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OF THE DIFFUSION EQUATION WITH DISTRIBUTED ORDER IN TIME*
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Abstract. In this paper we are concerned with the numerical solution of a diffusion equation in which the
time derivative is of non-integer order, i.e., in the interval (0, 1). An implicit numerical method is presented and its
unconditional stability and convergence are proved. Two numerical examples are provided to illustrate the obtained
theoretical results.
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1. Introduction. In the past decades, considerable attention has been devoted to the
extension of the classical diffusion equation

ou(z,t)  Ou(x,t)
o 022

to the fractional setting. This extension can be obtained in several different ways, depending
on the physical models we are interested in; see, for example, [18, 19, 22]. One can replace
the first-order derivative in time by a derivative of non-integer order o > 0 or the second-order
derivative in space by a derivative of arbitrary real order 3 > 1, or one can replace both
integer-order derivatives with non-integer ones. In each of these cases, we obtain a so-called
fractional diffusion equation.

Here we are interested in the first case, that is, the case where the first-order time derivative
is replaced by a derivative of real order «, and, as explained in [22], this generalisation may
be given in two different forms if we consider the two most popular definitions of fractional
derivative. We can obtain the time-fractional diffusion equation:

+ f(z,t)

- Ox?

ou(z,t)  BEO— [ 02u(x,t)
o ot

+f(a:,t)), t>0,0<z<L,

RL 5a
where atii is the fractional Riemann-Liouville derivative of arbitrary real order «, or the

following time-fractional diffusion equation (TFDE):
0%u(x,t)  0%u(x,t)
ot Qa2

(1.1) + flz,t), t>0,0<z<L,

where % is the fractional Caputo derivative of arbitrary real order «.

The Riemann-Liouville and the Caputo derivatives of order «v of a function y(t) may be
defined as follows [6, 25]. The Riemann-Liouville derivative is given by:

RLDa — D[a]J(a]fa,
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with J# being the Riemann-Liouville integral operator,

s S t —5)" "y (s)ds
Ty(t) = >/0“ VP ly(s)ds, t>0,

L(3)

and D! is the classical integer order derivative, where [a] is the smallest integer greater
than or equal to . Analogously, |« | denotes the largest integer smaller than a.
The Caputo derivative is given by [6]

Dy(t) ="FD*(y — Tly))(t), >0,

where T'[y] is the Taylor polynomial of degree | | for y centered at 0. The Caputo derivative
has the advantage of dealing with initial value problems in which the initial conditions are
given in terms of the field variables and their integer order derivatives, which is the case in
most physical processes [6]. That is the reason why the Caputo derivative is more frequently
used in applications, and therefore we choose to use this definition of fractional derivative in
this paper. We will only consider the case 0 < o < 1. In this case and because we are dealing
with a function of two variables, we have

%u(x,t) oo

(u(;c,t) - U(LL‘, 0))

ot T oo
Alternatively, we can also write [6]
O%u(x,t 1 ¢ )
ule,t) _ JRE R
ote I'l—a) Jo 0Os

These two generalisations of the diffusion equation have a physical meaning and are commonly
used to describe anomalous diffusion processes. Basically, the fractional derivative represents
a degree of memory in the diffusion material. If 0 < o < 1, then the time-fractional diffusion
equation corresponds to a sub-diffusive model, if 1 < « < 2, then to a super-diffusive model,
and if o = 1, then we recover the classical diffusion model, in which it is assumed that the
mean square displacement of the particles from the original starting site is linear in time. For
the interested reader, a detailed physical interpretation of the time-fractional diffusion equation
may be found in [11] and the references therein.

Concerning the numerical approximation to the solution of the time-fractional diffusion
equation, several methods have been developed: finite element methods [14, 27], meshless
collocation methods [12], collocation spectral methods [13], and finite difference methods;
see, for example, [3, 4, 5, 9, 15, 16, 17, 23, 28, 29, 30]. We refer the reader to the recently
published book [1] containing a survey on numerical methods for partial differential equations,
where the TFDE is included.

A further generalisation of the classical diffusion equation may be obtained by using the
time-fractional diffusion equation of distributed order (DODE):

! 0%u(x,t) 0u(z,t)
(1.2) /0 o) 5o da = 92 + f(z,8), t>0,0<z<L.

This kind of equation has been less discussed than the TFDE. For the purpose of generalisation
of (1.1), it is assumed that in (1.2) the function ¢(«) acting as a weight for the order of
differentiation is a continuous function such that [10, 21]

1
¢(a) > 0 and / cla)da=C > 0.
0
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While the fundamental solution for the Cauchy problem associated to (1.1) is interpreted
as a probability density of a self-similar non-Markovian stochastic process related to the
phenomenon of sub-diffusion (the variance grows sub-linearly in time), the fundamental
solution of (1.2) is still a probability density of a non-Markovian process that, however, is no
longer self-similar but exhibits a corresponding distribution of time-scales; see [22] for details.
In [2, 26], both time and space distributed order diffusion equations were analysed. In [24],
the diffusion equation of distributed order in time (between zero and one) was analysed for
Dirichlet, Neumann, and Cauchy boundary conditions. The physical interpretation as well as
some analytical aspects of the time-fractional diffusion equation of distributed order may also
be found in [10, 20, 21] and the references therein.

As far as we know, numerical methods for this type of equation have not been reported yet,
and these will be our concern in this paper. A first attempt to solve numerically a distributed-
order differential equation was provided in [7]. In that paper the authors developed a numerical
method for distributed-order linear equations of the form

(1.3) /m B(r)D y(t)dr = f(t), 0<t<T,
0

for some positive real m, where D"y(t) is the derivative of y(¢) in the Caputo sense. They
used a quadrature rule to approximate the integral term in (1.3), reducing (1.3) to a multi-term
fractional ordinary differential equation, which could be solved with any available numerical
method for ordinary fractional differential equations. The authors of that paper have presented
several numerical examples in order to study the effects of the step sizes used in the quadrature
rule and the step sizes in the fractional initial value problem solver. As they explained, in
their approach, there were two sources for errors: the first one arises when the integral in
the distributed-order equation is approximated by a finite sum, depending on the chosen
quadrature rule, and the second one is due to the error related to the initial ordinary fractional
value problem solver. Here we will use a similar approach, which we describe in detail in the
next section. We, obviously, will have here another source for the error since we are dealing
with a distributed-order partial differential operator instead of an ordinary differential operator
as in [7]. We are interested in the numerical solution of (1.2) together with the initial condition

1.4) u(z,0) = g(x),
and the boundary conditions
(1.5) uw(0,t) = ug, u(L,t) = ur,

where we assume that ug and uy, are constants, g(x), f(x,t), and the nonnegative function
¢(«) are continuous, and the fractional derivative is given in the Caputo sense.

The paper is organised in the following way: in Section 2 we provide an unconditionally
stable and convergent numerical scheme for the approximation of the solution of (1.2), (1.4),
(1.5), and in Section 3 we prove convergence and stability of the method. Finally, in Section 4
we illustrate the performance of the method and the obtained theoretical results with some
numerical results obtained for examples whose analytical solutions are known. We end with
some conclusions and plans for further investigation.

2. A numerical method. In this section we present an implicit numerical method for
the approximation to the solution of (1.2). Existence and uniqueness of the solution will not
be addressed here (for theoretical aspects on this kind of problems, see [20, 21, 22]), and
throughout the paper we always assume that the solution of (1.2), (1.4), (1.5) exists and is
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unique. As explained before, we first approximate the integral in (1.2) with a finite sum by
using a quadrature rule and in this way obtain a multi-term equation (several orders for the time
derivative will appear). Then, we need to approximate the derivatives with respect to ¢ and z,
and in order to do this, we must impose certain regularity assumptions on the solution u(z, t).
REMARK 2.1. Throughout the next two sections we assume that the solution of (1.2) with
initial condition (1.4) and boundary conditions (1.5) is of class C? with respect to the time
variable ¢ and is of class C* with respect to the variable z, and we assume that the function

0%u(x,t)
ot

As we will see, this is needed for the convergence analysis.
Let us then consider a partition of the interval [0, 1], the interval where the order of

(2.1) H(a) = c(a) € C*([0,1]).

the time derivative lies, into N subintervals, [3;_1,3;],j = 1,..., N, of equal amplitude
h = 1/N. Defining the midpoints of each one of these subintervals by
aj:76J_12+/BJ7 jzl,...,N,

we can use the midpoint rule to approximate the integral in (1.2) to obtain

! o0%u 80‘Ju 0%u(z,t) h? __,
(2.2) /0 c(a)W —hz e o H'W), ve(01),

where H is defined by (2.1). Neglecting the O(h?) in the above inequality, (1.2) may be
approximated by

N
0% u(z,t)  O*u(w,t)
(2.3) h;c(aj) e = g H /@)
0% u(z,t)

Next, we approximate the fractional derivatives —;a7"~ and azgg’” . In order to approximate
the spatial derivative, we consider a uniform spatial mesh on the interval [0, L], defined by
the grid points z; = iAz,i =0,1,..., K, where Ax = =, and we approximate the spatial
derivative at x = x; by the second order finite dlfference

0%u(x;,t) u(wigr, t) — 2u(a, t) + u(azi_l,t) (AJZ) 0*u '
24) 002 (A7) o oz & t)

with EZ S (Ii—la Ii+1).
For a fixed h, denoting by U;(t) the approximated value for u(x;, t), substituting (2.2)

and (2.4), and neglecting the O ( (Az)?) term in (2.3), we obtain the semi-discretised scheme

Uia (£) = 2Ui(t) + Uy .
(2.5) hz c(ay) at%): 1) (M(;QJF Oy fwint), =1, K1

Note that from the boundary conditions (1.5), we have that
2.6) Uog(t) =up and Ugk(t) =ug,
and from the initial condition (1.4) that

Q2.7) U;(0) = g(z;), i=1,....K—1,
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holds. In order to approximate the fractional derivatives # we define the time grid
points t; = [At, l = 0,1, ..., and use the backward finite difference formula provided by
Diethelm (see [8]):

9% U(t) _ (A)™™ zl: (a;)
a; = am,]l (Ul (tl—’m) - Ul(o))
2.8) ot%i I'2—qj) —
2—aj 82
+CaJ(At) atg (xianl)a m e (Oatl)v

(J)

where the constants c,; do not depend on At and the coefficients a,, " are given by

1, m =0,
2.9) al®) =4 (m+1)'" —2ml= 4 (m— 1), 0<m<l,
(1 — )= =11 4 (1 —1)" %, m=1l.

Substituting in (2.5) and denoting U,f ~ u(x;, t;), we obtain the finite difference scheme:

N a;
el 5 S ) (- ut)
CRUNEEE “ =
U+1 —2U! 1 UL, .
_ L flant), =1 K1 0=12,...
(Az)? fles )

Hence, in order to obtain an approximation to the solution of (1.2) subject to the initial condition
(1.4) and boundary conditions (1.5), we need to solve the linear systems of equations (2.10)
taking into account (2.6) and (2.7):

Ul =uo, Uy =up, 1=1,2,...,
UP:g(mi)7 i=1,..., K —1.
The numerical scheme may also be written equivalently in the following matrix form:

-1

(2.11) AU' =Y B U™ +C, 1=1.2,...,
m=1
where
Ui
l
vio |
Uk—1

A and B,, are the diagonal matrices (we only write the non-zero entries):
2 1
A A+ 7 ~G@a?

1

A= T (an)2

1
T (an)?

1
~ G2 A(h, At) + (A a7
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r N

(At)”

)

(aj)

h,Z('(aJ)

Jj=1

T

(At)~ i
hzc(aJ)F(2 ) m.l

Wyl

c(ay)

h Zjvzl c(aj) ¥

Ry o) &

(an-
T2

¥

aj)

(At)™"
T(2—aj)

—aj

Y

PO

0

Z

m=

e

a4 g (1)

qles)
m=0 mlg

(aj)

N
h ZC(O‘J) (( 2

+ fz1,t) + (A:;))

($2) + f(x%tl)

0 mlg(xK 2) + fxr—2,t1)

ARG
a) m,l

F(2 o)

(At)™
F(Q—Ozj)

N l
IDINERECH) > m=0 gnjz)g(xK D)+ few- 1’tl)+(Am)

(&) - since the function ¢ is nonnegative. As it can

N
and A(h,At) = h3 5, c(ay) T
easily been seen, A is a strictly diagonal dominant matrix, and therefore A~1 exists, and we

can conclude that foreach ! = 1,2, ..., equation (2.11) is solvable.

3. Stability and convergence of the numerical scheme. In this section we analyse
stability and convergence of the implicit numerical scheme presented in the previous section.
Our main results here are Theorems 3.3 and 3.6. Define

N [e7]
hZc At)~ 1 Ui _ZUf;Uz'lA’
j=1 _aj) (A(E)
and
N ) a
Ul 1 — hZC Z (aJ)Ul m
j=1 —Oé]) m=1
= DY ()
;)70
Z:: Q—QJ)Zzam’JlUi’

It can be seen easily that the scheme (2.10) can be rewritten as (for: = 1,2,..., K — 1)

3.1) Ly (U}) = Ly (U7") + fwis ).

REMARK 3.1. Note that this is not a two-term recurrence relation as it happens for
the classical diffusion equation case, where a relation between the time level ¢; and ¢;_; is
established. Here, this recurrence relation is established between a time level ¢; and all the
previous time levels g, ..., t;—1.

In order to prove that the scheme is unconditionally stable and convergent we will need

the following auxiliary result:
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LEMMA 3.2. The coefficients a£: ’i), defined by (2.9) satisfy the following conditions:

al®y) <0, m=1,2,...,01—1,

-1
(aj)
m,l

a >0, [=12,....

m=0

(e5)

Proof. Let us prove that amj <0,m=1,2,...,1 — 1. For 1 < m < [, the coefficients

a(a"l) are given by

m,

(o)

m,l

1—ajy 1—ajy

a, =(m+1) —2m*™% 4 (m —1)

Therefore applying the mean value theorem to the function g(z) = z'7%,0 < a; < 1, we
obtain

a(aji) _ ((m+ 1)1—ozj . mlfaj> + ((m B 1)1—(1_,» o ml*&j)

m,

(3.2) =(1—a;)0;" —(1—a;)0,%, 61 €lmm+1[, 602 €m—1,m]
= (1—ay) (677 —0,).

Using the fact that a; €]0,1[, j = 1,..., N, and 1 > 0 (which implies 0, “/ < 0, “/
and 0, “ — 6, " < 0), from (3.2) it follows that aigj) <0,m=1,2,...,1—1.

With respect to the second inequality, note that

-1
%) == ) =12,
m=0

and therefore the result is proved. a

3.1. Stability analysis. Our first main result, concerning the stability of the numerical
scheme, is presented in the following theorem.

THEOREM 3.3. The implicit numerical scheme (2.10) is unconditionally stable.

Proof. We assume that the initial data has error €. Let ¥ = g(x;) +¢%,i=1,..., K —1,
Uil and (721 (t=1,...,K — 1) be the solutions of (2.10) corresponding to the initial data g(x;)
and g9, respectively. Then, the error ¢! = U} — ﬁll satisfies

Li(e)) = Lo (1Y), 1=12,...,i=12... K-1

Let E! = [eh el ... 5ZK_1]T, forl = 0,1,.... In order to prove stability of the proposed

method, we must prove that
(3.3) IE oo < [[E”|o, 1=1,2,....

We will verify (3.3) by mathematical induction. For [ = 1, let p € N such that
lepl = maxi<i<w—1lef] = [|E[loo-
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Let A(h,At) = hZ;V:l c(aj)l(ﬂ?ztl;g. Since the function ¢ is nonnegative, then
A(h, At) > 0, and we have

A, AD BN = A(h, AL = A(h, Ag)e| 4 22l = 2l
(h, ADE! oo = Alh, A1) Jeb] = Ak, At)Jeh] + =2
2lep] = lep_1| = lepsal
1 1 +1
< A(h, At)|e,| + —2 Z:EQ P
1 1 1
1 Epm1— 26,50
< |A(h, At)e, — £ A2 P

= |Li(g})| = |La(e))| = |A(h, At)ep|
= A(h, At)|ed] < A(h, A)||E?| .

From the inequality above it follows that ||[E'||oc < ||E°||c.

Suppose that |[E’ ||, < [|E°||eo, for 5 = 1,2,...,1 — 1, and let p € N be such that
lel] = maxi<;<x—1 |e}| = |[E'||sc. Similarly to the case I = 1, using the induction argument
and taking into account Lemma 3.2, we have that

l l 1
e 4 —2e +¢
A(h, At)e, — =l

A(h, At)||E [l < =|Li(ep)] = |L2(e; )]

. (At)~ (o) = (A &~ (o))
_ . aj) _l—m ) aj)_0
= —h,z:c(ozj)r(2 . mz::lamjl gp 't hjzz:lc(aj)r(2 e mz::oamfl €p

- -1
St (8 (o) s (S 1) )
N —a 1— -1
(At)~ o i o
< hZC(Qj)7F(2 . (Z (—afnfl)) ]si, | + (7; afnfl) + 1) |€g|>

j=1 m=1
N At — -1 o -1 o

<13 clap D (X () 00+ (3 ol 1) 1
7j=1 =1 m=1

N —a,
- hZc(a»(Nlj 9] = Alh, ADJE|.

and then it follows that ||E'[|c < [|E®||s, ! =1,2

g Ly eeee

0
3.2. Convergence analysis. Let us define the error at each point of the mesh (x;, ¢;) by
e =u(z,t) - U, 1=1,2,..., i=1,....,K—1,

where u(x;, t;) is the exact solution of (1.2) with the initial condition (1.4) and boundary con-
ditions (1.5), and U} is the approximate solution of u(z;, t;) obtained by the numerical scheme
(2.10). Define €' = [e}, €},..., el ]. From (1.4) and (2.7) it follows that €® = [0,0,.. .., 0].
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From (2.2), (2.4), and (2.8) it follows that the solution of equation (1.2) at (z,t) = (x;, ;)
satisfies

N —aj l
hz (c(aj)r(étzaj) Z air?ﬁ) (u(zi, ti—m) — u(x;,0))

G4 o, (0027 S wiom) ) + 1)

u(Tip1,t) — 2wz, t) + u(ioa,t) (Az)? d*u
= it it
(Ax)? 12 0z oo (€010 + f (i 1),
where H is the function defined by (2.1), &; €]z;_1, Z;+1[, m €]0, [, and v €]0, 1[. We can
rewrite (3.4) as

o u(wipr, tr) = 2u(@i, ) +ul@io1, tr)
h ivt -
Z Rl 2—%) w1t (Ax)’
N — l
_ L (ADTY e
— h;c(aJ)F(Q o) mzjl Ay w(wi, ti—m)
) . (At)~™ (Az)? 0
. tiaj (@) _ € 7“ )
+h;c(a])r(2 — a]) ’mZ:Oaml U(I“to) 12 6:1;4 (§l7tl)
N
o 0%u h?
o hgc(aj)caj (At)Q ! 8t2 (l’z,m) ﬁH”(V) + f(ﬂ?i,tl).

Therefore, from (3.5) and using the definition of L; and Lo, the solution of equation (1.2) at
(x,t) = (x4, t;) satisfies

Az)? 9*u
L (u, 1)) = Lo (ue, 1)) + (o 1) = S0 T e, 1y
(3.6) N 2 2
27041.(9 u h
- h;c(aj)caj (At =5 (i) = 5 H ().
Based on (3.1) and (3.6) we have that the errors e =12, =1,..., K — 1, satisfy
e =0 i=1,2,...,K -1,
Li(el™) = Lo(el) + R 1=0,1,...,i=1,2,...,K — 1,
where
2 04 N 2 2
41 (Az) 67u _ . A 2—%@ hiH”
R’L - 12 81'4(5“1;1) hzc(a])cag( t) 8t2 (xu’r}l) 24 ( )

Define R"' = [RITY RLFY . REFL ] 1=0,1,....
LEMMA 3.4. There exists a positive constant C1 > 0 that does not depend on Ax, At
and h such that

3.7) IR < Cy ((m)z Ty (At)H%) L 1=0,1,2,....
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Proof. Using the regularity assumptions on the solution of equation (1.2) and the function
H, and because the function c(«) is positive, we have

N
‘Ré+1| < Ml(Al‘)2 + Mz(At)27aNhZ clay) + M3h?

j=1
3.8 _
5-8) < My (Az)? 4+ My(At)* *NAN m[%xl] c(a) + M3zh?
ae|0,
= My (Az)® + MyA? N 4 Mgh?,
where M, = maxme[o L] 3904 4(x, tl)‘, My = cmaxyejo %(xi,t) , € = max; {caj }

M; = 3 maxaepo,1) |[H" ()], and My = My max,e(o,1) ¢(c). From (3.8) we obtain
(3.9) IR < € (Ax)2 +R 4 (At)Q_“N) S l=1,2,...,

with C1 = max{My, M, M3, M,}. Note that ay = 1 + % Then, from (3.9), inequal-
ity (3.7) follows. a

LEMMA 3.5. There exists a positive constant C1 > 0 not depending on Ax, At, and h
such that

oy ((A:c)2 +R2 4 (At)“%)

N (aj)’
th:l C( )F(Q Oz7) Zm 0 7:Jl

(3.10) e ]l < 1=1,2,....

Proof. The proof is similar to the proof of Theorem 3.3. We use mathematical induction
to prove (3.10). For I = 1, let [|e' || oo = maxi<;<x—_1|ef| = |e}|. Then we have

2lep| — 2ley]
A(h, At)|€zl)| + W

< |Li(e})] = [La(el) + RY| = [A(h, At)el + RY|
< A(h, A [£9] +IRY < R .
——

=0

Al Ab) e} oo = AR, At)e}| =

From the inequality above it follows that

IR
A(h, At)

e f|oo <
Therefore, from Lemma 3.4 it follows that

O ((Aa)’ + 12+ (A)TE) Oy ((A0)° + 12 + (AD'HE)

el < A(h, At) TN (a0~ L
7 h3 =1 ) ra=ay) DI A 1
Suppose that
Cr ((Aw)® + 12 + (an)' )
le¥]| < k=1,2,...,0—1,

N (At)™
thzlc( ) Qt) o) Zm 0 i}fbxjk
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and let [|e' || = |€L]. Then

el . — 2l 4 el
A(R, At)]e' ]| < |A(R, At)el, — 2= p_ ptl

= |L1 (e )|*|L2( )+Rl|

Ax?
N —Qy l [e%
( (aj) l m At) ’ (a ]) 0 l

— —hZc( FQ*O@ Z“ L+hz (o) 5 2o 2 Z O+ R

j=1 =0

N —Qy
= —hZc( Y Zafj@)e; m—l—Ri,

=1 2

<hic(aj>% > (s e+ R

m=1

h
A S G ((Ax)2+h2+(At)1+2>

an

+C ((Ax)2 + R+ (At)H%) .

Because 0 < Zl m=1 galJ)m =14t gaf)m and since the coefficients ag:jj) <0,
m=1,2,.. lfl and hence

— 1

m—
Z slm>Zasl ’

s=0 s=0
we have
l N @A S G ((Ax)2+h2+(m)1+%)
Alh, A€o <Y e J)m (=i ——x (A1)~ -1 (ay)
j=1 7/ m=1 hyim C(O‘j)r(%aj) Dm0 Oy

e ((m;)2 TRy (At)“%)

(@1 an't) e
N (At) o -1 - ;C(QJ)F(Z—(I]') :1( m,l)
h;c( ])F(2—O[]) z_: m,l
N —a; 1-1
+hZC( J)F((Aztia ) Z Sro:,]l)
j=1 7/ m=0
Gy (<Aw> PR (Aw%)
= — S A(h, At).
Z v Z a( ’Jl)
j=1 '7 m=0

Thus, the proof is complete. a
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Finally, we present the main result in this subsection.

THEOREM 3.6. If the solution of (1.2) is of class C? with respect to the time variable t, is
of class C* with respect to the variable x, and the function H (o) = ()2 st(f D e ¢2([0,1]),
then there exists a positive constant C' independent of h, Ax, and At such that

(3.11) wwmgcQAquAnH%+M)
Proof. From Lemma 3.2 we have
Z a(O‘J) ll—aj _ (l _ 1)1—041'.

On the other hand,

) = ) - . 1 1\ 1
lim = = lim ————— = lim - = = .
l—oo [1—a; _ (l — 1) 3 l—o0 1 _ (l—il) J 00 1 — Qa; l 1-— (o7

l

Therefore, there exist a constant Cs, independent of h, Ax, and At such that

Cﬁ((Axf—+h2+(Aﬂl+%) cacg( )2 2+ (An1+%)
<
—Q; -1 - N i
’ () ) ’ -
hz e(ay) 2—047),”20%"! h;c 2—0z])l

qa@m:+m mﬁ*)

N «
ZAt g
h E c(a )
Jj=1

*O‘J)

Since ¢(«) is a continuous function and [At is finite, we obtain

N

ZAt) @ , c(a) , c(a)

h > C3Nh ——— | =CsL — .
S ettty 2 O i (6 ) =t i (5%
Taking into account Lemma 3.5 we can then conclude that there must exist a constant C'

independent of h, Az, and At such that (3.11) holds. 0

4. Numerical results. In this section we present some numerical results. In order to
show the performance of the proposed algorithm we consider the following two examples:
EXAMPLE 4.1.

/1F(3—a)8au(x’t)da m+2t2+ 20— D2 —2)z
0

ote 0x2 Int ’
O<t<1,0<z<2,
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0.8 il
0.6 il
o — t=0.25
g’ 04 ] — t=05
— t=0.75
t=0.9375
02 |
00k \ \ \ E

0.020 - T

0.015 b

— t=0.25
7 — t=05
— t=0.75
] t=0.9375

u(x,t)

0.010

0.005

0.000

FI1G. 4.1. Exact (dashed line) and approximate (solid line) solutions obtained with At = 0.015625 and
h = Az = 0.125. Top: Example 4.1. Bottom: Example 4.2.

EXAMPLE 4.2.
1
5 0%u(x,t)
(= —q)———22
/ ( «) o da

_ QPu(xt) | Vi(x— 1)?
- 022 * 41og(t)

(3ﬁ(t 1)z —1)%2 — 8t(5x(3x — 2) + 1) log(t)> ,

0<t<1l,0<z<l,
u(z,0) =0,
u(0,t) = u(l,t) = 0.

For both examples, analytical solutions are known and are given by u(z,t) = t22(2 — z) and
w(z,t) = #2(1 — 2)*t3/2, respectively. In order to obtain approximate solutions of the above
examples, we use the proposed method (2.10) for several step sizes h, Az, and At.

In Figure 4.1 we present a comparison of the exact and numerical solutions for the
Examples 4.1 and 4.2 at several points ¢ € (0, 1) of the mesh. In both cases, we can see that
the numerical solutions are in good agreement with the exact solutions.

In Figures 4.2 and 4.3 we compare the absolute errors, at the points (z, 0.25) and (z, 0.75)
obtained for several meshes. These figures illustrate the convergence of the algorithm (2.10)
applied to Example 4.1 and Example 4.2.

In Tables 4.1 and 4.2 we list the maximum of the errors

)

_ L _ .
1Bl =, e, Ul = u(z, )
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Mesh 1 Mesh 2 Mesh 3

0.0035

0.0030

0.0025

0.0020

0.0015

0.0010

0.0005

0.0000 £ . .

Mesh 1 Mesh 2 Mesh 3

0.004

0.003

0.002

0.001

0.000 -4 )

Pointwise absolute error at the points (x,0.25), x € [0,2] (top) and (x,0.75),

x € [0, 2] (bottom), obtained by the algorithm (2.10) with several meshes (Mesh 1:Axz = h = 0.25, At = 0.0625
Mesh 2: Ax = h = 0.125, At = 0.015625 and Mesh 3:Ax = h = 0.0625, At = 0.00390625).

TABLE 4.1
Example 4.1: Maximum of errors and experimental convergence orders.
At h=Ax IIE]| Pe =Dn Dt
0.25 0.5 2.39-102 - -
0.0625 0.25 4.66-1073 2.36 1.18
0.015625 0.125 9.10- 1074 2.36 1.18
0.00390625 0.0625 1.84-1074 2.30 1.15

for several values of h, Az, and At and the experimental spatial, temporal, and numerical
integration convergence orders that we denote by p,, p:, and py, respectively. The results of
Tables 4.1 and 4.2 indicate that the experimental order of convergence with respect to the time
variable is approximately 1 and the spacial and numerical integration order is approximately 2,
confirming the theoretical result (3.11) of Theorem 3.6.
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Mesh 1 Mesh 2 Mesh 3

0.00000

Mesh 1 Mesh 2 Mesh 3

0.0015

0.0010

0.0005

Absoluteerror at (x,0.75)

0.0000

FIG. 4.3. Example 4.2: Pointwise absolute error at the points (z,0.25), x € [0, 1] (top) and (z,0.75),

x € [0,1] (bottom), obtained by the algorithm (2.10) with several meshes (Mesh 1:Azx = h =
At = 0.015625, Mesh 2:Ax = h = 0.0625, At =

At = 0.000976563).

TABLE 4.2

0.00390625 and Mesh 3:Ax = h =

0.125,
0.03125,

Example 4.2: Maximum of errors and experimental convergence orders.

At h=Ax IE]] Dz = Ph Dy
0.25 8.40-1073 - -
0.0625 0.25 2.45-1073 1.78 0.89
0.015625 0.125 6.36 - 104 1.95 0.97
0.00390625 0.0625  1.62-10~* 1.98 0.99

REMARK 4.3. From Table 4.2, it can be seen that the method presented here yields
convergence of order of p; ~ 1 in time and of p,, = pj ~ 2 in space and numerical integration,
which is in agreement with Theorem 3.6. Although the regularity assumptions in Theorem 3.6
are not satisfied, still the method performs well. Actually, in Example 4.2, the solution u(x, t)
is not in C?([0, 1]) with respect to the time variable ¢ as the solution is not a twice continuously

differentiable function at ¢ = 0.
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5. Conclusions. In this work, an implicit difference method for the spatially one-dimen-
sional diffusion equation with distributed-order of derivative in time has been presented, and
its unconditional stability and convergence were proved. As far as we know, this is the first
attempt to solve this kind of equation numerically. Some numerical examples are considered
in order to illustrate the performance of the method. In the future, we intend to explore other
approaches to the approximation of the time derivatives since it will be convenient to use
approximations of higher order and ones that are independent of the order of the derivatives and
in the discretization of the integral term as well as in the approximation of the space derivative.
We also intend to use this method for problems with higher spacial dimension, which is a
straightforward extension in view of potential applications. Finally, for further investigation,
we also intend to analyse the super-diffusive case, i.e., where the order of the time-derivative is
distributed over the interval [0, 2]. Note that in this case, the approximation (2.8) is no longer
appropriate since if a; € (0, 2) because then the order of convergence of this approximation
may become extremely low.
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