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DISCONTINUOUS GALERKIN DISCRETIZATIONS OF OPTIMIZED SCHWARZ
METHODS FOR SOLVING THE TIME-HARMONIC MAXWELL’S EQUATIONS*

MOHAMED EL BOUAIJAIJI', VICTORITA DOLEAN?, MARTIN J. GANDERS, STEPHANE LANTERI,
AND RONAN PERRUSSELY

Abstract. We show in this paper how to properly discretize optimized Schwarz methods for the time-harmonic
Maxwell’s equations in two and three spatial dimensions using a discontinuous Galerkin (DG) method. Due to the
multiple traces between elements in the DG formulation, it is not clear a priori how the more sophisticated transmission
conditions in optimized Schwarz methods should be discretized, and the most natural approach, at convergence of the
Schwarz method, does not lead to the monodomain DG solution, which implies that for such discretizations, the DG
error estimates do not hold when the Schwarz method has converged. We present here a consistent discretization of
the transmission conditions in the framework of a DG weak formulation, for which we prove that the multidomain
and monodomain solutions for the Maxwell’s equations are the same. We illustrate our results with several numerical
experiments of propagation problems in homogeneous and heterogeneous media.

Key words. computational electromagnetism, time-harmonic Maxwell’s equations, Discontinuous Galerkin
method, optimized Schwarz methods, transmission conditions.
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1. Introduction. Discontinuous Galerkin (DG) methods have received a lot of attention
over the last decade since they combine the best of both finite-element and finite-volume
methods. The approximation of each field is done locally at the level of each mesh element
by using a local basis of functions, and the discontinuity between neighboring elements is
treated using a finite-volume flux. A richer representation of the solution is given at the price
of increasing the total number of degrees of freedom as a result of the decoupling of elements.
The literature on these methods applied to different types of equations is rich, and we will focus
on contributions concerning Maxwell’s equations. A complete historical introduction with a
large panel of references can be found in the milestone book on DG methods by Hesthaven
and Warburton [28].

Theoretical results on DG methods applied to the time-harmonic Maxwell’s equations
have been obtained by several authors. Most of these use the second-order formulation of the
Maxwell’s equations. An alternative is to use the first-order formulation as in [25, 26, 27] based
on the theory of Friedrichs systems. In a large part of the literature on time-harmonic problems,
a mixed formulation is used (see [30, 35]), but DG methods for the non-mixed formulation,
like interior penalty techniques [5, 29] and local discontinuous Galerkin methods [5], have
also been studied. A numerical convergence study of discontinuous Galerkin methods based
on centered and upwind fluxes and nodal polynomial interpolation applied to the first-order
time-harmonic Maxwell system in the two-dimensional case can be found in [10].

Like for all other discretizations of the time-harmonic Maxwell’s equations, it is also
difficult to solve linear systems obtained by DG discretizations with iterative methods. Due
to the indefinite nature of the problems, classical iterative solvers fail as in the Helmholtz
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case [18]. Després defined in [8] a first provably convergent domain decomposition algorithm
for the Helmholtz equation. This algorithm was extended to Maxwell’s equations in [9]. Even
better transmission conditions were proposed in [6, 7, 23] based on optimized Schwarz theory
[19, 20] with an application to the second-order Maxwell system in [1]. An entire hierarchy of
optimized Schwarz methods for the first-order Maxwell’s equations can be found in [11] with
complete asymptotic results for the optimization. DG discretizations of optimized Schwarz
methods for time-harmonic Maxwell’s equations were proposed first in [15]. In the short
proceedings paper [17], the authors proposed a different DG discretization of the transmission
conditions for the TM formulation of Maxwell’s equation in two spatial dimensions and stated
an equivalence theorem of the decomposed DG solution with the monodomain DG solution
without a proof. The purpose of our manuscript is to prove this theorem and also to present a
consistent DG discretization for Maxwell’s equations in three spatial dimensions together with
an equivalence theorem which is more involved to prove than in the two-dimensional case.
Classical finite-element based non-overlapping and non-conforming domain decomposition
methods for the computation of multiscale electromagnetic radiation and scattering problems
can be found in [31, 32, 33, 34, 36, 37]. They do not need any special treatment for the
discretization of the optimized transmission conditions. For DG discretizations, however,
even for the Poisson equation, the discretization of transmission conditions needs to be done
with care [22, 24], and classical block Jacobi methods are not equivalent to classical Schwarz
methods for DG discretizations [21].

This paper is organized as follows: in Section 2 we present the three-dimensional time-
harmonic Maxwell’s equations as a first-order system and introduce the notation for what
follows. In Section 3 we state the classical and optimized Schwarz algorithm at the continuous
level for the first-order Maxwell system in 3D. In Section 4, we introduce a weak formulation
for the first-order system and use a DG approximation to obtain discrete subdomain problems.
We then show that while the DG discretization of the classical Schwarz method is very
natural, the optimized transmission conditions are more tricky to discretize, and we present
for the three-dimensional Maxwell’s equations a consistent discretization of the transmission
conditions, for which we prove that the monodomain and multidomain formulations are
equivalent. Next we also prove the equivalence result for the two-dimensional TM formulation
announced in the proceedings paper [17]. We finally provide in Section 5 results of several
numerical experiments for both homogeneous and heterogeneous propagation problems to
illustrate the performance of the optimized Schwarz methods as solvers for DG-discretized
Maxwell’s equations. Section 6 contains a brief conclusion.

2. The time-harmonic Maxwell system. The time-harmonic Maxwell’s equations in a
homogeneous medium are given by

2.1 iweE — curlH + oE = 0, iwuH + curl E = 0,

where the positive real parameter w is the pulsation of the harmonic wave, ¢ is the electric
conductivity, ¢ is the electric permittivity, p is the magnetic permeability, and the unknown
complex-valued vector fields E and H are the electric and magnetic fields. In the homogeneous
case, to simplify notation, we can rewrite equation (2.1) as

2.2) iwE — curlH + 6E = 0, iwH + curlE = 0,

where w := w,/eppand o := a\/g . Collecting the variables into one big vector W := (E, H),
we can rewrite (2.2) as a first-order system,

GoW + Gp0a W + Gy oy W + GL0. W = 0,
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where

GO = [(& + iQ)HSXS O3x3 ] 7

03x3 1wl3x3
and
O3x3 Ny | O3x3 NV, (033 N,
G, = G, = Y G, = ,
* NI Osxs|” 7 N 03xs]’ | NI 0343
with
0 0 O] 0 0 -1 [0 1 0
Ny:=|0 0 1|, Nye=|0 0 0|, Noo=|-1 0 0
0 -1 0 10 0 0 0 0

For a general vector n = (ng,n,,n.), we can define the matrices

0 n, —Ny
Gp = [%XT?’ ON“] and Np:i=|-n. 0 n,
n 3x3> ny —n, 0

The skew-symmetric matrix /V,, allows us to define the cross-product between a vector V and
the vector n,

Vxn=N,V and nxV=NIV.

Moreover, if the vector n is normalized, we also have Nﬁ = — Ny. Using this notation, the
matrices Gy, with [ standing for {z,y, z}, are in fact G; = Ge,, where e;, | = 1,2, 3, are the
canonical basis vectors.

We consider here a fotal field formulation, that is, we are interested in the unknown vector
W = Wi, + W, where Wy, represents the incident field and W, represents the scattered
field by an obstacle with boundary I';,, or in an inhomogeneous medium. Our goal is to solve
the boundary-value problem whose strong form is given by

GoW + 2 Gi1oW =0, in Q,
le{z,y,z}
(Mr,, — Gn)W =0, onT,,,
(M, — Gn)(W — Wip) =0, onT,.

Here the matrices Mr_, and My, are used for taking into account the boundary conditions of
the problem imposed on the metallic boundary T',,, and the absorbing boundary I,

My, = [03X3 Nn] and Mp, = |Gyl|= [

NoNI 0343
—NTI' 0343 '

O3x3 NIN,

In what follows we will use the matrices G and G, , which denote the positive and negative
parts of G,, according to its diagonalization. We note that |Gy, |= G — Gy, and the definition
of G}t and G, can be deduced from those of Gy, and |Gy, | by

2.3) G = 5(Ca—IGal) and  Gf = 2(Cn+1Cal).

n
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3. Continuous classical and optimized Schwarz algorithms. We decompose the com-
putational domain §2 into two non-overlapping subdomains 2; and 2. We denote by X the
interface between €2, and 5, by W ; the restriction of W to the subdomain €2, and by n the
unit outward normal vector to X pointing from 2y to 5. Schwarz algorithms compute at each
iteration step n = 0, 1,2, ... a new approximation W?H from a given approximation W7,
j = 1,2, by solving

GoWit + Y GaWit! =0, in Q,
le{z,y,z}
(Ga + SIGHWIH = (G + S1G)W3, on,
3.1)
GoWit + Y GaWit! =0, in Qg
le{z,y,z}

(GF 4+ SoG Wi = (G + S2GL)WT, on X,

where 57 and S5 are differential operators. When S; and S, are equal to zero, the algorithm
is called classical Schwarz algorithm, and it uses classical transmission conditions. It has
been shown in [11] that these classical conditions have the meaning of imposing Dirichlet
conditions on characteristic (incoming) variables in each subdomain. Since

— 1 _NnNIY; Nn 1 HSXS T
G2 G“‘z[ NI —N,?Nn]_z[—zvg [~NuNa Na],
1[NyNE N, I
+ _ - niVn n _ - |"3x3 T
ov e[ s [Rg| et

the classical transmission conditions are also equivalent to imposing impedance conditions,

3.4) GoWIT = G W —  Bu(Er™ HI'MY) = B, (EY, HY),
' GiWytl = GIW?  «— B, (B3t H3") = B, (E}, HY),

where the impedance operator is given by
(3.5) Bun(E,H) := No,NI'E - N,H

and for the subdomain Q5 we have used the fact that G;; = —GZ . The classical Schwarz
algorithm has been thoroughly tested in [14] for the solution of the three-dimensional time-
harmonic Maxwell’s equations discretized by low-order DG methods.

In the second-order formulation of Maxwell’s equation, the classical Schwarz method
uses the impedance condition

(3.6) Bu(E) = (V x E xn) xn+iwE x n;

see [9]. This impedance condition is equivalent to using the condition

3.7) Bn(E) = (V x E xn)—ion x (E x n),

which is just a rotation by 90 degrees of (3.6) but is more adapted to variational formulations;
see, for example, [4]. Condition (3.7) is equivalent to (3.5) if we express H by Maxwell’s
equation as a function of V x E. The equivalence between the first- and second-order
formulation has been illustrated in [12, 13].
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As in (3.4), we also have the equivalences

Gy + S1GHWIH — (G + S$1GHW
58) —  (Bn+ SiB_p)(EMTLHIMY = (B, + 5,18 )(E;’,H”)
’ (G + 8,G YWiTL = (G + S2Gy)
(

—  (B_p+ SoBn)(EXTLHITY = (B, + SoB )(E{‘,H’f).

Here S; and S, denote differential operators which are approximations of the transparent
operators, and S; and S» are defined to guarantee the above equivalence. In [16], an entire
hierarchy of optimized algorithms, defined by the choice of S;, j = 1,2, was obtained from
the transparent operators. Using (3.2) and (3.3), the optimized transmission conditions (3.8)
become

NoNIEP — NyHP T 4 Sy (Np NIEPT + N HP )
= NoaNITED — NyHS + 5 (NoNTED + N, HY),
NoNTEZFL 4 NyHEI Y 4 So (N, NTESH — N HE )
= NoaNITE} + NyH? + So(NoNTE} — NHY).
4. Discontinuous Galerkin approximation. We now present a weak formulation and a

DG discretization of the Schwarz algorithms (3.1) and show how the optimized transmission
conditions are properly discretized in a DG framework.

4.1. Weak formulation. We denote by 7}, a triangulation of the domain €2, by I'°, '™,
and I'“, the sets of purely internal, metallic, and absorbing faces, by K an element of 7}, and
by F = K ~ K the face shared by two neighboring elements K and K. On each face F, we
define the average {W} and the tangential trace jump [W] of W by

1
{W} = i(WK +Wg) and [W]:=Gn Wk +Gn. W
For two vector-valued functions U and V in (L?(D))®, we introduce the inner products
(U,V)p ::f U-Vdz, U, V)p ::J U-Vds,
D F

for D being a domain of R? and F a two-dimensional face. For simplicity, we skip the index
for 7y, i.e., we write in what follows

(" ) = ('7')71 = Z ('a )K .
KeTy
On the boundaries we define

NoxNi.  Na
nr K ni “1 withng # 0, if F belongs to '™,
MF,K = _NnK O3><3
G, | if F' belongs to I'.

We thus obtain a weak formulation of the problem,

GoW, V) + [ Y Gaw, V|- > WL {VDp+ D) GIWL VD,

le{z,y,z} Fer© FeTo
+ Z <%(MF’K o GnK)W’ V>F = Z <%(MF7K - GHK)WinC, V>F )
Fel'myuTe Fela

where we used an upwind flux discretisation [14, equation (4.4)].
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4.2. Discretization of the subdomain problems and the classical Schwarz algorithm.
Let P, (D) denote the space of polynomial functions of degree at most p on a domain D. For
any element K € Ty, let DP(K) = (P,(K))S. The discontinuous finite-element spaces we
use are then defined by

D — {V € (L2(2))° | V|x e DP(K), VK € Th}

Approximate solutions W and test functions V for the discretized problem will be taken in
the space D¥.

Let I's; be the set of faces on the interface 2, F% be the set of faces in the interior of each
subdomain €, and I}, be the set of faces of each subdomain which lie on the real boundary 0€2.
For any face F' = K n K, note also that G5, = G2 = |Gny|= |Gn,|.

K K

Then, for each subdomain €2; and €25, the weak form can be written as

(GoW1, V1) + (ZGlalWhV1> +Z<>+Z<>
l

g r,

1

T Z <2 (|GHK_GHK)(W1_W2)7V1> =0,
Fel's F

4.1

(GoW2,V3) + <2Gl6lW2,V2> +Z<>_|_Z<>
1 2 =

# 3 (3 (Gng-Gug) (W2 - WiV ) =0,

Fel's F

where, for simplicity, we have replaced some terms on the faces that do not play any particular
role in what follows by a ¢. For any face ' = K n K on %, let n denote the normal on ¥
directed from €, towards €25, and if K and K are elements of {); and {)s, then we have
ng =n=—ng.

The classical algorithm, which uses characteristic transmission conditions, corresponds
in this DG formulation to a simple relaxation of the coupling flux terms in the coupled
formulation (4.1): starting from initial guesses W{ and W9, the iterates W;-‘H are computed
from W7, j = 1,2, by solving on €2y and {25 the subproblems

(GoWpHh, Vi) + (2 Glalw?“,vl) +Yo+ D0
1 r} r!

+ D) (Ga (Wit = W35), Vi), =0,
FEFZ

(GoW3H, V) + (ZGlalWS+17V2> +Y o+ D0
l T2 2

+ Y {(GEHWET = W), Vy), =0,
FGFZ

4.2)

where we used again (2.3) to simplify the notation. The relaxation in (4.2) is completely natural
in the context of a DG discretization: we simply replaced the occurrence of the flux G, W{"H
from outside the subdomain by the flux from the neighboring subdomain G, W7 at the
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previous iteration and vice versa the occurrence of G Wg“ by Gt W1 This corresponds
precisely to using the transmission conditions in (3.1) with S; = 0, 7 = 1, 2, namely

(4.3) GoW'tl =G Wy GEWIT = GEW?,

and thus it naturally guarantees that, at convergence of the associated classical Schwarz
algorithm, the monodomain DG solution is obtained. Such a simple replacement is, however,
not possible for the optimized transmission conditions, S; # 0. The DG discretization which
seems natural for the transmission conditions using the variables available in each subdomain,
namely

Ga Wit 4 §1GIWIH = G oW + §,GI WY,

(4.4)
GIWIT 4 SoGaWiT! = GEIWT + SoGo WY,

leads to an obtained solution of the Schwarz algorithm which is different from the monodomain
DG solution. The solver should, however, never change the solution sought, and such a
discretization is therefore to be avoided. We show in the next section how to properly
discretize optimized transmission conditions in the framework of DG discretizations.

4.3. Discretization of optimized transmission conditions. In order to correctly intro-
duce optimized transmission conditions (3.1) with a non-zero S; into the DG discretization, we
first write explicitly what transmission conditions the classical relaxation in (4.2) corresponds
to. To do so, the subdomain problems solved in (4.2) are not allowed to depend on variables
of the other subdomain anymore since the coupling will be performed with the transmission
conditions, and we thus need to introduce additional unknowns, namely W;Bll on 2; and

W?Bi on {29, in order to write the classical Schwarz iteration with local variables only, i.e.,

(GoWPTh, Vi) + [ Y GaWTH Vi | + Y 0+ ) 0
l

g Iy
- Y (GRwWit W) Vi) =0,

(4.5) Fers

(GoW5H Vo) + [ Y. GlaaW5 ™ Va | + Y 0+ Do
l T2 2

+ FEZF]E (GHOWET = WIE), Vo) =0,

Comparing with the classical Schwarz algorithm (4.2), we see that in order to obtain the same
algorithm, the transmission conditions for (4.5) need to be chosen as

(4.6) GaWih, =Ga Wi, GIWTG, = GIWT,

which we have already encountered when explicitly stating the relaxation as a replacement
in (4.3). But one has to be careful when keeping these variables since they represent the outside
traces at the interface, not the inside traces of the elements! The transmission condition (4.6)
implies that in the limit, when the algorithm converges, the so-called coupling conditions

4.7 Ga W2, = G, W, GiWi 0, = GE Wy,

will be satisfied, where we dropped the iteration index to denote the limit quantities. These
are the conditions which imply the equivalence of the converged solution to the monodomain
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DG solution. When using the Schwarz algorithm (4.5) with the optimized transmission
conditions (3.1), we therefore propose to use DG discretizations of the strong relations

“8) GaWiE + SIGEWIT = Go W3 + S1GE W,

' GIWTEL + SGo W = GIWT + S,G Wi
which are substantially different from the transmission conditions (4.4) since they use addi-
tional variables W5 o, and W q,, which in principle belong to the traces at the interface 3 of
the neighboring subdomain and are not available in the formulation (4.4). We now prove that
with the transmission conditions (4.8), at convergence of the associated Schwarz algorithm,
the same coupling conditions as (4.7) hold, and thus the optimized Schwarz method converges
to the monodomain solution of the chosen DG discretization. First, from (3.2) and (3.3), note
that relation (4.7) is equivalent to

NuNpEg 0, — NoHy 0, = NaNj E; — NyHy,
NuNIEi q, + NoH) g, = NyNIE; + NH;.

We now introduce the auxiliary variables

A2, = NoaNIEsq, — NyHaq,, Ay := NyNIEy — N, Ho,
A1, := NaNLE; o, + NoH, o, Ay := No.NIE; + N,H;.

These variables represent traces belonging to a trace finite-element space
M}IZ - {77 < (LQ(E))g nlr e OP)P(F))ga (n-n)|p=0,VFe Z}.

Note that M} consists of vector-valued functions whose normal component is zero on any face
F e X. At convergence of the classical Schwarz algorithm and hence for the monodomain DG
solution, we see from (4.7) that these trace variables have to satisfy

(4.9) Ao, = A, Ao, = Ay

From (4.8) and (4.9), we have to find for the optimized transmission conditions a suitable DG
discretization of the relations

(4.10) AQ@I + SlAl = Ay + §1A1792, ALQQ + SQAQ =A; + 5‘2/\27(21.

We therefore need to give now the precise expressions used in optimized Schwarz methods
for the operators S, 7 = 1, 2. Several choices for these operators have been proposed in [16]
based on Fourier analysis under the assumption that the interface is a plane: they are second-
order differential operators in the tangential direction of the interface, whose Fourier symbols
are given in Table 4.1, where F denotes the Fourier transform and k is the Fourier parameter
in the tangential direction of the interface. The matrix-valued operators QSJ. are given by

Q _ [67'17'1 - 87'27'2 - &Sj 28T1T2 :|
S5 2 il

Orirs Oryrs = Orymy — 05s;

and the division by |k|? indicates an integral operation. We explain below how this integration
can be avoided in the implementation. Every choice in Table 4.1 leads to a different transmis-
sion condition and thus a different optimized Schwarz algorithm. Note that the operator Q),
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TABLE 4.1
Symbols of the different operators for 3D Maxwell’s equations.

Algorithm F(S))
1 0

TRy (Qs), seC
seC

L -
|k|272®2+2i®&+(2ia;+&)s]:(QS)’

2
3
4 W}—(Qe,)a s;€C
5

1 A .
K[Z—202+2iw5 1 (2i015)s; F(Qs;), s;€C

can be rewritten in a more natural form for Maxwell’s equations,

Qsj _ |:a7'17'1 aT1T2:| + [(}T27‘2 (}le :| _ 5'SjI

a‘rsz 67272 aTl‘Fz _aTlTl

=V, V.- +V,. x V. x—7s;1,
—_—— N— -
Srm Sre
where I denotes the identity operator, 7;, 7 = 1,2, are two independent vectors in the tangent
plane to the interface, V. denotes the gradient in the tangent plane to the interface, V- is the

divergence in the tangent plane, and V- x is the two-dimensional curl operator in the tangent
plane. The operators Sp; and St satisfy the remarkable relation

—A;1=8rg —Srwm,

where A is the Laplace-Beltrami operator, and they act mainly on the transverse electric and
transverse magnetic part of the solution; see [12, 13] for a more detailed explanation.

To avoid an integral relation in the transmission condition, one has to multiply the
entire transmission conditions by the operator symbol in the denominator and then obtains
second-order differential transmission conditions. These second-order differential transmission
conditions are equivalent to the transmission conditions (4.10) and are of the form

Pi(Az0, — A2) = Qs (Ar,0, — A1),
Py(Ar,0, — A1) = Qs (As0, — Ao),

where, for example for Algorithms 2 and 4 indicated in Table 4.1, we have

@.11)

4.12) P o= TN 458, s, e

55 — iw
and for Algorithms 3 and 5 in Table 4.1, we have

13 P = (A, —20% + 2i@5 + 2ids; + &s;) 1
' = St — Srar + (—20% + 2i06 + 2iws; + Gs;)1, s;eC.

We see that even though these transmission conditions have been derived in [16] assuming
that the interface is planar, their reformulation allows us to use them also for non-planar
interfaces obtained for example by an automatic mesh partitioning tool in the context of DG
discretizations.
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TABLE 4.2
Asymptotic convergence factor and optimized choice of the parameters in the transmission conditions for the 3D

Maxwell’s equations.

with overlap, L = h
Algorithm p parameters
A~O\% ., 3
1 1-— % (90.)402) & hz none
7, 1 1 ~ ~\1/3
2 1-26 (@6)Y5 h3 p= 2o
243
17 4.9 1 3 2 4.2\
3 1_21 (0*5%)20 h10 p_?s(wa')l()
376 3853
1 2
I 2 5)E 55) 8
4 1—4+/2(@6)™ hs p1=(wa%o,p2=(w0)15
2h5 2h3
23 42y S ~4=2y 4 ~4=2\ %
5 1_28(w0)32hlﬁ (v*52)16 _ V2(0%6)F
3 D1 T 5,P2 = 3 1
316 2438hs8 34 h4
without overlap, L = 0
~2~ .
1 1-— “’th‘s none
3 1 PN &
2 1 21 (05)4Vh _ @5)1VC
RG] =
3 | 27 @) Tan? b= 27 (@452 1107
- 3 3 - 3 4
37 C7 37T h7
_. 1.1 JURPUI S ~ ~\3/8 ~1/4
4 1 (205)8h4 I (205)8C1 Py = (2wa5)°C
1 3 b - 1
cz hi 2h4
5 1 23 (@015%) T n s 215 (a%52)26 C18 215 (a%s)3s s
3 3 b1 = 3 10 , D2 = 5 4
313C 13 313 h1 313 h13

It remains to choose the parameters s;, j = 1,2, in (4.12) and (4.13) to complete the
definition of the corresponding optimized Schwarz method. These parameters are selected
by a minimization of the associated contraction factors for a model problem such that the
performance of the method is optimized, and we show for completeness in Table 4.2 the
optimized values from [16] adapted to the notation in this manuscript.

Having defined all the components in the transmission conditions (4.11), we now explain
how to discretize the five variants in a consistent fashion using a DG discretization: let (1),

be a basis of M }f . On the interface ¥ we define the matrices

(Ms)i,j = Z <ni7nj>Fa

Fex

(Ks)ij = Z (Ve xn;, Ve xnpr +<{Vr -, Ve -npr
FeXx

3 [al 3] Tinmlliln, -l

e€0X ke{1,2}
= > | UV 0} 0y - ne s 1] = [ - ne JD{{V- 0,3}
ecox Ve

— Z {V,: xm;}}- [H[TI]‘ X N[ = [[m; x ne71] - {{VT X 77.7'}}’

ecox Ve
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and

(As)ij = Y (Ve x 0, Ve x n)p — (V7 -0, Ve m)F
FeXx

+ % [an 3 fin il -l
Z e

ke{1,2}

+ 2 | (V- Iy - mer DD = [ - me ATV - m5}

ecox Ve

- Z {V: xn}}- [[[[773‘ x e 7] = [[m; % ne]1 - {{VT X ﬂj}}’

ecox Ve

eed

where the positivity of the discretized operator is guaranteed for sufficiently large «, 0%
denotes the set of interior edges of X, [[-]] and {{-}} denote the jump and the average at
an edge e of the values at neighboring triangles, and n. . is the outward normal on e in the
tangent plane. Then matrix Ky stems from the discretization of —A, using a symmetric
interior penalty approach [2, 3]. Note that the operator —A ;. has to be taken in “vector” form
since it is applied to (Az’f21 — Ay), which is a discretization of a vector quantity. My is an
interface mass matrix with the same dimensions as the interface stiffness matrix K., and Ay
represents the discretization of the operator

|:a7'1‘r1 - (9727'2 26717'2 :| )
26717'2 a‘l’sz - 67171

Then the DG discretization of (4.11) for the Algorithms 2 and 4 is

§1 + 1w

(KZ + &SlMZ)(AQ’Ql — Ag) = (AE — 6’81M2)(A1’Q2 — A1)7

s1 — 1w
So + 1w

(KE + 5’82M2)(A17Q2 — Al) = (AZ — 5’82M2)(A2’Q1 — AQ),

89 — 1w
and for the Algorithms 3 and 5 we get

@1 (Ks 4+ a1Ms)(Ag,0, — A2) = (As — 651 Mx) (A1, — A1),
(Ks + aaMsx)(A1,0, — A1) = (As — 552 Mx) (A2, — Ag),

where o = 2i@(iw + &) 4 2iws; + 7s;. In the following theorem we will only treat the case
of Algorithms 3 and 5; similar techniques can be applied for Algorithms 2 and 4.

THEOREM 4.1 (DG discretization of Algorithms 3 and 5). If s1 and s are such that
sj = p;j(1 + i) with p; a strictly positive real number for j = 1,2, and 5(p1 — p2) = 0, then
the relations (4.9) and (4.14) are equivalent.

Proof. We first observe that So; = 2w6 + 2W0p; + dp; > 0. Let us denote

Ui =A1g, — A, Uz=A30, — Ay

Multiplying the first relation in (4.14) on the left by UZ and the second by U? and summing
them up, we get

Ul (Ks + a1 Ms)Uy + UT (Ks + aaMyx) U,
= U3 (Ax — 651 Mx)U; + U] (Ag — 659 Myx)Us.
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Since Ky is symmetric and non-negative, My, is symmetric and positive definite, and Ay is
symmetric, all the quantities UjTMng, UJTKng, and UT Ay U, + UT Ag U, are real. In
this case, by taking the imaginary part of the previous relation, we get

4.15) (\}OélﬁgMgUz + (\}agﬁ{MzUl + &%(8165M2U1 + Sgﬁ{Mng) =0.

In order to simplify notation and by using that M, is symmetric positive definite, we introduce
the norm | U||3,, := U MxU induced by the Hermitian product (Uy, Uz) sy, = U3 MxUy.
Since by definition (Us, Uy)py, = (U, Us) My » We see that

3(U3 MsUi) = 5((U1, Ug)asy, — (U2, Un)asy) = —=S(U7 M Uy),
R(U3 MsUy) = (U1, Ug) sy, + (U2, Ui as) = R(UT M Uy),
I(5:U3 Mz Uy) = p1(R(U1, Ug) sy, + S(UL, Us)ary,)s
S(s2UT M Uz) = pa(R(Uz, Ur)ary, + (U, Uy)ary)
= p2(R(U1, Ua)psy — (U, Uz) sy ).

Also, let p; = p+ d and ps = p — J, and suppose that § > 0. Then (4.15) becomes
20(6 + p1) | U|l3s, +20(6 + p2) U134, +(p + 6)| U3y,
+5(p— )| U3, +6(p + ) (R(UL Uz)ary + S(U1, U)asy )
+5(p — 8)(R(U1, Uz)asy, — S(U1, Us)agy ) =0
< 20(6 + p1)|U2|is, +20(6 + p2) | ULy,
(4.16) )
+5p(1U2 s, + 1U1 7, + 2R(U, Uz, )
+50(J U213, = U113, +23(Us, Uzl ) = 0
= 206 +p1) U], +20(5 +p2)|Ui|ig, +3p|Us + Uzl
+ &6<HU2H?W>: — 0134 + 2%(U1,U2)Mz) =0.
We thus see that if & = 0 or = 0, which means that p; = py (Algorithm 3 from Table 4.2),

then the last form of (4.16) leads to the conclusion that U; = 0 since all the terms are positive,
which proves the equivalence between (4.14) and (4.9). a

4.4. The two-dimensional case. As in the three-dimensional case, we can rewrite (4.8)
and (4.7) by introducing the auxiliary variables (see [17] for more details)

Ao, = F2q, — NnHyq,, Ay := Ey — NyHy,

“4.17)
A, == FEi1 0, + NnHiq,, Ay = Ey + NyH;y,

belonging to the trace space M} = {ne L*(X) | n|p € P,(F), VF € £}. Then (4.7) be-
comes
(4.18) AQ’QI = A2 and ALQ2 = Al.

From (4.8) and (4.17), we see that for the optimized transmission conditions, we have to find
a suitable DG discretization of the relations

(419)  Asg, +S1A =AMy +S1A1q, and  Ajq, +SoAs = Ay + SaAsq,.
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If we focus on the second-order transmission conditions, (4.19) becomes

(=02 + w6 — 207 + 2i@s1) (A2, — A2) + (=02 +i@5)(A1q, — A1) =

(4.20) : ) 5
(=02 +i@6 — 20° + 2i@sy) (A1, — A1) + (=02 + i05) (Ao, — Ag) =

0,
0.
Let (1;); be a basis of M. We define the matrices

(Ms)iy = D s njrs

(Ks)ig = Y, <0, 0rnyr + 3 ah™ [[nd 1[0 111
— > Hoemidy, (g0 — [0 {07ms 3,0

where positiveness is guaranteed for sufficiently large c,,, X9 denotes the set of interior
nodes of 3, [[[[-]]]]» and {{-}}, denotes the jump and the average at a node n of the values
on neighboring segments. The matrix Kx comes from the discretization of —02 using a
symmetric interior penalty approach [3].

The DG discretization of (4.20) is then

(4 21 (KZ + Oéle)(Azgl — Ag) = (_KE — Z'LZ)&ME)(ALQQ — Al),
' (K + a2Ms)(A10, — A1) = (—Kx — i@ Ms)(A2,0, — Az),

with aj = =202 +i(@w5 +2ws;). As in the three-dimensional case, K. is symmetric and non-

negative definite, and My is symmetric and positive definite. A similar result to Theorem 4.1

can be obtained also in 2D:

THEOREM 4.2 (DG discretization for the second-order conditions in 2D). If s1 and s
are such that s; = p;(1 + i) with p; a strictly positive real number for j = 1,2, then the
relations (4.18) and (4.21) are equivalent.

Proof. We first note that Sa; = @& + 2wp; > 0. Setting

U =AM, — A1, Us=Az0, — Ay,

and multiplying the first relation in (4.21) on the left by U7, the second by U7, and adding
them up, we obtain by taking the imaginary part

(@6 + 2ap;) (U] MsU; + UL MsUs) = —@6 (U3 MUy + U Mg Us).
By rearranging the terms using the norm, we get
20p; (UL, + |U2l3s,) + @5 UL + Us[iy, = 0.

From this last equation, we see that U; = 0 since all the terms are positive, which proves the
equivalence between (4.21) and (4.18). a

5. Numerical results. We illustrate the performance of the optimized Schwarz algo-
rithms discretized using a DG method in two dimensions. We consider the TM formulation of
Maxwell’s equations, i.e., E = (0,0, E,)” and H = (H,, H,,0)”. We can then rewrite the
algorithm in (3.1) by using that W = (E., H,, H,)'T and the corresponding G-matrices are

[6+i0  Oixo [0 N, _| O Ne,
GO_[Ole i@Hzxz]’ Gx_[Né’; 0]’ Gy_[NT 0|

€y
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TABLE 5.1
Symbols of the different operators for 2D Maxwell’s equations.

Algorithm F(S;)

1 0

s—iw
T stiw? seC

_ k% +ios
mwmrriceraios S€C

Tt sj€C

. k2 +io5 )
25t riwsioims, 59 € C

2
3
4 55—
5

TABLE 5.2
Asymptotic convergence factor and optimal choice of the parameters in the transmission conditions for 2D
Maxwell’s equations.

without overlap
Algorithm p parameters
Ry
1 1—<Zh? none
3, .1 .1
) 1 21 (05)1vVh _ @5)1VC
- Ve p= T
C 24+/h
3 1 2% (152 TRt 27 TiCT
- 3 .3 p= 31
37C7 37h7
(265) 8 hi (2os)sci (28 5)¥/5C1/4
4 1- T pr="—3 —pP2= T
ok hi 2n%
23 (015%) 5 his 215 (%52)%6 C'18 213 (%52)36 O 15
5 1- 3 3 Pr=—"3 10 P2 9 4
313 C13 313 A1 313 h13

where Ny, = (ny, —n,)’. We present in Table 5.1 the corresponding Fourier symbols of S F
in the two-dimensional case, which were derived from the 3D results given in [16]. The
parameters s = p(1+1), s; = p1(1+1), and s5 = py(1 + ) are solutions of specific min-max
problems solved in [16], and their asymptotic behavior in the homogeneous non-overlapping
case is displayed in Table 5.2 together with the corresponding convergence factors. The
constant C' is defined such that k. = % is the highest numerical frequency that can be
represented by the discretization method on a mesh with mesh size h.

The Fourier symbols of the operators in Algorithms 1, 2, and 4 are constants, therefore
their expression is the same in the physical space. In this case, (3.8) can be written in the 2D

situation considered here as
5 ENTl - N HIL 4 Sy (EMH 4 NyHIHY) = ER — NoHE + 51 (E + NoaHY),
U OEPT 4 NGHPT 4 So(ERTY — NpHE Y = B 4+ NHY + So(E} — NoHY).

This is not the case for Algorithms 3 and 5, which lead to second-order transmission conditions
because a factor of k2 appears in the corresponding Fourier symbols. As in the 3D case, we
need to rewrite the transmission conditions: the S; are operators with Fourier symbols

F(S;) = g;g’;; with  gq;(k) = —(k* +i@5), rj(k) = k? — 20% + i@6 + 2iws;.

We observe that the numerator and denominator, F ! (g;) and F~(r;), are partial differential
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operators in the tangential direction,
Flg = 0pr —iw6,  Flrj = =0 — 20° + 006 + 2i0s;.

In this case, we multiply the transmission conditions on both sides by the denominator, and
then the interface iteration (5.1) can be rewritten as
Folr(BPH = NoHP YY) + Folgu(BP ! + NaHP )
=F 'ri(E} — NoHY) + F'q1(E} + NoHY),
Flrg(B3th + NoH ) + Flgo (B3 — NaHE !
= Flry(EY + NoHY) + F o (BT — NoHY),

similarly to the general 3D case as we explained in (4.11).

5.1. Plane wave in a homogeneous conductive medium. We first consider the propa-
gation of a plane wave in a homogeneous conductive medium. The computational domain is
Q= (0,1)%,and & = 0.5. We use DG discretizations with several polynomial orders denoted
by DG-Py, with k = 1,2, 3,4, and impose on 02 = I, an incident wave

ky
Wine = | =k [ 7>, and k= [kw] — |V
@ ky 0
1
The domain € is decomposed into the two subdomains ©; = (0,0.5) x (0,1) and

Qy = (0.5,1) x (0,1). The goal of this first test problem is to retrieve numerically the
asymptotic behavior of the convergence factors of the optimized Schwarz methods when
discretized using DG and to compare with the theoretical convergence factors of Table 5.2.
The iteration numbers to reduce the relative residual by six orders of magnitude are given
in Table 5.3, where also in parentheses the iteration numbers are included for the use of the
Schwarz methods as preconditioners for a Krylov method, which is BiCGStab in our case.
We clearly see that there is a hierarchy of faster and faster algorithms, and their asymptotic
behavior corresponds well to the analysis as one can see from Figure 5.1.

5.2. Plane wave in a multi-layer heterogeneous medium. We study the performance
of the optimized Schwarz algorithms in the case of a heterogeneous propagation medium. The
model problem we consider is the propagation of a plane wave in a multi-layer conductive
medium, as displayed in Figure 5.2 on the left. We decompose the computational domain
Q = (—1,1)? into two subdomains ; = (0,0.5) x (0,1) and Q5 = (0.5,1) x (0,1); see
Figure 5.2 on the right. The electromagnetic characteristics of the medium are given in
Table 5.4.

We test here the method DG-Py 5 3 4 where the interpolation degree is fixed for each
element of the mesh according to the local wavelength; see the last column in Table 5.4. In
Table 5.5, we again present the iteration numbers obtained by the various optimized Schwarz
algorithms for reducing the relative residual by six orders of magnitude and in parentheses
the corresponding iteration numbers when the Schwarz methods are used as preconditioners.
In Figure 5.3, we plot these iteration numbers as a function of the mesh size as well as the
corresponding theoretical asymptotic iteration number counts, which shows that even in such a
layered medium, where our analysis is not valid any more, the Schwarz algorithms still behave
asymptotically as the constant medium theory indicates. We finally display in 5.4 the real part
of the electric field for this scattering problem.
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Wave propagation in a homogeneous medium. Iteration count as a function of h when the optimized Schwarz
methods are used as iterative solvers and in parentheses when used as preconditioners.

h
1 1 1 1
10 20 40 80
DG-Py, 0 =27
Algorithm 1 383 (16) | 1396 (21) | 5434 (27) | 24400 (35)
Algorithm 2 30 (9) 43 (11) 62 (13) 92 (18)
Algorithm 3 29 (9) 40 (10) 59 (13) 81 (18)
Algorithm 4 | 28 (10) 34 (10) 43 (12) 52 (17)
Algorithm 5 28 (9) 32 (9) 38 (10) 45 (15)
DG-Py, & = 10/37
Algorithm 1 | 1573 (21) | 2288 (24) | 10520 (29) | 55054 (35)
Algorithm 2 | 37 (11) 53 (12) 77 (16) 111 (18)
Algorithm 3 | 35 (10) 48(11) 69 (16) 95 (17)
Algorithm 4 | 30 (10) 36 (12) 45 (14) 55 (16)
Algorithm 5 29 (9) 33 (10) 39 (13) 49 (14)
DG-P3, & = 13/37
Algorithm 1 650 (21) | 3025 (25) | 17900 (30) (G2))]
Algorithm 2 | 40 (11) 58 (14) 84 (16) 122 (21)
Algorithm 3 38 (11) 51(13) 75 (15) 105 (19)
Algorithm 4 | 31 (10) 38 (13) 47 (15) 57 (19)
Algorithm 5 30 (9) 33 (11) 39 (13) 47 (16)
DG-P,, & = 67
Algorithm 1 1072 (29) | 6318 (38) | 39977 (51) (64)
Algorithm 2 50 (12) 73 (15) 106 (18) 154 (21)
Algorithm 3 | 47 (11) 69 (14) 98 (18) 139 (20)
Algorithm 4 | 37 (12) 47 (14) 59 (17) 71 (19)
Algorithm 5 | 34 (10) 42 (12) 51 (15) 60 (17)
TABLE 5.4

Characteristic parameters of the medium for the model problem of scattering of a plane wave in a multi-layer

domain.

Layer ¢ ‘ €; ‘ 0; ‘ i ‘ DG-P;

1

2
3
4

1.0 | 00| 1 1
225101 | 1 2
35 102 | 1 3
53 105 | 1 4

5.3. Scattering of a plane wave by a conductive dielectric cylinder. The final model
problem we consider is the scattering of a plane wave by a dielectric conductive cylinder
with radius 79 = 0.6 m. The computational domain is obtained by artificially restricting the
domain to a cylinder with radius » = 1.6 m and using the Silver-Miiller condition on the
artificial boundary. We use a non-uniform triangular mesh which consists of 2078 vertices
and 3958 triangles; see Figure 5.5. The relative permittivity of the inner cylinder is set to
€, = 2.25 and its electric conductivity to ¢ = 0.01, while vacuum is assumed for the rest of
the domain. The frequency we consider is F=300 MHz. Numerical simulations are performed
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Iterations
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-o Alg. 2
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=0oh) - Alg. 3
- Alg. 3 *O(h_w)
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)
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h

FI1G. 5.1. Asymptotic behavior of the iteration numbers from Table 5.3 as a function of the mesh size h for the
DG-P1, DG-P2, DG-P3, and DG-Py4 discretizations.

(&1, 0)

(I

X

FIG. 5.2. Domain configuration for the model problem of scattering of a plane wave in a multi-layer domain.

using decompositions into 4 and 16 subdomains; for an example see Figure 5.5. In Table 5.6
we display the iteration numbers for the various optimized Schwarz methods for reducing the
relative residual by six orders of magnitude. Here, DG-IP; 5 3 4 stands for a non-uniform-order
DG discretization, i.e., the interpolation order is defined on an elementwise basis: small
elements use low-order shape functions and large elements use high-order ones. We note
that the optimized algorithms improve substantially the convergence of the classical Schwarz
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Scattering of a plane wave in a multi-layer domain. Iteration count as a function of h when the optimized
Schwarz methods are used as iterative solvers and in parentheses when used as preconditioners.

h
1 1 1 1
20 40 80 160
Algorithm 1 | 727 31) | 2974 (41) | 11973 (52) | (70)
Algorithm 2 | 108 (21) | 153(25) | 220 (30) | 315(33)
Algorithm 3 | 101 (20) | 138(23) | 197 (27) | 267 (30)
Algorithm 4 | 87 (18) 103 (22) 128 (25) 157 (28)
Algorithm 5 | 84 (16) | 96(20) | 113(22) | 140 (25)
TABLE 5.6
Scattering of a plane wave by a dielectric conductive cylinder. Iteration count vs. mesh size.
DG-P, DG-P, DG-P; DG-P, DG-Py 534
Algo. | # of domains | # of domains | # of domains | # of domains | # of domains
4 16 4 16 4 16 4 16 4 16
1 76 104 99 145 124 168 134 203 78 105
2 33 50 40 62 50 66 52 81 34 51
3 32 47 38 57 46 62 48 75 31 48
4 29 45 36 53 44 58 42 70 29 46
5 28 42 33 50 40 55 39 76 28 44
-o Alg. 2
=02
- Alg. 3
2037
g -0 Alg. 4
5 —0(h™")
g -< Alg. 5
+O(h13
10°

FIG. 5.3. Asymptotic behavior of the iteration numbers from Table 5.5 as a function of the mesh size h.

algorithm (Algorithm 1 in the table) and also that the gain between both the optimized and
the classical algorithms seems to slightly increase with the interpolation order. Finally, we
also observe, as could be expected, a dependence of the iteration count on the number of
subdomains since we are not using any coarse grid correction in these experiments.

6. Conclusions. In this paper we have shown how optimized Schwarz methods can be
properly discretized in the framework of DG-methods such that at convergence, the result of
the underlying DG monodomain solution is recovered. The key idea is to introduce additional
trace variables on each subdomain interface representing the DG-traces of the neighboring
subdomain interface traces and then to use both traces appropriately to discretize the optimized
transmission conditions. We have tested the performance of the DG-discretized Schwarz
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FIG. 5.4. Real part of the electric field for the scattering of a plane wave in a multi-layer domain.

FIG. 5.5. Mesh and subdomain decomposition for the scattering problem of a plane wave by a dielectric
conductive cylinder.

methods on many numerical scattering experiments, both for homogeneous and heterogeneous
media and in various physical configurations and for various decompositions. Our numerical
results indicate that the asymptotic performance of these algorithms obtained at a theoretical
level for homogeneous media and constant coefficients well predicts the performance of the al-
gorithms when discretized using DG-discretizations, both in homogeneous and heterogeneous
media and for very general decompositions.
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