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LEAST SQUARES SPECTRAL METHOD FOR VELOCITY-FLUX FORM OF THE
COUPLED STOKES-DARCY EQUATIONS*

PEYMAN HESSARIT AND BONGSOO JANGT

Abstract. This paper develops least squares Legendre and Chebyshev spectral methods for the first order system
of Stokes-Darcy equations. The least squares functional is based on the velocity-flux-pressure formulation with the
enforcement of the Beavers-Joseph-Saffman interface conditions. Continuous and discrete homogeneous functionals
are shown to be equivalent to the combination of weighted H' and H (div)-norm for the Stokes and Darcy equations.
The spectral convergence for the Legendre and Chebyshev methods are derived and numerical experiments are also
presented to illustrate the analysis.
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1. Introduction. The most likely possible occurrences of the coupled Stokes-Darcy flow
comprise groundwater flows, cross-flows and dead-end filtration processes, plasma separation
from blood and heterogeneous catalytic reactions. The Stokes equation expresses the fluid
dynamics in the free flow regime and the Darcy equation is used to express the fluid dynamics
in porous medium. The mass conservation, balance of normal forces, and the Beavers-Joseph-
Saffman law are used to model the connection between these two fluids.

To state the problem mathematically, let {2 be an open bounded domain in R? divided into
two sub-domains Qg and Qp with the curve (interface) T, such that Q@ = Qg U Qp UT. The
boundary of 2 is denoted by 9Q and 95 = Qg N N, INp = Qp N IN. The schematic of
domain €2 with interface I is depicted in Figure 1.1. Suppose that the flow in Qg is governed
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where T := —pI + 2v E(u) is the stress tensor, u is the velocity, and f is the external
force function. Here E(u) = 3(Vu + Vu”) is the deformation rate tensor, v > 0 is the
kinetic viscosity of the fluid, and p is the pressure with average zero. Suppose that the space
averaged velocity and the pressure in the porous medium domain 2 are governed by the
Darcy equation
KVqg=0, inQ

(] 2) w + Vq y %1’1 D,

V-w=g, in Qp,
where K > 0 is the Darcy permeability, w is the velocity, g is the pressure and g is a given
function. The following boundary conditions are considered

=0 o0

(1.3) {“ b ongEs

w-n=0, ondQp,

where n is the outward unit normal vector on 9§2g and 02 p. On the interface I, the Beavers-
Joseph-Saffman conditions are imposed

un—w-n=0,
1.4) n-(T-n)+q=0,
fnx (T -n)+uxn=0,

where 3 is a positive constant and n is the unit normal vector pointing from I into 2p; for
details on a proper choice of (3, see [7]. In [21], the authors showed that the weak formulation
of the Stokes-Darcy equation has a unique solution, i.e.,

(u,p,w,q) € [Hjq, ()] x L*(Qs) x Hoq,, (div, Qp) x L*(Qp).

The development of appropriate methods for the coupled Stokes-Darcy equations (1.1)—(1.4)
has been investigated from the mathematical and numerical analysis viewpoints [7, 8, 10, 21,
26]. In the case of finite elements, the Stokes equation is analyzed using mixed formulation,
while for the Darcy equation several approaches have been used, such as mixed formula-
tion [21] and the standard variational formulation of the equivalent Poisson equation [9]. A
discontinuous Galerkin method [25] and an edge stabilized method [4] have been proposed
for coupled Stokes-Darcy problems. A survey for coupling Navier-Stokes-Darcy equations
is given in [10]. Least squares methods of finite element type [23] and of pseudo-spectral
type [14] have been used to approximate the solutions of the Stokes-Darcy equations. In
the above least squares approach, the authors eliminated pressure in the Stokes domain and
approximated the stress and velocity in the Stokes domain and velocity and pressure in the
Darcy domain. In this work, we approximate all primitive variables as well as the gradient of
velocity with spectral accuracy. Spectral methods of least-squares type have been the object of
many recent studies, such as second order elliptic boundary value problem [19], the Stokes
equation [20, 27], the Navier-Stokes equation [16], interface problem of Stokes [15], interface
problem of the Navier-Stokes [17] and the Stokes-Darcy equation [14].

The motivation of the present work is to devise a pseudo-spectral approximation based
on a first order system least squares method. Least squares methods have a great flexibility
in the choice of solution spaces that is not restricted by the Ladyshenskaya-Babuska-Brezzi
compatibility condition. Furthermore, least squares methods allow one to incorporate addi-
tional equations and impose additional boundary conditions, as long as the system is consistent.
Additionally, pseudo-spectral methods have the benefit of simplicity and spectral accuracy.



ETNA
Kent State University
http://etna.math.kent.edu

162 P. HESSARI AND B. JANG

To apply the least squares principle, we reformulate the Stokes-Darcy equations as a
first-order system derived in terms of an additional vector variable (the vector of gradients of
the Stokes velocities). We then modify the Stokes-Darcy equations by extending the first order
system with the curl and the gradient of the velocity flux variable for the Stokes domain, and
the curl of the velocity in the Darcy domain. This enables us to prove fully H*! ellipticity of
the proposed method in the Legendre approximation. The least squares functional is defined
as a combination of

a. the squared L2 -norm of the residuals in Stokes domain Qg scaled by viscosity

constant v,

b. the squared L2 -norm of the residuals in Darcy domain 2,

c. the squared L2 -norm of the residuals of the interface conditions.
The Beavers-Joseph-Saffman interface conditions are treated as an extra least squares func-
tional, while boundary conditions are imposed into solution spaces. The continuous and
discrete Legendre least squares functional is established to have fully H'! ellipticity, while
the continuous and discrete Chebyshev least squares functional is shown to be equivalent to
the product norm U], o + 11U -nll2 4+ [l 0, + 161 0o + W2 i a, + W
n||12U’F + Hq||iw79D, under the H2 regularity assumption for the Stokes equations in the Stokes
domain €2g. Spectral convergence of the proposed method for both Legendre and Chebyshev
cases is presented.

The outline of the paper is as follows. Some preliminaries are prepared in Section 2.
In Section 3, the Stokes-Darcy equation is recast into a first order system of equations. In
Section 4, the Legendre and Chebyshev least squares functionals are defined and shown to
be equivalent to an appropriate product norm. Spectral convergence of the proposed methods
are also presented in this section. Numerical examples are given in Section 5 to demonstrate
spectral convergence of our method. The paper is ended by concluding remarks in Section 6.

2. Preliminaries. The standard notations and definitions for the weighted Sobolev spaces
for D = [—1,1]2, are given as follows. The weighted space L2 (D) is defined as

L2/(D) = {v: D — R| v is measurable and ||v]|o,.,p < 00},

equipped with the norm and the associated scalar product

[vllo,w.p = (/D IU(X)|2w(X)dX>1/2» (4, v)o,w,D = /DU(X)U(X)W(X)CZX

Define the weighted Sobolev space H? (D) for a non-negative integer s as
H; (D) ={veL:(D)|v™ e L2 (D), |a|=1,2,...,s},
alely

where o = (o, ag) Wi'th a1, as >0, |of = a1 + @z, and v(®) = Dzo1Oyz equipped with
the norm and the associated scalar product

1/2
ol = (X 10 Mun) + @0)wn = X @),

la|<s lal<s

We note that w(x) = w(x)w(y) is either the Legendre weight function with w(t) = 1, or
the Chebyshev weight function with w0 (¢) = (1 — t2)~ 2. The space HO (D) denotes L2 (D),
in which the norm and inner product will be denoted by || - ||,,p and (-, -).,,p, respectively.
Let Hj (D) be the subspace of H, (D), consisting of the functions which vanish at the
boundary. Let L2, (D) be the subspace of L? (D) whose functions have average zero, i.e.,
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fD pwdx = 0. For the Legendre case, we will omit the subscript w, for example, || - ||p,
(,-)p- Denote by H*(D) the dual space of the space Hy (D) equipped with its norm [2]

|ull -1wp =  sup (, 9)w,p

ger, ) ¢ll1wp
Let
H,(div,D)={vel?(D) : V.-velL(D)}
and
H,(cur, D) = {v e L2(D)? : VxvelL?(D)},

which are Hilbert spaces under the respective norms

1/2
[V ]lw,aiv.p = (IVIZp + V- vIZ D)

and

1/2
IVllw.curtp = (IVI50 + 1V x vIE ) "

Define their subspaces
Hy (div,D) = {v € H,(div,D) : n-v=0 on 0D}
and
Hoy w(curl,D) = {v € Hy(cur, D) : nxv =0 on 0D}.

Let Py be the space of all polynomials of degree less than or equal to N. Let {¢;}, be
the Legendre-Gauss-Lobatto (LGL) or Chebyshev-Gauss-Lobatto (CGL) points on [—1, 1]
such that —1 =: §y < & < -++ < Ey—1 < &y := 1. For the Legendre case, {&;} Y are the
zeros of (1 — t?)L/\,(t) where Ly is the Nth Legendre polynomial and the corresponding
quadrature weights {w; } Y, are given by

2 2 1

_ - o , 1<j<N-1.
Wy = WN N(N+ 1) wj N(N+ 1) [LN(gj)P ’

For the Chebyshev case, {&; } Y, are the zeros of (1—t2)T' () where Ty is the N'th Chebyshev
polynomial and the corresponding quadrature weights {w; } zN:o are given by

™

_ 1<j<N-1.
ON’ >7>

Wy = WN = w; =

T
N )
We have the following accuracy property for Gaussian quadrature rules,
1 N
2.1) / v(t)b(t)dt =Y wiv(&), VvEPay_y.
i=0

-1

Let {d)i}f\’:O be the set of Lagrange polynomials of degree N with respect to LGL or CGL
points {¢; }I¥., which satisfy

¢i(&) =0i5,  Vi,j=0,1,...,N,
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where §;; denotes the Kronecker delta function. For any continuous function v on I = (—1, 1),
denote by Inyv € Py, its Lagrangian interpolant at the nodes {¢; };V:O, ie., Inv(&) = v().
The interpolation error estimate [29] is given by

2.2) [0 = Inv[lkw,r < CN**|[vlls0, k=01,

provided that v € HZ (I) for some s > 1. Define the discrete scalar product and norm as

N
1/2
(w,v)wrn = D uE)oE)ws,  llwzy = (v, V)i TN
j=0

By (2.1), we have
2.3) (U V), 1,n = (U, V)w,1, foOr u,v € Pon_1.
It is well-known that

24 [vllw,r < [[Vllw,r,v <Y 0llw,r, Vv € Pn,

where v* = /2 + % in the Legendre case, and v* = /2 in the Chebyshev case [29]. For
we€ HE(I),s>1,and vy € Py

[(w, VN )w, 1 — (U ON Vw1, 8] < C N7 ulls,w,1 |ON||w,1-

If the interval [—1, 1] is replaced by [a, b], we can use the following linear transformation

b
2.5) t= 2a(x+1)+a:[—1,1]—>[a,b]
to find the Gauss-points {¢;})_, and the quadrature weights {1; }7,
. b— b—
& = 2a(§j—|—1)—|—a and w; = awj.

The two-dimensional LGL or CGL nodes {x;; } and the corresponding weights {w;;} are
denoted by

ij:(é-ng)a Wi = W;wyj, iaj:()alw"aN'

Let Q be the space of all polynomials of degree less than or equal to N with respect to each
single variable = and y. Define the basis for Q as

For any continuous functions v and v in D, the associated discrete scalar product and norm
are given by

N
(w,v)wpN = . Wiu(xi)v(x;) and [|vllepy = (v,0)1 b y-
i,j=0

From (2.1), we have

(26) <u7v>w,D7N = (U,’U)w’D, for U,V € Q2N717
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and it is well-known that
2.7) [v]lwp < [[V]lwp,N <V [[V]lwp, YveE Qn,

where v* = (2 + %) for the Legendre case and v* = 2 for the Chebyshev case [29]. The
interpolation error estimate is given by [2, 6]

(2.8) v = Inv[[jw,p < CN**|[0]lswp, k=01,
provided that v € H$ (D) for some s > 2. Foru € H3 (D), s > 2, and vy € Qn

(2.9) [(w, VN )w,D — (U, ON)wD,N| < C N2 ||u]

s,w,D ||UN Hw,D-

LEMMA 2.1. For any v € [L? (D)]? we have

IV vl-1,wp < Cl[v[lw,p-

Proof. The proof is similar to Lemma 4.2 of [19]. a0
LEMMA 2.2. [11] For any p € L3(§2s) we have

Ipll < CIVpl -1

We use the following bounds for traces from H,(Qp) and H} (Qs) [24]:

(2.10) 4113 /2.0 < Cr(lal3 w0 + 1ValE.0.0)s
(2.11) VI3 201 < CoUIVIGws + IVVIGws)
(2.12) [v-nl_1/2r < Cr|v]aiv, D,

with a constant Cp. We use the Poincaré-Friedrichs inequality [3] of the form
(2.13) lgllo,p < CrlIK"/*Vllo,p

forall g € H'(Qp) which satisfies [, ¢ =0.

REMARK 2.3. If the domain D is replaced by a simply connected domain, then the
Gordon and Hall transformation [12, 13] can be used to map the simply connected domain
into D.

The following a priori estimate holds for the Stokes equation with homogeneous Dirichlet
boundary condition on 9D

2.14) a0 + lpllen < C(I = vAu+ Vpl| 100 + vV - ullw.p).

Its proof can be found for the case ¥ = 1 and w = 1 in [11] and for the Chebyshev weight
w in [2], the case for general v is then immediate. A priori estimate for the Poisson equation
—Agq = g with the Neumann boundary condition g—fl =0on 0D, is[1]

(2.15) lla

l1twD < C| = Aql-1,0D,
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/gzO or /q:().
D D

THEOREM 2.4. [11] Assume that the domain D is a bounded convex polyhedron or has
CY1 boundary. Then for any v in either Hy(div, D)NH (curl, D) or H (div, D)NHg(curl, D)
we have

subject to solvability condition

VI < CUVIP + V- v+ 1V x v]?).
If the domain is simply connected then

IVIIE < CAV - vI*+ IV x v][*).

3. First order systems. In this section we transform the Stokes-Darcy equation into a
system of first order equations by introducing the gradient of velocity in the Stokes domain
as a new independent variable. To do so, for the velocity vector function u = (uq, uz)t, we
introduce the gradient velocity variable U = Vu' = (Vuy, Vuy) which is a matrix with
entries U;; = auj/ﬁsci, 1 < 4,7 < 2. Then the Stokes equation (1.1) can be recast as

U - Vu =0, in Qg,
—v(V-U)l+Vp=f, inQg,
V-u=0, in Qg.
We extend the standard curl operator V x u = —9,u; + 0us, divergence operator V - u =

Ozu1 + Oyug in R? and tangential operator n x U to U = (Uy, Us), componentwise, i.e.,
VxU=(VxU,VxU), V-U=(V-U,V-Us)
and
nxU=(mnxU;,nxUs),
where n is the outward unit normal vector on 92g. Then it is easy to see that
trU =0, VxU=0in Q¢, and nxU=0 on 09g,

where tr U = Uy + Ugyy. We also have
1
E(u) = i(U—l—Ut) and n- T -n+¢g=vn-(U+U") -n+q-—np.

We consider the following extended first order system for the Stokes-Darcy equation

—v(V-U)l+Vp=f£, inQg,
V-u=0, in Qg,
U - Vut =0, in Qg,
31 V(trU) =0, ?n Qs,
VxU=0, in Qg,
\/%W—&—\/RVq:O, in Qp,
V-w=yg, in Qp,
VxK''w=0 in Qp.
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along with boundary conditions

u=0, on 0Qg,
nx U=0, ondfg,

w-n=0, ondQp,
and interface conditions

un—w-n=0, onTl,
(3.2) vn-(U+UY -n+q-—p=0, onT,
frnx (U+U') n+uxn=0, onl.

4. Least squares method. In this section we consider the Legendre and Chebyshev
pseudo-spectral least squares methods for the first order system of equations (3.1)—(3.2) of the
Stokes-Darcy equations. To this end, let

Vs = [Hy, 004 (Q3)]%,
Vw,p ={v € Hy(div,Qp) : v-n=0 on dQp, and v-n € LfV(F)},
where
Hi,BQS(QS) ={vecH.(Qs) : v=0 on 90g}.
Let
Vi={Ve[H(Q)*: nx V=0 on 0Qg},
Vi ={V € [L2(Qs)]* : nxV =0 on Qs and |V||y, < oo},

equipped with the norm

1/2
IVilv,, = (VI + IV - VIEL s + 1V x VI )

We note that V] is for Legendre and V,, is for the Chebyshev case. Define
Wy = Vi X Viy,s X [Hy () N LY, o(Rs)] X Vie,p x Hyy(Qp).

Letd = (U,u,p,w,q) and V = (S, v, s,z,7). Define the Legendre/Chebyshev least squares
functional as

.1 Gu(U;f,9) = Gu,s(U,u,pif) + G, p(W, ¢: 9) + Gu,1 (U)
over € W, where
Gu,s(U,u,pif) = v*|U = V'3, g + If +v(V-U)" = Vpl§, s +*|IV -l 5
+2V(ErU)|3, s + 2V < U5 s,
Gu,p (W, a5 9) = | K7 2w + K'2Vq|% p + IV - w = glls p + IV x KW, p,
GurU) = [u-n—w-n|f p+[vn- (U+U) n+q-plp
+||Bvn x (U+U") -n+u x n||12uyp

ford € W,,. The first order system least squares variational problem for (4.1) consists of
minimizing the quadratic function G,,(U; £, g) over W, that is: find Y € W, such that

Gu(U;f,g) = Vg‘lzgw Guw(Vif, g).
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The corresponding variational problem is to find Y € W, such that
“4.2) AU V) = Fu(V), VY e Wy,

where
AU V) = (1(V - U) = Vp,v(V-8) —Vs)ys +12(V -1,V -V)us
+7(U-Vu', S— ), st VA (V(trU), V(tr S))w_s
+13(VxU,Vx8) (+(V-w,V-2)up

1 1
+ | —=w+ VKV ,Z+\/EV7‘>

(ﬂ? "VE
+(Vx K 'w,Vx K 'z),p+(u-n—w-n,v-n—z-n),r
+ (- (U+U") n+qg—p,vn-(S+8") n+r—s) .

+ (Brnx (U+U") n+uxn, 51/n><(S+St)-n+v><n)wF

w,D

and
-Fw(svva S, Z,’I") = (97 \ Z)w,D - (f7 I/(V ' S)t - VS)w,S-
Let
1/2
1(U, w p)ll = (u2||U||is AU a2+ 2l s + ||p|is) ,
1/2
Iw )l = (qniw,p Wl - n||%) ,
1/2
1T, w, )l = (VQUHQVW,S AUl g 4 2 ulZ s ||p||%,w,s) ,
1/2
T (mniw,D 1B+ 1 -l + [V % w||,%,,D)
and

Il = 10, wp)I + I (w, %, Bl = 10, w )l + l(w, g)lI%-

LEMMA 4.1. For (U, u,p) € [V, 5]* X [H}, 5(Qs)]* x H}), (Qs), we have

V(Y05 s VDI s < CUIv(V-UO) =VpIl;, s+02 |V (tr U5, s+ VXU, 5)-

Proof. The proof is similar to [15, Lemma 4.1] and [5, Theorem 3.2]. a

We now show the continuity and coercivity of the least squares functional for the Legendre
approximation. We note that for the Legendre case, the subscript w is omitted.
THEOREM 4.2. There exists a constant C such that

1
4.3) SlUl? < g@s;0,0) <Clul?,  vueWw.
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Proof. By using (2.10), (2.11), the triangle and Cauchy-Schwarz inequalities, we have

Gs(U,u,p;0) < C(V*|U|13 s + v*|[ull} s + lIplIF.s),
Gp(w,q;0) < C([wllziv, p + gl p + IV x w3),
G1(U,u,p,w,q) < Cllw - n|f + Cv* max{1, 5°}|U - n[|}
+Cr (Il s + llallf o + ullis),

which proves the upper bound of (4.3). To prove the lower bound, we have
IV x K='wllh < Gp(w, ¢ 0).

By a similar idea of [28], using

1
2|{(w-mn,q)r| < EHW ‘ n||2—1/2,1“ + 55”‘1“%/2,1“»
the e-inequality with e = 1 and the trace inequality (2.10), we have

1K~ 2w + K'/?Vql[7,
= [|[K w3, +2(1 = 6)(w, Vq)p + 26(w, V) p + | K/*Vql[3,
= | K|} +2(1 = 6)(w,Vg)p — 26(V - w,q)p + | K/*Vl[,
—25(w - n,q)r
> §||K w3, — 26(V - w,q)p + 3| K'/?Vq||3, — 25(w - n, q)r

- 1
> 8K~ ?w|3 - 26(V - w,q)p + 8| K'/*Vq|3, — liw- n|Zy ¢

- 525“‘]”%/2,1“

> S| Pw|3 — 20(V - w,q)p + | K2Vq3
— 2w ml2 o - 2eCH R o
for & € (0, 1). Using (2.13), we have
Gp(w,q;0) = 8| K~ 2w} — 26(V - w,q)p + 8| K2 Val
— W nl e — P2CHalR o+ IV Wi

3 1
> 5| K w3 — 26(V - w,q)p — EHW : n||271/2,r

5
+ (57 —=C)llalip + IV - wlib
F

_ 1 1
= 51K 2wl 4 SV w20 + 19wl

) 1
= 20%alp + (57 = 0%CT)lallt.p — Zllw-nlZ, o p
r 9

_ 1 0
> O K T 2wlh + IV - wlih + (57 — 0%CF = 20%)dll? o
F

1
- EHW ) n||2—1/2,r~



ETNA
Kent State University
http://etna.math.kent.edu

170 P. HESSARI AND B. JANG
Choosing
5— 1
- 2C%4(2+¢eC2)
and

.1 §
CE = mln{Z, (S, 2012:‘},

we get

1
Gp(w,q;0) > Ce(|wliy. p + H‘J”%D) - g”w : nHz—l/Q,I"

Application of (2.12) implies

_ G

Gp(w,q;0) > (Cg . )IwllZiy, p + Cellall? p-

Therefore, for ¢ > C’% /C'g, there exists a constant C' such that
4.4 ||W||§iv,D + ||QH§,D < CGp(w,q;0).
To prove (4.3) in the Stokes domain 2g, let
Fs(U,u,p) = v?|U = Vu'[[§ + [v(V-U)" = Vpl2; g + 2|V - ulf§
and
W = [H(div, Qs)]* x Vs x [H'(2s) N L(2s)].
Suppose that (U, u,p) € W and let ¢ € HE(Q2s). We have [5]
(vpv ¢)S = (7I/(V ' U)t =+ Vpa ¢)S - V(Ua v¢t)S
< | =v(V-U)" + Vpll-1,5ll1s + VI[U]s]Ve'lls,
from which Lemma 2.2 gives
(4.5) Iplls < C(l = v(V-U)' + Vp|-1,5 + v|U]|s).
From (4.5) and the Poincaré-Friedrichs inequality, we have
VIVu||E = v3(Vu' — U, Vu')s + v(—v(V - U) + Vp,u)s + v(p,V - u)s
—v(p-n,u)r +*(U-n,u)r
< V2| Vu' = U5 Vu'||s + v] = v(V - U)" + Vpl|_1,5
+vlplls[IV-ulls +v(¥U-n—p-n,u)r
< (WIVu' = Ulls + | = (V- U)' + Vpl|1.5)| Vs

+Cv||V sl = v(V - U) + Vpl|-1,s + CV*|V - ul|s]|U]|s
+v(vU-n—p-n,u)r.

all1s

Using the e-inequality with e = 1 for the first two products yields

(4.6) V2HVU.t||23 < CFs(U,u,p)+ Cu2||V -u|s/|Ulls + v(vU-n—p-n,u)r.
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From the interface condition (3.2) we have
4.7 vUn—-p-n=—2U""n—¢-n and u-n=w-n.
By (4.4) and (4.7) we have
v(wU-n—p-nu)r=-v@U' n+q¢-nu)r=-vn-U' -n+qgu-n)r
=—v(wn-U' - n+q¢w- n)r
<vlvm-U" - n+qlliorw-nl_ir

1 €
< 2*€||VIl U -n+ (I||?/2,F + §V2HW : n||31/2,r
4.8)

IN

1 1 €
EHVH Ut n||?/2,r + EHQH%/ZF + §V2||W ) n||31/2,r

v? 1 €
< ?HUt ‘nl|f + ECTQ“H(]”%,D + §C%V2||W||?hv,D

IN

2
1%
?HUt ‘1| + CGp(w,q;0).

Hence (4.6) becomes

2
v
4.9) V?||Vu'(|z < CFs(U,u,p) + CGp(w,q;0) + Cv?||V - u|[s]|U||s + ?IIUt ~n[f.
We have

V2|U|% = v3(U — Vu!, U)g + v(—v(V - U)! + Vp,u)s +v(p,V-u)s
—v(u,p-n)r + 24U -n,u)r
< V?[|Vu' = U|[s||Ulls +v[| = (V- U)* + Vp||_1,5]ul
+vllpllslV-ulls +v(¥U-n—p-n,u)r
< (v||Vu' = Ulls)(v|[Ulls) + Cv|| = v(V - U)" + Vp|_1,s[[Vu'[|s
+CY|[V -us]| = (V- U)' + Vp|_1,5 + Cv||V - ulls(v[|U]|s)
+v(¥U-n—p-n,u)r.

1,8

Using the e-inequality with € = 1 twice, (4.8), and (4.9), we arrive at

2
v
(4.10) V[[U][s < CFs(U,u,p) + CGp(w,g;0) + 4—|[U" - mz.
By using (4.10) in (4.5) and (4.9), we get
2
v
@.11) Ipll§ < CFs(U,u,p) + CFp(w,q;0) + C—[U" - nf
and
2
v
(4.12) VAIVu'|§ < CFs(U,u,p) + CGp(w,q;0) + 5—[|U" - nlp.

Applying of (4.10), (4.11), and (4.12), we obtain

2
v
C(2IUlIs = — 10" nflz+2ull s + [IplI3)

< Fs(U,u,p) +Gp(w,q;0).
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Since the H ~!-norm of a function is bounded by its L2-norm and W; C W, then F5(U, u, p)+
Gp(w,q;0) < Gs(U,u,p;0) + Gp(w,q;0) on W. Hence we have

2
14
C(v*|ullz - ?HUt ‘nl[f+2ullf 5 + Ip]1%)
< Gs(U,u,p;0) + Gp(w,q;0).

(4.13)

By Lemma 4.1, we have
(4.14) (V-0 5+ VplE < CGs(U,u,p;0).
Hence by using Lemma 2.4, the Poincare inequality, (4.13), and (4.14) we get

2
v
C(IUllLs — — 0" - nllp+v[[ullis + [pl7s)

< Gs(U,u,p;0) + Gp(w,q;0).

(4.15)

For the interface condition, by using ||h1 + ks> > a/hy||> — 2a||ho||? for a € (0, 1], we
have

G1(U,u,p,w.q) > a(llvn- (U+U") -n| + [|Bvn x (U 4 U") - 0|}
+ [lw - n[£) = 2a([[u- 0|7 + [lg — pllE + lu x n|/f)
> a(vn- (U+U") |} + ||fvn x (U+U") -n|}
+[lw-n|2) = 2a(flu-n|E + llgllf + P2 + [[a x n||})
> o|w - n|[f + 40> min{1, 3°}|U - n|})
—2a(|[all? + llqll7 + lIplI7)
> a([|lw - n[|f + 4v* min{1, 8*}| U - n||})
—2aCr|ullf s — Crllal p — Crlplli s-

(4.16)

Hence, there exists a constant C' such that
[w-n|[f +v?min{1, B2}|U - nl2 < C(G(U) + [ullf s + 4l p + I2]7.5)-

Application of the inequalities (4.4) and (4.15) gives
2
lw - nl[f + 4v* min{1, 52}[[U - 0|t < CGU;0,0) + C—|[U - nlfp.
€
Therefore

4.17) |w-n|2 +2|U - n|% < CG(U,u,p,w,q;0,0),

provided that € >
and (4.17). a

WCUBQ}. The coercivity (4.3) is now a consequence of (4.4), (4.15)

We now wish to prove the continuity and coercivity of the least squares functionals for
the Chebyshev approximation. First we assume that an a priori estimate (2.14) holds for the
Stokes equation in g, that is

(4.18) HVu”Lw,S + Hpr,S < C(” —vAu+ Vp”fl,w,s + HI/V ) U—Hw’S)~
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We note that the elimination of w in (1.2) gives the Poisson equation —KAg = g with
the Neumann boundary condition % = 0 on 0f2p, and we also assume that an a priori
estimate (2.15) holds for Darcy equation in 2 p, that is,

(4.19) lglliwp < C| = VEAG||-1.0.0-

THEOREM 4.3. Assume that the inequalities (4.18) and (4.19) hold. Then there exists a
positive constant C such that

(4.20) U2 < Go;0,0) < CUJZ, YU EW,,.

Proof. The upper bound of (4.20) is a consequence of the triangle inequality. To prove the
lower bound of (4.20), (4.18) and Lemma 2.1 yield
< O(l - vAu+Vpl2, 4 5 + [V - ullf 5)
=C(l-V-(U-vVu)|2, 5+ [v(V-U)
+ V|21 s + IV -l g)
C(IIU - vu'[f, s + [v(V - U)* + Vpl3, 5
+ vV - u”%u,S)
< CGu,5(U,u,p;0).

4.21)

Using the triangle inequality and the above one we obtain

(4.22) VUN% s < 2(IU = V'l s + 07 Vu'|} ) < 2Gu,s(U,u,p;0).
By Lemma 4.1, we have

(4.23) VI(V-U)2 s + IVDll2,s < CGu s(U,u,p; 0).

We obviously have

4.24) IV x U2, 5 < Gu,s(U,u,p; 0).

Hence, by (4.21), (4.22), (4.23), and (4.24) we have

(4.25) [vullf ., s+ 205,

,s(U,u,p;0).

For the Darcy domain, by using (4.19), and Lemma 2.1, we have

lgll} w0 < Cl = VEAGIZ, 4 p

<C|-V-(VK Vq+—w)||2 wpt+C Vw2,
e I - i Lw,D || i 1% 10,0
' 1

<C|VKVq+ —=w|% p+C|l—=V - w|3

< q T(W\w,D l7= Y wiko

S ng7D(Wa q; 0)

The triangle inequality gives

HWHwD<C||\FW+\FV(J||3JD+C|ICIHMD<CQwD(W ¢;0).
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Then, by using ||V - W, < Guw.p(W,q;0), we get

(4.27) 1WZiv,w0.0 < CGu,p(W,q;0).

Obviously, it holds

(4.28) IV x W||3U7D < CGy,p(W,q;0).

Hence by (4.26), (4.27), and (4.28) we have

(429) 1412 5+ W13 ap + IV % W2, < CGu p(w,4:0).
Similarly to (4.16), there exists a constant C' such that

(4.30) Iw-n|% -+ U n|f - < CGu(U,u,p,w,g;0).

The lower bound of (4.20) follows from the inequalities (4.25), (4.29), and (4.30). 0

We now define the discrete Legendre/Chebyshev pseudo-spectral least squares method for
the Stokes/Darcy equations. First, define

Visn =VwsNOx, Von=VuNO%, Vwpn=VupnOi,
and
Waun = Vv X Visn % [Hy () N L2 5(Qs) N On] x Vipn X [Hiy(2p) N Q).
Let us define the discrete Legendre/Chebyshev least squares functional as
(4.31) GunU: £, 9) = Gusn(U,u,p;f) + Gy o N (W, ¢ 9) + Gu, 1.8 (U),

where

Guws,n(U,u,p; f) = 12| U — VutHfu,S,N +[If +v(V-U) - vp”EU,S,N
+ V2V ullf s v + 2 IV U5 s v + 221V < UG s n,
Guwp.n(W,q;9) = | K~ ?w + Kl/QVq”’LzU,D,N +V-w— g||12U,D,N
+IV x K=l p v,
GurnU)=[u-n—w- n||12u,F,N +|vn-(U+U" -n+q-— p”i},F,N
+[pvnx (U+U") n+uxnlfy
for every Y € W, n. The first order system least squares variational problem for (4.31)

consists of minimizing the quadratic function G,, ny (U; £, g) over W, n, that is, find U €
‘W, ~ such that

gw7N(u7fvg) = inf g’w,N(V7fa g)

VEW,,

The corresponding variational problem is to find Uy € W, n such that

(4.32) .Aw,N(Z/{N; V) = fw’N(V), YV e Ww,N,
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where

Aw,N(uvv) = <V(v . U)t - vp7 V(v ’ S)t - vs>w S,N + V2<v e v v>w,S,N
U=V, S—Vv') o+ (V(rU), V(trS)), oy
I/2<V><U VxS), sy +(V-wV-2)

\ﬁz—&-\ﬁVﬂ

+
<V><K lw,V x K~ >w7D7N+<u-n—w~n,v-n—z-n>
+(vn
+(

w,D,N

\/XW+ VEVqg, w,D,N
w,[',N

vn- (U+UY. n+qu,un~(S+St)~n+rfs>wFN

frmx (U+U")-n+uxn, frnx (S+8") n+vxn) .o

and

‘7:7~U7N(V) = <g’ V. Z>w,D,N - <f’ V(v : S)t - Vs>w,S,N'

The continuity and coercivity of G,, n(U; £, g) is a consequence of that of G,,. which is stated
as follows.
THEOREM 4.4. There exists a positive constant C' such that

1
(4.33) GG < Gun(¥4:0,0) < CIUIE, YU € W .

Proof. Since v(V -U)! —Vp € Q% ,,V-u,V-w € Qy_1, U-Vu' € 93},
#er\/EVq € 9%,andun—w-n,vn-(U+U") n+q—p, Bvnx (U+U!) - n+uxn
are in Py . Hence, by applying (2.7) and (2.4), there is a constant C' such that

%gw(u;o,O) < Gun(U;0,0) < C Gu(U4:0,0).

Therefore the bounds on (4.33) are a consequence of Theorems 4.2 and 4.3 for the Legendre
and Chebyshev approximations, respectively. a

Above we have proved the continuity and coercivity of the least squares functional.
This proves, consequently, the existence and uniqueness of the solution of the Stokes-Darcy
equation by the Lax-Milgram lemma. We are now going to prove spectral convergence of the
proposed Legendre/Chebyshev pseudospectral method.

THEOREM 4.5. Assume that the inequalities (4.18) and (4.19) hold for the Chebyshev
approximation. Suppose that the solution U of (4.2) is in W, N [HZ) (Qs5)* x HE(Qs)? x
H; (Qs) x Hy(Qp)? x HE(Qp)] for some s > 1,and g € HE(Qp), £ € [HS(Q)]?, for
Lk > 2. LetUy € Wy, n be the approximate solution of (4.32). Then there exists a constant
C such that

ld —Un |l < C<le [”UHS,w,S + ||u||5,w,S + ”pHS,w,S + ”WHS,w,D
(4.34)

T lallown] + N lEllos + N’“ngnk,w,n)-
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Proof. Using Strang’s Lemma [2], we get
[Aw (VW) — A v (VW)

- w< f - w
U~ < | inf U= Vot sup

WeW o n VT
4.35)
b o OV - Fun V)
Weny VT

The inequality (2.9) yields
|FoW) = FunOV)| = (9, V- 2)w,p — (F,0(V-S)" = Vs)u,s
(9. V-2)wpn — (£,v(V-8) = Vs)y sn]
(4.36) < CN"fllew,sV(V - S) = Vsllu,s
+CN"gllw,0|V - 2l|w,0
< C(N"IElle,,5 + N [1gllk,0,0) Wl

If we take V € W, ny_1, then by using (2.3) for the interior inner products and (2.6) for the
interface inner products, we have

(4.37) | Aw (VW) = Aw N (VW) =0, WeW,nN.
Hence, by (4.36) and (4.37), the inequality (4.35) becomes

U —Unllw < _inf U = V]w +CN"f]les + N ¥glls.p)-
YVeEW N

Applying (2.2) and (2.8), to the above inequality, results in (4.34) and the proof is complete.
0

5. Implementation and numerical tests. This section provides a brief implementation
of pseudospectral approximation (for details see [18, 19, 27]) and some numerical tests
in order to confirm the spectral convergence of the presented least squares pseudospectral
method for the Stokes-Darcy equations. We note that the numerical examples satisfy the
non-homogeneous boundary condition (1.3). Let Dy be the one dimensional pseudo-spectral
derivative matrix associated to the N 4 1 values of {Onv(&;)} 1L, at LGL or CGL points [6].
The entries of Dy can be computed by differentiating the Lagrange polynomials ¢;. The
LGL and CGL points are reordered from bottom to top, and then from left to right, such that
Xp(N+1)+1 = Xu = (§k, &) for k,1 = 1,..., N. The pseudo-spectral derivative matrix in
the 2-dimensional space is defined via the Kronecker tensor product, that is,

D,=Dy®Iy and Dy=Iy® Dy,

where [y is identity matrix of the same order as D . For the continuous function r we use 1
to denote the vector containing the nodal values, i.e.,

r = (r(zg),... m(:r(NH)z_l))T.
By the definition of discrete scalar inner product, we have
(0, 2)wNn =2 WV and (040,01, 2)w N = (Di,2) W (D, V),

where 1 and ty are z or y, and W = diag{w;} is the diagonal weight matrix. Then, the
problem (4.32) can be assembled.

REMARK 5.1. In the implementation of the discrete least squares method, we use LGL or
CGL points, which are defined in the interval [—1, 1]. If the Stokes-Darcy equation is defined
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TABLE 5.1

qu—discretization errors for Example 5.2.

N| 1Bullw | Balle | 1Bplw | [Bwlle | Bl
Legendre approximation
4 | 4.1080e-03 | 8.5709e-04 | 4.7171e-03 | 1.5724e-03 | 2.7597e-04
6 | 1.2657e-04 | 1.8891e-05 | 1.6569e-04 | 7.0949e-06 | 1.4258e-06
8 | 2.0361e-06 | 3.9323e-07 | 2.7640e-06 | 1.7992e-07 | 6.3527e-08
10 | 4.2830e-08 | 8.6139¢e-09 | 6.0595e-08 | 4.2996e-09 | 1.5640e-09
12 | 2.1704e-11 | 4.3976e-12 | 3.1159e-11 | 2.2377e-12 | 7.9158e-13
14 | 5.4480e-13 | 1.0967e-13 | 7.5334e-13 | 5.3601e-14 | 8.7046e-14
Chebyshev approximation
4 | 9.0684e-03 | 2.8718e-03 | 1.2252e-02 | 4.1880e-03 | 2.1751e-03
6 | 6.0338e-03 | 8.9482e-04 | 6.7867e-03 | 6.0708e-04 | 2.1063e-04
8 | 4.3721e-06 | 6.4370e-07 | 5.5952e-06 | 4.5264e-07 | 1.7633e-07
10 | 2.2318e-09 | 3.2886e-10 | 2.9373e-09 | 2.3635e-10 | 9.7432¢-11
12 | 3.2112e-12 | 4.8785e-13 | 4.4752e-12 | 3.4076e-13 | 5.0783e-13
14 | 2.4990e-12 | 3.8468e-13 | 3.3192e-12 | 2.7540e-13 | 8.7372e-13

in a rectangular domain with a straight line interface, then transformation (2.5) can be used and,
in the case of curved boundary and curve interface, the Gordon-Hall transformation [12, 13]
can be used to transform the domain and equations into a rectangular domain. For a complete
explanation and examples of Gordon-Hall transformation, see [18]. It is noteworthy that a
major advantage of using the Gordon-Hall map and a pseudo-spectral approximation is that
the collocation points always lie on the interface and two neighboring domains 2g and Q2p
share the same nodes on the interface, regardless of the interface shape. Owing to this property,
the error discretization in our method does not include the mismatch parameter introduced
in [22].

In the Examples 5.2-5.4, we take Q = (0,1) x (0,2) with Qp = (0,1) x (0,1), Qs =
(0,1) x (1,2),and T" = (0, 1) x {1}. The results are given for K =1, f =1and v = 1. The
functions U and w can be computed by the definition of U and equation (1.2), respectively. Let
(Un, un, PN, Wi, gn) be the approximate solution of the Stokes-Darcy equations by the
Legendre or Chebyshev least squares method, and let £, = v — vy, for v € {U, u, p, w, ¢}

EXAMPLE 5.2. Let

jus

u; = —cos(5y)sin(5x),

uy = sin(5y) cos(5x) — 1 +x,
p= % -,

q = 2 cos(5x) cos(5y) —y(z — 1),

be the exact solution of the Stokes-Darcy equations. The discretization errors for the Legendre
and Chebyshev approximations are given in Tables 5.1 and 5.2, which show that the spectral
errors decay exponentially with respect to V.

EXAMPLE 5.3. We consider the following velocity and pressure:

u; = exp(z +y) + v,

uy = —exp(z +y) -,

p = cos(wz) cos(my) + = — 1,

g = exp(e +y) — cos(mz) + ye,
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TABLE 5.2
H llu -discretization errors for Example 5.2.

N | lEuliw

[Balliw | [1Bpliw | [1Bwlhw | [[Egliw
Legendre approximation

4 | 3.2723e-02 | 5.3085e-03 | 2.7545e-02 | 1.0885e-02 | 1.6032e-03
6 | 8.2747e-04 | 8.9677e-05 | 7.6937e-04 | 7.0137e-05 | 9.6244e-06
8 | 1.2690e-05 | 1.6098e-06 | 1.2373e-05 | 6.8969e-07 | 1.9330e-07
10 | 2.6403e-07 | 3.4711e-08 | 2.6057e-07 | 1.5299¢-08 | 4.5983e-09
12 | 1.3406e-10 | 1.7682e-11 | 1.3257e-10 | 7.9145e-12 | 2.3791e-12
14 | 3.3360e-12 | 4.4185e-13 | 3.3019e-12 | 1.9394e-13 | 1.1203e-13
Chebyshev approximation
4 | 6.0344e-02 | 1.9460e-02 | 4.5903e-02 | 2.4181e-02 | 7.4832e-03
6 | 4.8013e-02 | 4.9008e-03 | 3.9871e-02 | 3.2964e-03 | 6.8104e-04
8 | 4.5170e-05 | 3.5574e-06 | 3.9833e-05 | 2.5476e-06 | 5.0788e-07
10 | 2.6740e-08 | 1.8907e-09 | 2.3863e-08 | 1.7968e-09 | 4.2169e-10
12 | 3.4081e-11 | 2.7486e-12 | 3.0534e-11 | 2.5228e-12 | 1.0089e-12
14 | 2.2993e-11 | 2.1063e-12 | 2.0430e-11 | 1.5314e-12 | 1.2557e-12

TABLE 5.3
L2 discretization errors for Example 5.3.

N | |Eullw

1Bl | 1Bsle | 1Bwll | Bl
Legendre approximation

4 | 2.6404e-02 | 2.2206e-03 | 3.1493e-02 | 1.3263e-02 | 1.4158e-02
6 | 1.9205e-04 | 2.7308e-05 | 2.9518e-04 | 7.4952¢-05 | 1.9430e-04
8 | 5.8800e-06 | 1.1377e-06 | 8.1192e-06 | 6.6253e-07 | 1.6026e-06
10 | 2.1014e-07 | 4.2258e-08 | 2.9737e-07 | 2.1158e-08 | 1.1566e-08
12 | 2.3002e-10 | 4.6610e-11 | 3.3174e-10 | 2.4346e-11 | 3.4577e-11
14 | 3.6359¢-12 | 7.2209e-13 | 5.2272e-12 | 3.4598e-13 | 2.3270e-13
Chebyshev approximation
4 | 9.2662e-02 | 8.3589e-03 | 1.9296e-01 | 1.6701e-01 | 1.2027e-01
6 | 1.7560e-02 | 2.5955e-03 | 1.9743e-02 | 2.7258e-03 | 1.3267e-03
8 | 1.0442e-05 | 1.5550e-06 | 1.3321e-05 | 1.7008e-05 | 6.2780e-06
10 | 6.4516e-09 | 5.8487e-10 | 2.9639e-08 | 9.5675e-08 | 3.4423e-08
12 | 2.3514e-11 | 1.3861e-12 | 1.1828e-10 | 3.8769e-10 | 1.3310e-10
14 | 1.8150e-12 | 2.5433e-13 | 2.0914e-12 | 1.1649¢e-12 | 7.0745¢e-13

as an exact solution of the Stokes-Darcy equations. The discretization errors for Example 5.3,
corresponding to both Legendre and Chebyshev approximations, are displayed in Tables 5.3
and 5.4, which show spectral convergence of the errors.

EXAMPLE 5.4. In this example, let the exact solutions of the Stokes-Darcy equation be

u; = — cos(mz) sin(my),
up = sin(wx) cos(my),

p = sin(mz) — 2,

q = ysin(wx).

The discretization errors for Example 5.4, for Legendre and Chebyshev approximations, are
presented in Tables 5.5 and 5.6, which show the spectral convergence of the proposed method.
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TABLE 5.4
H] -discretization errors for Example 5.3.

N ‘ [Eulltw ‘ [Eull1w ‘ [ Epll1,w ‘ [ Ew 1w ‘ 1 Eqll1.w
Legendre approximation
4 | 1.3215e-01 | 1.7397e-02 | 1.3532e-01 | 4.5072e-02 | 8.5626e-02
6 | 1.3939e-03 | 1.3215e-04 | 2.1471e-03 | 7.0086e-04 | 2.0271e-03
8 | 3.6775e-05 | 4.6533e-06 | 4.2075e-05 | 6.5112e-06 | 2.3921e-05
10 | 1.2957e-06 | 1.7029e-07 | 1.2889¢-06 | 8.3257e-08 | 1.7150e-07
12 | 1.4231e-09 | 1.8742¢-10 | 1.6128e-09 | 1.6877e-10 | 8.1357e-10
14 | 2.2358e-11 | 2.9318e-12 | 2.2384e-11 | 1.3511e-12 | 2.8244e-12
Chebyshev approximation
4 | 5.9432e-01 | 6.7927e-02 | 5.6767e-01 | 9.3997e-01 | 2.6007e-01
6 | 1.3963e-01 | 1.4179e-02 | 1.1610e-01 | 3.3371e-02 | 5.3978e-03
8 | 1.0941e-04 | 8.7607e-06 | 1.0793e-04 | 4.6644e-04 | 5.4721e-05
10 | 7.6404e-08 | 4.9536e-09 | 3.7317¢-07 | 3.8397e-06 | 3.7447¢-07
12 | 2.4672e-10 | 1.6459¢-11 | 1.7773e-09 | 2.0613e-08 | 1.7421e-09
14 | 1.5384e-11 | 1.4745e-12 | 1.4958e-11 | 7.8129¢-11 | 5.9324e-12
TABLE 5.5
qu—discretizati()n errors for Example 5.4.
N| lBullw | lBallw | [Bplw [Ewlw | [Eqllw
Legendre approximation
4 | 2.0737e-01 | 4.0619¢-02 | 2.5063e-01 | 5.1443e-02 | 1.2925e-02
6 | 3.7222e-03 | 7.7173e-04 | 5.1587e-03 | 7.6340e-04 | 1.8120e-04
8 | 1.4605e-04 | 2.9422¢-05 | 2.0442e-04 | 1.5607e-05 | 5.4847e-06
10 | 8.1525e-06 | 1.6335e-06 | 1.1492e-05 | 8.0811e-07 | 2.9278e-07
12 | 1.0081e-08 | 2.0173e-09 | 1.4291e-08 | 9.9919¢-10 | 3.6071e-10
14 | 3.1499e-11 | 6.3004e-12 | 4.4846e-11 | 3.1132e-12 | 1.1138e-12
16 | 4.3518e-12 | 8.7959¢-13 | 6.2548e-12 | 4.4551e-13 | 1.2082¢-13
Chebyshev approximation
4 | 1.4916e-01 | 3.4011e-02 | 6.5356e-02 | 7.8975e-02 | 2.3771e-02
6 | 1.8656e-02 | 2.9435e-03 | 2.1295¢-02 | 2.2268e-03 | 7.7432¢e-04
8 | 6.2222e-05 | 1.0750e-05 | 7.3509¢e-05 | 1.1832e-05 | 3.1119e-06
10 | 5.2815e-07 | 8.4915e-08 | 6.6412¢-07 | 7.8161e-08 | 2.3058e-08
12 | 3.5054e-09 | 5.4157e-10 | 4.5602¢-09 | 4.2674e-10 | 1.4341e-10
14 | 1.8411e-11 | 2.7520e-12 | 2.4454e-11 | 1.9514e-12 | 6.3886e-13
16 | 5.0970e-13 | 4.2134e-14 | 8.1079¢-13 | 1.6911e-14 | 8.1472e-15

EXAMPLE 5.5. This example is taken from a real engineering application on a domain of

100 by 100 meters, with material parameters K = 8.25e-5, v = le-4 and 8 = 2@ [23]. The
boundary conditions used for this example are the following:

w-n = §sin(g552), onl'y,
u=(0,-1), on 'y,
w-n=0>0, on['s,
T -n=0, on ['y;

the schematic domain is depicted in Figure 5.1.
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H llu -discretization errors for Example 5.4.

N | Bulhw | 1Baliw | 1Bdhw | 1Bwlhe | [Edhw
Legendre approximation
4 | 1.3669e+00 | 1.5956e-01 | 9.8057e-01 | 2.8906e-01 | 4.0020e-02
6 | 2.8122e-02 | 3.5718e-03 | 2.1866e-02 | 7.4118e-03 | 5.4998e-04
8 | 9.1746e-04 | 1.2056e-04 | 8.8322e-04 | 1.0136e-04 | 1.6028e-05
10 | 5.0324e-05 | 6.5931e-06 | 4.9613e-05 | 2.9522¢-06 | 8.6341e-07
12 | 6.2704e-08 | 8.1849e-09 | 6.1605e-08 | 4.7224e-09 | 1.0613e-09
14 | 1.9662e-10 | 2.5598e-11 | 1.9320e-10 | 1.5633e-11 | 3.2990e-12
16 | 2.7066e-11 | 3.5403e-12 | 2.6773e-11 | 1.5720e-12 | 4.5047e-13
Chebyshev approximation

4 | 1.2642e+00 | 2.5036e-01 | 3.4214e-01 | 6.0876e-01 | 1.4714e-01
6 | 1.5470e-01 | 1.7923e-02 | 1.2343e-01 | 1.9292e-02 | 4.7021e-03
8 | 7.0277e-04 | 1.2235e-04 | 4.5845e-04 | 2.1130e-04 | 6.1141e-05
10 | 6.3597e-06 | 1.0156e-06 | 4.5517e-06 | 1.6659¢-06 | 4.9462e-07
12 | 4.2259e-08 | 5.7641e-09 | 3.2941e-08 | 8.8438e-09 | 2.6285e-09
14 | 2.1936e-10 | 2.4510e-11 | 1.8144e-10 | 3.3905e-11 | 9.9318e-12
16 | 6.087%-12 | 3.8101e-13 | 5.3604e-12 | 1.7201e-13 | 3.1977e-14

Since the exact solution is not known, we are not able to compute the errors as we did in
previous examples. However the least squares functionals establish an effective and reliable
error estimator. To demonstrate the efficiency of our least squares method we compute the
least squares functional. The numerical results are given in Table 5.7, which shows the spectral
convergence of the proposed method.

l—‘2

s I
r

D Ta
T

FIG. 5.1. Schematic domain 2 for the Stokes-Darcy equation of Example 5.5.

6. Conclusion. This paper combined least squares technique and pseudospectral method
to approximate the solution of Stokes-Darcy equations. The gradient of velocity is introduced
as a new independent variable in the Stokes subsystem, and the Stokes-Darcy equation is recast
into a first order system of equations. The first order system is then extended by gradient and
curl operator in the Stokes subsystem and curl operator in the Darcy subsystem. The least
squares functional is defined as a combination of

a. the squared L2 -norm of residuals in a Stokes subsystem scaled by the viscosity
constant v,
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TABLE 5.7
Discretization errors for Example 5.5.

N ‘ gw,S(Uvuvp; f) ‘ gw,D(Waq;g) ‘ gw,I(Uvuvpvvv?CI)
Legendre approximation

4 1.2665e-01 2.0889e+00 2.7733e-03
6 1.3629¢-04 1.8208e-03 4.4932e-05
8 3.3024e-08 4.5319e-07 1.2915e-07
10 4.2467e-12 2.1770e-10 5.0023e-09
12 6.3643e-15 2.2204e-14 2.3257e-12
Chebyshev approximation
4 3.6097e-01 4.1110e+00 2.4055e-02
6 4.0788e-04 5.8283e-03 9.5122e-05
8 9.2369¢-08 9.3731e-07 4.9744e-07
10 6.7283e-12 7.0756e-11 3.0396e-09
12 3.0911e-13 3.6242¢-12 2.0451e-11

b. the squared L2 -norm of residuals in a Darcy subsystem,
c. the squared L2 -norm of residuals of interface conditions.

Continuous and discrete homogeneous least squares functionals for Legendre approxima-

tion is shown to be fully H'! elliptic, and for Chebyshev approximation are shown to be equiva-
tentto [U[Z, s+ 002 4 [l oy s 1011 5+ W11 a0+ w2l 1 llallZ
that is, the Chebyshev least squares functional is equivalent to the weighted div-curl product
norm. The spectral convergence for both Legendre and Chebyshev pseudospectral methods are
derived. To illustrate the analysis, several numerical tests are given. The proposed method can
be applied to the Stokes-Darcy equations in three-dimensional space with no essential changes.
It can also be applied to the Navier-Stokes-Darcy equation in two and three dimensions
requiring, however, more analysis.
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