. Since the second and third limit operators are indeperafdsjf (see
Proposition3.4), it remains to apply Lemma.6and LemméB.10 ]

The following two propositions can be proved analogously.

PROPOSITION3.15. Let A = aZ + bS + Z BB - L2 — L2 be invertible,

AT = MZI AL, and letW? (A7) be Fredholm W|th |ndex zero. Then,
(@) in caser = o, W?(A9) andW*( A7) are invertible,
(b) in caser = u, W?(A) is invertible if and only ifia(1)| > |b(1)].

PROPOSITION3.16. Let A = aZ + bS + Z By B + Z BBy« L2 — L2 be

invertible, A7, = M7 AL, and letW3(A7) as WeII asW4(AT) be Fredholm with index
zero. Then,

(@) in caser = o, W?(A9) is invertible,

(b) in caser = p, W?(AL) is invertible if and only ifa(1)| > |b(1)].

EXAMPLE 3.17. Considerd = aZ + bS + Z B, : L2 — LZ and A}, = M7 AL,

7 € {o,u}, wherea(z) = iv/1 — x + 1 andb(x ) —+v/1+4 2 — 1. In Figure3.5, the curve
Fy=T_UT.U~.[c(1),1] (blue, dashed, and red lines) is given.

The winding number of" 4 vanishes. Thus, the operatdris invertible (see Proposi-
tion 3.5(c)). If we replace the bloated aft_ (blue) by the circular arg,[1, ¢(—1)] (green),
we get the curve concerning the operat@r+ bS : L2 — L2. ConsequentlygZ + bS is
Fredholm with index-1 and, in particular, not invertible. As a consequence of Lefi,
we derive

indW?(A%) =1 and ind W?(A*) = 0.
W3(AT) does not depend on the Mellin part of the operator and, duenenha3.12,

Cyws(ag) = [a(1) = b(1)] (vr[e(1), 1] Ure[L, (1))
and

Dyyaqagy = [a(1) = 0(1)] (ve[e(1), 1] Ue[L, c(1)]) .
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ima

FIG. 3.5.T" 4 for Example3.17.

X origin
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2 s a 05 o 05 1

FIG. 3.6.T" 4 for Example3.18

Thus, by Propositior8.8 and Lemma3.9, ind W3(A7) = 0 andind W3(A*) = 1. The
winding number of the curvByy:(4-) = [a(—1) — b(—1)] (w[l, e(-Dju f_), wherel _
equalsI’_ but with reverse orientation, is equal to Thus, in view of Propositioi3.8 and
Lemmaa3.12, the limit operatorsV* (A7), 7 € {o, u}, are Fredholm with index-1.
ExAamMPLE 3.18. Consider the function§x) = 1 — x andb(z) = 5 — z. Let

3
AzaI—l—bS—FZB,‘::LE—)LE
k=1

and A7 = MTAL,, 7 € {o,u}. The imagel'. of the functionc(x), 2 € [—1,1], is the
straight segment from-2 to —1. The curvel' 4 = ~,[1,¢(—1)]UT. UT, (green, dashed,
and blue lines) and the cuntg,z»s = v¢[1,c(—1)] UT. U~,[c(1),1] (green, dashed, and
red lines) are given in Figuré.6.

In view of Propositior3.5, the operatorsA : L2 — L2 andaZ + bS : L2 — L2 are
invertible. By Lemma3.7, W?(A9) is invertible and/V?(A%) is Fredholm with index-1.
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For the fourth limit operators, we have (see LennE?)
Dz = [a(=1) = b(=D] (3e[1, e(=1)] U [e(=1), 1))

implying their invertibility. Furthermorel’yys 4.y = [a(1) — b(1)] <%[c(1), 1Ju f+) and

Tyysary = [a(1) — b(1)] (’W[C(l), 1]u f+>, wherel, equalsl'’,. but with reverse orien-
tation. Thus, in view of Propositior3.8 and Lemma3.12, the limit operatonV?3 (A7) is
Fredholm with index, and the limit operatoyV?(.A%) is Fredholm with index.

4. The main theorem for the stability of the collocation metlods. In this section we

~

investigate the invertibility of the coset A7) + J in the algebrag/J, where
AT = MT <aI+ bS + Z By, B), + Z B+B+> » is one of the considered collocation

methods. For this, we need some other operator sequendeR. ¢elg 7 (PC). We define
the finite section®,, := P,RP, € L(im P,) and seR?, := ()" 'R,&V, t € {3,4].
LEMMA 4.1 (Lemma 5.4 in10]). For R € alg 7 (PC) andt € {3,4}, the sequences
(R%) belong to the algebrg.
Letmy € N be fixed. Now we denote b the smallesC*-subalgebra of generated
by all sequences of the ide@] all sequenceéR)) with ¢ € {3 4} andR e alg T(PC) as

well as by all sequencesd,,) with A, = M7, (aZ +bS + Z By B, + Z ﬂ*B*) .
a,b € PC. Moreover, let®?l, be the smallesC*-subalgebra 03 contamlng all sequences
from J and all sequencesd,,) with A,, = M7 (aI+ bS + Z By B + Z ﬂ*B*) "

a,b € PC. Forthe cosetA,,)+J, we use the abbreviatiqd,, )0 Asa maln tool for proving
invertibility in the quotient algebr&l/J, we use the local principle of Allan and Douglas. For
this, we have to find &"*-subalgebra of the center 9f/J as well as its maximal ideal space.

Let0 < £ < 3 and defineC; (C) as the Banach space of all continuous functions
f:(-1,1] — C (f : [-1,1) — C) satisfying

lim (142)°f(z) =0 ( lim (1—2)°f(z) = 0)

z——1+0 z—1-0

with the norm
[flloex =sup{(LF2)°|f(z)]: -1 <a<1}.

Remark thaCZ is continuously embedded inia?.

LEMMA 4.2. For a polynomialp, the operators3;- pZ — pBi : L2 — CZF are com-
pact.

Proof. For example, the operatBy, pZ—pB, is an integral operator with kernel function

[p(y) — p(2)](1 + )" !
(2+y+x)k '

h—,k(za y) =

Since(1+x)°h_ i (x,y) is continuous offi—1, 1] x [—1, 1], we obtain the assertion by Arzela-
Ascoli’'s theorem. 0

LEmMMA 4.3.For f € C[—1,1], the coset$ M fL,,)° belong to the center &1/3.

Proof. We have to show that
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for all generating sequencésl,,) of . In the casesA,, = M (aZ + bS)L,,, a,b € PC,
andA,, = Rt = 3, 4, this was proved inl[0, Lemma 5.7]; cf. also][2, 13]. It remains to
consider4,, = M;B;fﬁn. In view of the estimate (se€l(), (3.11)])

HM;rLflﬁn - M:;fQLn”g(Lg) < const ||f1 - f2||oc s

and the closedness pf it is sufficient to verify ¢.1) for polynomialsf. Thus, letp be a poly-
nomial withdeg p < m. By M7 pLy,—p = pLp—m, n > m,andL,, — L,,_p, = Wi LW,
we derive

MIpL, MLBEL, — MLBEL, MIpL,,
= — M (Byp—pBi) Lo+ MBE (T — My)p(Ly — Lom)
= M (Byp—pBj;)Ln
+ [ML(Bifp — pBE) Lo + MLpBEL, — ML B LoMIpLy | Wi Ly Wi

The application of the ideal property together with Lemdmacompletes the proof. 0O
Lemmad4.3shows that the s&t := {(M] fL,,)° : f € C[—1, 1]} forms aC*-subalgebra

of the center oRl/J. This subalgebra is via the mappiQ§1], fL,)° — f *-isomorphic to

C[—1, 1]. Consequently, the maximal ideal space&d$ equal to{T,, : w € [—1, 1]} with

T i ={MLfLy)? : [ € C[=11], f(w) =0}

By J. we denote the smallest closed ideaRofy which containst,,, i.e.,J,, is equal to

closy /3 {Z (AMLFiL,)" : (AL) e, fj € C-1,1], fi(w) =0, m=1,2,... } .
j=1
The local principle of Allan and Douglas claims the follogin

PROPOSITION4.4 (cf. Sections 1.4.4, 1.4.6 if]). For all w € [—1, 1], the idealJ,, is
a proper ideal in/J. An elemen{A,,)° of 2/J is invertible if and only if(A4,,)° + J., is
invertible in(2(/3)/J. forall w € [—1,1].

LEMMA 4.5.The coset$M] B, L,,)°,1 < k < m_, are contained i, —1 < w < 1,
and the cosetéM7 B, L,,)°, 1 < k < m., are contained ifj,,, -1 < w < 1.

Proof. Consider the casB = B; . (The case3 = B; has to be handled in the same
way.) Let—1 < w < 1 and lety be a smooth function which vanishes in some neighbor-
hood of —1 and satisfieg((w) = 1. SincexB : L2 — C[-1,1] is compact, the operator
norm ||(Ly,, — M7)XBLx| (1.2 tends to zero. Due to the definition of the idgalwe get
(M7 xBL,) € J. Thus,

(MIBL,)° = (LaMBL, — MIXBL,)” = (M5(1—X)LoaMLBL,)" € Joo

The lemmais proved. [0
As a consequence of Lemmzb, for —1 < w < 1, the invertibility of the coset

my

(M; (az +bS + Z BBy + Y 5;&?)&) + Ju
k=1 k=1

is equivalent to the invertibility of M7, (aZ + bS)L,,)° + Jo. In the same manner as in
[10, Corollary 5.13], we can state the following.
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LEMMA 4.6. Let(A,,) € 2. If the limit operatorWW!(A,,) : L2 — L2 is Fredholm,
then for allw € (—1,1), the cosefA,,)° + J., is invertible in(Ao/J) /Je-

Now, we consider the invertibility ofA7,)” + J+1 in (2/J)/J+1. To this end, we show
that the invertibility of the limit operatorsV? (A7) andW? (A7) implies the invertibility of
(A7)’ + 311 and(A7)° + J_1, respectively.

LEMMA 4.7 (Lemma 5.9 in10]). Leta € PC[-1,1] be continuous at the point

€ [-1,1] with a(w) = 0. Then,(MZaLl,)° € J..

By C.; we refer to the set all of continuous functiofisc C[—1, 1] with f(£1) =1
and0 < f(x) < 1forallz € [—-1,1]. For an arbitrary.A,,)° + J+1 € (A/J)/I+1, we have,
due to Lemmat.7,

4.2) 1A + Sl aayaen < JmE NMEFLD)" (An)llagyg -

The proof of the following lemma is given in Sectién
LEMMA 4.8.LetR <€ alg 7(PC) and let

m_— m
AL =M, (aI+bS+ > BBt Y. ﬂ,;;zs;;) Lo,
ko=1 ko=1
S := W3 (A7), andT := W*(A7).
3/ 3/4 ~

(a) If Risinvertible, then the COS<I[R ) +J+1 isthe inverse O(R ) +J+1

in (A/3)/J+1-

(b) We have(S3) + 31 = (A7) + Jrand (T4)” + 31 = (A7)’ + J_1.

For the generating sequences?bf, we know that the limit operators withe {3,4}
belong toalg 7 (PC); cf. Lemma3.12 Since the mappingg/®/* : § — £(¢2) are con-
tinuous *-homomorphisms (seel), Corollary 2.4]), we havéV3/4(A,) € alg T(PC) if
(A,) € . Thus, by Lemmat.8and the closedness df.1, we get the following corollary.

COROLLARY 4.9. Let (A4,) € 2Ay. Then, the invertibility obV3(A4,,) and W*(A,,)
implies, respectively, the invertibility ¢f4,,)° + 311 and(A,)° +J_1in (F/J)/I+1-

Now, we are able to prove the stability theorem for sequentése aIgebraZlO, in par-

m_—

ticular, for the collocation method4”) = (MT(aIJr bS + Z B By, + Z BEBHL,

Indeed, with the help of Propositiéhl, Lemma4.6, CoroIIary4 9 and the Iocal principle of
Allan and Douglas, we can state the following theorem.

THEOREM 4.10. A sequenceA,) € %, is stable if and only if all operators
WE(A,) : XB — X+ =1,2,3,4, are invertible.

Having in mind Propositios.4, we set

A =a(-DI-b(-1)S+A+K and A7 :=a(1)I+b(1)S" +A" + K .
Moreover, we define the curves

r_={a(- —1)icot (7[3 +i&]) : —oo < € < o0}
U{a(—l)—i—b(— Jicot (m[4 — i€] —l—ZBk —oogﬁgoo},

I'7 = {a(1) + b(1)icot (w[+ —ig]) : —o0 < { < oo}

U{a(l)—i—b(l)icot( [1+i¢] —i—Zﬁ;rh+ +1i¢) : —oogfgoo},

k=1
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' = {a(1) — b(1)icot (m[% +i€]) : —00 < £ < 00}

U{a(1)+b(1)icot([ + i) +Zﬂ,jh+ +i€) : oogggoo}.

k=1

With the help of Theorerd.10 Corollary 3.13 Proposition3.16 and Propositior8.4, we
derive the following.

m_— m4

THEOREMA4.11.Leta,b € PCand A = aZ+bS+ Z Bi By + Z BBF L2 — L2.

Then, the collocation methott] AL,,, T € {0, u}, is stable if and only if
(a) the operatorA € £(L2) is invertible (cf. Propositior8.5),
(b) the closed curveb _ andI, do not contain the zero point and their winding num-
bers vanish,
(c) the null spaces of the operatofs_, A7, € L(¢?) are trivial,
(d) in caser = u, the relation|a(1)| > |b(1)] is fulfilled.

5. Approximate solutions of the formv(z)p,, (). In this section we consider the inte-
gral equationZ.1) in the spaceLi, which stands for the weightdd?-space referring to the
fourth Chebyshev weight(x). Again we apply a collocation method to the integral equmatio
However, this time the collocation method seeks an apprattanw,, € Li of the form

un(x) = v(z)pn ()

with a polynomialp,, (z) of degree less tham. Setting
Bn(2) = v(2)Ro(z), n = 0,1,2,... and 7}, — W k=1,....n,

we can writeu,, in the form

n—1 n
Un = D =Y Genly-
=0 k=1
Introducing the Fourier projections

o

Lol — L2 ue— Y (u,p)), b
and the weighted interpolation operatd/vf;; := vLTv 1T instead of the collocation meth-
od (2.3), we consider the collocation method
(5.1) AT = MIALup, = MTf, u, €imL,
for solving the operator equation
Au=f in L2
approximately, where

m4
A —aI+bS+ZBkB +Y BB L, — L.

k=1 k=1
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Here and in what follows, fof, S, B;f : L2 — L2 and forZ, S, By : L2 — L2, we use
the same notation, which does not lead to any confusion.Hedntestigation of the stability
of the collocation method(1), we introduce the isometric isomorphisth : Li — L2,
u(z) = u(—2x), and we get

JSTt=-8, JBEg'=(-1)FBF, and JL,T'=L,,

where, for the last equality, we took into account the relafi, (—z) = (—1)"p,(z). Since

— — K . i
Ty iy, =—xi,andxy ., = —al,,j=1,...,n,itfollows that
— — K
m—jrin(—2) =47 () and £y .., (—z)=10, (2),

which implies, for every functiorf : (—1,1) — C, the relations7£57~'f = L9 f and
JLr L f = L f. Consequently, usingvJ ! = uZ,

JMITf=M5f and TMLT ' f = MES.

Thus, we arrive at the following result: the collocation hmat (G.1) is equivalent to the

method
MCf T =0,
Anvn_{./\/lﬁj T=U,

for the approximate solution of
Av=f in L2
wherev,, = Ju, € im L, f = jf, and

An{ MCAL, :T=o0,

(5-2) MEPAL, 1=,

as well as

m_ my

A=GT—bS+ Y (V)" By B + D (DB By, al2) = a(—=), b(z) = b(—2).
k=1 k=1

LEMMA 5.1. The collocation metho(jﬁ;) given by(5.1) is stable inLi if and only if
the respective methdd4,,) defined by(5.2) is stable inL2.

This lemma enables us to check the stability of the mettiod) {n Lﬁ by applying
Theorend.11to the sequencé(2).

6. Computational aspects and numerical resultsIn this section we want to discuss
computational aspects of the collocation methatlg)( In particular, we are interested in
a fast computation of the approximate solutiensof the collocation methods. Moreover,
we will present numerical results for specifically choseh, B,f as well as for a specifically
chosen right-hand sidg. First of all, if we want to compute the solutions, we can solve
the corresponding system of linear equations

where the involved matrices and vectors are given by

&n — |: (AZ;T,)(JJ;”) jf,lk:17 gn = [ fkn }k,nzl’ ﬁn = [ f(mzn) ]::17
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kn>
Since this basis is not orthonormal, the stability of théamaltion method does not imply the
uniform boundedness of the condition numbers of the matfige With the help of the Gaus-
sian quadrature rule, one can show that the{s{eg)—l(l +ap,) i 0, k=1,...,n
forms an orthonormal basis ofi £,,. The matrix representation of the operatdr§, AL, in
this basis is given by the matrix

and wherey,,, are the coefficients af,, in the basis{ZT k=1,..., n} of the spacém L,,.

n

Jjn

b= | T (AT, T, |

jk=1"
which is equal to the operatdy?) M7 AL, VT : im L, — im £,,. Consequently, in
case of stability of the collocation method? ), the system&.1) can be preconditioned with

n

the help of the diagonal matricés, = dlag[ 1+, L:l’ and we have to solve the
system

Anfn =T,
where
An = an&n]@;l’ Tin = ]D)nﬁna and gn - Dngv

Thus, we are mainly interested in the fast computation oétitees of the matrices

r n
14+x7 ~
ST — in (SET ) (.’L‘T ) :|
n 1427 kn jn

LV jok=1
and

r n

Tk 147, + )7 T
IBlco,n = Tfor, (Bkogkn (x]n) -
L ]7 =

or/and in the fast application of these matrices to a vecdt@t us represent the weighted
fundamental Lagrange interpolation polynomials in therfor

n
(@) = Y b1 (@) g = (TP )
m=1

v

Then,
(6.2) S; =D, HLID;! and B, = D,H% InD; Y,
where

=1 lmgers Ho=[ SPn-)@F) 1,
and

Hyt = [ (=Rt pko_ (£2-27,) "

ko,mn jym=1"

In view of (7.9) we have

N B . B i 9 [ cos W ‘T =o0,
(SPm-1)(77,) = iRm-1(2},) = —F—— P j2m—1)r

,/1—|—w§-n COS =57 ST = [
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Defining the matrices

27 —1)(2k -1 " i _ "
Co® = COS( 7 1) )W} and CH7 = | cos J@k = m ,
dn 7.k=1 2n+1 jk=1
we can write
iy/2D7iCt =,
(6.3) HT =

T=
i\/g}]]);l(cg’7 ST = .

The entrieg], . of J7, can be computed with the help of the respective Gaussias, maenely

- Aln - - Vom . (2m—-1)2k - 1)m
Emk = %(1 - xk:n)Pm—l(ka) = T 1+ xgn s ( 3151 )

lu(xk;n)
and
A V2 (2m — 1)k
et = kn _p o (2 ) = 1+ 2 sin
= ey Tt ) = TV s
Thus,
V2 2
(6.4) 13— Y2 seon, and 1= Y2 sup,
where the matriceS2-® andS#7 are defined by
s78 = [sin H VDT "y gur [ g, B DT
/ dn jik=1 2n+1 k=1
From (6.2), together with §.3) and 6.4), we conclude
o A seo 4
Sn = % C?L’SSn’S and Sﬁ = m+1 ZjSlnLj?
as well as
ok V2T ot o + V2T +
B = D, H* S and B = o' D, Hf~ St

pl
The matrice<Co8, C/7, 74, andSH® represent well-known discrete cosine and sine trans-
forms. This enables us to apply them to a vector of lemgt¥ith O(n log n) complexity. So,

it remains to consider the matricEs'Cfn. For this, we use the recurrence relations (€f1)
and (7.2) '

(6.5) HmmwnWM—;/@@%@@—;w
(6.6)  figyy(x) = 2xhy () + hy_y(2) = :i/ll w(y)Paly)dy =0, n>1,
and, fork > 1,

(6.7) hi(x) = (22 + Dhg(x) = 2(1 = |z))hg " (2),

2
(6.8)  hF_ () —2xhF(x)+hE_ (2) =201 - |2z)RE" (2), n>1.
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To compute the entries dﬁ[;fn, we solve the linear systems

—(2z+1) 1 hi(z) A
1 -2z 1 hi(z) 0
1 -2z 1 hl_4(2) 6
1 =2z (B ,(0)]  [—hli(2)
and, fork =2,3,...,
2:41) 1 hE(2) 2(1 —|2))hg " (2)
1 2. 1 k() 2(1 - \ZI)h'f_l(Z)
1 -2z 1 hy—3(2) (1f\l)n 3(2)
T I e 2(1 — 2)hpZ5(2) — ki1 (2)
forz = +£2 — 27, j = 1,...,n. To use these systems and not the forward recurrences

suggested by§(5), (6.6) and €.7), (6.8) is motivated by the following fact. In cage| > 1,
the roots of the characteristic polynomidl— 22\ +1 of the second order difference equation
(6.6) or (6.9) are equal to\; ), = = + V2 — 1. Consequently, one of these roots has an
absolute value greater thapand it is well known that this leads to instabilities in tlevfard
computation; cf. also the discussion itv[ pp. 362, 363].

Of course, the valuels® ,(z) have to be precomputed. For this we can use appropriate

n—1

Gaussian rules of sufficiently high ordat. For example,

ko—1 1

i 1 (o —2)k /T2
(x_l)ko_l Z 1_xkn n— 1(‘rk71)

iN (x§, +x — 2)ko

~
~

k=1 n

with N sufficiently large.
Now we turn back to the integral equation

1/1[ I 1 N 6(1+x) 401 +2)?
69 7wJaly—-r 24+y+r (2+y+2)? 2+y+a)

—-l<x<l,

of the notched half plane problem already mentioned in tivdiuction of this paper. As
stated there, we should take into account that the solutaméhsingularity of the form
(1- 1:)—%. Thus, we try to apply a collocation method in which the agprate solution
has the formu,, (x) = v(z)p,(x) with a polynomialp,,(z) of degree less than. With the
notations of SectioB, this means that we consider the collocation method

(6.10) Aruy, = MLALuy = M f, uy €imL,, 7€{ov},
where

A= i8S —iBy + 6iB, — 4iB; .
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‘ X origm‘
0.2r yl.e-1)]
y’[c(l),1]+MeIIm

imag

real

FIG. 6.1.T" 4 for the operaton(6.11).

Due to Lemmab. 1, the stability of the collocation metho@.(L0 in Li is equivalent to the
stability of the method.A,,) in L2, where

MCAL, 7 =o0,
" MEAL, 7=,

and
(6.11) A=8-Bf —6B; —4B;.

Let us verify the conditions of Theorefl1l Due to Propositior.5, for the invertibility of
A : L2 — L2, we have to show that the closed curve
T'y= {ficot (% +i7r§) t—o00<EL oo}

U {—icot (F —ime) + i (4 —i¢) +6h (4 —i€) +4hf (§ —i€) s ~o0 <€ < o0}
does not contai® and that its winding number is equal to zero, but this can lea $@m
Figure6.1 (Of course, the invertibility ofd : L2 — L2 is equivalent to the invertibility

of A : Li — Li, which was already verified iriL[ p. 101].) Obviously, condition (d) of

Theoremd4.11is not fulfilled, which implies that the sequen@é;) for the collocation with
respect to the Chebyshev nodes of third kind is not stablerefbre, we concentrate on the
caser = o. Due to condition (b) of Theorerh.11, we have to consider the curves

F,:{icot(g—&—iﬁf):—oogfgoo}u{icot(g—iﬂ'f):—oogfgoo}

=v[-1,1] U~ [1,-1] ={2 € C: |z =1,Imz > 0}
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TABLE 6.1
Collocation for(6.9) with = o.

TABLE 6.2
Collocation for(6.9) with 7 = v.

n | cond(A,) | cond(A,) n | cond(A,) | cond(A,)

8 13.5 1.32 8 16.1 5.00

16 27.1 1.35 16 30.3 7.37

32 54.1 1.37 32 58.7 10.66

64 108.1 1.38 64 115.5 15.24

128 216.1 1.40 128 229.1 21.63

256 432.2 1.41 256 456.3 30.66

512 864.3 1.41 512 910.9 43.51

1024 1728.5 1.42 1024 1820.0 61.79

2048 3456.9 1.42 2048 3638.4 87.63
Of course, the winding number &f_ is equal to zero and sind&] = —I" 4 (with reverse

direction), this is also true fdrq . Due to the complicated structure of the compact operators
K7, andKy, (cf. (7.34 and (7.36)) in the definition ofA% and A _ (cf. (3.9), (3.4), and
(7.37), we are not able to check if condition (c) of Theorérii1holds true. But, the results
shown in Table6.1 (already presented irl] table on page 112], where one can also find
computed values for the stress intensity factor and thekapening displacement which are
of practical interest) suggest that the collocation metfttoti)) with - = o applied to 6.9) is
stable.

On the other hand, Tabl2 confirms our theoretical result that the collocation method
(6.10 for 7 = v applied to 6.9) is not stable.

7. Proof of Proposition3.4. At a first step, we compute the valuﬁfg“gb“n for the com-
plete orthonormal syste®,, ), (in L2). Define

W) = (L0 jz])* /1 PP

mi 1 (y—x)F

n>0,|z]>1k=12,...,

and seth,, (z) := hl(x). Itis well known that the following recursion formula holds

1

Poyi1(z) =22P,(x) — Ppoq(z), n>1, Py(z) = N Py(z) = %(295 +1).

Using this formula, we get

9 1
(7.1) hni1(2) = 22hy (@) + A1 () = i [1 w(y)Po(y)dy =0, n=>1
and
1
(7.2) @) = 2o+ Dhota) = = [ )Py = =

In order to solve these recursion formulas, we have to déterthe values

1
/7 ho(x) ::1/ ply)dy

T)_4 y—=x

Setting

(@) ::1[ G(y)dy’

71— 1 Yy—x
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we easily obtain

iV ho(e) = (1 - a)y(z) — L.

Let us compute/(x). Using the substitutiong = cos s as well as: = tan 3, we get

1 1oy )dy -2 /°° dz sgn(x)
T — = — , x| > 1.
’Y( ) T /1 Y — (l‘ + 1) 0 m + 22 /ZL‘Q -1 | |

Consequently,

. r—1
ivmho(z) = o

Using the recursion formulas (1), (7.2), we are now able to compufe,(z). The zeros
of the characteristic polynomial(t) = t? — 2zt + 1 for the recursion{.1) are given by
x + v/22 — 1. Thus, the solution has the form

VT (2) = do(z + —1)" +01(z — Va2 —-1)",
where the); are determined by the initial valuég(x) andh(x). Formula 7.2) gives

-1, Jz| > 1

iﬁhl(x)(2x+1)< v-1 1) +2,

and so, fofz| > 1, we get

r—1 n
i = — _ 2 _
(7.3) iv7 hy, () < P 1) (x sgn(z)Vz 1) .
If & > 2, we can use the relations
1 k—1 1
w(y) Pu(y) 1 d / 11(y) Pa(y)
7.4 dy = d kE>1, |z 1.
v [ = gy [ e kel

For the determination of the derivatives, we state the falg lemma.
LEMMA 7.1.Letk € N be arbitrary. Then the following equation is true

e (1) = (e V1) S

wherep” (z) are polynomials withp% (z) = (£1)* anddegp” < s.
Proof. Let us proof this fact by induction with respect#as N. Fork = 1, we have

L eV o1y = (xi\/ﬁ)n_ln<1i—x_l>

2

xr
:(xi\/aﬂ—l)n\/%.
Hence,
e (re 1) = V1) S T;’;S ’“ag]

sy

k—1 k41— k: k—1
in + s qSJrl )
’

+
k+1+s B 1 k+<+1
s=0 5=
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where
dpk (x) , s ke d ph(x)
P (k+s)aph(a) = (@2 — 1) FH P

dhs (@) = (@7 = 1) L2

It follows that

dk+1

dzh+t (mi\/i)
- (v

ink“ ’Sx)ikil ey AR n’““‘%f(ﬂf)]

S = CEE Vi = e Vs
k—1 —5 4
@-1)% o @-1)E (22 — 1)k+3

then we arrive at

o (2 V) = (e V) R

s=0

The lemmais proved. 0O
We mention that there exist polynomials_; (z) with p_; = 1 anddegpy—1 < k — 1,
k > 1, such that

dk r—1\  Jzx—1 pp1()
(7.5) M(\/x+1> _\/erl(:z:Ql)k’ 71> 1,
which can also be proved by induction. With the help a8, (7.4), (7.5, and Lemma&/.1
we can write, folz| > 1 andk > 1,

(7.6)

(1 — |z))F—t gkt xz—1 3 n
hin () = Jri(k — 1)! dzh—1 [(\/ z+1 1) (m —sgu(@) v - 1) ]
(1= |+t 5 n
= m (z —sgn(z)Va? — 1)

gy | x—1 pr_o_e(x) Lt s pl(x)
=) \/x+1(x2_1>k—1—f5k—u Z{)ﬁ
1=

R () s
k-2

k=1(0) pk—1=s(|| — 1)55—= "
_Zps 1( )( ' (L |1+ 1) ](x—sgn(x) $2—1) ;o n=1,

=0 |z +1)
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and

—1)k-t x—1 pr_a(x) 1
7.7 hE(z) = ( )
(7.7) 0(®) Vaik— D)V z+1(z[+ DR U P

where the sums in7(6) with negative upper limit are equal to For example, the values
hk(z), k = 2,3,z < —1, are given by

iV hl(z) = [—L—n(l— 1/ﬂ>

and

s [ fzFi[3 11 nlx\/ﬁ
lﬁh"(x){\/:[lﬂ—l z—1 +2 1 r—1 (z-1)Vao-1

_nZ(:chl_ z+1>}(x+m)n_

(a:+\/a:2—1>n,

2 \z—1 r—1

For the determination of the Iimiﬁzé/3/4(/\/l;8,f£") in caser = o, we have to compute the
values

dy, n>0,|z|>1,k>1

7 — [zt ! Tn<y)
R () = (1 — =) / 1(y) v

i 1 (y—2)

Again seth,, () := hl (z). The following relation

Cnhn(x) = (1= 2)9n(x) = dom

holds, where

) = & / W) 4

), y—=
andcy = /7, ¢, = \/gi, n > 1. We can state the recursion formula
ﬁn—l(l‘) - 2.13?}771(.13) + ﬁn-‘rl =0, n>1,
as well as
~2Fo(x) + F(z) = 1.

Now we can solve the formula as in the previous case|#aos 1, we obtain

(z — sgn(z)Va? — l)n'

Tal@) = —sgn() —

Thus,




ETNA
Kent State University
http://etna.math.kent.edu

COLLOCATION FOR SIE’S WITH PARTICULAR MELLIN TYPE SINGULARTIES 221

We obtain, forn > 1,
- (1 _ |£L’|)k_1 dk—l

etV \/ﬁ(m—sgn(x) x2_1>n1
(7.8) —Dt K=
((kl_)l)!(xsgn(x)m) \/:

B ) )

_1_l=s
=0 s=0 (|(L" + 1)k =5

o (DY e -1 p_o(w)
cohg () = o1 Vo1 (e L)t Ok

For instance, ift < —1, then

eaF2(z) = — (2 + VaZ = 1)" {n+ 1}

2 —1
and

2
+n<x+1— 3 >+" I+1}(z—|—\/ﬁ)n.

and

2\z—-—1 x-1 2 r—1

LetR = R(—1, 1) denote the set of all functions: (—1,1) — C, which are bounded and
Riemann integrable on each closed subintefval] C (—1,1).
LEMMA 7.2 (Corollary 3.3 in10]). Let f € R and

|f(z)] < const (1—2)* 3(1+2)° 1, —l<z<l,
for somes > 0. Then,

Mif— f in L2 forr € {o,pu}.
Letk : [—1,1] x [-1,1] — C be a continuous kernel function and

1
(Cu)@)i= [ Kagulw)dy, we L
-1

the associated integral operator.

LEMMA 7.3.1f k : [-1,1] x [-1,1] — C is continuous, theiC : L2 — C[-1,1] is
a compact operator. In particulat M7 KL,,) € J for r € {0, u}.

Proof. Letu € L2 ands > 0. Sincek(z, y) is uniformly continuous of-1, 1] x [—-1, 1],
there exists a positive numbér= §(¢) such thatx — z/| < ¢ andz, 2’ € [—1,1] implies
|k(z,y) — k(z',y)| < . Thus, forjz — z'| < §, we have

1 o x!
(Ku)(e) - (Ru)a) < [ 1 ’“(W% o) dy

< el[tlullull, = constef|ull,.
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Consequently, the stiCu : v € L2, ||lull, < 1} is bounded and equicontinuous. The
Arzela-Ascoli theorem yields the compactnessKof L2 — C[-1,1]. With the help of
Lemma7.2, we get| M7 KL, — L, KLy 2y — 0. Hence (M7 KL, — L,KL,) € J,
which implies(M7KL,,) € 3. d

If A(xz,n,...)andB(z,n,...)are two positive functions depending on certain variables
z,n, ..., then we writed ~, ,, B if there is a constard # C(x,n,...) > 0 such that

C'B(z,n,...) < A(z,n,...) <CB(z,n,...)
holds.

LEMMA 7.4.Letn e N, k= 0,1,...,n,andr € {0, ¢, v, u}. For the zeros:], of the
orthogonal polynomialg],, we have, for all sufficiently large,

T [T+ 1
At~ —(1+ 27 ),
| e e p+at)

k+1,n

wherexg, =1, x},,, , = —1.
Proof. Of course,

T M4z Ten o 14x T
—dx = ——dx < (1+ap,)—.

/“724-1,71 1-z Thi1n m "
Moreover, in case = o and for sufficiently large,

T, 1+x /win 1 Tin T
——dx = ——dx + ——dx
LoV = Ve

o
k+1,n k+1,n k+1,n

1 k
> — (E—I—QCOSMSiDQL) ECE (1+COS7T)
2 \n n n n n

T k:—% T . k‘—% T
=C 1+ cos T Cos — — sin sin —
n 2n n 2n

1
2

1
( +cos 2n 2n

s . m
TCOS — — SIN —

i 1
2 [ 1 o .

1
~kon 1+ cos

n
The proof for the other nodes is analogous. O
DefineB;t, k € N, by

, —l<z<lI.

1 /1 (1 F ) tu(y) dy

(B]:{tu)(l‘) = i L (y+zF 2)k

By induction one can show that there exist constajjjt&anddfj such that

ki~

k k
Bi=> ciB; and Bf =) diB; .
J=1

Jj=1
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Since, foru € L2 andx, zg € (—1,1],
By w)(@) — (By w)(ao)
e S G (a0 - e utw)

1 =
- d
7r/_1 Aty +tlta)f(lty+1tao)k 4

IN

1
(14 z)*(1 + z¢)*

2

J 12()1+ykf[(l+xo)j—(1+w)j] u(w)dy ul, |

—1

the functmns(B u)(z) and (B, u)(x) are continuous for-1 < 2 < 1if u € L2. The

same is true fo(BJr )(z) and (B u)(z), =1 < = < 1, andu € L2. Hence, the values
(Bju)(«7,,) are well defined.
LEMMA 7.5. Letr € {o, u}. Then, fork € N,

MBEL, — By, (MLBrL,)" — (By)”
and

MLBEL, — BE,  (MLBEL,)* — (BE)*
in the sense of strong convergencd.ih

Proof. Letu € L2. With the help of the exactness of the Gaussian rule for motyials
of degree less thatn, we have

o o ™ S o 2 o
IMEBE | = VT = aLvBiul? = - > (U +a27)(Brw) (7,

k=1

and

Ti

T
n -+

IMEBEullf = IChvBEull;, = (L +ap,)|(Bu) ()|

k=1

N[

Taking into account Lemm@.4, we can estimate for = o, 7 = p, and for all sufficiently
largen

1 1 1 1 k—1 d 2
M7 By a2 <ConstZ/ ﬁdx (/ (Lt ) oty y)
Thie, 1—x m™J_1 (y+xkn+2)
1 1 1 k—1 2
<Const / W( (1+y) |Ué 11|dy) du
Thi1m -z 1 y+x+ )
1

< const [ (L0 ;yyf;gg;ldyfdx

= const Hl§2|u| Hi < const HBVI:HZ(L?,) ||u||12, .
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To handleHM;g,ju\ v, We use the estimate

ILl,n 1
/ UlJ_rzde%(lJrIZn)’ k=1,....,n,
Tin
2
R SR — )" u(y)| dy
TR+ 2<
Ml Z/ Vil ( e
Thn 1 kn

“"k NI — ) Muly)ldy”
11—z 1 (2—y—x)k

S/_11V(x) (7T /_1 d (2y)_k llugzzdy> da

= 1Bl IS < 185 Iz s llulls -

and get

Since the operatorg,jgE : L2 — L2 are bounded, we obtain uniform boundedness of
the sequencegM7BL) and (M7Bf). If uw € L, then the continuous function
B : (—1,1) — C satisfies the estimate

\(B,fuu)(x)\ < const ‘h’g(—x + 2)| < const [(1 . x)i% +11,
where we took into accoun® (7). Thus, applying Lemmd.2,

hm M B;, uufB]fuu in L2, foru € L.

With the help of the Banach-Steinhaus theorem, we get stongergence QM;B,f —>B,f
as well asM[ BE — Bi in L2,

For convergence of the adjoint operators, we remark thatafoontinuous function
X : [-1,1] — C vanishing in a neighborhood ef1, the operatobgB is an integral op-
erator Wlth continuous kernel so thQBjE L2 — C[-1,1] is compact. Hence, by
Lemma7.3 (MoxBiL,) € J. In particular, (M;XBkﬁn)* converges strongly 2.
Now, let f € C[—1, 1] be vanishing in a neighborhood &fl. The set of these functions is
dense inL2. Moreover, there exists a continuous and real valued fangtivanishing in a
neighborhood oft1 such thaty f = f. Due to(M] xL,)* = M7 xL, (cf. [10, (3.13)]) and
the uniform boundedness of the seque(t&], B L,,), we get

(MBy L) (Lnf = M f) — 0
and
(MEBy L) M, f = (M B L) My XL M, f
= (MOXBEL) " My f — (XBi)' f = (By)" f

in L2. The lemmais proved. O

Recall the following version of Lebesgue’s dominant cogeeice theorem.

LEMMA 7.6.1f &, € 02, 6™ = (€0),2°,, 1€7] < || VE =0,1,2,...,Vn > ng and if
limy, o0 & =& VEk=0,1,2,..., thenlim, o || — &[[;2 = 0.
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For the determination of the limit operatdrBf‘/‘*(M;B,f,Cn), we need the well known
relations

(79) SO’Tj = —infl, Sﬁj :iRj, j:0,1,2,..., U,l =0.

LEMMA 7.7.Letj > 0 be fixed and- € {o, u}. Then,

(7.10) lim_ (2 + T i \/(2 tag_ ) - 1) — o (i+3)m
Moreover,
¢ +(-1) L .
(7.11) (2+x;n— (2+x;.n)2—1) <e*U-3)% 1<j<n, nleN.
Proof. Set
2sin? j;n% s T =0,
o= Yo =LA T = 2 j+3
3 2 J—
2sin 2(n+%)7r T =l
Then,
24 a” 2427 12-1) =(1 T =1) = — 1
+ Lp—jmn — ( + l‘nfj,n) - = + Yn — ( + ’Yn) - = m,

whered,, = v, + /(1 4+ 7,)? — 1, lim,, 0o 16, = (j + 3) 7, and
1 1nén T
(1+6,)" = {(1 + 571)@} — elta)m,
This proves 7.10. For the second relation we define the mapping0, 7] — R by

h(s)i2+cossf\/(2+coss)271 1 1

s -

er :e% (2+coss+\/(2+coss)2—1> f(s)

We show thatf(s) > e for s € [0, 7]. Indeed, since

f(s)=— (2+coss+\/m> +ex <—Sins— (2 4 cos s)sin s )

e
™ (2+coss)? —1

3w

(24+coss)?—1

s 1 S
=ex ((2—|—coss+\/(2—|—c0ss)2—1> (— S ),
T
we havef’(s) = 0if and only if s = s* € (0, 7) such that,/(2 + cos s*)2 — 1 = 7wsin s*.
It follows that

f(s*) =g(s*) with g(s) =e~ (24 coss +msins).

g(s)=ex [2+ (1+7r> coss} =0
m T

Now,
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if and only if s = s € (0, 7) such thatos s) = — %= Hence,

2 4
—en [2—- 2 1_
9(s0) = ( [ (1 +7r2)2>

(2772 4+ (1+7r2)2—4)

15

I
)

1+72 1472
272 +7T(7r+%)
1472 1+ 72

1S

Y
®

> e.

Together withg(0) = 3 > e andg(m) = e, we getg(s) > e for s € [0,x]. This implies
f(s*) > e, which, together withf (0) = 3 + /8 > e and f(r) = e, yields f(s) > e for all
s € [0, 7]. Using this result we conclude that

14
(2+:17;-’n71/(2+m3’n)2—1) y
<

e

eli=3)% -
which proves the second relation. The case p can be treated in the same way. O
Since
i1
2sin? J2n277 1T =0,

102 s o
2sin 2t ) T =,

one can analogously prove the following lemma.
LEMMA 7.8.Letj > 1 be fixed and- € {c, u}. Then,

n— o0

n _(-7_%)71— . =
(7.12) lim (2 =T, — /(2= x;n)Q — 1) - { e, T =0,
T =l
Moreover,

4 )
(7.13) (Q—x;n— (2 —x7 )2—1) ge’(%%)%’ 1<j<n,nteN.

Jn
Fork € N, a,b € C, andb # a, it follows from the formula

k
bk‘ _ ak‘ —(b—a ak—sbs—l
(

s=1

by dividing bya”*b* (a — b) that

1 1 1 hs—1
(a —b)ak b’“(a—bZ as )

s=1

Incases = y + x + 2 andb = zg + x £ 2, we conclude

1 1
e [ R ) L Fo sy

1 zk:(xo—&-mj:%t_l].

y—10 = (y+a+2)
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LEMMA 7.9.For 7 € {0, u} andk, € N, the strong limits

oo

W3 (MLB, Ln) =6© and W (MIBLL,) = [ af, ]jk:o

exist, where is the zero operator id?> and where

o2 (DR kY G+

i [(k—l—l)z—l—(j—l—%)ﬂko

_( k*]+ i: kOt(]+%

1 =1 — Xt—1—2X}
C(t—1)! ! P
T =0 5=0 2 2
at, = 2 EVRH DG+ VP
Toom (k4124 (G +1)27
ko ko—t : 2o —2t
. 2 (=)o "k +1 1)=Fo
+ (_1)k67(j+1)71'zi. ( ) ( + )(] + )k -
o™ (B2 (G127
LS e

D &eE

s=0

with certain real numbers¢; and x%. Moreover, the respective sequences of the adjoint
operators converge strongly.

Proof. We have to show that the sequer(tz”éf))/\/l;B,;)Ln(&(f’))*%ﬁf)) converges
strongly to© in ¢2. For that, we investigate the convergence at the elenagnts (6j,m)j°:00,
m =0,1,2,..., of the standard basis 6¢. Forn > m > 0, we can write

EPMB Lo(EN) LD eny = VIMLBL L(VD) ™ Prem

n
L+ m]“ B~ Vs T
1+ ko m+1,n($jn) ’
merl,n j=1

where| &1 ]j":l € C" is identified with(¢g, ..., &,-1,0,...) € £2. Let us consider the

caser = 0. Forky € N fixed, we comput@,;jgn(xgn), j,k=1,...,n.Using, forn > 1,

/(O _ zn(_l)k—H
Tn(xkn) - \/; <)0(lzn)

l/ 1- ya(y)Tn(y) dy = l /_1 Wg(y)Tn(y) dy = (1 - x)Un,1($),

-l<z<l,
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we find by applying equatiorv(14)

v oy vEg) 1 AF o) uy)Ta(y)

Bl fn (@) = T} (a7,,) mi /—1 (y — a7,)(y + F 2)ko
_ DM o e L[ ) ) Ta(y)
= SO( kn ) ( kn) /1 (y—:vgn)(erfHE?)’““

2 n mi
_ \/? (DM 14y, ll /1 (L 2) W) Tl
V2 i

n (x(lgn +x:':2)k0 -1 Y _J"gn
ko 1 ko—1
1 1 0 T,
-5 @, _1_1,:,:2)15717./ (1F2) u(y)t (v) dy
— i (y+zF2)

i (_1)k+1 1 +xgn

2 ni (x7,+zTF2)k

1F2)" (1~ 2f,)Un-1(27,)

ko

o t—1 oftl ! (A7) uy)Th(y)
_;(Ikn‘FI:FQ) (1:Fz)k 7"[1 (y+zF2) dy].

Thus, sincdJ,,—1(z¢,) = (—1)k+1\fa(x,m)

- Lp(ag,)1F o)t [r(-D)* 14ag,
BE T, (a) = — 20 s :

ni (2, +x F2)ko 2 n (27, +xTF2)k
ko
Y (@f, e F ) T AF ) () T R (—a £ 2).
t=1
It follows that
1 + + o o
1+x%n ko o (T5,)
1/1 — a7\ /1 + 25, (1 F27,) Yko=1 T (—1)k+L 31+ ai /1 +ag,
(27, + zf, F 2)ko 2 n (g, + z9, F 2)ko
ko
(715) ' Z(xgn + x;n + Q)t_l(l + x?n)ko_t(_l)t_lh;(_x?n + 2)
t=1
\/ ﬂUlm\/l"'x (1F 27, Yko—1 7 (—1)k+! m
ni xg, + %, F2 (mkn—kx],LZFQ)kO*l 2 n o2, +af,F2
ko ko—t
1 F 9 n 0 ~
Z 0'( O'J ) ko—t \/1+x?n(_1)t_lhfz(_x_(j7ni2)'
=1 (xkn + xjn + 2) 0
Now we considerr = p. For the determination cﬂ?i Lo (2h,), 3,k =1,...,n, we need

2 n+4 (—1)k!
Pt = 220 L ana mot) -
m

[2 (=1)k
Plin) 1 —af, i,
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We have

B (z) = v(zg,) 1 /1 (1 2)*~ u(y) Paly)

EVACREY <yf:czn><y+mz>ko

_ [FE bV 1t 0 0 )P
[z IR &

n+2 xk:n )(y +z F 2)ko

_ [m ey Aty - a1 (L5 a)Ro u(y)Pa(y)
\/; / dy

n+3 (o, +oF2)k i), y—axh,
ko 1 ko—1
oL AFa)™ uly) Paly)
o H 2 t—1 — d
Z(x’m*” ) 7Ti/1 wraF2)r 7

N ECI AN

ko—1
TG g | )

1
+ anra::FQt*ll:kaO*t—/
;( k ) ( ) T ) (y+l‘¥2)t
1 w(xkn)(lﬂFx)’“’lJr\/?(—l)’“ (L+ )/ 1 — i,
C(n+ )i (ah, +zF 2k 2n+3 a2l +rF2
ko

' (LF ) T ) Paly) dy]

1 (1 Fa)" uy)Paly)
. LIJM +$:|:2t_1 1:F ko—t / n d
;( . SE e L ey
Thus,
142" I
1 V1= @y /1 + 2k, (TF 2, )kt
(n+3)i (@, + i, F 2)ko
. ™ (_1)k W1+ J;?ntp(l",:n)
V2n+1(af, +af, F2)k
ko
(7.16) DY (@, Fah, T AT )T (1) T R (<, £ 2)
t=1

1 g/l—x‘k‘m/l—kx (1F ) Yko—1

N (n+3)i ap, +ah, F2 (2, +af, F2)k!
™ (—1)’“ ez,
4= z
2n+ 3y, +a, F2

ko ko—t
1Fa" )
. E ( ] ) 1+ 2% (
(2, + h, F 2)Ro=t J

—1)" R (—ah, £ 2).

t=1
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Let—1 < z < 1. By (7.6) we have

|hL (—z — 2)]

3 t—1 —2)pt(—2 -2
< const Tt Z( )Zpt 1—2(—= )ps( )
r+1 (x +3)'~

=2 -1
—xr—2 t—1-s
_Zps ( I;_H_) tflfs( _|_1) ;
s=0 (‘T—’_?’)
1 t—11-1 . t—2
< const n' = (z4+1)2 +Znt =5z 4+ 1)
z+1 =0 s=0 s=0

t T

’1 [1+a7F, oy (=27, — 2)‘

re—11—1 B t—2
< const mlfs(x;n +1)7 +,/1+a7

LI=0 s=0 s=0

(7.17) (2+$jn (2 +27,
re—11—1 N\ l—s
s (n+1—j

< l S
< const Z (n )

LI=0 s=0
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L t—2 -\ t—s
+n+1*J 3 mt-i-s <”+1J) ]e—m+(j+§)7§7
n n

where we usec{/ , < const™=—4 "*1 1. Consequently,

t—11—1
(7.18) <constlzz (n+1-7)""%+
1=0 s=0
< const(n+1—7)""te ™™™ < const, j=1,...

Analogously, one can show that

(7.19) ’, /1+ 27, x’ ‘ < const(n + 1 — )~
j=1,...,n,aswell as
ht (=27, +2 ,
(7.20) (e +2) < const j*7'e™/ < const, j=1,...
1—2a7
in
(7.21) |hfl(—x;n +2)| < const j*~ le™d <const, j=1,...

=
72 n+1-—j) _g]e_"ﬂ
n

s=0

M.

e~ "I < const,
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Thus, for fixedm € Ny, the terms in .16) without the facto

[ 14T ~
Jjn B— T x‘r"
‘ 1+ meJan ko m+1,n( jn)

With the help of Lemm& .6, we obtain/? (M7B Ln) = 6.

are bounded and

1
s

1 1
<const- <const-, j=1,...,n.
n J

Now, we turn to the sequences/l;l’)’,joﬁn). Defining

s 1 VT 7
o= = and b/ =
%ik n 2 —xp, — a7, Jk 2—a, —w

T

1 -z,

T 7
Jjn

we have, for fixed, k > 1,

. 1
J—3 _
2 2 ) 2 T=0
(7.22) lim 3 = V2 (k-1 (- b)
n—oo J i j
K2+ 52 T= M
and
. 2
(‘7 — % T=0
~ 2 . 2 )
(7.23) lim 5 ={ (k—3)" +(—3)
n—oo j2
k2 4 52 T = He
Furthermore,

With the help of 7.15, we obtain

1 + an Do o
1+ .I‘% BIJ{ngn(‘x]n)
n) |/ T(n ko—1 -1 k+1 \/1+.’IJU
= _ggvj) 1+ x?ﬂ(_l)ko_l [bgk):| ' + ( )- 2 o kna
’ ) ni — Thy — xjn

. Z(_l)ko—t [’b“(n)} ko—t 1420 (_l)t—lc Et (2 —x° )
Jk gn nton Jjn/y
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where, in view of {.8) and (7.12),

cnhl (2 — z7,)
(2 - xkn ‘rjgn)

S O D I N e

300§ (t - 1) Z pe1-2(2 = 25,)p(2 — 25,) (nyfi—a5)
ik _q_l—s n
ler SN B (3—ag,) 1=

() g B ()
N

1
2
_ . l—s
tzi t—1 th2Xl.g (Gj—3)m
22715 | V2 '

Together with .22 and (7.23), this leads to

—

1+ 29
lim I

+ Za
n— 00 1 —+ Jjgn

ko kn(xjn) = agfl,kflv .77]{5 > 1.

In caser = u we have, due to7(.16),

1+x Jn + 1%
ot Bl
_ n ( )k0~(n)|: :|k0 1\/7 \/7 ('rkn)
n+ 1 ki m 2n+—n2—xk —af,)
ko N ko—t
R BT e (e 2 - ),
t=1
where, taking into accoun¥ (6) and (7.12),

(1)t 1 1—95“ t—1
- i s (1)
g Pt 2 - ) N

s=0 (3 xétn)_ "
t—2 -1 H —1—
D5 (2 T ) t—1—s s n
-y . H“(,/l—xm) ](2—@.“— (Q_xgn)z_l)
s=0 (3 ]n)

t—2 . —1-—s
(-1)* P (g e
T DA 2 2 \ VB |

Consequently,

142
lim Jn

m
n—oo \| 1+ T

Bljggllin(w;n) = a’?fl,kfﬁ j’ k 2 L.
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With the help of Lemma’.12 equation {.13), and equations7(20), (7.21), one can show
that (cf. the end of the proof of Lemnyal0

+~T(7—)

=
L+af,
ko“kn xjn

1+,

Now, Lemma7 .6yieldsW? (M} B L,,) = [ af, ]jol::()' The convergence of the sequences
of the adjoint operators can be seen analogously.
LEMMA 7.10.Let7 € {0, u} andky € N. Then,

WHMIB, La) = [ ajr |5

73,k=0 and W4(M;B;Z]£n):@a

where

SR A
kT 1\ 2 . 1y2]k0
[(k+3)*+ G+ 3]

k .
crpetrpryn 2 (k) (s
2

3 ko—t+1
Sy e G
_ _ . l—s
1 tzf(t—1>l IXt7l72Xit (j+3)m
I I

with certain real numberg; andx and where also the respective sequences of the respective
adjoint operators converge strongly.

Proof. Again, we have to check the convergence(ﬁffl)/\/l;l’j‘ggﬁn(5&4))—15%4)) at
the elements,,, m =0, 1,2, ..., of the standard basis éf. Forn > m > 0, we can write

EMB La(ED) T LY e = VIML By Lo(V]) ™ Prem

n—1

1+x7 . ~

B <w;j,n>]
J

T ko n—m,n
1 + IH—TVL,TL ’ i—0

Let j, k be fixed. Define

. L VT

ik - nizf, +af, +2
7‘,1
cos'2n27r

(7.24) T ' T =0,

2 k—3 273

B i 1 COS* =T + COs* 72T
ni/2 _J
V2 €08 5ty
2 __k 2 __J ST
Cco8? =7 + cos T
2(n+%) + 2(n+%)
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Thus, we have

Gy t3
sin =& S
.2 ktg . 2 jt+i )
(n) 11 SIn” 27 + sin” 527
s ., = —— ) 1
KR VO] sin Q(Qn—:“’l)w
.9 ktz ?2 j+i T = M.
sin 2(n+%)7r+sm 2(n+%)7r
\We obtain convergence @ﬁ_j e
12 j+3
(n) 2

7.25 ENS — —=— - )
T2 i 7 Bk D G+ D7

Forn > 1, we set

.1
cos 2n2 T s
1 T cos? k_%ﬂ'—‘rCOS2 a2, ’
(7.26) b0 = T 2n _
A b 2 o 3mp " -
cos? —* 7+ cos? L7 T
2(n+3) 2(n+3)
and get
S 182
j+s)
b — ( 2 , n— 00
nank T G LR (T D)
Moreover,
(j+5)m
(7.27) ny/l+ax)_;, — 7 n — 00

ForT = o, equation 7.8) leads to
(_1)” \/ 1+ xz-jm, Cnl;fz(_x;i—j,n - 2)
(_1)t71 o o " o
- 25 st - e )

t—1 -1 o l o
t—1 pt—l—Q(i‘rnfj,n - 2)ps(7xn7j,n - 2) I—s o l=s
()2 S '

1=0 s=0 (2540 +3)

Hence, by .10 we have

()™ 1 ag ) eahl (<205, — 2)

—1 -1 .
N V2 o~ U+)m tz: (t - 1) Pe-1—2(=1)pL(=1) (J + %) 7T
(t—1)! —~\ 1 )= Qt—1-15° V2
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Since, due to{.15,

1+2 .
e ko n—k,n(xZ—j,n)
I+ xn k,n
_ (n) (n) ko—1
- 1— msz n Snfj n—Fk [bnfjxnfk}

(7.28)

b ot
+(_ nkannjnkO

() L ag ekl (<~ 2),

we obtain, together with7(25 and (7.27), the convergence result

1+ 2°

n—jn p
m ko n—k n(xnfj,n)
. _ . _ B
2 (]—F%)%o 1 +(_1)k€—(j+%)wiz (k + %)(J+ %)21@0 2t
i [(k+ 3)2 4+ (j + )k S+ 324G+ 1)2]’“0—7"“

2
1 (-1 g2 oD A (D) [G+ D]
ﬁ—m§(1>§ gt-1-55* [¢2}’

for j, k fixed andn tending to infinity. For the case= u, we have due to7.16

1+ah ~
—Jn B * ot
1+ xn kn ko nfk,n( nfj,n)

n ko—1
= 1- l’f k.n £Ln) n—k [bgzn) n— k] ’
V v n—+ 2 J, 7,
(=1)Fn RO Q) kOft
+n+ Sk 1~ ank

(=) gk Rl (—at . —2).

n—jmn ''n n—jn

(7.29)

So we easily derive that

1_1_1, Bkoeﬁ kn(#

n—k,n

i) — Gk, M — 00,

Let k£ > 0 be fixed andh > k. In view of Lemma7.11, we have

V2 i+3 (j + 1) const
- + const < - , 0<j<n
i S T G I )= 05
as well as
(n) 1 1 k+1 const .
|Snnfk,n7j| f J +Con§t < n2 < m, 0 < 7 <n.

Moreover, due to the esUmateEI& and (7.19,

’\/1"‘ - jnh’lt’l( Ty 2‘<COHS‘D ‘\/ e A —2)| < const,
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for 0 < 7 < n. With the help of .28 and (7.29 as well as

n+1—k k const
\/ 1- Tn—k,n < const ——, \/ 1+ Tn—k,n < const —, |bn—j,n—k‘ < —
n n J
we arrive at
T .
T4ag i, (@7 ) const 0 S
1_’_1,;—]‘_]67" ko n—kn\**n—jn/| = ]+ 1’ PRI

Applying Lemma7.6, we obtainV* (M B, L,,) = | ajk ]j:;o-

The proof ofW4(M;B,jO£n) = O can be performed in the same way as the proof of
w3 (M7,By, L) = ©; cf. the proof of Lemma& .9. The convergence of the sequences of the
adjoint operators can be seen analogously. O

Letn € N. In what follows, we study the asymptotic behavior of theuesls;’,z) defined
in (7.29).

LEMMA 7.11.Letd be fixed with) < d < 1. For n — oo, we have

n+l—yj .
(7.30) S(n)_{ O™~y k<dn,j>1
. ()

O(1) tk>1,j<dn
and
' L2 n+g—j n+1l-—j
(7:31) i V27mi(n+ 3 —5)2+ (n+ 3 —k)? n? =hm=n

where the constants regarding tidi&terms are bounded by a constant which is independent
of 5, k, andn.

Proof. We prove the assertion only fer= o. The proof for the other case is analogous.
Define

s
COS 5

1—s"

g1:[0,1) — R, s

Since this mapping is bounded and positive, we get

(732) [T a5, = Vacos ke = Vg (1) (1-555) < const (2041).

Thus, we easily deriver(30. Define the mapping

sin s 1 1
s sin?s+4sin?t s +t2

2
g} — R, (s,t)—

go {0,
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One can show that this mapping is bounded. Thus,

1
11 sin 212

S(") 2n ™
n—jn—k T s . 9 k+4i . j+1
ni/2 2 pl 2773
sSIn” =7 + sin 5T
jt+i
( 2n m 1 1

ni \/i (k;_%ﬂ'>2+<ﬁﬂ—>2
n

2n

ity its
sin 527/ 2w

.2 kt+3 a2ty k1 \% | i+ \?
SIn” —-=7 +sin” =7 ( 27r) + (Jﬂ)
J

1 2 j+1

N — 2 1 g (k-i—%ﬂ_ j+1
V2mi(k+3)2+ (5 + 3)? 2n ™ on

b0~
3

~—

/N
Y+
b
3

N———

—

Replacingj andk by n — j andn — k, respectively, we ge7(31). a
Analogously, we can prove the following lemma.

LEMMA 7.12.Letd be fixed with) < d < 1. For n — oo, we have

and

12 i=3 G
~(n) V27 (j7%)2+(2k:7%)2 +O(n2) “T=0, 1<jik<n
ik L2 . 10(%) Lr= T
/2 7 j2+k2 n2 . Hy

where the constants regarding tif&terms are bounded by a constant which is independent
of j, k, andn.

LEMMA 7.13 (Satz I1.5.1in§]). Letd(z) = (1 — z)7(1 + x)° withy,6 > —1. If
f € R satisfies

|f(z)| < const(1 — x)E_HTV(l +a?)a_#, -l<z<1,

for somes > 0, thenlim,, o ||£2 f — f||19 =0.

LEMMA 7.14.Letr € {0, u} andk, € N. Then W?(M] B;: L,,) = ©, where® is the
zero operator ir.2 and where also the sequences of the adjoint operators cgeatrongly.

Proof. Letky € N. It suffices to show convergence on a dense subset. With theohe
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equation {.17) and the Gaussian quadrature rule, we derive, for fixed n,

W MG Br, Lo W[
= HM B]:Oﬁn 1— nLH - HEUVBk,Opn 1— nLH = ||\/ 1 —zEZVBIZOﬁn—l—mHi

2

hfzo 1— m(_2 - x?n)

- S0+ 25, |Br a1 @) = TS )

Jj=1 Jj=1

ﬂ_n ko—11—1 n+1_] l—s
<constn2lz Z(n—l— (n)

j=1 L 1=0 s=0

ko—2 1 ko—s]2
+Y (1)l (’”’_J) ] e 2(n—1-—m)+(2j—1) 2=
n

n
T
< const — +1—j)2ko=2e720=0) 50 for — 0o0.
< cons n;:l(n 7) n 00

In the last step we used the fact that the sequ@:g'f’xj, is convergent for any € Ny and
j=1
. n ; .
|z| < 1. Using (7.21) and (/.13 for B} , we easily derive

n
IWaMEBE LW = 7 D71t 250) B, Brcrom ()|
Jj=1

2
hko —x9%,)

nlm n

ﬂ_n
s;g

’ﬂ' . _ _ .
< const — E ]Qko 2721 — 0 for n — oo.
n
=1

The caser = i can be treated in the same way.
Let us turn to the convergence of the adjoint operators.fLetC[—1, 1] be vanishing
in a neighborhood of-1. Setf = 7, ' f, whereJ, is the isometry fromg.1). The set of

such functionsf is dense irL.2. Now we choose a smooth functign: [~1,1] — C which
vanishes in a neighborhood @fl such thatyf = f. Since

| MoXBEL, — LoxBELL||, — 0
holds (cf. the proof of Lemma@.3), convergence of

Wn(M:LBI:gt‘Cn)*M;X[’anJ?: WH(M;BIfﬁn)*(M;X'L‘n)*WnJY
(7.33) = W (MOXLAMEBEL,) W, f
= Wo(MIXBEL,) W, f — 0 in L2

is equivalent to

Wi (Lo XBELD) Wi f =Wy (XBE) W f — 0 in L2,
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But this convergence takes place singg tends weakly to zero anﬂB,f L2 — Liis
compact. Taking into account Lemriial 3, the relation

W MEXL W, = J7 LIXTh
(cf. [10, (3.19)]), and the above convergence result, we derive

HW,L(M;B,fﬂn)*MZXEnWJ— Wa(

- "Wn(MgBkiﬁn)*Wanngﬁnwnf— Wa (M B

<constHW MIXL W, f fH —constHJ LLoxf - Jr 1f||
— const |.£2.f — fI|, < const [£5.f — fll, — 0

This implies together with convergence ing3d thath(MgB,f/jn)*Wn — 0inL2. In
case of nodes of the fourth kind, we use the formula

WoMEXL WV, = W1 —x LY ijg

(cf. [10, (3.20)]) and Lemm&.2. We get

HWn(MgB,fﬁn)*Miixﬁanf — Wi(

1 1
< const ||vV1 — x LH = const ||[vV1 + x M —
. ‘ "=z ‘ e |,
< const |MFE ! ! — 0.
"Itz Jitzl,

This completes the proof. 0O
Forko € Nandr € {o, 1}, we define, in accordance with Lemiii&@ and Lemmar.1Q

o0

the matriceX], := [ dj, ];1::0 andKy, := [ djx L‘,kZO by

k 2ko—2t+1
et 2 DR
J 3 ko—t+1
—1 Tl (k+l)2+(+l>2 0
(7.34) 2) TV
~1 - . I=s
1 tz (f - 1) X2 [+ 3) 7
t-D=\ 1 )&= 2 ’

ko ko—t ; 2ko—2t
) 2 (=1)Fo~ k+1)(j+ 1)
I?k ( 1)ke (7+1) § : ( ) ( )( )

S (k24 (A
BN {(ju)w}“s
t-Dl == | 2 ’

(7.35)
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and
ko 1\ /- 1y\2ko—2t
, 2 (k+3)(+3)
dirn = (—1 k 7(]+%)7r -~ 2 2
Jk ( ) € Zwi )

G+
V2

—1 -1
1 Z (t - 1) Xt—1—2X}
_ | _q1_l=s
(t 1) l —0 ot 1-=

LEMMA 7.15.The operatorK], , K, 02— 02, ko €N, 7 € {0, u}, are compact.
Proof. We consider onl¥Ky,. The proof forK7, 'is completely analogous. The estimates

k 1 L 1\2ko—2t(; | 1k
|djk] <conste*j7fzoz kts G +3)" "0+ 5"
] —

= U2 [+ 52+ G+ 3"
e+ 5)"

1

< const

and
n n n 1
12 —2jm( 1\2k -
Z |d;] SconstZe G+13) OZ(kH_l)Z
j,k=0 j=0 k=0 2
show that
o0
Z |djk|2 < 0.
4, k=0
Consequently, for every > 0, there exists an, € N such that
1Kk, — PnKkan”L(Z?) < | Kiy — PuKi, Pullr <& Vn > ng,

where|| - || denotes the Frobenius norm. Since the operg®&, P,, are compact, the
operatorKy,, is compact, too. 0

Let us define the operators, A™ : /2 — (2 as in @.3), (3.4, (3.5 as well as the
operators

m_— m+
(7.37) K=Y B.Kiy and K =Y BIKj, 7€{onu}
k():l k}():l

Then, using PropositioB.2and the Lemmag.5, 7.9, 7.10,7.14, 7.15 we get Propositio.4.

8. Proof of Lemma4.8. Assertion (a) was established ihQ) Corollary 5.15]. In the
case that the operatoﬁ do not occur, assertion (b) was also provedlifl Lemma 5.16].
According to Proposition8.2and3.4, it suffices to show that

(81) ([Ako]i + [Kko];ll - M;BI;ETL>O € J-1,
and
([AZ]) + K7 )8 — MOBE £,)" € 3,

(8.2) 0
(AL ]S + K} 12 — MEB £,)" € 3,
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where
(:Fl)k?(] Ik‘g*l
hj (2) = ——— ——,
mi (14 x)ko
Ay, = 2~hk0(( §)2) v ;
L (k+§) (k+§) 4,k=0
and
[ i+3)2) 1 17
e (B ]
L 0 (k+§) k+§ k=0
AF = oo (VDY L
o | C\N(k+1)2) k+1],,,

and whereK7, , Ky, are defined by4.34), (7.39), (7.39). At first we consider relations(1).
Define the matrices (cf7(24) and (7.26))

n—1
. 1\2ko— _
B, = [2 G+ )™ N [b(m r“ 1]
n o . . k n—k,n “n—jn— j ’
T(k+35)2+ G+ 32" ’ Jh=0

and

t=1

Regarding Lemma&.10and equationq{.28), we derive
(8.3) ]}Z ([Ako]i + [Kko]i - MZB;IOﬁn) (]}g)71 =B, +C,.
The matrixB,, can be written in the form

2 Gyt

Tk +5)2+ (G + 3)?]

S ()

V2 m(k+ 32+ 0+ 3

ko—17 n—1
— V2 its !
nm{ﬂ(k+l)2+<J+l)2+O<n> ; )

B, =

ko
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where we used

b(”)

n—jmn— k:ni I+a7 o

n—j.n Sn—jn—k

and Lemma/.11 Since (cf. 7.32)

-1
1
(8.4) n,/1+2° <j+2> <const, 0<j<n-—1, mneN

n—jmn

we conclude that

) (]+ )2k01 ].—IL'Z k,n{Q ]+% }
. ko
(k+3)2+ (G +3)? V2

. V2
bl |

Bn -

[(k+ 1)? +(j+%)2]k (” )
2 (j + 3) 2ot " AV
2 o= .
m [(kJr 5) +(+ ;)z]kolj,k_o ' [ <n)]j’k_0

We remark that the constants(ﬁh(%) are independent gf k£, andn. Define the matrices

- n—1
n./2(1+ x‘;_jyn) ko—1
Dn = . 6’7k )
m(j+3) !
L 3, k=0
- n—1
\/ 1- xn k,n
E, = - — 136 ,
L 4,k=0
ko—1 .
I n./2(1+ 5 n) ] n-
F,=|[{1- : Sik
n . 1 Js )
m(j+3) k=0
r . _ n—1
e [t
n . . k b)
M (ke + 52+ G+ 9% ] s

n—1
andH,, = {(’) (1” such that
J

(8.5) B, = -D,,G,E, + F,,G, + H,.
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Now we turn to the matrixC,,. Due to Lemma/.11, this matrix can be written as

ko 1V s o 1\2ko—2t t—1
. ko—(tlym 2 (k+3)0+3) 1 t—1
C, :=|(~1)ke Ut §™ = et t—1)!2 z
0

= (k52 + (5 + )7 =
o xeead, [<j+ ;>w]” (=D {2 kit Lo <1>}
=2 L Ve Ve lmi (k32 +G+32 0 \n
k ko—t
1429 ¢ — 2 +0( =
hlk x”f{w k+32+G+07  \n

O, i | (C1yremtrbr R 2 (et 3+ ) Z (t— 1)
" = Fo—t+1 ({ —1)I
Sk 2+ G+ DT G- Dh
! & ko—t
-1 . —S . o
. Xt—l—ZXls |:(j + é)ﬂ':| _ (71)}6 ZO n 2(1 +'rn7j)
1 l=s . 1
s=0 2t ! \/5 t=1 ™ (-7 + 5)
2 (k+3)@+ 5™ (—pntt! ~
; 1\2 . 1 ko—t+1 \/Q +xn—]n
[(k+5)2+(j + 3)?]
n—l 1 n—1
-\/gﬁz<—2—xzj,n>] +o(z)] -
4,k=0 "/ 1jk=0
Set
ko—t
, [ n 2(1—1—33%7].) ] n—1
K = —116; k
- 1 Js )
m(i+3) k0
[ . _ n—1
= |2 )l g ]
o ko—t+1 )
I Mk+32+G+3)?2]" k0
_( 1)n+t-1 n—1
t _ | \&= o T3¢ )
M, = T 1+ Ty _in 3 hy, (=2 — a2 j n)6]7k] | ,
7,k=0
c_ (e S -1 R xemiaxh [G+ DT
N’I’L = 77' l PR
L (t 1) =0 s=0 2 2 \/E

1)t n-t
n Jmn L — j,n) 5j7k ’

7,k=0
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1 n—1
andP,, = [O ()} . We get
"/ 1 k=0
ko kO
(8.6) C,=)» N, -L,-) K/ M, L,+P,.
= t=1

The diagonal operatoist?, D,, : /> — ¢? are uniformly bounded due t@ (L9 and §.4).
The same holds true fdi!, G,, : 2 — ¢ in view of Lemma3.11 Hence, usingg.d),

(8.5, (8.6), (4.2), and taking into account the unitarity 5[3 :im £, — im P,, we can
write

Aol + [Kioln — MIB; L0)" +3- H
H([ koln + Knoln = M7By L) +3-1 (3/3)/31

+[(Pntevie.) +3n

~ ~ o
<|(@nmBavie.) s oo | orors
(8/3)/3-1 (8/3)/3-1

<H Vo) 1D, G E V7L, ) + H
<|[(om nen) R (R

ez il .

+{|(n VL) + 3|
(( ) ) I 5730754

o\ —1InTt T t YO ~
+Z H((Vn) Nnannﬂn) +1;71H(m)/371

( )UK MELE VoL ) +3

s/

+ H ((vg)—lpnvgcn)o +34

(8/3)/3-1
-1
< o
U [PaGuEn [ 755000 10, ()
n—1
L (AU kS T
+ inf  sup H k ]n_l
feEC_1p=12,.. Tn- ]n & 3k=0""" g 42

n—1 trt

+Z inf  sup H[ F(@_;n)05.k ]j,k:ONnL"

f€C_1n=1.2,.

£(e2)

+Z inf sup H[ f(l'zfj)n)(sj,k ] Kt MnLn

fEC_1n=1.2,. £(e2)

+ inf  sup H ]n_l
n n Jk G e
fEC 1 n=12, 7 3,k=0

"lee2)
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-1
< const, inf su HE 2% )0k " H
= ( FEC 1 pe 15 n[ f( n j,n) Js ]]7]6:0 2((2)
n—1
+ inf su H % o V0ik | F
oA L@y )ik g B 8(e2)
n—1
+ inf su H k| H
FEC 1t b Tnsin)% ]J’kzo "lleez)

+Z inf  sup H[ F (@ _;n)05.k ]jtlk_:loN:L

feEC_1n=12,. £(e2)
—1
£ H 2 ) 1K
*Zfé% s O IR P o

n—1

o .
T, H[ F@ )ik 14—y P

s(z2)>'

Choosingf € C_; with supp(f o cos) C [r — &, 7] and withe € (0, 1), a simple Frobenius
norm estimate shows that

n—1

su kol H < const - ¢
7L=17£)7 H n ]n j ]j’k:() " £(£2)
and
-1
su AR T, P IR = < const - €.
n:l-,2p,...H[ S @ain)ite ] P s(2) ~

Moreover, there exist & € (0, 1) and a functionf € C_; with supp(f o cos) C [r — 6, 7],
such that

n—1

TLZSRS ‘En [ f(xn—],n)(ijk }],k‘:O £(02) S &
S x’ . (5 "VL—l Fn < &
el ’[ Sy 1o o) ~
- ) n—1 +
TL:SRS‘ [ f(xn—j,n)émk ]j,k:O N" £(e2) <6
and
n—1
. 27 6. ‘ Kt <e
nﬁlg‘ [ @) L,k:o "llewe)
For example, let us consider the matrid€s = [ (a; — 5;)d,. Lk o» Where
o B _ . l—s
e~ (+3)m tzi t—1\ = e’ [+ 3)7
o = ———r
A I AN A P NG
and (cf. .9)
n+t 1 t
5j: V2 m 2h —2 )
3+ a7 1
B . B 2 _ n—jmn

t

—1 -1 o 4 log
t—1 22—y _ )P (—2—x_ . l—s
E E prel sin 2 — jin) (n,/1+:17n n) :
t )= (3+a° t-l- 7

{=0 n— jn)
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Remember that, = p.(—1) andy’ = p’(—1), wherep,(z) andp’(x) are polynomials.
This yields
aj — B
t—1
1 t—1
S (t—1)! Z ( ¢ )
=0

N [P (DR B peea (2 an P2 - a0
gt—1—552 2 (3+a° )t—l—”';s

s=0 n—jn

~ 0

. l—s
Lot | Ut a)T

[3+a7 5, Pr—r—2(—2— xzfj,n)pﬁ(—2 - xzfj,n)
2 (34 a° )t—l—%

n—j,n

>

n l—s
— (2—1—33%7]»’71 — \/(2+xfhj,n)2 — 1) (n 1+$Z7j,n> }

Since, forsupp(f o cos) C [r — &, 7], f(z5_;,) # 0 is equivalent to@ < 4, itis
sufficient to show that;,, < const e for

G+~
V2

n l—s
— (2420 - /@ s 1) (ny/1+27 )

i+1)7w . . . .
and forn € N, (”T” < ¢, ands > 0 sufficiently small. Using the same notations as in the
proof of (7.10), we can write

S

' —s ) (‘+l)ﬂ- l—s
1 J
ey = e Ut Gt3)m T i
. \/é (j+%)7r
2n
l—s 7(_+l) n
+(nfirar ) e = (2ar 2 rar 00 0)
_ (1) (2)
=€ T Eins
where
l—s j+1 b=s
. 1 . Jjt+s3)m™
6(.1):6_(j+%)ﬂ <]+§)7T 1 Sln( 2;)
jn V2 (+3)
2n

and
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Of coursegﬁ) < eif § > 0is small enough. Furthermore,

" 1) l—s
(@ | UTa) T (iy)n
Jn NG
ndn
% _ 1| elit3)m—nén + plits)m—ns, _
(14 06n)5
_ (3 (4
- gjn + Ejn ’
where
non . l—s
() _ e P RO L RS
in — 1 b
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For sufficiently smalb > 0, we haveﬁ <1+ e. Consequently, since
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and(1 + &)™ — 1 < ndp2" e < ¢y <j + 2) 2"9n ¢ with constants; andc,, we get
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Finally, to estimate¥), we remark that there are constaniand A > 0 such that
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Choose) > 0 such that;6 < 5 and|e*<104 — 1] <e. Then,a§4)
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Hence, 8.1) is proved in case = o. The proofs of 8.1) in caser = p and of 8.2) can be
done in the same way.
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