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where K and M admita 2 X 2 block partitioning. Bounds on how the changes of its eigenvalues are obtained when
K and M are perturbed. They are of linear order with respect to the diagonal block perturbations and of quadratic
order with respect to the off-diagonal block perturbations in K and M. The result is helpful in understanding how
the Ritz values move towards eigenvalues in some efficient numerical algorithms for the linear response eigenvalue
problem. Numerical experiments are presented to support the analysis.

Abstract. This paper is concerned with bounds for the linear response eigenvalue problem for H =
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1. Introduction. Linear response perturbation analysis of time-dependent density func-
tional theory in computational quantum chemistry and physics is commonly used to analyze
the electronic excitation spectrum of a quantum many-fermion system [12, 13, 16, 20]. From
the analysis arises the following eigenvalue problem, known as the linear response eigenvalue
problem (LREP) (also known as the random phase approximation eigenvalue problem),

|0 K|ly| _\|y| _
@ w8 K[ -a [ -

where K and M are n x n real symmetric positive definite matrices.

Despite that this is a nonsymmetric eigenvalue problem since H is not symmetric, this
eigenvalue problem exhibits many properties that one usually finds in a symmetric eigenvalue
problem [3, 11, 15]. In fact, H is a special Hamiltonian matrix whose eigenvalues are real and
in pairs {\, —A}. Denote by £ \; the eigenvalues of H and order them as

(1.2) “Ap < S AL <A S S A

In particular, A\; > 0 since both K and M are positive definite. In practice, the first &
smallest positive eigenvalues \; < --- < g are of interest. Recently, Bai and Li [1, 2] have
successfully obtained Ky Fan-type trace min principle and Cauchy-type interlacing inequalities,
among others. In this paper, we will continue the effort by extending the quadratic residual
bounds, such as the ones in [7, 10] for the symmetric eigenvalue problem, to LREP.

In this paper, we are concerned with perturbations of an LREP (1.1) in which K and M
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are already block diagonal:

ny ng ny no

n Kll ny 11
1.3 K=" ; M = M ,
(1.3 HQ{ mJ nz[ M@}

where M;; and K;;, for i = 1,2, are all symmetric positive definite, and thus

0 0 Kn 0

0 0 0 K
My 0O 0 0

0 My 0 0

(1.4) H=

When K and M are perturbed to
(1.5)
[?:K—&-E:{KH_'—EH Eys

By Koo + Eoo

My + Fiq I

M=M+F=
}7 * [ 5 Mog + Faa|’

by perturbations F/ and F' which are assumed symmetric, we are interested in bounding how
much the eigenvalues of H change. Let

_ O K11 o 0 K22
09 m=[0 ), me]2 .

Two kinds of bounds will be established in this paper:
e Bounds on the difference between the eigenvalues of H and those of

0 0 K1 + B Eqo
~ 0 0 Eo Koo + Eao
1. H =
(L.7) My + Fiy Fio 0 0
Fyy Moo + Foo 0 0

Assume that H is also an LREP, i.e, K and M are also symmetric positive definite.
This assumption holds if £ and F' are sufficiently tiny in norm.
e Bounds on the difference between the eigenvalues of H; and some n; eigenvalues of
H.
There are two immediate applicable situations. The first one arises from using algorithms
that try to reduce both K and M to the diagonal form. In running such algorithms, K and M
are gradually turned into block diagonal, i.e., for some ¢ # j, F;; = F;; = 0 (i = 1,2) and
E;; and F}; have tiny magnitude. When F;; and F;; are deemed sufficiently tiny, it is natural
to regard them simply as 0. Our results can be used to show what the effect of doing so is.
The other situation is when one uses some subspace projection type methods for large
scale LREP. Recently, there are several rather efficient algorithms for LREP, such as the
locally optimal block preconditioned 4-D conjugate gradient method (LOBP4DCG) [2, 14],
the generalized Lanczos method [17, 19], and the block Chebyshev-Davidson method [18].
These algorithms are all based on the pair of deflating subspaces which is a generalization of
the concept of the invariant subspace in the standard eigenvalue problem. A pair of subspaces
{U, V} are called a pair of deflating subspaces if they satisfy

KUucV and MV CU.

Each of these algorithms hopefully generates an approximate deflating subspace pair {ﬁ, \~7}
Projecting LREP by the approximate deflating subspace pair {U, V} leads to H in (1.7) with



ETNA
Kent State University
http://etna.math.kent.edu

626 Z.TENG, L. LU, AND R.-C. LI

Ei; = Fy; = 0 (2 = 1,2) and usually unknown K2 and Mpzz. In such a case, our main results
will help us to understand how well the eigenvalues of H; approximate some of those of H.

The rest of this paper is organized as follows. In Section 2, we first collect some known
results for the standard symmetric eigenvalue problem and LREP. These results are essential
to the later analysis in this paper. Analogous to the estimate results of perturbed Hermitian
eigenvalue problems [7] and Hermitian definite generalized eigenvalue problems [8], we obtain
our main results in Section 3. Some numerical examples are presented in Section 4 to support
our analysis. Concluding remarks are given in Section 5.

The following is a list of notation used in this paper: R"*" is the set of all m x n real
matrices, R” = R"*!, R = R!, and I, is the n x n identity matrix or simply I if its dimension
is clear from the context. The superscript “T” represents the transpose. || - ||2 denotes the
£o-norm of a vector or the spectral norm of a matrix. For any Hermitian matrix X € R™*",
we will use the integer triplet

(i (X),i0(X), i+ (X))

to represent its inertia, where i_ (X ), i9(X), and i, (X)) are the number of negative, zero, and
positive eigenvalues of X, respectively. For matrices or scalars X;, both diag(X1, ..., X)
and X; & - - - @ X}, denote the same block diagonal matrix.

2. Preliminaries. In the rest of this paper, unless otherwise explicitly stated, we always
assume that K and M are symmetric positive definite. The LREP (1.1) can be turned into the
following generalized eigenvalue problem by permuting the first and second block rows to get

@ b B R

We collect several properties of LREP in Theorems 2.1-2.2; see [1] for more detail.
THEOREM 2.1. There exist nonsingular X, Y € R"*™, such that

(2.2) K=vYAY"Y M=XxX% X'V =I,,

where A = diag(A\1, Aa, ..., \p) and 0 < A\ < --- < \,,. As a consequence,

(2.3) KX =YA% MY =X,

or equivalently

- L

THEOREM 2.2. There exist nonsingular &, ¥ € R"*", such that

(2.5) UvTKw = A, OTMP = A, =9 T
where A is the same as in Theorem 2.1. Moreover,
M K
2.6) o3 < B2 g oy < 102,
1

Proof. From Theorem 2.1, taking ¥ = X A~1/2 and & = Y A'/2, we have (2.5). We also
have (2.6) from

1K 2 = |27 A2 > M| D13,
M2 = [#T AP > A 2]3. O
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Later in this paper, we also need the following known results from the standard symmetric
eigenvalue problem.

LEMMA 2.3. Let A and A be twon x n symmetric matrices. Denote their eigenvalues in
the ascending order by \; and iy for 1 < i < n, respectively. Then

(a) (See [15]) |Ai — N\i| < ||A— Alla, for1 <i<n.

(b) (See [7]) Suppose that

ny no
n A ~ A ET
2.7 A=" 1 , A= |71t )
( ) ny |: A22 E A22
Then for1 <i<n,
- 2 2
o< 2B 2B

TV HAIERR T o+ VP +4IEIR
where

min |A; — p2|,  if A € M(A1),

n = p2EX(A22)
=
min |\, — if A\ € AM(A
M1€/\%A11)| % PJ1|7 lf i ( 22)7
7= min 1 — pal.

N = min
1Si§7l [L1€>\(A11),/LQEX(A22)

(c) (See [5]) Denote by 0;, for 1 < i < ny, the eigenvalues of Ay in (2.7) in the
ascending order. Then there exist ny eigenvalues My, < -+ < )\tnl of A, such that

|91 - Xti

< ||Ell2, forl<i<m;.

We also need the following definition of positive (semi-)definite matrix pencil.

DEFINITION 2.4. (See [9]) A — AB is a symmetric matrix pencil of order n if both
A, B € R"*™ are symmetric. A — AB is a positive (semi-)definite matrix pencil of order n
if it is a symmetric matrix pencil of order n and if there exists Ao € R such that A — \oB is
positive (semi-)definite.

It can be proved that any positive semidefinite matrix pencil A — AB with nonsingular B
has only real eigenvalues and i_ (B) of them are no larger than Ag and the rest i, (B) of them
are no less than \g [4, 6, 9]. We implicitly use this fact in the following lemmas in ordering
the eigenvalues of involved positive (semi-)definite matrix pencils.

LEMMA 2.5 ([6, Theorem 2.1]). Let A and J = diag(£1) € R™ ™ be a positive
semidefinite pencil partitioned as

and let
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Denote by

- — + +
A S SAT M A
ak_g...gafgaf...gair’
B < <P SBT - < B

the eigenvalues of the pencils A — \J, Ay — AJy and Ay — \Js, respectively. Then

M <af <N, =12 kg,

)\;+7l_k§a; S)\;, i=12...,k_,
and

AN <BF <ML, i=12,00 0,

/\;+n7£<ﬁ;§/\J s o j=12,... 0,
where \} = 400 ift > ny and \; = —oco ift > n_.

LEMMA 2.6. Suppose A — AB is a positive definite matrix pencil of order n with
nonsingular B and let \g € R such that A — \y B is positive definite. Denote the eigenvalues
of A — AB by
(2.8) A, S SAT <A < SN

whereny =i, (B)andn_ =i_(B). Then \{ < \o < \|, and there exists a nonsingular
W e R™ ™ such that

(2.9) WTAW = [‘A— } ., WTBW = [_I" } ,
Ay I,

where Ay = diag(\T, ..., AE).
Proof. The key is to prove the eigen-decomposition (2.9). This is a corollary of more
general results [4, 6, 9]. In fact, the current case is much simpler; the matrices A and A — \o B
are simultaneously congruent to diagonal matrices since A — Ay B is positive definite, and

then the eigen-decomposition can be constructed. We omit the detail here. a
LEMMA 2.7. Let
(A ET My
2.10) a=g Lloe=m ]

where Ay € R" X"+ Ay € R"*"- and A € R"*"™ are symmetric positive definite, and
ny + n_ = n. Denote the eigenvalues of A — \B by

- - + +
A, < <A <N S---S)\n+7

where' \ > 0 and \] < 0, and the eigenvalues of A1 and Ay by

ar < <an,, B < B,

1A — AB is a positive definite pencil with Ay = 0 in Definition 2.4. Thus we know it has n_ negative and n.4
positive eigenvalues.
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respectively. Then, for 1 <1 <n,pand1 <j<n_,

.11 —B; <A <0< <ay,

and

(2.12a) s — M| < 1E1E I3
v ,61—|—)\?_ o )\j—)\l_’

_ IE1I3 IE113
2.12b —B;) = A7| < < .
In particular; if \}7 — ] > 2||E||2 and \| — A; = 2B then?
2| E|12
(2.13a) la; — A\f| < I Ellz >
(b1 + i) + \/(51 + ;)2 — 4[| E||3
2||E||2
(2.13b) < IElz :
O = AD) + /O = AD2 - 4| Bl
_ 2||E]3
(2.13¢) [(=B;) = A/ [ <
T T (an + By) + (a + B;)2 — 4]E3
2
(2.13d) < all

(A = A7) + /(A =272 - 4| Bl

Proof. We may suppose that A; = diag(aq,...,an, ) and Ay = diag(B1,..., 5, ).
Otherwise, replace A by

Uy U )"A(UL 0 U-),

where U. EAl U, and UT A,U_ are in diagonal form with their diagonal entries arranged in
ascending order and UT U = I, . Doing so will keep the eigenvalues of A — AB unchanged
since B= (Uy @ U_)TB(UL & U_).

The inequalities in (2.11) are consequences of Lemma 2.5.

Let k be the multiplicity of \;” and assume that

+ + I N +
AN <A = =A== <N

i+ko i+ko+1°
where k1 + ko = k. Let X = [ (As + i\’fﬁj 1B IO } . It can be verified that
- 2 i In_ n_
Ay =\ ET M) 0
T )\t — T 1 i SN _ i
X4 Ai B)X =X |: E As + )\j]n] X |: 0 Ay + )\ZFLL ’

where M(A\}) = A1 —A\fI,, —ET(As+ A1, )"'E. Since XT(A—\B)X and A-\ B
have the same inertia, by using Lemma 2.6 we conclude

in(XT(A—= X\ B)X) =2n—i — ko,

i (XT(A-X\B)X) =ik,

io(XT(A -\ B)X) = k.

2By 2.1, \f =A] > 2||E[2and \f =X} > 2||E||2 imply that 81 +a; > 2||E|2 and a1 + 85 > 2[| E||2,
respectively.
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Notice that the eigenvalues of Ay + )\jI,L are all positive. Thus, the inertia of M (/\j') is
given by

214 QM) =k, i (MOA) =i—ki, i (M(X)) =ny —i—ka.
Denote by wy; < wp < -+ < wy,, the eigenvalues of M()\j) By (2.14), it is clear that
(2.15) Wik 41 =" = Wj =+ = Witk, = 0.
Notice that the eigenvalues of A; — )\fln . are

o= A <a— A < <o = A S = A <<, — A
Therefore, we have by (2.15) and Lemma 2.3 (a),

wi = (o = AD)| = | = A | < | E(Ay + AL, ) ET
<|NEI3 1(A2 + AL )72

1213
T A
This together with (2.11) yields
B2
i = Af| < )\;r_”il_,
which gives (2.12a), and
o0 3+ < BB

T Bt — o = A

Consequently, if A7 — AT > 2||E||5, which implies 81 + «; > 2||F||2, then
q Y. i 1 p

2||E|3

(B1+ i) + /(B + ;)2 — 4[| B3
< 21213

F = AD) +OF = AD)2 - 4] Bl

la; — M| <

which are (2.13a) and (2.13b). Similarly, we can prove (2.12b), (2.13c), and (2.13d). a

3. Main Results. Consider LREP (1.1) with (1.3). Denote by j:xi the eigenvalues of H
and order them, similarly to (1.2), as

3.1) D <<= <A << A

First we bound the difference between the eigenvalues of H and H.
From Theorem 2.2, we know that for K;; and M;; in (1.3), there exist ¥; and @;, such that

KW = Ay, P Mpdy = Ay, ¥ = ﬁpra
U KogWy = Ay, &g MaoPy = Ay, Wy = D5 T,

where A; and As are diagonal matrices with the diagonal entries consisting of the positive
eigenvalues of H. Also A(A;) U A(A2) = A(A), where A is defined in (2.2).
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Define, for1 <7 <n,

min |Al — ,ll,gl, lf)\7 € )\(Al),

A(A2)
(3.2) m=q"c .
mi Ao — ], if A € A(Ag),
Me;&l)l pal (A2)
3.3 = min 7 = i p—
(3.3) = min ,LieA(Afﬂlﬁljequ)‘“ 1451

The quantity 7 is the spectral gap between A(H;) and A\(Hs), where H; and Ho are as given
in (1.6). Set

v, 0 0 0 d1 0 0 0
o w0 o 1o @& 0 o0
P= 0 0 & 0|’ Q= 0 0 v 0
0 0 0 & 0 0 0 W
We have PTQ = I,,, and
[0 0 A, 0
caa |00 0 A
(3.4) PTHQ= |, o o ol
0 A, 0 0
[ 0 0 Ay + En E12~
PTHQ = 0 0 Es Ag + Ea
Al + F11 F12~ 0 0
Fyy As + Foo 0 0
0 FE
3.5 =P'H s ,
(3.5) Q+ 7o
where
= En  Ei T 0] [En En][¥1 0
3.6 E=|= — =
G- Ey Ea [ 0 U3| |Eor Eoo| |0 W)’
- ﬁll ﬁ12 @’11‘ 0 :| |:F11 F12:| |:@1 0 :|
3.6b F= |2 D2l _
(3.60) Fy Fao { 0 &3 |Fo1 Fao| [0 &

Using (2.6), we can bound Eij and Ej (i,7 = 1,2) as follows

I M FE;;
(B.79) 1Eijll2 = 1% Eij ;2 < w7
~ K|2||F;
(3.7 1Byl = 127 Fyy o < LBl
and similarly,
~ M|2||E - K|5||F
(3:8) 18], < 0elElz g, o M

In the following theorem, we use the notation introduced so far in this section.
THEOREM 3.1. Suppose that H in (1.4) is perturbed to H in (1.7), where K, M, and the
corresponding perturbed matrices are all symmetric positive definite. Then, for all 1 < i < n,

(3.9) X — Nil < e+ e+ e,
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where
_IE-F; =
TS A AR & SN Eis + Fiill,s
=~ ~ 2 =~ = 2
e = (| E21 + Farl] - | E21 + Far ],

2771“"2\/77@2"‘”E21+ﬁ21“§ - 277+2\/772+ ||E21+ﬁ21”§

Proof. Using (2.1), (3.4) and (3.5), we can transform LREP for H in (1.4) and LREP
for H in (1.7) equivalently to the generalized eigenvalue problems for A — AB and A — AB,
respectively, where

A4, 0 0 0 0 0 I, 0
o 4 0 0 1o 0 0 I,
A=1o 0o 4 o B, o o o)
0 0 0 A 0 I, 0 0
(A, + Ey E12~ 0 0
g _ Eo Aoy + FEoo 0 N 9
0 0 Ay + iy F12~
I 0 0 Fo Aoy + Fo
Both
(3.10) Ay + En E12~ and Ay + ﬁu ﬁ12~
Eyy Ay + Eogo Fy Ao + Foo

are positive definite because K and M in (1.5) are assumed positive definite. Let Z =
1 In In
—= . We have

v\, -1,
A=Z%Az
Ay +~%Eu +~%ﬁ11 %Elgj- %ﬁla %En - %Eﬂ %Etl - %Em
_ %@21 + %Em A +~%E22 +éF22 %E21~_ %F21~ %122 - %Em
3B — 3Fn 3B —5F A+ 5En+ 3P0 3B+ 5Fn |
1By — 1Py 1B — 1Fs 1B +3Fn  As+ $Exn+ 1F;
L, 0 0 0
= 0 I 0 0
B=7"BZ = ne
0 0 —I, 0
0 0 0 —I,

The matrix A is positive definite; so are A and its leading m X n principal submatrix

Ay +~%E11 +~%ﬁ11 %E1z~+ %ﬁ12~
1B+ 1Fy Ay + 2 Eg + 1Fy)



ETNA
Kent State University
http://etna.math.kent.edu

PERTURBATION OF PARTITIONED LINEAR RESPONSE EIGENVALUE PROBLEMS 633

Next, we consider the following four eigenvalue problems:
1. EIG(a): A B (which has the same e1genvalues as A — AB);

2. EIG(b): Ay + E11 +~2F11 E12 + F12 Ve
’ ’ i 1E21 + F21 Ay + E22 + F22 "
I 1 1
3. EIG(C) L= Al L= 2E12 + 2F12 _ AIn,
5E21+ 58 Ay
4. EIG(d): A | = AL
L 2

For x=b, c, and d, denote the eigenvalues of EIG(x) by Al(-x) in the ascending order, i.e.,
)\gx) < )\é") << )\;X)_

For EIG(a), the eigenvalues are given by (3.1). Now, we can bound the eigenvalue differences
between any two adjacent eigenvalue problems in the above list as follows:
EIG(a) and EIG(b): By Lemma 2.7,

‘Xl _ )\(b)‘ <e ||E FH2
T A0 +N)
EIG(b) and EIG(c): By Lemma 2.3 (a),
AP Z 2| < ¢y = sEn+sFn 0
! LT 0 1B + 2 Fy )

1 ~ ~ - ~
= smax {|[Bvy + Puu || Boz + Foo|, }
EIG(c) and EIG(d): By Lemma 2.3 (b),

_ o2
2 H%Em + %FmHQ

A =AY < e = ok
ni + \/7712 +4 H%Em + %F21H2

where 7); and i are given in (3.2) and (3.3), respectively.
Combining the above three inequalities, we have

A = Xl = i = A
< =AY = N I A
§ €1+ €2 + €3. O
_Next, we bound the difference between the eigenvalues of H; and some n; eigenvalues
of H.
THEOREM 3.2. Assume that the conditions of Theorem 3.1. Denote the eigenvalues of Hy
by
—Hny S S < S S gy

There are ny positive eigenvalues th << thl ofITI, such that for 1 <1 < nq,

(.11) i — A,
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where

N o T
1= —=—= ", €= ‘
400 + Ag,) 2

1.~ -
& = = || Ea1 + Fau,-
2H 2

Proof. We follow the notation used in the proof of Theorem 3.1. We first consider
estimating the difference between the eigenvalues of H; and some n; eigenvalues of EIG(b).
This can be done in two steps. First, we bound the difference between the eigenvalues of
A1+ Eu +35 F 11 and some 71 elgenvalues of EIG(b), and then bound the difference between

the elgenvalues of A1 + 2E11 + 2F11 and those of H;.

By Lemma 2.3 (a) and (c), there are ny eigenvalues )\g}) <. < )\Ebi of EIG(b), such
that

(3.12) i — AP < = (||E11 + Fup||, + || By + P, )
For 1 < i < ny, we have by Lemma 2.7,
R
40+ Ar,)
Therefore, it follows from (3.12) and (3.13) that

(3.13) N, — AP

t;

i = Aol < Jii = A+ A =X,

IE - F|;
(/\ +)\t)

IN

1/, ~ ~ ~ ~
5 (1B + P, + || Bar + Fn],) +

which is (3.11). O
REMARK 3.3. Listed below are some comparisons between Theorems 3.1 and 3.2.

(a) The bound in Theorem 3.1 is quadratic with respect to the off-diagonal blocks of Eand F,
but is only linear with respect to the diagonal blocks of E and F, whereas in Theorem 3.2,
the bound is linear with respect to both diagonal and off-diagonal blocks of E and F.
Thus, the bound in Theorem 3.1 is much tighter in the case of no perturbations in the
diagonal blocks, i.e., F;; = F;; = 0 for ¢ = 1,2. Theorem 3.1 achieves this supremacy
over Theorem 3.2 in the case when E;; = Fj;; = 0 for ¢ = 1, 2 through the availability of
the gaps as defined in (3.2), which Theorem 3.2 does not require, i.e., Theorem 3.2 uses
less information.

(b) Theorem 3.1 provides bounds for the changes of all of eigenvalues of H, while Theo-
rem 3.2 provides only for those of H;.

4. Numerical examples. We test our results in Theorems 3.1 and 3.2 on the following
parameterized LREP,

~ B 0 K+aB| |yl |y| _
4.1 H(a)z = [MJraF 0 } Lv] =A L] = Az,

where the parameter o varies from 0 to 1 while K 4+ oE and M + oF remain positive definite.
Two types of perturbations E' and F' are considered: Perturbations in all blocks

E11 E12 Fll F12
42 E= . F=
(42) {Em E22} [Fm Fm]



ETNA
Kent State University
http://etna.math.kent.edu

PERTURBATION OF PARTITIONED LINEAR RESPONSE EIGENVALUE PROBLEMS 635

1021 g 102t

1047 1 1047

1010f ' g s
—a—|\i(a) - A
—s¢— Bound by Thm 3.1
—#A— Bound by Thm 3.2

:

—e—[Mi(a) = \l|

—3k— Bound by Thm 3.1

—&— Bound by Thm 3.2
n

10-12 L
10t 100 10"

10-12 L
107

4 108 2 10?2 10"

o a

10 10

FIG. 4.1. \Xl (c) — A1 and its bounds in Theorems 3.1 and 3.2. The left plot is for the perturbations
in (4.4) and all three lines have the same slope. The right plot is for the perturbations in (4.5) and the
line corresponding to Theorem 3.2 has flatter slope than the other two lines. This is due to the fact that

under (4.5), A () — A1 varies quadratically in o and such dependency is correctly reflected by the
bound in Theorem 3.1 but incorrectly by the bound in Theorem 3.2.

and perturbations in off-diagonal blocks only

B Eis o I
0 el P r<[ P

Denote the eigenvalues of H () by
(@) < < =A(@) < Aifa) < - < M)

In particular, X;(a) = A; for a = 0.
EXAMPLE 4.1. For simplicity, we first take ' = M = diag(1, 2). In such case, ¢; and
¥; (i =1,2) in (3.6) are I; = 1. Therefore, in (3.6), we have

Eij = Eij, F;=F;  fori,j=1,2.
Furthermore, the eigenvalues of H are £)\; = +1, £X; = £2, and the gapn = 1. We

consider two perturbation pairs (E, F'):

. 11 | 1/4 —1/2
“4.4) Perturbing all blocks, E = [1 1/2] , F= [_1/2 1 } ,

and

' . o1 _[ 0o 12
(4.5) perturbing only off-diagonal blocks, E= [1 0}’ F= {—1/2 0 }

Since n = 2, we can directly compute |A; () — Ay | to get, under (4.5),

4.6) ‘Xl(a)—xl‘:'m—‘fq

1
= 5@2 + O(ag),
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and under (4.4),
~ 5a — a? 5
4.7) ‘/\1(04)—/\1‘:| 1+%—1 :ga—kO(aQ).

Figure 4.1 shows log-log plots for |A; () — A;| and the bounds in Theorems 3.1 and 3.2
under perturbations in (4.4) (left) and perturbations in (4.5) (right), respectively. The vertical
axes in both plots are purposefully made to have the same range, in an attempt to highlight
the linear and quadratic behaviors of eigenvalue changes with respect to different perturbation
patterns in (4.4) and (4.5). It is noted that the bound in Theorem 3.1 is sharp in this example.
In fact, the exact value | A1 (a)) — A1 | and its bounds all approach 0 linearly in « in the left-hand
side plot, correctly reflecting the true behavior. In the right-hand side part, the exact value
|A1(a) — A1] and its bound of Theorem 3.1 approaches 0 quadratically in & while the bound
in Theorem 3.2 still approaches 0 linearly, as commented on in Remark 3.3(a).

EXAMPLE 4.2. In this example, we construct a linear response eigenvalue problem using
the eigenvalues — )\, < --- < —XA; < Ay < --- < )\, from the LREP for the sodium dimer
Nay [2] with n = 1862. Let

Al = diag()\l,...,)\4), /12 :diag(/\5,...,/\n),
and @1, Q2 be random orthogonal matrices obtained by
gr (randn (4) ) and gr (randn (n —4) ),

in MATLAB, respectively. Finally, we define an LREP with

K:|:K11 }7 M= l:Mll

Ko MzJ ’

where K11 = My = QT A1Qy and Koy = My = QT A>Q». The symmetric perturbation
matrices

4 n—4 4 n—4
E E 4 Fy, F
E = 4 11 12 :| F = |: 11 12 :|
n—4 |:E21 FEy |’ n—4 Fy1  Fyo

are also generated by the MATLAB function randn. |X2(a) — \i| fori =1,2,3,4 and their
associated upper bounds under the two different types of perturbations in (4.2) and (4.3) are
shown in Figure 4.2. Again it can be seen that off-diagonal-block-only perturbations change
i, for i = 1,2, 3,4, much less than all-block _perturbations do and the bounds in Theorem 3.1
reflect that well. In addition, in this example, Fa2 + Fo2 has much larger norm than Fq1 + Fi;
since the norms of Eas and Fbo are larger than those of E;; and F;. Consequently, the bounds
in Theorem 3.2 under perturbations in (4.5) appear sharper than those in Theorem 3.1.

5. Conclusion. In this paper, we have obtained perturbation bounds for the partitioned LREP for
H as in (1.4) perturbed to H as in (1.7), as well as bounds for the differences between the eigenvalues
of H; asin (1.6) and some of those of H. The main results are summarized in Theorems 3.1 and 3.2.
The bound in Theorem 3.1 depends linearly on the norms of diagonal perturbation blocks F;;, Fj; but
quadratically on those of off-diagonal perturbation blocks F;; and F;; (i # 7). These bounds are shown
to be very sharp in the presented numerical examples.

While the analysis in this paper is for real symmetric K and M, it also holds for the case of Hermitian
K and M, simply by replacing all R by C (the set of complex numbers) and each matrix/vector transpose
by complex conjugate and transpose.
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FIG. 4.2. |X.L () = Ai| fori = 1,2, 3,4 and their bounds in Theorems 3.1 and 3.2 under all-block perturbations
(left plots) and off-diagonal perturbations (right plots), respectively. In particular, in the left plots, the bounds
in Theorem 3.2 under all-block perturbations are sharper than those in Theorem 3.1 due to ||E22 + Faall2 >

| E11 + Fiill2.
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