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A CONVERGENT LINEAR FINITE ELEMENT SCHEME FOR THE
MAXWELL-LANDAU-LIFSHITZ-GILBERT EQUATIONS*

L. BANAST, M. PAGE!, AND D. PRAETORIUS

Abstract. We consider the lowest-order finite element discretization of the nonlinear system of Maxwell’s and
Landau-Lifshitz-Gilbert equations (MLLG). Two algorithms are proposed to numerically solve this problem, both of
which only require the solution of at most two linear systems per time step. One of the algorithms is decoupled in the
sense that it consists of the sequential computation of the magnetization and afterwards the magnetic and electric field.
Under some mild assumptions on the effective field, we show that both algorithms converge towards weak solutions
of the MLLG system. Numerical experiments for a micromagnetic benchmark problem demonstrate the performance
of the proposed algorithms.
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1. Introduction. The understanding of magnetization dynamics, especially on a mi-
croscale, is of utter relevance, for example in the development of magnetic sensors, recording
heads, and magneto-resistive storage devices. In the literature, a well accepted model for
micromagnetic phenomena is the Landau-Lifshitz-Gilbert equation (LLG); see (2.1a). This
nonlinear partial differential equation describes the behaviour of the magnetization of some
ferromagnetic body under the influence of a so-called effective field. Existence (and non-
uniqueness) of weak solutions of LLG goes back to [5, 37]. Existence of weak solutions
for MLLG was first shown in [18]. For a complete review of the analysis for LLG, we refer
to [19, 22, 30] or the monographs [27, 34] and the references therein. As far as numerical
simulation is concerned, convergent integrators can be found, e.g., in the works [13, 14] or [7],
where the latter considers a weak integrator for the coupled MLLG system. From the viewpoint
of numerical analysis, the integrator from [13] suffers from explicit time stepping, since this
imposes a strong coupling of the time step size k and the spatial mesh size h. The integrators
of [7, 14], on the other hand, rely on the implicit midpoint rule for time discretization, and
unconditional stability and convergence is proved. In practice, a nonlinear system of equations
has to be solved in each time step, and to that end, a fixed-point iteration is proposed in
the works [7, 14]. This, however, again leads to a coupling of & and k, and thus destroys
unconditional convergence. The problem can be reduced by using the Newton method for the
midpoint scheme, which empirically allows for larger time steps; see [20] and also [8], where
an efficient Newton-multigrid nonlinear solver has been proposed.

In [2], an unconditionally convergent projection-type integrator is proposed, which, despite
the nonlinearity of LLG, only requires the solution of one linear system per time step. The
effective field in this work, however, only covers microcrystalline exchange effects. In the
subsequent works [3, 25, 26] the analysis for this integrator was extended to cover more general
(linear) field contributions, where only the highest-order exchange contribution is treated
implicitly, whereas the other contributions are treated explicitly. This allows reduction of the
computational effort while still preserving unconditional convergence. Finally, in the very
recent work [16], the authors could show unconditional convergence of this integrator, where
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the effective field consists of some general energy contributions, which are only supposed to
fulfill a certain set of properties. This particularly covers some nonlinear contributions, as
well as certain multiscale problems. In addition, it is shown in [16] that errors arising due to
approximate computation of field contributions like, e.g., the demagnetizing field, do not affect
the unconditional convergence. In [4], the authors also investigate a higher-order extension of
this algorithm which, however, requires implicit treatment of nonlocal contributions like the
magnetostatic strayfield.

In our work, we extend the analysis of the aforementioned works and show that the
integrator from [2] can be coupled with a weak formulation of the full Maxwell system (2.1b)-
(2.1c). For the integration of this system, we propose two algorithms that only require the
solution of one (Algorithm 4.1) resp. two linear systems (Algorithm 4.2) per time step while
still guaranteeing unconditional convergence (Theorem 5.2). The contribution of the present
work can be summarized as follows:

e We extend the linear integrator from [2, 25] to time-dependent contributions of the
effective field by considering the full Maxwell equations instead of the magnetostatic
simplification. This allows for more precise simulations (see, e.g., [23]) as well as
the modeling of conducting ferromagnets (via ¢ # 0 in (2.1b)). The latter is unclear
if one only considers the magnetostatic strayfield; cf. [32, Remark 1.4].

e Unlike [7], at most two linear systems per time step, instead of a coupled nonlinear
system, need to be solved. Nevertheless, we still prove unconditional convergence.

e Unlike [7], we propose a fully decoupled scheme and show that the decoupling has
no negative effect on the convergence behaviour. From a computational point of view,
this is a major improvement over the current state of the art as it greatly simplifies
preconditioning. Existing LLG or Maxwell solvers can be reused and only small
modifications have to be done for the overall implementation.

Independently of the present work, [28] considered the coupling of LLG with the quasi-
stationary eddy-current formulation of the Maxwell equations. There, however, only the
coupled algorithm is proposed and analyzed. As far as the decoupling of the numerical inte-
grator is concerned, the extended preprint [9] of the present work contained the first thorough
numerical analysis and proof of unconditional convergence. Following [9], the work [28]
derived a decoupled integrator for the eddy-current LLG system. Moreover, [10], analyzed the
nonlinear coupling of LLG to the conservation of elastic momentum to model magnetostrictive
effects and provided a decoupled time marching scheme. Finally, the recent work [1] analyzes
the numerical integration of spin diffusion effects in spintronic micromagnetics.

Outline. The remainder of this paper is organized as follows: in Section 2, we recall
the mathematical model for the full Maxwell-LLG system (MLLG) and recall the notion of
a weak solution (Definition 2.1). In Section 3, we collect some notation and preliminaries,
as well as the definition of the discrete ansatz spaces and their corresponding interpolation
operators. In Section 4, we propose two algorithms (Algorithms 4.1 and 4.2) to approximate
the MLLG system numerically. The large Section 5 is then devoted to our main convergence
result (Theorem 5.2) and its proof. Finally, in Section 6, some numerical results conclude this
work.

Notation. Throughout, a - b denotes the Euclidean scalar product of a, b in R? respec-
tively R9*?, and |a| denotes the corresponding Euclidean norm. Moreover, the L?(X)-scalar
product is denoted by (-, -)x.. Finally, A < B abbreviates A < ¢ B with some generic con-
stant ¢ > 0 which is clear from the context and, in particular, independent of the discretization
parameters h and k.

2. Model problem. We consider Maxwell-Landau-Lifshitz-Gilbert equations (MLLG),
which describe the evolution of the magnetization of a ferromagnetic body that occupies
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the domain w € Q C R3. For a given damping parameter o > 0, the magnetization
m: (0,7) x w — S? and the electric and magnetic fields E, H: (0,7) x  — R? satisfy the
MLLG system

(2.1a) m; —om X my = —m X Heg inwr :=(0,T) X w,
(2.1b) 0B —VxH+ oy E=-J in Q== (0,T) x Q,
(2.1¢) poH: +V X E = —pox, my in Qr,

where the effective field Heg consists of Hegr = C. Am + H + 7(m) for some general energy
contribution 7 which is assumed to fulfill a certain set of properties; see (5.3)—(5.4). This is
in analogy to [16]. We stress that, with the techniques from [16], an approximation 7y, of 7
can be included into the analysis as well. We emphasize that throughout this work, the case
Her = C.Am + H + C, D®(m) + H,, is particularly covered. Here, ®(-) denotes the
crystalline anisotropy density and H,.; is a given applied field. The constants g, tto > 0
denote the electric and magnetic permeability of free space, respectively, and the constant
o > 0 stands for the conductivity of the ferromagnetic domain w. The field J: Qp — R3
describes an applied current density and y,,: 2 — {0, 1} is the characteristic function of w.
As is usually done for simplicity, we assume €2 C R? to be bounded with perfectly conducting
outer surface 9€) into which the ferromagnet w € €2 is embedded, and Q\@ is assumed to be
vacuum. In addition, the MLLG system (2.1) is supplemented by initial conditions

(2.1d) m(0,-)=m’ inw and E(0,-)=E’ H(0,)=H" inQ
as well as boundary conditions
(2.1e) Opm =0 on Jdwr, Exn=0 ondQr,

where Jwr and 0§21 denote the spatial boundaries and n is the respective outer normal vector.
Note that the side constraint |[m| = 1 a.e. in wy does not need to be enforced explicitly, but
follows from |m°| = 1 a.e. in w and 9;|m|? = 2m - m; = 0 in wy, which is a consequence
of (2.1a). This behaviour should also be reflected by the numerical integrator. In analogy
to [7, 18], we assume the given data to satisfy

(2.1f) m’ ¢ H'(w,S?), HY E° ¢ L*(Q,R%),  J e L*(Qp,R?)

as well as

(2.1g) div(H + x,m%) =0 inQ, (H° + x,m%) -n=0 ondQ.
With the space

Hy(curl, Q) := {9 € L*(Q) : Vx 9 € L*(Q),o xn=0o0nT},

we now recall the notion of a weak solution of (2.1a)—(2.1¢) from [18].
DEFINITION 2.1. Given (2.11)—(2.1g), the tupel (m, E, H) is called a weak solution of
MLLG (2.1) if,
(i) m € H'(wr) with |m| = 1 almost everywhere in wr and (E,H) € L%(Q7);
(ii) forall p € C>(wr) and ¢ € C([0,T); C>(22) N HO(curl, 2)), we have

22) /wmt.wa/w(mxmt)"p
Ce/w(vmxm)‘v‘”/w(ﬂxm“”/ (n(m) x m) - o,

wT
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—EO/QTE(t— QTH-(Vx(Ho/wTE-(
:‘ATJ'<+€°/g2EO‘C(O")’

24) uo[)TH.ct+/§2TE~<vX<>—uo/wmt.uuo/QHO-c(o,-);

2.3)

(iii) there holds m(0,-) = m" in the sense of traces;
(iv) for almost all t' € (0,T), we have bounded energy

2.5 V()32 + ImellF2 .,y + HE) Rz + IBE) 1720 < C

where C' > 0 is independent of t.

Existence of weak solutions was first shown in [18]. We note, however, that our analysis
is constructive in the sense that it also proves existence.

REMARK 2.2. Under additional assumptions on the general contribution 7(-), namely
that 7(-) is self-adjoint with ||7(n) g2 < C for all n € L?(w) with [n| < 1 almost
everywhere, the energy estimate (2.5) can be improved. The same techniques as in [16,
Appendix A] then show for almost all ¢’ € (0,7") and € > 0 that

E(m, H,E)(') + 2(a — e)polm |2, + 20 [ElFz2 (0,

< &(m, H,E)(0) —/Ot (J,E)q,

where
£(m, H. E) := noCl|Vmn|[Za, + o [HIIZa ) + 20 [BllZa ) — po{r(m), m)...

This is in analogy to [7]. In particular, the above assumptions are fulfilled in case of vanishing
applied field H,; = 0 and if 7(-) denotes the uniaxial anisotropy density.

3. Preliminaries. For time discretization, we impose a uniform partition of the time
interval [0,7], 0 = ¢ty < ¢; < ... < ty = T . The time step size is denoted by
k=kj:=tj41 —t; forj = 0,...,N — 1. For each (discrete) function ¢,¢’ := ¢(t;)
denotes the evaluation at time ¢;. Furthermore, we write dyp? 1 := (/1 — @7) /k for j > 1,
and @/ t1/2 ;= (1! 4 ) /2 for j > 0 and a sequence {¢’ } ;>o.

For the spatial discretization, let 7;LQ be a regular triangulation of the polyhedral bounded
Lipschitz domain £ C R? into compact and non-degenerate tetrahedra. By 7},, we denote its
restriction to w € €2, where we assume that w is resolved, i.e.,

Th=Tilwe={TeTy : TNw#0} ad w= (J T

TeTh

By S*(7,) we denote the standard 7P-FEM space of globally continuous and piecewise affine
functions from w to R3

SYTh) := {¢n € C[@,R%) : ¢y |x € P1(K) forall K € Tp,}.
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By Z),: C(2) — S'(T}), we denote the nodal interpolation operator onto this space. Now, let
the set of nodes of the triangulation 7}, be denoted by },. For discretization of the magnetiza-
tion m in the LLG equation (2.1a), we define the set of admissible discrete magnetizations
by

My, = {pn € SH(Th) : |pn(z)| = 1 forall z € N}, }.
Due to the modulus constraint |m(¢)| = 1, and therefore m; - m = 0 almost everywhere

in wp, we discretize the time derivative v(¢;) := my(t;) in the discrete tangent space which
is defined by

Kg, == {¥n € SY(Thlw) : ¥n(2) - ¢n(z) = 0forall z € N}, }
for any ¢, € My,.
To discretize the Maxwell equations (2.1b)—(2.1c), we use conforming ansatz spaces
Xy, € H(curl; ©2), V), C L2(Q) subordinate to 7,5 which additionally fulfill V x X}, C V.
In analogy to [7], we choose first-order edge elements
Xy, = {pn € HO(curl; Q) : ¢y | € Pi(K) forall K € T}
and piecewise constants

Vi = {Cn € L2(Q) : (i € Po(K) forall K € T,2};

cf. [31, Chapter 8.5]. Associated with X}, let Zy, : H2(2) — A}, denote the corresponding
nodal FEM interpolator. Moreover, let

Iy, : L*(Q) = W
denote the L2-orthogonal projection characterized by
€ —Ty,¢,yn)a =0 forall ¢ € L%(Q) and yj, € V).
By standard estimates (see, e.g., [15, 31]) one derives the approximation properties

(3.1) l = Zx,pliLz () + hlIV % (¢ = Za, @) L2(0) < C A2V 0l (e,
(3.2) 1€ — Iy, CllLz ) < Ch|IClla (@),

for all ¢ € H2(2) and ¢ € H'(Q).

4. Numerical algorithms. We recall that the LLG equation (2.1a) can equivalently be
stated as

oam; + m X my = Her — (m - Her)m

under the constraint jm| = 1 almost everywhere in 7. This formulation will now be used
to construct the numerical schemes. Following the approaches of Alouges et al. [2, 3] and
Bruckner et al. from [16], we propose two algorithms for the numerical integration of MLLG,
where the first one follows the lines of [7].
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4.1. MLLG integrators. For ease of presentation, we assume that the applied field J
is continuous in time, i.e., J € C([0,T];L?(2)) so that J¥ := J(¢;) is meaningful. We
emphasize, however, that this is not necessary for our convergence analysis.

ALGORITHM 4.1. Input: Initial data m®, E°, and H?, parameter 6 € [0, 1], counter
j=0.Forall j =0,..., N — 1 iterate:

(i) Compute the unique solution (vfl, E{LH, H{fl) € (ICm{L , Xn, Vn) such that for all
(b, ¥n,Ch) € ICm{L X Xp, X Y, it holds that

(4.1a) a(vi,q}h)w + (mgl X vquﬁh)w

= —Co(V(mi, + 0kv}), Von ) + (HL2 1) + (m(mi)), fn)e,
@1b) el dEL ™ n)e — (HLT2V xpn)a + o OWELT e

= (T2 4y,
(4.1¢) po(dH I e + (V X ENTY2 ¢)a = —po (v Cn)

(i) Define mffl € M}, nodewise by my, for all z € NVp,.

j+1(z) _ mf%(z) + th(Z)
?L

For the sake of computational and implementational ease, LLG and Maxwell equations can be
decoupled which leads to only two linear systems per time step. This modification is explicitly
stated in the second algorithm.

ALGORITHM 4.2. Input: Initial data m®, E°, and H?, parameter 6 € [0, 1], counter
j=0.Forallj =0,...,N — 1 iterate:

(i) Compute the unique solution va € ICm{ such that for all ¢}, € Km{ it holds that

O‘<V¥la¢h>w + <mgz X V{w¢h>w

(4.2a) , . ) .
= —Ce(V(my, + 0kvy), Vén)w + (Hj, én)w + (7(m3,), én)o-

(i) Compute the unique solution (Eﬁl,Hﬁl) € (Xn, V) such that for all
(¥n,¢n) € Xp X Yy it holds that

(4.2b) eoldi BT ) a — (HIT LV x o + o (xELT  n)a = — (37, 91)a,
(4.2¢) Mo(dtHﬁl,Chm +(V x EZH,CHQ = *M0<V{L7Ch>w-

A , J k
(iii) Define mi*' € M), nodewise by m/ " (z) = m;?(z) + Vﬁ(zi for all z € Ny
h

4.2. Unique solvability. In this brief section, we show that the two above algorithms are
indeed well defined and admit unique solutions in each step of the iterative loop. We start with
Algorithm 4.1.

LEMMA 4.3. Algorithm 4.1 is well defined in the sense that in each step j = 0,..., N —1
of the loop, there exist unique solutions (mffl, Vi, E?fl, H{IH).
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Proof. We multiply the first equation of (4.1) by yp and the second and third equation by
some free parameter C; > 0 to define the bilinear form a?(-,-) on (K_; , Xn, V1) by
h

a ((®,9,8),(,9.())
= apg (2, 8)e+ 1o (i, x @.8)e + pCelk (VE, V), — 50,

Cieo C’la
+ k
Cipo

k

o~ 0.V x$)a + 2T (W),

+

©,Ch0 + SV X W.C)a + Crpm (8,0).

and the linear functional L7 (-) on (lCmi , Xn, V) by

Lj ((¢71/)7C)) = _/'I‘OCG <vmiﬂ V¢>w Ho <Hg7,7 >o.1 + Ho <7T(mi)7¢>w

0160 Cy Cio

— C(ITH2 g + . (B}, ¥)a + 7<H{1,V X P)o — T<E27¢>w
+ G 6o~ v < B Q.

To ease the readability, the respective first lines of these definitions stem from (4.1a), the
second from (4.1b), and the third from (4.1c). Clearly, (4.1) is equivalent to

o (v, B3 HITY, (60, %0,Cn)) = L((6n.%1.Cn))

for all (¢, v¥n,¢n) € Km’g X X, x Vp. Next, we aim to show that the bilinear form a’ (-, -)
is positive definite on K ; X X}, x Y. Usage of the Holder inequality reveals that for all
h
(p,9,¢) € K x &), x Y, it holds that
h

o (49,0, (6.9,0))
= apo($,$)u + 1o (), X 8, @) + 10C.0k (Y, V) — B2 (6.0).
+ % g~ DV i+ D).

€.¢a+ *(V x¥,¢)a + Cipo (@, C)w

= 04#0(45 B + 110CeOk (Vo, V)., + (Crpuo — *)(45 Cw
0150 Cio C1,u0

Cl(T<

CIHO

(W )a+ WP+ — (0o
C
> (- 5(01 = 1/2)) o832 + 2 18120y
oG-
(G~ D) ol

=:b

where we have used (¢,¢)o, > —5[l6]172(,) — 3/I¢]I72 (- Choosing Cy = 1/2 now yields
a,b > 0 and thus the desired result. 0
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The following lemma states an analogous result for the second algorithm. The proof is
straightforward and we refer to the extended preprint [9] for details.

LEMMA 4.4. Algorithm 4.2 is well defined in the sense that it admits a unique solution at
each step j = 0,..., N — 1 of the iterative loop.

5. Main result and convergence analysis. In this section, we aim to show that the two
preceding algorithms indeed define convergent schemes. We first consider Algorithm 4.2. The
proofs within the analysis of Algorithm 4.1 are mostly omitted since they are straightforward
and exactly follow the analysis of Algorithm 4.2. We again refer to the extended preprint [9]
for details.

5.1. Main result. We start by collecting some general assumptions. Throughout, we
assume that the spatial meshes 7|, are uniformly shape regular and satisfy the angle condition

(5.1) / V(i -VE <0 for all hat functions ¢;, (; € S*(Tp|.) with i # j.

Forx € Qandt € [tj,tj+1), we now define for 75 € {m{, H{ E! J* vi} the time
approximations

t—t; tiv1 —t _ ;
Wit %) == ) + T (%), (%) = (),
(-2) j+1 j
i _ i o X) + v (X
lt30) =400, Fa(tx) = () = B LR

We suppose that the general energy contribution 7(+) is uniformly bounded in L?(w7), i.e.,
(5.3) ||7T(Il)H%2(wT) <Cr for all n € L?(wr) with Hn||%2(wT) <1

with an (h, k)-independent constant C; > 0 as well as

(5.4) m(np,) — m(n) weakly subconvergent in L?(w7),

provided that the sequence ny;, — n is weakly subconvergent in H!(wr) towards some
n € H'(w7). For the initial data, we assume

(5.5) m) — m’ weakly in H' (w),
as well as
(5.6) H) ~H° and E) —~E° weakly in L2(Q).

Finally, for the field J, we assume sufficient regularity, e.g., J € C ([O, TY; L2(Q)) , such that
(5.7) JE 7 weakly in L2(Qr).

REMARK 5.1. Before proceeding to the actual proof, we would like to remark on the
before mentioned assumptions.
(i) We emphasize that all energy contributions mentioned in the introduction fulfill the
assumptions (5.3)—(5.4) on 7(-); cf. [16].

(i) Asin [16], the analysis can be extended to include approximations 7, of the general
field contribution 7r. In this case, one needs to ensure uniform boundedness of those
approximations as well as the subconvergence property 7 (npx) — 7(n) weakly in
L?(wr) provided ny, is weakly subconvergent to n in H* (w7).



ETNA
Kent State University
http://etna.math.kent.edu

258 L. BANAS, M. PAGE, AND D. PRAETORIUS

(iii)) The angle condition (5.1) is a somewhat technical but crucial ingredient for the
convergence analysis. Starting from the energy decay relation

[P < [ wmp

which is true for any function m with |[m| > 1 almost everywhere, it has first been
shown in [11], that (5.1) and nodewise projection ensures energy decay even on a
discrete level, i.e.,

/w}vzh(lz)\%/wwzhml?-

This yields the inequality || Vg, ™2, ) < ||V + kv] |35, which is needed
in the upcoming proof.

(iv) Note that assumption (5.1) is automatically fulfilled for tetrahedral meshes with
dihedral angles that are smaller than 7 /2. If the condition is satisfied by 7y, it can be
ensured for the refined meshes as well, provided, e.g., the strategy from [36, Section
4.1] is used for refinement.

(v) Inspired by [12], it has recently been proved [1] that the nodal projection step in
Algorithm 4.1 and Algorithm 4.2 can be omitted. Then, the following convergence
theorem remains valid even if the angle condition (5.1) is violated.

The next statement is the main theorem of this work.

THEOREM 5.2 (Convergence theorem). Let (mypy, Vi, Hpk, Enk) be the quantities
obtained by either Algorithm 4.1 or 4.2 and assume (5.1)~(5.7) and 6 € (1/2,1). Then, as
(h,k) — (0,0) independently of each other, a subsequence of (mpy, Hpi, Eny) converges
weakly in H (wr) x L2(Q7) x L?(Qr) to a weak solution (m, H, E) of MLLG. In particular,
each accumulation point of (mpy, Hpi, Epk) is a weak solution of MLLG in the sense of
Definition 2.1.

The proof will roughly be done in three steps for either algorithm:

(i) Boundedness of the discrete quantities and energies.
(i) Existence of weakly convergent subsequences.
(iii) Identification of the limits as weak solutions of MLLG.

Throughout the proof, we will apply the following discrete version of Gronwall’s inequal-
ity.

LEMMA 5.3 (Gronwall). Let kg, ..., k.—1 > 0and aq,...,a,_1,b,C > 0, and let
those quantities fulfill ag < band ay < b+ C Z?;é kjaj for £ = 1,...,r. Then, we have

ag < Cexp (CZ?;ékj)forE:l,...,r.
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5.2. Analysis of Algorithm 4.2. As mentioned before, we first show the desired bound-
edness.

'LEMMA 5.4. There exists kg > 0 such that for all k < ko, the discrete quantities
(mj  E7 HJ) € My x Xy x Y, fulfill

J—1
[Vmy, (12 + kz Vi lIZ2 )
i=0
Jj—1
(5.8) + 1] |32 0) + B2 + (0 = 1/2)F° Y [VVl[E2(

1=0
J—1
+ (I = 2 ) + B — B2 q) < Cs

foreach j =0,..., N and some constant Co > 0 that only depends on ||, on |w/|, as well as
on C.

Proof. For the Maxwell equations, i.e., step (iii) of Algorithm 4.2, we choose the special
pair of test functions (¥y,,¢,) = (E;, H)') and get from (4.2b)~(4.2¢)

EO<E}L+1 — Bihs Eh+1>Q - <Hh+17 V x Eh+1>Q + ‘7<XwEh+1a Eh+1>ﬂ =-{ aEh+1>Q

and
PO — B o + (9 < BT HG o = —potv, L

Summing up those two equations (and multiplying by 1/C ) we therefore see

kc (BT - B Ej o + 7HEZ+1HL2(UJ) tc, kC - (H, - H, B o
5.9)
IMO i Ho 4 i 1 i e
= C < h7H > + = C < h7H Hh+1>0~’ - E<J ’Eh+1>Q'

The LLG equation (4.2a) is now tested with ¢; = v € ]Cm; . We get
a(Vh, Vi)w + (M) X Vi, Vi)
—_———
=0
= _C€<v(mz + HIWZ), Vv;z>w + < ;Z’V;l>w + <7T(m2)avi>w

whence

ok, . i
6”‘%”%2(@ +9k2||vvh||i2(w)

i i ki i k i
= —k(Vm}, Vvy)o, + = (Hj, vi)o + = (r(my,), v )e.
Ce Ce
Next, along the lines of [2, 3, 16], we use the fact that | Vm]t* HL?(w <||V(mi +kvi) ||L2(w)
stemming from the mesh condition (5.1), cf. [11], to see
1 i1 1 i |2 i i k? i
§||Vm ||L2(w) < §vah||1,2(w) +k(Vmy, Vvy)e, + 3||Vvh||L2(w)
1 i i
= §vah”%2(w) - (9 - 1/2)k2|‘vvh|‘%ﬁ(w)
ak k i k i i
th||L2(w) + = C ( havh>w+6<ﬂ(mh)7vh>w'

€



ETNA
Kent State University
http://etna.math.kent.edu

260 L. BANAS, M. PAGE, AND D. PRAETORIUS
Multiplying the last estimate by po/k and adding (5.9), we obtain

c (VM ) — Vi, £ (,,)

Oéﬂo ‘

Qk‘
+ (9 —1/2) okl VAT ) + A Vi IE2 ()
(5.10)

> (B - ;;,Eéﬂmg [ e MRt
€
1o

[ iy i
5<J E o+ 6<"T(mh)’vh>w'

kC
< @<Hz _Hi+1 vi> _
= CE h h y Vh/w

Next, we recall Abel’s summation by parts, i.e., for arbitrary u; € R™ and j > 0, there holds

: 1 2 1 2 1 ! 2
D (s =)t = gl ol 4 5 3 ok e

i=1

Multiplying the above equation (5.10) by k£, summing up over the time intervals, and exploiting
Abel’s summation for the E, and HY, scalar-products yields

IU’O ] i
7|\Vmﬂ||i2(w) + (0 —1/2) pok? Z Vv lE ()

akﬂo
+ Z Vil ) + 55 HEJ IE2 )

i ko - i
—Ejlf20) + oA S IE M iz
¢ i=0

j—1
Ho i i

||H 1320 + 5~ 2 D OIHE = H |20
¢ i=0

- i j—1 i qu
i i i e 0 i i
Hh+1vvh>w - A ZU 7Eh+1>ﬂ + == D _(m(m},), vi)w
i=0 Ce i=0 Ce i=0
Mo
3||th||i2(w ||E L) + ||H 132 ()

=:£)

forany j € 1,..., N. By use of the inequalities of Young and Holder, the first part of the
right-hand side can be estimated by

—

Ce i=0 " wor w e1:0 Ce

j—1
b 5~ 1 i i 51M0k
< 2251<||w<mh>|\m + G - H 22 0)) + Zuvhnw

ko 5ok &
i+1)12 2 i
* 46,C., ZZ:% 1L 20 + - Z [ ||L2(Q

for any 61,02 > 0. The combination of the last two estimates yields
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Il ik
0 j .
?HVm?L”i?(w) + (0= 1/2) ok Y Vil 2 0
=0
ok =
0 .
e Ve + 50 BRI
Ce i=0
g0 T ko 12
0 i+1 ; i1
+ o S IBL ~ Bl + 5 > IE e + 2y 1HA o)
=0 =0
—Hj |20
s S o ,u k3
0 j j ; 1140
= 5C.6 Tz + I = Hy[IE2 o) + le Wl )
€

[P

kdg .
15,0, ZHJ ||L2(Q) + &y

Unfortunately, the term ’Eﬁ Zg;g |EH! ||iQ(Q) on the right-hand side cannot be absorbed

by the term &7 S B2, () On the left-hand side since the latter consists only of
contributions on the smaller domain w. The remedy is to artificially enlarge the first term by

kdy X~ | i 2k62 ; ; 252
- 2 IE W e ) < ZHE = Ep[l7) + ZHE 112
€ i=0

and absorb the first sum into the corresponding quantity on the left-hand side. With

Cv;z‘uok(a—él), Cy = Ho (l—ﬁ), and Cg:=

Ce 20@ 51 (Eo — 4(52]())7

1
2C,
this yields

Jj—1 j—1
Ho j ; i
a; = BV 3 ) + (0 = 1/2)0k? 3 IVVh IR + Cu Y VA IR

=0 =0
Jj—1
)+ Co 3 IES — Bileoy + ZHEMHW
=0
7—1
||H HL?(Q +CHZ||HZ+1 Hh||L2(Q
=0

ko = A 202k
2065 ZHW mh ||L2(w) + = 45 C ZHJ HL2 Q)+ ZHE ||LZ(Q

=:b

< E)+

<b+&2al
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In order to show the desired result, we have to ensure that there are choices of §; and 65,
such that the constants C',, Cyy, and Cg are positive, i.e.,

(@—61)>0, (1- 55) >0, and (g9 —4d02k) >0,
1

which is equivalent to kg < d1 < aand J2 < €¢/4ko. The application of the discrete Gronwall
inequality from Lemma 5.3 yields a; < M and thus proves the desired result. a

We can now conclude the existence of weakly convergent subsequences.

LEMMA 5.5. There exist functions (m, H,E) € H!(wr,S?) x L2(Qr) x L?(Qr) such
that

my, — m in H (wr),

my,y, m,, My, — m in L*(HY(w)),
mpy, m;i:k,ﬁhk — m in L2 (wr),
Hy, H Hy — H in L?(Qr),
Eue, B En, —~ H in L2(Qr),

where the subsequences are successively constructed, i.e., for arbitrary mesh sizes h — 0 and
time step sizes k — 0 there exist subindices hy, kg for which the above convergence properties
are satisfied simultaneously. In addition, there exist some v € L?(w,) with

vy, — vinL*(wr)

for the same subsequence as above.

Proof. From Lemma 5.4, we immediately get uniform boundedness of all of those
sequences. A compactness argument thus allows us to successively extract weakly convergent
subsequences. It only remains to show that the corresponding limits coincide, i.e.,

lim vy, = limy,, = lim 'y;fk = lim %, where Y € {mpk, Hpi, Epk b

In particular, Lemma 5.4 provides the uniform bound

j—1
D lmptt —mj[f,) < G
1=0

Here, we used the fact that |m] ™" — mi”iz(w) < k:2‘||vi||%2(w);_ see, e.g., [2] or [24,
Lemma 3.3.2]. We rewrite v, € {mpi, Epg, Hpr b as vy, + %(yifl — 7)) on [t;_1,t;]

and thus get

2 = [ t—1tj, j+1 j j 112
A S B b A AR S
j=0 7t
N-—-1
<EY It =i — 0
§=0

and analogously

Ivmk = il 20y — 0,
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ie., we have lim~; = limvy,, € L?(Qr) respectively L?(wr). In particular, it holds
that lim%,,;,, = lim . From the uniqueness of weak limits and the continuous inclusions
H'(wr) € L?(H'(w)) € L2(wr), we then even conclude the convergence properties of
myy,, m;,, and My, in L?(H' (w)) as well as mp,; — m in H'(wr). From

Jn] = geor < liml = [my e r) + g~ Ugen

and

Il (& )] = Hlzag) < hmax IV, e ).

we finally deduce |m| = 1 almost everywhere in wr. O

LEMMA 5.6. The limit function v € L?(wr) equals the time derivative of m, i.e.,
v = 0ym almost everywhere in wr.

Proof. The proof follows the lines of [2] and we therefore only sketch it. The elaborated
arguments can be found in [24, Lemma 3.3.12]. Using the inequality

_ 1 _
[0y — Vil wr) S §k||vhk”%2(w)v
we exploit weak semicontinuity of the norm to see
Hatm — V||L1(wT) < lim inf ||6tmhk — V]:k:HLl(WT) =0 as (h, k‘) — (0,0),

whence v = 9;m almost everywhere in wr. O

Proof of Theorem 5.2. For the LLG part of (2.2), we follow the lines of [2]. Let
@ € C*®(wr) and (1,¢) € C°([0,T); C>(Q) N Hy(curl, ©2)) be arbitrary. We now define
test functions by (@, ¥n,Cn)(t,-) = (Zn(my, x @), Zx,¥,Zy,{)(t,-). Recall that the
L2-orthogonal projection Zy, : L2(Q2) — ), satisfies (u — Zy, u,yp) = 0 forall y, € V)
and all u € L2(Q2). With the notation (5.2), equation (4.2a) of Algorithm 4.2 implies

T T T
al<ﬁpmm+l<mﬁX%@mm=—@A<Wm&+%ﬁwV%M
T T
+A<H@¢mw+é<ﬂm@xmm.

With ¢4, (¢, ) := Zp(m, . X¢)(t, -) and the approximation properties of the nodal interpolation
operator, this yields

T
_/0 (Qvpy, +my, X v, my, X @),
T T
+ ke/ (Vv V(ms, x @) + ce/ (Vg V(my, x @)
T ’ T ’
—/O (H my, x o) —/O (r(m,)my, X @)o = O(h).

Passing to the limit and using the strong L?(wr)-convergence of m;, X ¢ towards m x ¢,
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we get

T T
/ (v, +my, X v, m. X, —>/ (am; + m X my, m X @),
0 0

T
k@/ (Vv V(my,, x @), — 0, and
0

/ (Vmiy, V(m, X @) — / (Vm, V(m x )
0 0

cf. [2]. For the second limit, we have used the boundedness of k||Vv, ||i2(wT) ford € (1/2,1];
see Lemma 5.4. The weak convergence properties of H,, and 7(m,, ) from (5.4) now yield

T T
/ (Hy), my, X @), — / (H,m x @), and
0 0

T T
/o (m(my, ), my, X @), —)/O (m(m), m X @),,.

So far, we thus have proved

T

T
[ o+ mx mim gy = €. [ (9m, V(m x ).
0 0

T T
—|—/ (H,m x @), —|—/ (r(m), m X @),.
0 0
Finally, we use the identities

(mx my) - (m x ) = m, - @,
m; - (m X @) =—(mxm) -, and
Vm x V(m X ¢) = Vm - (m x Vi)

for the left-hand side respectively the first term on the right-hand side to conclude (2.2). The
equality m(0, -) = m? in the trace sense follows from the weak convergence my; — m in
H'(wr) and thus weak convergence of the traces. Using the weak convergence m{, — m" in
L?(w), we finally identify the sought limit.

For the Maxwell part (2.3)—(2.4) of Definition 2.1, we proceed as in [7]. Given the above
definition of the test functions, (4.2b) implies

T

T T T
60/ <(Ehk)t7"/’h>§l_/ <H}D€7V><¢’h>9+0’/ <XwE;J{k,¢'h,>Q=/O (Jhr¥n)as

0 0 0
T

T T
o /0 (En)e, Cra + /0 (V x By, e = —po /0 (Vi G

We now consider each of those two terms separately. For the first term of the first equation, we
integrate by parts in time and get

/0 (Bnk)e, ¥n)a = _/o (Enk, @n)e)a + Ene(T, ), ¥n (T, ))o —(ED,¥4(0,)a.

=0
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Passing to the limit on the right-hand side, we see that

T T
/ (En)esn)e — — / (B.)e — (B, 9(0, ),
0 0

where we have used the assumed convergence of the initial data. For the first term in the
second equation, we proceed analogously. The convergence of the terms

T T
/ (i, ¥ % i) — / (H,V x ),
0 0

T T
/ <XwEZ]ga'¢'h>Q > / <XwE7"/’>Q
0

0

T T
/ (T Yn)e —>/ (J,¥)q, and
0 0

T

T
/ Vi Cndo — [ (m1,0)s

0 0

is straightforward. Here, we have used the approximation properties (3.1)—(3.2) of the interpo-
lation operators for the last two limits. It remains to analyze the second term in the second
equation. Using V x Ezk(t) € ), and the orthogonality properties of 7y, , we deduce

T T T
| B ta= [ 7B — [ (7 x B 0-T3)00
0 0 0

T T T
=/ <V><E;k,c>9=/ <E;k,V><<>Q—>/ (E.V x (o
0 0 0

For the last equality, we have used the boundary condition ¢ x n = 0 on J€2r and integration
by parts. This yields (2.3) and (2.4).

It remains to show the energy estimate (2.5). From the discrete energy estimate (5.8), we
get forany ¢’ € [0, T] with ¢’ € [t;,t;41)

IV ()22 ) + Va2 ) + I (122 ) + 1B ()IE2 )
t/
= ”VmZk(t/)”%?(w) Jr/0 ||V;k(3)||%2(w) + ”H;z‘—k(t/)”%ﬁ(ﬂ) + ||E}erk(t/)”%2(ﬂ)
tit1
< [V, (1)1 ) +/0 Vi ()12 ) + T () 220y + 1B ()] E2 0
< Cs.
Integration in time thus yields for any measurable set J C [0, 7]

L IV, ()2 + / Vil 20

[ IO e + [ IEGWao < [ o

whence weak lower semi-continuity leads to

/ V2., + / 22, + / 1H2 0 / IBJ2: 0 < / c,
J J J J J

The desired result now follows from standard measure theory; see, e.g., [21, IV, Thm. 4.4].
0
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5.3. Analysis of Algorithm 4.1. This short section deals with Algorithm 4.1. Since the
analysis follows the lines of Section 5.2, we omit the proofs and the reader is referred to the
extended preprint of this work [9] for details. As before, we have boundedness of the involved
discrete quantities, this time, however, in a slight variation.

LEMMA 5.7. The discrete quantities (mi7 E{L, Hi) € My x Xy, x Yy, fulfill

j—1
IV [IF2 ) + 5 D IVAlIE2 ) + 1HLIE20) + B4 20
1=0
Jj—1
+(0-1/2)K Z IVVillEe@) < Cs
1=0

foreach j =0,...,N and some constant C's > 0 that depends only on ||, |w|, and C.

Note, that in contrast to Lemma 5.4 from the analysis of Algorithm 4.2, we do not have
boundedness of 37—} (| Hi — Hj[[72 ) + |EF — E} ||72(q)) in this case. This, however,
is not necessary to prove that the limits of the in time piecewise constant and piecewise affine
approximations coincide. The remedy is a clever use of the midpoint rule; details are found
in [33, Section 4.2.1]. Analogously to Lemma 5.5, we thus conclude the existence of weakly
convergent subsequences that fulfill

my, — m in H' (wr),

mhk,mfk,ﬁhk —m in L2(H1(w)),
mhk,mfk,ﬁhk —m in L2(wT),
Hy,, HY Hy,, —~ H in L?(Qr),
Eu, Ef, Epy — E in L?(Qr),
Vi —V in L?(wr).

The proof of Theorem 5.2 for Algorithm 4.1 then completely follows the lines of the one
for Algorithm 4.2.

6. Numerical examples. We study the standard ;-mag benchmark problem' number 4,
using Algorithm 4.1 and Algorithm 4.2. Here, the effective field consists of the magnetic field
H from the Maxwell equations and some constant external field H. ., i.e., w(mi) =H..
for all ; = 1,..., N. This problem has been solved previously using the midpoint scheme
in [6], and we also use those results for comparison.

Despite the fact that the system (4.1) in Algorithm 4.1 is linear, for computational reasons
it is preferable to solve LLG and the Maxwell equations separately. After decoupling, the
corresponding linear systems can be solved using dedicated linear solvers. This leads to a
considerable improvement in computational performance; cf. [7]. In order to decouple the
respective equations in (4.1), we employ a simple block Gauss-Seidel algorithm. For simplicity
we set 0 = 0, J = 0. Assuming the solution vffl, H; , E, is known for a fixed time level 7,

we set G% = ng F?L = E{L, and w?l = vffl and iterate the following problem over ¢:

Isee the Micromagnetic Modeling Activity Group
http://www.ctcms.nist.gov/~rdm/mumag.org.html
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FIG. 6.1. Mesh for the domain Q2 at x3 = 0 (left) and zoom at the mesh for the domain w at x3 = 0 (right).

Find wi ,Ff G! € K g % Xn x Vi, such that for all On,Yn.Ch € Ky % X X Vi we
have

0‘<wa¢h>w + <mﬁ X W{w¢h>w = —CJV(III?L + ekwfz)’ V‘Ibh)w

(6.1a)
+ <Gi_1 + Hemt7¢h>w7
2 2 ;
(6.1b) 50E<Fia"/’h>9 — (G}, V x ¥p)g = 60%<E?L,¢h>9,
2 2 )
(61C) U0%<G§za<h>9 + <v X Ffm(h>9 = U0%<H%a<h>§2 - ﬂ0<wfb7<‘h>wa

until [wj, = w, oo + |G, = G}V loo + |Ff, = Fj, oo < TOL. In this setting, F}, is
an approximation of E?fl/ * and G is an approximation of Hifl/ 2
we have

, respectively. Therefore,

2 ) 2 11/2 .
C(F —Bj) ~ (B} B =

j+1/2
H)

j+l _ @i
Eh — Eh

- =dET

Analogous treatment of the -term thus motivates the above algorithm. We obtain the
solution on the time level j 4 1as v}, = w}, H)"' = 2G¢ — H], EJ™" = 2F) — EJ. The
linear system (6.1a) is solved using a direct solver, where the constraint on the space ICm{ is
realized via a Lagrange multiplier; see [25]. For the solution of the linear system (6. 1b)—(6.Llc)
we employ a multigrid preconditioned Uzawa algorithm from [7].

The physical parameters that were used for the computation were p = 1.25667 x 1075,
g0 = 0.88422 x 10711, A = 1.3 x 107!, My, = 8 x 10°, v = 2.211 x 10%, a = 0.02,
He.: = (noMs)~1(—24.6,4.3,0), and C, = 2A(uoM2)~t. Here, v denotes the gyromag-
netic ratio, and M, is the so-called saturation magnetization; see, e.g., [16]. We set § = 1 in
both Algorithms 4.1 and 4.2. The ferromagnetic domain w = 0.5 x 0.125 x 0.003 (um)
is uniformly partitioned into cubes with dimensions of (3.90625 x 3.90625 x 3)(nm),
each cube consisting of six tetrahedra. The Maxwell equations are solved on the domain
Q = (4 x 4 x 3.072) (pum). The finite element mesh for the domain € is constructed by
gradual refinement towards the ferromagnetic domain w, see Figure 6.1. We take a uniform
time step £k = 0.05 which is two times larger than the time step required for the midpoint
scheme [6]. Note that the scheme admits time steps up to k = 1, the smaller time step has
been chosen to attain the desired accuracy.

The initial condition my for the magnetization is an equilibrium “S-state”, see Figure 6.2,
which is computed from a long-time simulation as in [6, 7]. The initial condition Hy is
obtained from the magnetostatic approximation of the Maxwell equations with and Ey = 0;
for details see [6]. In Figure 6.3 we plot the evolution of the average components 1m; and m
of the magnetization for Algorithm 4.1 and Algorithm 4.2. For comparison, we also present
the results computed with the midpoint scheme from [6] with time step k£ = 0.02.
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m& ~ \\

FIG. 6.2. Initial condition mP.
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FIG. 6.3. Evolution of |w| ™1 J,, m1 and w1 [, ma, where my; denotes the j-th component of the computed
magnetization m : w — R3. Algorithm 2 refers to Algorithm 4.1 and Algorithm 3 to Algorithm 4.2.
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FIG. 6.5. Midpoint scheme from [6, 7]: solution at |w| ™" fw my = 0.

We also show a snapshot of the magnetization for Algorithm 4.1 and the midpoint scheme
at times when |w| ™! [ 'm1(t) = 0 in Figures 6.4 and 6.5, respectively. We conclude that the

results for both algorithms are in good agreement with those computed with the midpoint
scheme.
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