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CONVERGENCE OF THE CYCLIC AND QUASI-CYCLIC
BLOCK JACOBI METHODS*

VIERAN HARIT AND ERNA BEGOVIC KOVACH

Abstract. This paper studies the global convergence of the block Jacobi method for symmetric matrices. Given
a symmetric matrix A of order n, the method generates a sequence of matrices by the rule A*+1) = U/ kT AR Uy,
k > 0, where Uy, are orthogonal elementary block matrices. A class of generalized serial pivot strategies is introduced,
significantly enlarging the known class of weak wavefront strategies, and appropriate global convergence proofs are
obtained. The results are phrased in the stronger form: S(A’) < ¢S(A), where A’ is the matrix obtained from A
after one full cycle, ¢ < 1 is a constant, and S(A) is the off-norm of A. Hence, using the theory of block Jacobi
operators, one can apply the obtained results to prove convergence of block Jacobi methods for other eigenvalue
problems such as the generalized eigenvalue problem. As an example, the results are applied to the block J-Jacobi
method. Finally, all results are extended to the corresponding quasi-cyclic strategies.
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1. Introduction. The main incentive for writing this paper was a need to expand the
class of “convergent strategies” for the block Jacobi method for symmetric matrices. With
a large choice of classes at our disposal we can prove global convergence of other block-
wise or element-wise Jacobi-type methods and even apply it to related problems, e.g., to the
generalized eigenvalue or singular value problem; see [29]. The techniques we are about to
employ use the theory of block Jacobi operators, which was described in [18].

Over the last two decades the Jacobi method has emerged as a method of choice for
the eigenvalue computation for dense symmetric matrices. This is mostly due to its inherent
parallelism and high relative accuracy on well-behaved matrices. Although the original method
is very old [23] and it had been one of the first methods to be implemented on computers, it was
forgotten in the 1970s after appearance of the QR and Divide and Conquer method. Already in
1971, Sameh [31] showed how to adapt the serial Jacobi method to parallel processing. Later,
in 1992, Demmel and Veseli¢ [4] proved high relative accuracy of the method on well-behaved
symmetric positive definite matrices. Following their breakthrough, the method came back to
the focus of the current researchers. Drmac and Veseli¢ [7, 8] showed that, even on standard
one-processor computers, the method can be modified to become faster than the QR method
while still retaining its distinguished property: high relative accuracy. Nowadays, the Jacobi
method is well understood. On the one hand, its asymptotic convergence was considered
in [15, 30, 35], and its global convergence was studied in [9, 10, 11, 16, 21, 22, 24, 25, 28, 32].
On the other hand, its high relative accuracy was considered in [4, 26, 27, 34], while its
efficiency was investigated in [7, 8]. The method has also been implemented as a standard
LAPACK routine.

With the development of CPU and GPU parallel computing platforms, it has been found
that a sensible way of increasing numerical efficiency of the method involves using a one-
sided algorithm, together with BLAS 3 subroutines, which can nicely exploit cache memory
hierarchy. The matrix description of such a method is called the block Jacobi method. This
block method is always implemented as a one-sided block (Jacobi or J-Jacobi) algorithm
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because high efficiency and high relative accuracy are warranted then. However, in the global
and asymptotic convergence considerations, the results are cast in terms of a two-sided block
Jacobi method. The first global convergence results for the block Jacobi methods were given
in [3, 5, 18, 19, 20]. These papers considered the most common serial pivot strategies and
strategies equivalent to them.

The aim of this paper is to further develop the global convergence theory for the block
Jacobi method and to provide a large class of usable pivot strategies for which convergence
can be established rigorously. In general, our class consists of more than 4 - 2! - 3!-.-m!
cyclic strategies, where m is the number of block-columns in the block-matrix partition of a
symmetric matrix of order n. These strategies include the weak wavefront ones from [32] and
many others. As a byproduct of this research, we can now prove that every cyclic (element-
wise or block) Jacobi method for symmetric matrices of order 4 is globally convergent;
see [1, 2]. In addition, we consider a similar class of quasi-cyclic strategies and derive the
corresponding convergence results. The block analogue of the strategy that is used in the
LAPACK implementation of the Jacobi method lies in that class.

The convergence results are given in the “stronger form”,
S(A") <cS(4), 0<e<]1.

Here, A is the initial symmetric matrix of order n, A’ is obtained from A after applying one
sweep of some cyclic or quasi-cyclic block Jacobi method, S( ) is the departure from diagonal
form, and c is a constant depending on n and the block-matrix partition but not on A. Such a
result allows for the use of the theory of block Jacobi operators. Hence, it can be utilized to
prove the global convergence of other Jacobi-type methods, designed for different eigenvalue
problems. As an application, we will apply it to the block J-Jacobi method from [20]. Some of
the results presented here can be found in the unpublished thesis [1].

The paper is divided into six sections of the main text and an appendix. In Section 2 we
present the basic concepts linked to a block Jacobi method for symmetric matrices. Special
attention is paid to cyclic and quasi-cyclic pivot strategies and to the ways of enlarging
significantly the number of “convergent strategies”. The concepts of equivalent, weakly
equivalent, and permutation equivalent strategies are used. Another useful tool is introduced,
the so-called block Jacobi annihilators and operators for symmetric matrices, and some basic
results related to them are proved. In Section 3 we introduce a class of generalized serial
strategies and prove the corresponding global convergence results. In Section 4 we briefly
introduce a similar class of quasi-cyclic pivot strategies and prove the appropriate convergence
results. As an application, in Section 5 we prove the global convergence of the block J-Jacobi
method under the strategies from the newly introduced classes. Section 6 announces future
work. Finally, to make the paper easier to read, we move all lengthy and technical proofs to
Appendix A.

2. Basic concepts and notation. We introduce the basic definitions linked to the block
Jacobi method for symmetric matrices. Special attention is paid to the cyclic and quasi-cyclic
pivot strategies. Later we deal with more advanced concepts like the block Jacobi annihilators
and operators.

2.1. Block Jacobi method. Let A be a square matrix of order n and let 7 be an integer
partition of n,

2.1 = (n1,na,...,Nm), n;>1,1<i<m, ni+ng+---+n,=n
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Then 7 determines the block-matrix partition of A,

A A o Ay ny
Asp Aso Ao, o
2.2) A= . . . -
Aml Am2 N Amm Nm
where the diagonal blocks A1y, ..., A, are square matrices of order ny, ..., n,,, respec-

tively. Relation (2.2) will be schematically denoted by A = (4,5).

Since we consider the global convergence of the block Jacobi method for symmetric
matrices, we assume that A is symmetric. A block Jacobi method is determined by the partition
m, some pivot strategy, and the algorithm. The partition is chosen in accordance with the
capacity of the hierarchical cache memory of the computer. Typically, the code presumes
Ny =MNg =" = Npm_1, Ny =N — (m—1)n; < ny. Inour analysis we consider it arbitrary
but unchanged over the iterations. Actually, there are situations when it makes sense to change
7 during the process, but these are linked to the asymptotic convergence of the method.

The block Jacobi method uses orthogonal elementary block matrices as transformation
matrices. An orthogonal elementary block matrix U,; has the form (see [18])

I
Ui Uij n;
Uij = I ifi < j, or
(23) J 27 7 J
[1
| I

where it is presumed that the block-matrix partition is determined by 7 from the relation (2.1).
Since 7 and j address the blocks, they can be called block pivot indices, but for brevity we
simply call them pivot indices. Similarly, (i, j) is the pivot pair and

(2.4) Ui = {gj gjﬂ ifi<j, or Uj=U; ifi=j,
is the pivot submatrix of U,;. When the indices (i, j) are clear from the context, we will
also write U instead of ﬁ” We can build an orthogonal elementary block matrix using the
function £ which imbeds any orthogonal matrix U of order n; + n; (or n; if ¢ = j) into the
identity matrix I,,, so that U;; = £(3, j, U ) implies U’ij = U. The mapping € depends on the
partition 7.

Each block Jacobi method is an iterative processes of the form

(2.5) AFD) — gl A®y, - k>0, A® =4,

where Uy, kK > 0, are orthogonal elementary block matrices. Let AR = (Ag;)) We
say that A(F+1) is obtained or generated from A®) at step k via the recursion (2.5). Let
U = E(i(k),j(k),Ug). Then i(k), j(k) are the pivot indices and (i(k), j(k)) is the pivot
pair at step k. For brevity, we will often omit k£ and denote the pivot indices simply by i, j
and the pivot pair by (4, j). The way of selecting the pivot pair at each step is called a pivot
strategy.
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At step k the block Jacobi method diagonalizes the pivot submatrix of A*). Thus, if
i < j, the pivot blocks Al(f) and A;{f) are annihilated and the affected diagonal blocks A,Ef)

and Ay;-) are diagonalized. If A®) denotes the pivot submatrix of order n; + n; at step k, it is
transformed as follows:

Ak+D) 0 g®  ®) A% A(k) g® k)
(2'6) 7 k+1 J— ’le e 7];;1 % llk T
0 AU vy <’> (4l A( v v <’>

where A( 1 and A(kJr ) are diagonal. If ¢ = j, then just Agf) is diagonalized. For the

dlagonahzatlon of the p1v0t submatrix, one can choose any method for solving the symmetric
eigenvalue problem. Typically, one applies a standard (element-wise) Jacobi method for its
high relative accuracy [26] and efficiency on nearly diagonal matrices.

As has been explained in [18], it is preferable to preprocess the initial matrix by m block
Jacobi steps with pivot pairs (1,1),...,(m,m) so that in the starting matrix the diagonal
blocks are actually diagonal submatrices. This preprocessing is depicted below for the case
T =(3,2,1,2):

[z = x|z x|z |z z [z 0 O|zxz x|z |z =
r T xz|x x|z |xT T 0 =z O|lx a|xz|xz =
r x x|x x|x|xT T 0O 0 z|2 zz|z|x =«
A= |z = zjz zlzlz — A(O): zr x x|z O0|lx|lzxz =z
r x x|z x|x|xT T zr x x|z =z |ax|lxz O
Lz o x|z x|z |z x] Lz = x|z x|x |0

Once the diagonal blocks are diagonalized, all later steps will preserve that property. It means
that at each step the pivot indices will satisfy ¢ < 7, which unifies and simplifies the algorithm.
In this regard the blocks A;; and A;; on the right side of the relation (2.6) can be replaced by
Ay; and A, respectively. Therefore, in the sequel it is presumed that the diagonal blocks of
each A®) are diagonal and for the pivot indices i < j holds.

2.2. Pivot strategies. Each pivot strategy can be identified with a function I : Ny — P,,,
where Ng = {0,1,2,3,...} and P, = {(r,9)|1 <r < s <m}. If I is a periodic function
with period 7', then we say that I is a periodic pivot strategy. In this paper we consider two
types of periodic strategies: cyclic and quasi-cyclic ones.

IFT = M = ™2 and {(i(0), j(0)), (i(1), (1), ... (T — 1), §(T — 1))} =
then we say that the pivot strategy is cyclic. It immediately follows that during any M
successive steps of the method, all off-diagonal blocks are annihilated exactly once. Such
block Jacobi method is also said to be cyclic and the transition from A(("=DM) to A(M) jg
called the rth cycle or sweep of the method.

If T > M and {(¢(0),5(0)), (i(1),4(1)),..., (T — 1),5(T — 1))} = Py, then the
strategy is called quasi-cyclic. Thus, during any 7' successive steps of the method, each
off-diagonal block is annihilated at least once. The corresponding block Jacobi method is
called quasi-cyclic and the transition from A(("=DT) to AC'T) is called the rth quasi-cycle or
sweep of the method.

Let us examine cyclic and quasi-cyclic strategies more closely. For S C P,,, we denote
by O(S ) the set of all finite sequences containing the elements of S, assuming that each
pair from S appears at least once in each sequence. If [ is a cyclic or quasi-cyclic strat-
egy with period T, then O; stands for the sequence 1(0),1(1),...,1(T — 1) € O(P,,
generated by the first T' steps (i.e., by the first sweep) of the method. Conversely, if
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O e O(Pm), O = (i0,J0)s (41,71)s - - - » (ir—1, j7—1), then the periodic strategy I is de-
fined by 1o (k) = (ir(k), Jr(k)), Where 7'( ) is the unique integer satisfying 0 < 7(k) < T —1
and k = 7(k)(mod T), k > O

These two functions, O — I» and I — Oy, enable us to investigate the cyclic and
quasi-cyclic strategies by studying the sequences from O ). Note that, if [ is cyclic, then
Oy is simply an ordering of P,,,. We will also use the term prOt ordering in this case, while if
1 is quasi-cyclic, we will use the term pivot sequence.

An admissible transposition of O € O (8), S C Py, is any transposition of two adjacent
terms in O,

(irajr); (ir+1>jr+1) — (7;'r+17jr+1); (ir7j7‘)7

provided that the sets {i,., j,- } and {é,41, j,+1} are disjoint. We also say that such pairs (i,., j;)
and (iy41, jr+1) commute. The number of pairs in O is denoted by |O] and it is called the
length of O.

DEFINITION 2.1. Two sequences O, 0’ € O(S) S C Py, are said to be

(i) equivalent (we write O ~ () if one can be obtained from the other by a finite set of
admissible transpositions;

(ii) shift-equivalent (O % O') if O = [0y, 03] and O' = [0z, O4), where [, | stands
for concatenation and the length of Oy is called s(hgflt length;

(iii) weakly equivalent (O ~ (') if there exist O; € (J(S), 0 < i < r, such that every
two adjacent terms in the sequence O = Oy, 01, ...,0, = O are equivalent or
shift-equivalent.

One can verify that ~, ~, and ~ are equivalence relations on O (S). If three or

more sequences are connected by ~ or ~ one can omit the mid terms because of the

transitivity property of equivalence relation. Hence, if O ~ (0, then there is a sequence
O =0y,04,...,0, =0 such that

(2.7) either Oy~ 01~ Oy~ O3 ~0Oy... or Qg2 01 ~0s2035~0y....

Two pivot strategies I and I are equivalent (resp. shift-equivalent, weakly equivalent) if the
corresponding sequences @ and OO’ are equivalent (resp. shift-equivalent, weakly equivalent).
and the

L)

The most common cyclic pivot strategies are the row-cyclic one, I,y = Ip
column-cyclic one, I, = Ip
orderings of Pp,:

row ?

which are defined by the “row-wise” and “column-wise

col ?

Orow = (172)a (1’3)7 SRR (Lm)a (273)7 AR (va)a ERRE) (m - 1am) and
Ot = (1,2),(1,3),(2,3), ..., (1,m), (2,m), ...,...,(m —1,m).

The common name for them is serial strategies. The cyclic pivot strategies which are equivalent
(resp. weakly equivalent) to the serial ones are also called wavefront (resp. weakly wavefront)
strategies; see [32].

DEFINITION 2.2. Let O € (D(S), 8 C Py, O = (i0, jo), (i1, 41); - - -, (ir, jir). Then

0" = (iT”j?”)v' ) (ilajl) 7’07]0 € O

is the reverse (or inverse) sequence to O. If S = Py, we say that the pivot strategy 1§ = 1o«
is reverse (inverse) to 1o.
Obviously, we have O = O and hence [p«« = I for O € 0(77
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LEMMA 2.3. Let 0,0’ € 0(3) S C Py. Then O' X O ifand only if O’ X OF.

Proof. From formula (2.7), we see that it is sufficient to prove the assertion for the relations
~ and ~. Let O and O¢ be as in Definition 2.2. Suppose O’ is obtained from O by applying
one admissible transposition. Then for some 0 < ¢ < r we have {is, j: } N {11, jer1} = 0.
Ift > 1, then

O/ = (i07j0)a ) (it—lajt—1)7 (it-‘rla.jt-i-l)v (itajt)7 B (iT'ajT')7
O/<_ = (i’l‘7j’l‘)7 LI (itajt); (it+17jt+1)7 (Z.tflmjtfl)a ey (iO;j0)7

and obviously O’ ~ O<. Ift = 0, O = (i1,51), (i0.J0),- -, (ir,jr) and
O = (ir,jr), -, (0, Jo), (i1, 1), so we also have O’ ~ O . If (0 is the result of
applying more than one admissible transposition to O, then the proof proceeds by applying
the above argument several times.

Suppose that O’ ~ O holds. By the implication proved in the preceding paragraph
we have O’ ~ O, and this is the same as O’ ~ O.

Now, let @' 2 O. Suppose O’ = (iz11,7¢41),- - - » (irs Jr), (105 J0), - - - » (it, 5¢). Then

O = (it,jt)s---, (i0,50)s (irsJr)s -+ (ie41,¢41), which is shift-equivalent to
O = (ir,gr), ..., (i1, 51), (i0, jo) with shift equal to 7 — t. Now we know that O’ ~ O
implies O’ & O *, and this is the same as O’ ~ O. ]

To visually depict an ordering O of P,,, we make use of the symmetric matrix Mo = (m,.;)
of order m, defined by the rule

mi(k)j(k) ij(k)i(k) :k‘, k:O,l,...,M—l, M:m(m—l)/?.

We set m,., = —1, 1 < r < m, but since the pairs (r,7) do not appear in O, we will rather
use * to represent —1.
EXAMPLE 2.4. As an illustration, we depict the matrices Mo« and M@C; for m = 5.

* 9 8 7 6 * 9 8 6 3
9 x 5 4 3 9 %« 7 5 2
MO«— = 8 5 x 2 1 s Moz— = 8 7 x 4 1
7T 4 2 % 0 6 5 4 % 0
6 3 1 0 = 3 2 1 0 =«

These two matrices give us information on the order in which the off-diagonal blocks in the
block-matrix from (2.2) are annihilated during each cycle.

2.2.1. Permutation equivalent strategies. Let us introduce yet another equivalence
relation on O (P,) and on the set on cyclic and quasi-cyclic pivot strategies.

Two pivot orderings O, O’ € O(Pm) are permutation equivalent if Mo, = PMoP?
holds for some permutation matrix P. In that case we write O’ L O and ], o’ R o. Recall
that each permutation matrix P of order m is defined by some permutation p of the set
Sm ={1,2,...,m} via the relation

(2.8) Pe, = ey, 1<r<m.

Here I,, = [e1,...,€m]. The mapping p — P is an isomorphism between the symmetric
group on the set S,,, and the group of permutation matrices of order m. If X = (z,4) is
any square matrix of order m, then PXPT = (Tp—1(r),p-1(+))- Hence, if O is permutation
equivalent to O and Mo = (m;¢), M5 = (M), then my(,)5+) = My holds for all r, .
This relation shows that the (r, ¢)-element of Mo becomes the (p(r), p(t))-element of M 5.
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Therefore, if 6 R Oand O = (io,jo), ey (’L'M,17j]L{,1), then 5 = (p(Zo), p(jo)), ey
(P(iar—1), P(jar—1)). Here it is presumed that in the case p(i) > p(j), the pair (p(¢), p(j)) in
the ordering O is replaced by (p(j), p(%)).

EXAMPLE 2.5. Letm = 4, S, = {1,2,3,4}, O = (1,2 L(2,4), (3,4), (1,3),
1 2 3 4 1 2 3 4
(1,4) and P = [eg, e4,€e3,€1] so that p = (2 13 1) (4 1 3 92 )
PT = [e4, €1, €3, €2]. Let O be such that Ma = PMoPT. Since
el *x 0 4 5 * 5 3 2
T
o 1a 0 = 1 2 |5 * 4 0
Mo=1er||a 1 « s|lewenesel= g 4 o |
e |15 2 3 = 2 0 1 x

we have O = (2,4), (3,4), (1,4), (1,3), (2,3), (1,2). On the other hand, we have

(P(1),p(2)), (p(2),p(3)), (P(2), P(4)),(P(3), P(4)), (P(1), p(3)),(p(1), p(4))
(274)3( 74)7(]"4)7(]‘?3)’( 73) ( ):6

Now it is easy to extend the notion of permutation equivalence from pivot orderings to
pivot sequences from (O (P,,,)

DEFINITION 2.6. Let O = (io, jo), (i1,41), -, (ir—1,j7-1) € O m), T > M. The
sequence O’ € O ) is permutation equlvalent t0 O, and we write O’ £ O, O, if there is a per-

mutation q Ofthe SEIS such that O' = ( ( )a q(]O))a (q( )7 q(]1>)7 L) (q(iT—1)7 q(jT—l))'
Then O’ is denoted by O(q).

Since © = O(e), where e is the identity permutation, we have O £ O. If @' = O(q) then
O =0'(q7h). Alsoif O’ = O(q) and 0" = O'(q’), then O” = O(q’ o q), where o denotes
the binary operation in the permutation group, which is simply the composition of functions.
We conclude that 2 is an equivalence relation on the set O ). Note that O, = O,._1(q.),
1 <r <t implies O; = Og(q) withq =qzoqe—1 0+ - oql

LEMMA 2.7. LetO 01,0,5,05,0, € O(P,, ).

(i) IfFO~ X0, R Oy, then there is O € O ) such that ORO XN O,

(ii) If(’) R O3 X Oy, then there is Oc O such that OX O R (’)4

Proof. (i) It is sufficient to prove this assertion for the two cases: (a) ~ is reduced to ~
and (b) ~ is reduced to ~.

(a) It is sufficient to assume that the sequence O, is obtained from O by applying one
admissible transposition. Let O = (i, Jo), - - -y (¢ry Gr)s (brg15 Grt1)s - - -5 (b7 —1, jT—1) With

{ir7jr}m{ir+1ajr+l} = @ so that Ol :(i07j0)7 ey (ir+17jr+l)7 (iT’jT)7 ey (Z-T—la.jT—l)‘
If O2 = O4(q), then

Oy = (Q(io),(](jo)), L] (q(iT+1)7q(jr+1))a (q(iT)a q(jT))a ) (q(iT—l)a q(jT—l))'

Since q is a bijection from S,,, onto itself, we have {q(i,),q(j,)} N {a(ir+1), a(Gry1)} = 0.
Therefore, we can set O’ = O(q), i.e.,

O’ = (q(i0),a(jo)); - - -» (air), a(ir))s (A(ir1), A(Gr1))s - - -5 (Qliz—1), (dr—1))-

(b) Let O be as in case (a) and assume that the cut has been made after the term
(ir, jr), s0 that O1 = (ir41, rs1),- - - (i7—1, J7-1), (90, Jo), - - -, (ir, jir). Let O = O1(q)
= (Q(ir+1),A(Fr+1)), - -+, (@lir-1), a(ir-1)), (4(i0), a(do)), - - - » (a(ir), a(jr)). Obviously,
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we can define O’ to be the same as in case (a). To obtain Q5 from O, one has to make the cut
just after the term (q(4,-),q(j)), i.€., to use the shift r + 1.

(ii) The proof is quite similar to the proof of (7). First, consider the case when ~ is
reduced to ~, and ~ is given by one admissible transposition that interchanges the terms at
positions 7 and r + 1 as in case (a) above. Let O be as in case (7) and denote O3 = O(q).
Then Oy is the same as O, provided that q is replaced by q and O is like ;. Next, consider
the case when ~ is reduced to ~ and O3 = O(q). Assume that the cut has been made as in
case (b) behind the term (q(4, ), q(j»)). Then Oy is the same as Os (from case (b)) provided
that q is replaced by § and O is like O;. 0

PROPOSITION 2.8. Let O, 0", 01,005,005, ...,09 € O(Pm), t>11If

(2.9) ORO RO, X030, % - X0y 1 R0y X O,

then there exist O)), Oo € O(Pm) such that O X oL~ O and O X Oy R O N
If Oz = Ozp1(ar), for 1 < r < t, then O) = O(q) and O = Oy(q) with

q=9t°q¢-10---04Q1.
Proof. Using assertion (7) (resp. assertion (7)) of the previous lemma, one can gradually

move all appearances of 2 to the left (resp. right) end of the chain (2.9). First, the leftmost
(resp. rightmost) £ is moved. The leftmost (resp. rightmost) part of the chain takes the form

o0 'E/ 0/1 ~ OQ ~ 03 '\p/ 04 cee (resp. s Ogtfg fE’ 021572 ~ Oztfl ~ (5215 '\p/ O/)

Note that two consecutive ~ can be replaced by one, so we can remove Oy (resp. Q1) from

the obtained chain. Next, & that links O3 and Oy (resp. Og¢_3 and Og;_5) is moved. The
leftmost (resp. rightmost) part of the chain takes the form

P P w w w WS Py P
O~ 0/1 ~ Oé ~ 04 ~ 05 v (I'CSP. s OQt_4 ~ Ozt_g ~ Ozt_g ~ Ogt ~ O/)
Continuing this way one ultimately obtains

(2.10) oRo ROk RO, RO, N
(resp. @ ~ 01 ~ (52 ,R, e fF\)/ (5%72 fF\)J (5% '\p/ O/)

Here Oy (resp. O;) can be removed. Note that 2 is an equivalence relation. Hence by the
transitivity property, the leftmost part of the chain O £ 04 2 @4 £ ... & 0}, | can be
replaced by O 2 04,4 (and similarly for the rightmost part of the chain). To complete the
proof of the first assertion one has to rename 0%, _; as O} (resp. Oy as O).

The proof of the second assertion is the same, but one can use more information.
Now, from the proof of the preceding lemma we know that in the final chain (2.10) we
have O] = O(q1) and O}, _; = 04, _3(qy), for 2 < r < ¢, (resp. O' = O(q;) and
Oar = Og_2(dr-1), 2 < r < t). Hence O) = O%,_; = O(q) (resp. O’ = O2(q) = Op(q))
withq=q;o0q;_10---0q. 0

Obviously, the first or the last (or both) appearance of ~ in the chain (2.9) can be omitted
provided that O = O; and O’ = Oy, (resp. O = O and O' = Oy;).

Two sequences O, 0’ € O(Pm) can be linked via a long chain like (2.9), which may
include all equivalence relations ~, Fi, ~, and X introduced so far. Proposition 2.8 shows that
each such chain can be reduced to a short chain that uses just one 2 and one ~. Furthermore,
weak equivalence can be written in the most compact form (2.7).
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DEFINITION 2.9. Two sequences O, 0’ & O(Pm) are connected by a chain of equiv-
alence relations if there exist Oy,...,0, € O(Pm), r > 0, such that in the sequence O,
O1,...,0,,0" each two neighboring terms are linked to ~, ~, ~, or . The chain is in
canonical form if it looks like (2.7) with one 2 placed in front of it or after it.

We conclude that every chain of equivalence relations can be reduced to the canonical form.

Let us return to the block matrix A from relation (2.2). To a partition 7 = (n1, ..., )
we associate the n-tuple (s1, ..., Sm),
8; = Si—1 +ny, 2<i1<m, s1=n.
Note that the sequence of the first n natural numbers, 1,2, ..., n, can be written as 1, ..., sq,
s1+1,...,89,...,8m—1+1,...,Sm, which is the same as
s1—m1+1,...,81,8 —no+1,...,8,....80 —Nm+1,...,8m.
Here, s, — n, + 1,...,s, are indices of the columns (resp. rows) which define the rth

block-column (resp. block-row) of A. Let O € P, and O = O(p) so that we have
O = (p(io), p(jo)), (P(i1),P(j1)),-- -, (P(ir—1), P(jr—1)). The permutation p of the set
S, =1{1,2,...,n} associated with p is defined by:
_( s1—m1+1, ... S1, So—mno +1, ... Sm—Nm +1, ... S, )
Sp(1) ~Mp(1) T L Sp(1)s Sp(2) Mp(2) L Spam) = Mp(m) + Lo Sp(m)
Using the same rule (2.8), we obtain the permutation matrix P of order n, associated with
p. It satisfies Pe; = epy), 1 <t < n. The matrix P has the form P = [E,q) - Epm)l,
where each F, (1) is an n X np1) matrix (i.e., a single block-column) that differs from the zero
matrix only in its p(k)th block-row,
T
Eyy = [0 -+ 0 Ly 0 - O]

ni Tp(k) Tim

, 1<k<m.

Let AT) be the matrix obtained from A by applying one sweep of the quasi-cyclic block
Jacobi method defined by /. The iterative process has the form (2.5). Hence using P and
PT we can write

@.11)  PADPT = pwk UL ,...UFPTYPAPT (PUy---Up_oUp_1)PT
= (PUL_,PTy-..(PUF PT) PAPT(PUPT) ... (PUr_ PT)
UL |- U (PAPTYUy - Up_y,

where

(2.12) U, = PU,PT, 0<k<T-1.

Each Uy, is an orthogonal elementary block matrix whose pivot pair is (p(ix ), p(j)). We can
interpret the process (2.11) as a quasi-cyclic block Jacobi method defined by I 5. When it is

applied to A = PAPT , after one sweep it results in A7) = PAT) PT_ Indeed, at step k of
that process we have

(2.13) AR — gl A®D,,  0<k<T-1,

where A®) = PA® PT for any k. For the matrix A®+1) we know that its (p(iy ), p(jx))-
pivot submatrix of order n,(;,) + np(;,) s diagonal. Hence, it is a quasi-cyclic block Jacobi


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

116 V. HARI AND E. BEGOVIC KOVAC

method. Moreover, if Uy, is in the class UBCE, (o) from Section 2.3, the same will be true
for (7;@ ~

The process (2.13) is a block Jacobi method for the matrix A which carries a block-
matrix partition defined by 7, = (np(1),..,7pm)). Thus, if A is replaced by A and
the permutation 7 by 7, then the block method (2.13) is defined by the pivot sequence
O =0(p) € O(Pm). We can formally write (7,0, A) > (7, O(p), PAPT). This is
equivalent to (m,-1, O(p~1), PTAP) B (1,0, A).

We end this subsection with two remarks. First, the reverse ordering O is not the same
as O(e), where

~ 1 2 .om
(2.14) e_(m m-—1 ... 1)'
Examples which confirm this claim are shown in Section 3.2.
Second, if in Lemma 2.3 the equivalence relation ~ is replaced by 2, the assertion will
remain to hold. The proof is trivial. Indeed, if in the chain (2.7), which may now include mpz,

only one sequence O, is replaced by O;, then all the sequences have to be replaced by their
inverses. Otherwise, the chain can be broken into two chains that are not mutually connected.

2.3. Global convergence. A block Jacobi method is convergent for A if the obtained
sequence of matrices (A(*)) converges to some diagonal matrix A. The method is globally
convergent if it is convergent for every symmetric matrix A. This definition assumes that the
partition  is arbitrary. In particular, one can take 7 = (1,1,..., 1), which means that it is
the proper generalization of the standard notion of global convergence. The words “global”
and “globally” are often omitted. For example, if one says that the block method converges
for some pivot strategy, this means that the method converges for every initial symmetric
matrix. For global convergence considerations, it is irrelevant whether the diagonal blocks
of the initial matrix are diagonal submatrices. Namely, after some iteration (within the first
sweep) this property will be fulfilled, and it will remain to hold until convergence. To measure
how much the method has converged, we use the quantity

S(4) = Y24 diag(4) | = [i > |] ,

s=1 t=s+1

where || X || = +/trace(X T X) stands for the Frobenius norm of X. In the definition of S(A)
we could have used blocks instead of elements, but since the diagonal blocks are diagonal
submatrices, this reduces to the same quantity. Obviously, the convergence of a block Jacobi

method applied to A implies that S(A®*)) — 0 as k — oo. The converse is true provided
that the diagonal elements of diag(AZ(.;C ), A;.];H))
prescribed order, typically nonincreasingly.
THEOREM 2.10. Let A be a symmetric matrix and AP k>0, be the sequence obtained
by applying the block Jacobi method to A. Let the pivot strategy be cyclic or quasi-cyclic, and
assume that limy_,o, S(A®)) = 0.
(i) If the algorithm that diagonalizes the pivot submatrix always delivers
diag(ALF T, ALY
elements, then A = limy,_,o. A% and the diagonal elements of A are nonincreas-
ingly (resp. nondecreasingly) ordered.
(ii) If the algorithm that diagonalizes the pivot submatrix is any standard (i.e., element-

wise) globally convergent Jacobi method, then A = limy,_, o, A®).

from (2.6) are always ordered in some

) with nonincreasingly (resp. nondecreasingly) ordered diagonal
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Proof. The proof has been moved to Appendix A. O

Theorem 2.10 implies that the global convergence problem of the block Jacobi method
reduces to the convergence of the sequence S (A(k)), k > 0, to zero.

By inspecting the proofs of the results related to the global convergence of the standard
cyclic Jacobi method [11, 32], one finds that they hold for block methods, too. We summarize
those results as follows.

THEOREM 2.11. If a block Jacobi method converges for some cyclic strategy, then it
converges for all strategies that are weakly equivalent to it. The block methods defined by
equivalent cyclic strategies generate the same matrices after each full cycle, and within the
same cycle they produce the same sets of orthogonal elementary matrices.

Indeed, the proof for the standard Jacobi method essentially uses the fact that commuting
pivot pairs results in commuting the Jacobi rotations. Similarly, the proof for the block method
uses the fact that commuting pivot pairs (4, j) and (p,q) implies commuting orthogonal
elementary matrices U;; and U,,. For the convergence of the diagonal elements one should
presume conditions like those in Theorem 2.10 for the kernel algorithms. The second part
of the theorem holds because it presumes that the block Jacobi method uses the same kernel
algorithm. Theorem 2.11 also holds for the quasi-cyclic methods provided that care is taken
for the blocks that are annihilated more than once within a sweep.

A sufficient condition for global convergence of serial standard Jacobi methods is the
existence of a strictly positive uniform lower bound for the cosines of the rotation angles;
see [10]. For the serial block Jacobi methods, a sufficient condition for the global convergence
is that the transformation matrices Uy from relation (2.5) have a strictly positive uniform
lower bound for the singular values of the diagonal blocks [5]. This condition also appears
in the global convergence analysis of more general serial Jacobi-type methods [18]. Unitary
elementary block matrices which satisfy such a property are called UBC (uniformly bounded
cosine) transformation matrices in [5]. In the same paper it was shown that for every unitary
matrix of order n and every partition ¢ = (ny,ns) of n, there exists a permutation matrix .J

such that for the leading ny x nq block of U = U J one has

3 _ 3v2

T @ b Dt " VA1

The second inequality, which involves 7, has been proved in [18]. Hence, every unitary
elementary block matrix can be made UBC by an appropriate permutation of its nontrivial
columns.

In this paper we will use UBC transformation matrices. Therefore, for each 0 < o <1,
we introduce the class UBCE () of elementary unitary UBC block matrices as follows. The
unitary elementary block matrix U;; from relation (2.3) belongs to the class UBCE,(p) if

Umin(ﬁll) > Yo > :?n > Oa

(2.15) Omin(Uii) = omin(Ujj) 2 0%ij > 0Vni+n; = 0n
holds, where

3

2.16 = ,
(210) V9= @t 6n, —D)(n, 1 1)

If 7 is understood, we will write UBCE(p), while if ¢ = 1, the paramter o will also be omitted
from the notation. In definitions, statements and ordinary text, at every appearance of g, we
will automatically assume that 0 < o < 1. We will use the same notation when Uj;; is real,
i.e., orthogonal.
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Note that Uy, from relation (2.5) is an orthogonal elementary matrix defined by the pivot
pair (i,7), where i = i(k), 7 = j(k). To make Uy a UBCE transformation, one has to
find the permutation Jj and then compute Uy Ji,. This can be accomplished (see [5]) by
performing the QR factorization with column pivoting of [U, i(ik) Ui(f)] from relation (2.6). The

QR factorization yields JA;C, which then defines Jy, as J, = £(4, 4, jk) Then ﬁk also belongs to
the class UBCE, ,, where c;; = (n;,n;). I (n;, n;) is understood, ;; will be omitted. One ea-
sily verifies that Uy Jj, diagonalizes the pivot submatrix A®)and the similarity transformation
with Jj does not change the Frobenius norm of the affected blocks of U ,CT ARy 1. In addition,
one can show that once S(A®*)) is sufficiently small and the diagonal elements affiliated with
the same eigenvalue occupy successive positions along the diagonal, the permutations Jy,
are no longer needed (see [5]), i.e., Jj can be taken to be the identity. If 7 = (1,1,...,1),
then one can replace 7;; by v/2/2. The uniform bound v/2/2 is the one from the known
Forsythe-Henrici condition [10].

REMARK 2.12. The parameter ¢ has been introduced for several reasons. First, it
simplifies the convergence analysis of the more general iterative process described in Section 5.
Second, as will be shown in Sections 3 and 4, the convergence proofs for the symmetric block
Jacobi method hold for any 0 < ¢ < 1. Finally, for the case o = 1, the determination of
the permutation Jj, requires the QR factorization with column pivoting of an n; x (n; + n;)
matrix. Possibly, for some smaller g, an appropriate permutation matrix could be obtained for
a smaller cost.

2.4. Block Jacobi annihilators and operators. Jacobi annihilators and operators have
been introduced in [22] as a tool for proving the global and quadratic convergence of the
column-cyclic Jacobi method. Later they have been used for proving the global convergence
of some norm-reducing Jacobi-type methods for general matrices [12, 14]. In [1, 17, 18] they
have been generalized to cope with the block Jacobi methods. Here we define a class of Jacobi
annihilators and operators designed precisely for the block Jacobi method for symmetric
matrices. They will be referred to as block Jacobi annihilators and operators. This will move
us to a more general point of view of the block Jacobi methods, which can be used in the
convergence considerations.

First let us introduce some notation. For an arbitrary p X ¢ matrix X, we define the
column vector comprising the columns of X,

COI(X) = [.2311, L2153 Tply--vs Tlgy--- ,Jﬁpq]T
Let ™ = (ny,...,n,) be a partition of n. Let S,, denote the real vector space of symmetric
matrices of order n. Let A = (4,5) € S,, be as in relation (2.2). Its block-matrix partition is
determined by 7. We define the vector-valued function vec, as follows (see [17, 18]),

C2 COl(Alj)
C3 COI(AQJ‘)
2.17) vecﬂ(A) = . , where cj = . ; ) S] < m.
Cm COl(Aj_Lj)
Then
™ i — 1 1
(2.18) vec, : S, — RE, K=N-— %, N:%,

i=1

is a linear operator.
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Note that vec, (A) contains all off-diagonal elements from the upper block triangular part
of A. They are arranged in vec (A) using double column-wise ordering, one with respect to
the blocks in A, the other with respect to the elements within each block. The function vec,
is a surjection but not an injection. In order to make it a bijection, we restrict it to the vector
subspace Sy ,, of S,,, consisting of all matrices from S,, whose diagonal blocks (with respect

to the block-matrix partition defined by 7) are zero. Let vec, o = vec, ls. - Obviously, the
0,n

function vecy ¢ is an invertible linear operator from Sg ,, to R In the following text we will
often assume that the partition 7 is known and it will be omitted from the notation. However,
it will be denoted whenever an additional partition is also considered.

If a € RX and A = vec, !(a), then A is obtained from a using the block-matrix partition
defined by 7 and the double column-wise ordering as described in relation (2.17). The diagonal
blocks are set to zero, and the whole matrix is set to be symmetric. Obviously, A is uniquely
determined by a.

Beside the linear operators vec and vecy, we will make use of the linear operator
N;j : R"*™ — R™ ™ which also uses the block-matrix partition defined by 7 and sets the
pivot submatrix of the argument matrix to zero. When applied to A € S,,, NV;;(A) sets the
blocks A;;, Aji, Ay, and Aj; to zero.

DEFINITION 2.13. Let m = (nq, ..., Ny, ) be a partition of n, let
G- | Uu Uil n
UlTQ U22 U ’

~

be an orthogonal matrix of order n; + n;, and let U = £(i,5,U) be the corresponding

~

elementary block matrix. The transformation R;;(U) determined by
Rij(U)(vec(A)) = vec(N;;(UTAU)), A€S,,
is called the ij-block Jacobi annihilator. For each pair 1 <1i < j < m,

Rij = {Rij (fj) | U isan orthogonal matrix of order n; + nj}

is the ij-class of the block Jacobi annihilators. If all U are restricted to the class UBCE_,, (o),
then the resulting ij-class is denoted by RZBCE”(Q).

Given 4, 7, Tj' , the following algorithm computes the vector o’ = Rij (Tj’ Ja fora € RE.
It is based on the formula R ;; (U)a = vec(N;; (U vecy (a)U)), which can be taken as an

equivalent definition of R;; (ﬁ ).
ALGORITHM 2.14 (Computing R;; (ﬁ)a).

a € REX % an arbitrary vector
A = vec, 1 (a) % this invokes the module which computes
forr=1,...,mdo % the symmetric matrix A = vecy ' (a)

Al = AriUsi + AUy
Alrj = AM‘UZ‘j + ArjUjj

end for % this part of code computes
forr=1,...,mdo % A'=UTAU,U = £(i, j,U)
Aér = UgAir + UﬁAjT % U is partitioned as in relation (2.4)
A;T = UE}AW + UjTjAjr
end for
Aj;=0,A%=0,A4;=0,A5,=0 % this part updates A, A" + Ni;(A")

o' = vec(A) % the module which computes vec(A’)
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The matrix A’ from Algorithm 2.14 has the same partition as A. Note that the mapping
a — a’ is a composition of linear transformations. Therefore, given a basis in RE, Rij U)
can be represented by some square matrix of order K. We will choose the canonic basis (e),
which consists of the columns of i, and denote the obtained matrix by the bold symbol.
Hence,

(2.19) Ri;j(0)(a) = Ri;(U)a,  acRE.
We will call the matrix R;; ((7 ) by the same name, the ij-block Jacobi annihilator, and the
appropriate class of matrices will be denoted by

Rij = {’R”(ﬁ) | U is an orthogonal matrix of order n; + nj} .

If all U are restricted to UBCE(p), the obtained class of block Jacobi annihilators is denoted

UBCE(0) . . o .
by RZ j . In the sequel, every mention of the block Jacobi annihilator will refer to the

~

matrix R;;(U) from relation (2.19).

The following theorem reveals the structure of a block Jacobi annihilator. It is a simplifica-
tion of [17, Theorem 2.1], and its proof can be found in [1]. The theorem utilizes the function
T(1,7) =G —1)(j—2)/2+ 1,1 < i< j<m,and the Kronecker product of matrices. The
vectors of length K and the block Jacobi annihilators of order K carry the block-partition
determined by (n1n2,n1n3, N2ns, . .., Nym—1Mm, ). The spectral norm is denoted by || - ||2-

THEOREM 2.15 ([1, 17]). Let m = (ny, ..., My, ) be the partition of n and let K, N be
integers defined in relation (2.18). Let (i,7) € Pm, R € R” R = R(ﬁ) where U is an
orthogonal matrix of order n; + n;. Then R differs from the identity matrix I in exactly
m — 1 principal submatrices, which are given by the following relations:

RT(i,j),T(i,j) :O’

[ Rer(riyr(ri)  Re(ri)r(rg) ] [ Uy @I, UJ?; ® In, ] ;
)7 (r, A | | Ya . |, 1<r<i-—1,
| Re(rg)rri) Reeagyrergy| | Ul ©@In, UL @I,
- 1T T T
ReGir)rGr)  Reir)rrg) | n, ® UiiT S(U%i © I"")] , i1l <r <j-1,
| Rergyrir) Reeayregy | | SUn, @U;)  Uj; @ In,
-RT(i r),7(%,r) R‘r(z r),7(j T)- -In ®UT In ®UT .
,7),7 (2, )7 (3, _ r i r i, j+1<r<m,
| ReGirtir) ReGyaGey | [In, ® UG In, @ UG
where
Ini ® e{‘
| In, ® e, |
n. @€
S = ; =[I,®e1 ... I,,®en,|.
_I"r ® g’Z;f J

Here, e;, €; and €; denote the ith column of I, , I,,, and I,,, respectively.
The matrix R satisfies |R||2 = 1, except in the case m = 2, (i,7) = (1,2), when R = 0.
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EXAMPLE 2.16. Let A € R¥*8, 7 = (2,2,2,2),i =1, j = 2. Then K = 24 and

"0 -
0
0
0

T T
Ull U21

T T
U11 U21

Ut Uz

) Ut Uz
= b

Uty U,

T T
Ull U21

=)

R =R

T T
U12 U22

T T
Ul 2 U22

1
1
1

1

where U711, Uia, Usq, Usg are the blocks of order 2 of U € R*>** and Uis orthogonal.

We see that R is, up to a similarity transformation with a permutation, a direct sum of
an orthogonal matrix and the zero matrix. Therefore, || R |2 = 1, except in the case m = 2,
(4,7) = (1,2), when it is the zero matrix.

COROLLARY 2.17. Let 7, (i,j) € Pm and R € Rij be as in Theorem 2.15. Then

R' ¢ Rij. Moreover, if R € RZFCE(Q), then RT € RZFCE(Q).

Proof. The proof has been moved to Appendix A. 0

The block Jacobi annihilators are used to define the block Jacobi operators, which make
up our tool for proving the global convergence of the block Jacobi methods.

DEFINITION 2.18. Let m = (n1,...,n.y,) be a partition of n, and let

m(m — 1)

O = (io, jo), (i1, j1)s - > (ir—1,j7-1) € O(Pn), T >M = 5

Then
k7(9 = {j ‘ J = RiT*le—l . "Ri1j1Ri0j0= Rikjk € Rikjk’ 0<k<T- 1}

is called the class of block Jacobi operators associated with the sequence O. The matrices [J

of order K from t7(9 are block Jacobi operators. If each Rij in % is replaced by RZ—BCE(Q),
. UBCE(o)
then the notation % will be used.

An element J € Jg will sometimes be written as J». The following lemma reveals
some properties of the block Jacobi operators. The spectral radius of a square matrix X is
denoted by spr(X).

LEMMA 2.19 ([1, 18]). Let m = (n1, . .., nm) be a partition of n, 0,0’ € O(’Pm), and
O’ X O. Take Jo € % and let Jor be comprised of the same block Jacobi annihilators as
Jo. Then spr(Jo) = spr(Jor). If O ~ O, then Jo = Jor.

Proof. The proof is the same as the proof of [18, Lemma 4.4]. a
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If the spectral norm is used instead of the spectral radius, then we have the following
result.

PROPOSITION 2.20. Let 1 = (nq,. .., Ny ) be a partition of n, 0,0’ € O ), and
O’ R O. Let © and O’ be linked by the cham O0=0y,01,...,0, =0 asin relcmon 2.7).
Suppose that in the chain there are exactly d pairs of neighboring terms that are shift equivalent.

If

UBCE(g)

1TNl2 < piry  forall T € Jp

UBCE(o)
then for any d + 1 block Jacobi operators from j one has

UBCE(Q)

“‘-71/&72/"'\7(;+1”2§/~‘Tr79a jl/""vjc;Jrl € Jor

The constant . , may depend only on 7 and o.
Proof. The proof is the same as the proof of [18, Lemma 4.8(ii)]. The role of the set ¥

UBCE
from [18, Lemma 4.8(ii)] is played by the set {J,_; R; @ p
PROPOSITION 2.21. Let m = (ny, ..., nm) be a partition of n, © € O(P,,), and
UBCE
suppose || T |l2 < proforall J € u7o (g), where i, depends on m and o. Then

UBCE(g)

|Tll2 < pimy  forall T € Jope

The assertion holds provided that in both appearances the spectral norm is replaced by the
spectral radius.
Proof.  Suppose that O = (io, jo), (41,41),---, (ir—1, j7—1) € O(Pm), and let

= UBCE(e) .
o be arbitrary. Then

J = Ri0),0)(U0) Ricy, 51y (Th) - Ricr—1y jr—1)(Ur-1),

for some orthogonal UBCE(p) matrices Uk, 0 < k < T — 1, of appropriate sizes.

UBC
If we show that 77 € (@ , the first claim will follow from ||j\|2 = HjT”Q < Lr,o»

while the part about the spectral radius will be a consequence of spr(j ) = spr(J T) < Lo
Note that

7 73 ~ . T
Jh = [Riw),jw)(UO)Rz‘u),j(l)(Ul) . 'T‘,’i(Tfl),j(Tfl)(UTfl)}
= [Ricr—1) 5001 Ur-1)]" - [Rm),j(l)(Ul)]T [Ri0).5(0) (Uo)]"-

~ UBCE
By Corollary 2.17 we know that [R;;(Ux)]" € R hence JT e (g). ad
2.4.1. Permutation equivalence and the block Jacobi operators. Here we derive a
similar result for the block Jacobi operators 7» and jo(p).
THEOREM 2.22. Let 7 = (ny, ..., Ny, be a partition of n, and take O € O('Pm). Let

p be a permutation of S,, and set O = O(p).

) UBCEx (o)
(i) If | T2 < pin,pforall T € j , where i , only depends on m and g, then

UBCEr, (g)

||j||2 < W for any Je j
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.. UBCE
(ii) If | 1Tz Tat1ll2 < pro forall To, ..., Ta41 € ._7 , where [ir , only
depends on T and o, then

UBCEr, (o)

IAT2 Tasilla < pmg  forany G, ..., Jap1 € T3

The assertions also hold provided that every appearance of the spectral norm is replaced by
the spectral radius. _
Proof. (i) Let O = (o, jo), (i1,J1), - - -, (ir—1, jr— 1) so that O = (p(io), P(jo)),

) . ) i UBCEx, (o)
(p(i1),P(j1))s - - -» (Pir—1),p(jr—1))- Let T € T5
(2.20) T = Roiz_1)ptir—0) Tr-1) * Ros(ir) o) (T1) Ro(ia) pio) (Do),

where ﬁk is an orthogonal UBCE () matrix of order n,(;, ) 47y (j,) foreach0 <k <T—1.

be arbitrary. Then

Let a € RX be an arbitrary nonzero vector, and consider the computation of a’ = Ja.

Using Algorithm 2.14, the vector a’ can be obtained by the following procedure:

e Compute the symmetric matrix A®) = A = vec;plyo(a).

e Recursively compute: A+ = N0 (UTAWUL), k=0,1,...,T — 1.

e Compute the vector a’ = vec,, (AT)).
Here Uy, = E(p(ix), p(jr), Ur), 0 < k < T — 1, and the matrices A and A*) carry the matrix
block-partition defined by 7,. Let P be the matrix from relation (2.12), which is defined by
Pe; = epr), 1 <t <m, where p is defined as in Section 2.2.1, and p is from the statement of
this lemma. Let X be a square matrix of order n, partitioned in accordance with 7. Then for
any 1 < s,t < m, the transformation X — PT X P changes the partition from 7, to 7 and
moves the block X551 to the (s, t) position. Therefore, we have

@21) PTASIP = PTNyoy) (UF AP, ) P = NGy (PTUF AWDLP)
=N ((PTUkP)T(PTA(k)P)(PTUk.P)) . k=0,1,...,7 1.

If weset A(®) = PT AR p A = PT AP, and U%) = PTUX) P, then the recurrence (2.21)
takes the form

222) Ak = N, ([U<k>]TA<k>U<k>) . k=0,1,....T—1 A©®_4

Obviously, we have vec,(A) = vec,(PTAP) = Pa for some permutation matrix P of
order K. Applying the vec function to relation (2.22), one obtains

(2.23) a* ) = Ry (U)a®,  k=0,1,...,T—1, a® =Paq,

= UBCEx (o . . . . .
where R;;(Uy) € Rl j . This process is associated with the sequence O and results in
the final form

, = _ UBCE (o)
Pd' = JoPa, Jo € Jo .
Because a is an arbitrary vector, we have J = P7 JoP. This implies |7 |2 = | Joll2 < fix.o-
Since, j and Jo are similar, their spectral radius is the same.

(1) The proof is similar to the proof of (7). We start our consideration with an arbitrary
nonzero vector a € R¥ and consider the computation of a’ = jljg - -jdﬂ a. Since we
have d + 1 block Jacobi operators, we will use altogether (d + 1)T block Jacobi annihilators.
All we have to change in the proof of (i) is the the range of the index k in the relations
(2 20) (2. 23) instead of T' — 1, its largest value will be (d + 1)T" — 1. At the end we have
jljg jd+1 PTH Ty - Ja+1P, and the conclusion follows. O
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3. Generalized serial strategies. The aim of this section is to significantly enlarge the
class of the known “convergent” cyclic pivot strategies, namely the serial ones and those that
are weakly equivalent to them (the so-called weak wavefront strategies [32]). We study several
classes of cyclic pivot strategies, which are generalizations of the serial ones. The first (resp.
second) of those classes is defined by the set Bﬁ"” (resp. Bﬁm)) of pivot orderings which arise
from column-wise (resp. row-wise) orderings of P,,. The other two are defined by the first
two using reverse orderings. Once the global convergence of the block Jacobi method under
these strategies is proved, one can easily expand the obtained set of pivot strategies using the
theory of equivalent strategies.

3.1. The class Bﬁm). We start with the class of cyclic strategies that choose the (1, 2)-
block as the first pivot block, then choose all blocks from the second block-column in some
order, etc. At the last stage they choose all blocks from the last block-column in some
order. For the precise definition of that class, we denote the set of all permutations of the set
{I1,l +1,..., Iy} by IUnt2) Let

G B ={0eOPn) | 0=(1,2),(73(1),3), (73(2),3), .., (rm(1),m), ..,
(Tm(m - 1)7m)a Tj € H(l’jil)a 3<j< m}

The set Bﬁm) is a part of the class of column-wise orderings with permutations of the set P,,,
which will be described in Definition 3.4. A typical ordering O € Bgﬁ) is represented by Mo
below. The second matrix M 5 is defined by some O < O. Tts purpose is to see how far from
the “serial structure” this equivalence can push O.

« 0 2 4 9 12 x 7 9 0 2 5
0 = 1 5 8 10 7 x 10 13 14 6

Mo |2 1 = 3 7 13 Mo— |9 10 11 12 8
© 4 5 3 % 6 11| o 0 13 11 = 1 4
9 8 7 6 x 14 2 14 12 1 x 3

12 10 13 11 14 =« 5 6 8 4 3 x

From Mo we can see that the permutation 7; from (3.1) is linked to the jth block-column of
the matrix. The next theorem proves the global convergence of the block Jacobi method under
the cyclic strategies I» defined by the orderings O € B&““.

THEOREM 3.1. Let m = (nq, . .., ny,) be a partition of n, and let O € Bé’"). Let A eSS,
be partitioned as in relation (2.2). Suppose that A’ is obtained from A by applying one sweep
of the cyclic block Jacobi method defined by the strategy 1. If all transformation matrices
are from the class UBCE(p), then there are constants 1) , (depending only on w and g) and
Tin,o (depending only on n and p) such that

S2(A/) S 7777,952(‘4>7 O S 777r7g < ﬁn,g < 1

Proof. The proof is lengthy and has been moved to Appendix A. O

We have to explain why we use the two bounds satisfying pix , < fin,, < 1. Recall that
each block Jacobi method is defined by some partition 7 of n. Different partitions define
different block Jacobi methods even in the case when the pivot orderings are the same. The
second bound fi,, , can be used in the global convergence statements for the block Jacobi
method when the order n of the initial matrix is known, while about the pivot ordering it is only
known that it belongs to the set | J;,. -, B((;m). It means that, for a given m, the convergence
result holds for the block Jacobi method defined by any 7 such that ny + - - - + n,, = n.
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Combining Theorem 3.1 with Theorem 2.11, we see that we can enlarge the class of
“convergent orderings” from Bﬁ"") to the class of all orderings that are weakly equivalent to
orderings from Bgm). Thus, the ordering O linked to the above matrix M is also convergent.

The next result is a slight generalization of Theorem 3.1, and it deals with the block Jacobi
operators. The role of the block Jacobi operators will be explained in Section 5, especially by
inspecting the proof of Theorem 5.1.

THEOREM 3.2. Let ™ = (nq,...,ny) be a partition of n. Take O € B™, and let

UBCE(o ~ .
._7 be a block Jacobi operator. Then there are constants [i , and [i, , depending
only onm, o and n, o, respectively, such that

[Tz < pr o5 0 < pirp < fin,e < 1.

Proof Let a € RX be an arbitrary nonzero vector and let ¢’ = Ja. To track
how a’ is obtained from a, we can assume J = Ry, i1 Rinsojnra - - - Reigjo» Where
O = (i0,J0),-- -, (irmr—1,jm—1)- If we define

(3.2) a* ) =R, i a®), 0<k<M-1, a9 =g,

then we obtain a’ = a™). Recall that Algorithm 2.14 describes the kth step of the pro-
cess (3.2), i.e., how the vector a(**1) is obtained from a(*). This algorithm computes the
matrix AT = vecy ! (a*+1)) from the matrix A%) = vecy ' (a(*)). Note that

S*(A) =lal;  and  S*A) = |ld'|l; = [|Tal3.
If we prove
(33) S*(A) <0 oS (A), Mo <o < 1,

and take into account that a is an arbitrary nonzero vector, then we will straightforwardly
obtain
|Toll2 = maXM < fimgo < fin,gs B0 =Ny B = V1o
a0 a2

To prove (3.3), we can rely on the proof of Theorem 3.1. Indeed, let us compare the computa-
tion of the matrix A*+1) from A(*) using Algorithm 2.14 with the kth step of the block Jacobi
method. If we neglect the diagonal blocks, then both amount to the same procedure except
for the fact that the block Jacobi method actually computes the orthogonal elementary matrix
which diagonalizes the pivot submatrix, while in process (3.2) that transformation is given
via the matrix R, j, = R, (Ux). The two procedures will naturally generate different
iteration matrices, but all estimates and the whole proof will be the same. The quantity (;
from relation (A.10) will be different for the two procedures, but all that is needed for the
proof is that (; is uniformly bounded from below by some positive constant, which is certainly
satisfied. 0

In the special case when © = (1,1,...,1), all blocks are 1 x 1 matrices, i.e., single
elements, so the block method reduces to the standard Jacobi method. In this case we will
denote the class Bg”) by Cén). Theorem 3.1 then reduces to the following corollary.

COROLLARY 3.3. Let A€ S,,, O € C™, and let A be obtained from A by applying one
sweep of the cyclic Jacobi method defined by the strategy 1o, with rotation angles from the

interval [~ 7, T]. Then there is a constant 1,, depending only on n such that

S2(A) < n,S%(A), 0<n, < 1.
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Proof. The proof has been moved to Appendix A. O

In this special case, the class Cén) is a subset of the set of Nazareth’s orderings from [28].
However, note that the bounds obtained here are much better than those in [28]. To illustrate
that, observe that for n = 3 (resp. n = 4) the value of 7,, is equal to max{2,3} = 2 (resp.
max{Z, 2} = 27). In [28] the corresponding bounds are 1 —1/(3-2'%4) and 1 —1/(6-2%9).
This comparison has also been studied in [1, page 57].

3.2. The classes B, BU", and B{". The same results hold for the class of cyclic
pivot strategies which take the pivot blocks from the block-rows. Let

Bf«m) = {O S O(Pm) ! O =(m—1,m),(m—2,Tp_2(m— 1)), (m = 2,7p_2(m)),
L (LFQ), . (LFAM), T eltHhm < <m — 2}.

The set Bfnm) is a part of the class of row-wise orderings with permutations of the set P, (see

Definition 3.4 below). A typical ordering from O € 87(-6) is represented by Mo below. The
second matrix M 5 is defined by O ~ 0.

« 11 13 12 10 14 * 14 1 0 11 2
0 = 9 7 6 8 14 % 13 10 7 12

Moy — 11 9 * 5 3 4 M — 1 13 =% 9 6 8
° =112 6 5 x 1 2| ST 10 10 9 =« 4 5
13 7 3 1 % 0 1 7 6 4 % 3

14 8 4 2 0 =« 2 12 8 5 3 9«

From the matrix My we can see that the permutation 7; from (3.1) is linked to the ith block-row
of the matrix. It is immediately clear that

G4 Bi™ = {0() | 0 € BI™},

where € is defined by relation (2.14). Theorems 3.1 and 3.2 remain to hold for O € Bﬁm). The
proofs are almost identical to those for the case O € Bgm). The version of Theorem 3.2 for
Oe Bﬁm) follows directly from the original Theorem 3.2 combined with Theorem 2.22(¢)
(when the permutation p is specified to be €). Another way how Theorem 3.1 can be established
for O € Bfnm) is to follow the lines of the proof of Theorem 3.5 (below), but then a version
of Theorem 3.2 for O € B,@m) should be proved first. If 7 = (1, 1,...,1), then the class of
orderings B,(-n) is denoted by C,,(an). Corollary 3.3 holds with the same constant 7,, provided
that C\™ is replaced by .

We are interested in two more classes of pivot strategies for the block methods. The first
(resp. second) one selects the pivot blocks by block-columns (resp. block-rows), but now from

the last one to the second one (resp. from the first one to the next-to-last one). They are defined
as

B {0 OF,) |0~ eB™},  BM™={0ecOP,) |0~ cB™.

Typical orderings from %26) and %56) are represented by M<56 and M<5T below.

* 14 12 10 5 2 * 4 3 2 1 0

14 % 13 9 6 4 4 « 5 8 7 6

Me — 12 13 = 11 7 1 Me — 35 %« 9 11 10
O. 10 9 11 =« 8 3|’ O, 2 8 9 x 13 12

5 6 7 8 x 0 1 7 11 13 =+ 14

2 4 1 3 0 = 0 6 10 12 14 =«
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As it has already been noticed at the end of Sectlon 2.2, Lemma 2.3 remams to hold if ~ is
replaced with 2. Therefore, relatlon (3.4) 1rnp11es B B ={0(e) | OeckB (m)}

DEFINITION 3.4. Let B{" = B{™ U B, B =™y B The set B (resp.
Bﬁ}”) ) is the class of the column-wise (resp. row-wise) orderings with permutations of P,,, and
{Io ] O € Bg’f)} (resp. {Io | O € 5’7(«?;”)}) is the class of the column-cyclic (resp. row-cyclic)
strategies with permutations.

The set Bg;”) = Bgzl) U Bff;) is the class of the serial orderings with permutations of Py,
and {Ip | O € ngl)} is the class of the serial strategies with permutations.

THEOREM 3.5. Let # = (n1,...,ny,) be a partition of n, O € ng , and let

UBCE(o
j be a block Jacobi operator. Then there are constants i , and [in, , depending
only onm, o and n, o, respectively, such that

||\7H2 < Ko, 0< Uro < /jn,g <1

Proof. If O € B(m) (resp. O € B ), then the theorem reduces to Theorem 3.2 (resp.
Theorem 3.2 combined with Theorem 2.22(:)). If O € B B (resp. O € B, Bm ), then
additionally Proposition 2.21 is used. a

The following result is a corollary of Theorem 3.5, but because of its importance, it is
stated as a stand-alone result.

THEOREM 3.6. Let 7 = (ny, ..., nm) be a partition of n, O € BS;”), and let A € S,, be
partitioned as in relation (2.2). Let A’ be obtained from A by applying one sweep of the cyclic
block Jacobi method defined by the strategy 1. If all transformation matrices are from the
class UBCE(p), then there are constants 1) , (depending only on m, g) and 1, , (depending
only on n, o) such that

S2(A") < oS (A), 0 < Mg <Tno < 1.

Proof. Let O = (i9,J0), (i1,71), - -, (ins—1, jar—1). The method in the statement of the
theorem generates the recurrence relation of the form (2.5). If we observe how the elements in
the block upper-triangle are being updated, we arrive at the recursion

kD) — Rija(k), k>0, a® =¢q= vec(A).

Here, for each k, a®) = vec(A®)) € RE, and R;; = R;;(Uy) is the block Jacobi anni-
hilator associated with step & of the method. We have (4, j) = (i(k),j(k)) = (ix, ji) for
0 <k < M — 1. After the first sweep is completed, one obtains

(3.5) ™ = Joa, Jo =Rim-1)j(m-1) " Ri0)5(0)-

Since all transformation matrices in the block Jacobi method are from the class UBCE(p), we
N UBCE(0) UBCE(e )
have R;;(Uy) € R, . Therefore, Jo € j and by applying Theorem 3.5 one

ij
obtains ||z < fr, s thr,o < fn,p < 1. Hence, if one takes the Euclidean vector norm of

both sides of the left equation in (3.5), it follows that
S2AM) = [laM13 < g2 llall3 = 13 ,S(A).

It remains to set 1x o = p2 , and 7o = iz . 0

Obviously, since the assertion of Theorem 3.6 holds for any single sweep, we conclude
that S(AM)) — 0 ast — oo. Since the sequence S(A*)), k > 0, is nonincreasing, one
obtains S(A®)) — 0as k — oo. Together with Theorem 2.10 this implies global convergence.
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In the case 7 = (1, 1,...,1) we have m = n. We can write C5, C%), and C{} in places
of B((;;n), Bfa?f), and ngl), respectively. Once again, Corollary 3.3 holds with the same constant
N 1f Cé") is replaced by cﬁ;}). Theorem 3.5 also holds with y,, , replacing pir ,.

3.3. Generalized serial strategies. To further enlarge the class of convergent strategies
one can start with elements from ngl) and use all conceivable chains which comprise the
equivalence relations ~, 2, % and R, Fortunately, using Proposition 2.8 and Definition 2.9,

we know that the set obtained this way can actually be obtained by using just one ~ and one R.
DEFINITION 3.7. Let

B ={0eOP,) |02 0 ~ 0" or0~ 0 20", 0" e By},

spPg

By ={0eOP,) 0RO X0 oroX 0 20", 0" e By},

where the chains are in canonical form and O' € O(P,,). The set B§;”> (resp.
{Io | O € ng’”} ) is the class of generalized serial pivot orderings of Py, (resp. general-

ized serial pivot strategies). The set ng’;) is a subclass of Bg;n) whose elements are linked by
chains that do not use shifts.
(m)

THEOREM 3.8. Let 1 = (niy,...,Ny) be a partition of n, O € Bgyy, and let
UBCE,
J e % (@ be the block Jacobi operator. Suppose that either O 2 O ~ O ¢ B§ZL)
with ' = O(q), or O ~ @' X 0" ¢ Bgzl) with 0" = O'(q), for some permutation q of
the set S,,,. Then there exist constants [ir, , and [iy o, depending only on mq, 0 and n, o,
respectively, such that

T2 < Mg 0< Hrg,0 < ﬁn,g <1
Proof. Let us first consider the case O £ O’ ~ 0" € ngl) with O" = O(q). Let
B ={0"e OP,) |0 ~0",0" e Bim}.

Theorem 3.5 and Lemma 2.19 imply

- UBCE, (0) ~
3.6  |Jolz € tmger 0= fingpo <Tine<l, Jor€Jo =, 0 €BI.

Since O = 0’'(q™!) and my-10q = 7, formula (3.6) and Theorem 2.22(i) imply

- UBCE (o)
3.7 [Joll2 < Hrg,0 0 < firg,0 < Hin, <1, forany Jo € Jp .

Hence, relation (3.7) holds for 7, which in turn proves the theorem.
Now suppose that O ~ O’ £ 0" ¢ 622‘) with 0" = O'(q). Let

By ={0' e OP,) |0/ =0"(q7), 0" € B}

By Theorem 3.5 and Theorem 2.22(7) we have

~ UBCEx(o) 1y~ 5(m)
”JO’H2 < Hrq,0 0< Hrgo < Pn,o < L, Jo € (@] , O € Bsp .

UBCE

Here we have used 7104 = 7. The last formula holds for any Jor € Jo @

. Since
UBCE,.(, .
O ~ O', Lemma 2.19 implies that the same formula holds for any Jo € J» ) This

completes the proof since 7 is just one of those Jo. 0
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THEOREM 3.9. Let 7 = (ny, . ..,y ) be a partition of n and O € Bg?). Suppose that
the chain connecting O to O € ngl) contains d shift equivalences. Moreover, suppose
that either O & O X 0" ¢ 322,”) with ©' = O(q) holds, or O % O’ X 0" ¢ ngl) with
0" = O'(q) holds, for some permutation q of the set S,,. Then there exist constants [ir ,

and [i,, , depending only on w, p and n, , respectively, such that for any d + 1 block Jacobi
UBCE,
operators J1, Ja, - .., Ja+1 € j @ one has

71Tz Tarillz < trg,o 0 < im0 < fn,p < 1.
Proof. Let us first consider the case O X O’ X 0" ¢ ng) with O = O(q). Denote
B ={0'e OP,) |0’ X 0", 0" e B™M}.
Theorem 3.5 and Proposition 2.20 imply

UBCEn, (o) .
(38) ||‘-71/‘72/"'\7r§+1“2gﬂ77q705 jllaJQ/a”'vjé-i-le o’ e OlGBs‘p)’

where 0 < fir, o < fin,, < 1. Since O = O’(q~ 1) and Tq-10q = T, relation (3.8) and
Theorem 2.22(i4) give

UBCE, (g)

1Tz Tagrillz < porg,o forany J1, J2,...,Ja+1 € j

which proves the theorem.
Now suppose that O % 0’ £ 0" € BI™ with 0" = 0'(q). Let

B ={0'e OP,) |0 =0"(q7"), 0" e BIM}.

By Theorem 3.5 and Theorem 2.22(7) we have

< < - UBCE?\'(Q) O/ B\(m)
”JO’H2 = Mrg,0s 0< Hrq,0 < i, < 1, Jo € O ) € sp -

Here we used 41,4 = 7 once again. Since O ~ (', Proposition 2.20 completes the proof.
a

We end this section by shifting our attention from block Jacobi operators to cyclic block
Jacobi methods, defined by the generalized serial strategies.

THEOREM 3.10. Let 7 = (ny, . .., Ny, ) be a partition of n, O € BQZ’;, andlet A € S,,
be partitioned as in relation (2.2). Let A’ be obtained from A by applying one sweep of the
cyclic block Jacobi method defined by the strategy 1. If all transformation matrices are from
the class UBCEr (o) for an appropriate permutation q of the set S,,, then there are constants
Nrq,0 ANd Ty o depending only on q, 0 and n, o, respectively, such that

S2(A) < nﬂqygSQ(A), 0 < Do < Tnyo < 1.

Proof The proof is almost identical to the proof of Theorem 3.6. The difference is that
0 e By spg ) and we use Theorem 3.8 instead of Theorem 3.5. a

THEOREM 3.11. Let m = (n1,...,Ny) be a partition of n, O € ng"), andlet A € S,
be partitioned as in relation (2.2). Suppose that the chain connecting O and O € ng) is in
the canonical form and contains d shift equivalences. Let A’ be obtained from A by applying
d+ 1 sweeps of the cyclic block Jacobi method defined by the strategy I». If all transformation
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matrices are from the class UBCEr (o) for an appropriate permutation q of the set Py, then
there are constants 1, , and 1), , depending only on mq, 0 and n, o, respectively, such that

S*(A') < My ,05%(A), 0 < Nrgo < Tnyo < 1.

Here q is an appropriate permutation of the set P,,.
Proof. The proof follows the lines of the proof of Theorem 3.6. Since we consider d + 1
sweeps, instead of relation (3.5), we will obtain

a = a((d+1)]VI) _ j([ngrl]j([gd] . 'j([gl]av Oc Bg]n)

Here jg J is the block Jacobi operator associated with cycle s of the block Jacobi method and
a = vec(A), ' = vec(A’). From Theorem 3.9 we know that

d+1] [d 1 ~
Hj([g ]j([g] . j([g]”Q S ,UTrq,Qv O S /f["n'q,g < ,un,g < 17
SO
S2(AY) = [la']13 < pz, ollall3 < 1z ,S?(A).
It remains to set 7, , = ,ufrmg and 7, = ﬁig a

In the case m = (1,1,...,1), we have m = n and we can use notation ng;) and Cg;”)

instead of Bg%) and ng”'), respectively. Corollary 3.3 holds with the same constant 7,, if an)

is replaced by ng;. Theorems 3.9-3.11 also hold with y,, , instead of pir, ,.

It is not easy to count how many pivot orderings are contained in Bg?). In B((;m) we

% m m <_ m
have 2! - 3!--- (m — 1)! elements. The sets Bg ), BT(, ), and BS« ) have the same number of

elements. Hence, for large m we expect that ng”) contains 4-2!-3!- .- (m — 1)! elements. For

each ordering O € BS’,?) there are m! orderings of the form O(p), so for large m we expect at

least 4 - 2! - 3!...m! elements in ngfq) (where we have not taken the equivalences ~ and S
into account). Obviously, for small m (like m = 3,4, 5) this count is not realistic.

Nevertheless, the results obtained here have been used in [2] to prove that every cyclic
Jacobi method for symmetric matrices of order 4 is globally convergent. Note that there are
altogether 720 cyclic strategies when n = 4.

4. Quasi-cyclic pivot strategies. Our next step is to enlarge the scope of generalized
serial strategies by allowing repetition of some Jacobi steps within one sweep. This leads
us to special quasi-cyclic pivot sequences, which are closely related to the orderings from
Section 3. This change often leads to faster convergence of the Jacobi method [7, 8, 16]. To
keep our consideration within reasonable framework, we can assume that the length of each

. .. . _ m(m—1)
quasi-cyclic pivot sequence is smaller than 20, where M = ———".

Our basic class of quasi-cyclic pivot sequences is derived from the class Bgm). More
precisely,

B = {0 € OPn) |0 = (1,2), (m3(1),3), (15(2),3), O3, (1), ),

~'~a(7Tm(m_ 1)7m)aomu Ty € H(Lj_l)a Oj € O(Sj)7 Sj - Pj7 3 < J < m}

Thus, the quasi-cyclic pivot strategy I» defined by some O € B§m> selects pivot blocks by
block-columns. After the pivot blocks within the jth block-column have all been annihilated
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once, it is allowed to annihilate again any block that lies within the first j block-columns.
Here, 3 < j <m.

THEOREM 4.1. Let m = (ny, ..., Ny,) be a partition of n, O € Bﬁm), andlet A € S,,
be partitioned as in relation (2.2). Let A’ be obtained from A by applying one sweep of the
quasi-cyclic block Jacobi method defined by the strategy lo. If all transformation matrices
are from the class UBCE(p), then there are constants 1 , and 1,, ,, depending only on T, o
and n, g, respectively, such that

SZ(A/) S 7771—’952(14)7 O S 7771',@ < ﬁn,g < 1

Proof. The proof has been moved to Appendix A. 0

Although the quasi-cyclic strategy from [7, 8, 16] belongs to the class of block-oriented
strategies, its “full block™ analogue is I for some special O € Eém). As has been shown
in [19, 20] for large matrices that full-block Jacobi-type methods are generally more efficient
than the block-oriented ones. This implies that the Jacobi method from LAPACK can be
upgraded to a full block version, and Theorem 4.1 ensures its convergence.

Now, it is easy to prove Theorem 3.2 for O € E((;m). The proof remains the same except
that the word “cyclic” should be replaced by “quasi-cyclic” and the notation BS“"’) should be
replaced with Bﬁ””. The case m = n is treated in the same way.

Following ideas from Section 3, we define B{™ = {o@|0e B }

<= _ — _
B ={0e OP,) | 0° cB™Y, B =[0ecOP,)| 0" cBm™)

C

and
_ _ = _ _ = _ _ _
Bm =B u B, B =By B, B =B u BT,

m)

It is easy to verify that both Theorem 3.5 and Theorem 3.6 hold with ng in the place of
B{™ . Finally, we can define

BG) = {0 OP) | 0RO~ 0" 0r 0~ 0' 20", 0" € B |,

spg
Bim — {(9 ceOP,) |00 20" orO 0 RO, 0" e Bg;">}.
It is easy to verify that all four theorems, Theorems 3.8-3.11, hold with ng;) and Bﬁ;”).

In the case m = n, one can reestablish the corresponding results for the standard Jacobi
method and the associated Jacobi operators.

5. Convergence of more general block Jacobi-type methods. The obtained results for
the block Jacobi operators and annihilators can be used to prove convergence of more general
block Jacobi-type methods. This section is similar to [18, Section 5], and we will refer to
some results from there. First, we prove the main result, and then we apply it to the block
J-Jacobi method from [20].

Consider the block Jacobi-type process

(5.1) AR = FTAWE - k>0, A® =4,

where A is a symmetric matrix of order n, partitioned as in relation (2.2), and Fy, k > 0,
are elementary block matrices. Their pivot submatrices are only required to be nonsingular.
Since all F}, are nonsingular, A # 0 implies A®*) = 0 for all k. The process is said to be of
Jacobi-type since it is generally not required that the pivot submatrices are diagonalized. We
assume that for the process (5.1) the following assumptions hold:
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Al O e Bg;"’), i.e., the pivot strategy I of the process is a generalized serial one.
A2 There is a sequence of orthogonal elementary block matrices Uy, & > 0, such that

lim (Fk - Uk) =0.
k— o0

A3 For the diagonal block Fi(ik) of F}, one has

o = liminfo® > 0, where o) = min (Fi(ik)), k> 0.

k—oo

The first assumption A1 deserves a comment. By Definition 3.7, the set Bé@”) is defined using
a single permutation equivalence. In order to make use of Theorems 3.9 and 3.11, we can
presume that in Definition 3.7 either O’ = O(q) or O” = O’(q) holds for some permutation .

Because of the condition A2, in the assumption A3 one can replace F(k) by U(k).
From the CS decomposition of the orthogonal (n; + n;) X (n; + n;) matrix UZJ, we have

Omin (U(k)) = Omin (U(k)) Therefore, in the definition of ¢(*), instead of F k)

Fj(jk ), Uz(lk), or U(k) Recall that Fz(k) F](]k ), stands for F(k F(k) respectlvely

Since for each Uy, there is a permutation matrix Pk t%at makes kPk a UBCE matrix,
condition A2 shows that for large enough k, each Fj P, will be arbitrarily close to some
UBCE matrix. However, Uy, and therefore also Py, is generally not known, while F}, is

one can use

available. Thus, one can perform the QR factorization with column pivoting of [Fl(f) Fl.(jk)}

to obtain P and then replace F}, by Fj P;. The corresponding matrix ﬁk = Uy Pr, may not
be from UBCE(1), but it is certainly from UBCE(p) for some 0 < ¢ < 1 when k is large
enough.

THEOREM 5.1. Let m = (nq, ..., Ny, ) be a partition of n, O € ngl), andlet A € S,,
A # 0, be partitioned as in relation (2.2). Let the sequence of matrices (A% k > 0) be
generated by the block Jacobi-type process (5.1). If the assumptions A1-A3 are met, then the
following two assertions are equivalent:

S(A(k+1))

|A®) ||
S(A(k))
o [|[A® |5

Proof. The proof has been moved to Appendix A. 0

Thus, condition (i) is sufficient for the convergence of .S (A(k)) to zero. In the case of block-
wise or element-wise Jacobi methods (i.e., those that diagonalize the pivot submatrix at each
step) condition (i) is trivially fulfilled. Note that S (A\E;CH)) and S(A®)) are being divided by
| A% || , which is appropriate since the theorem deals with nonorthogonal transformations.

In some applications the following corollaries can be used.

COROLLARY 5.2. Theorem 5.1 holds provided that the recurrence relation (5.1) is
replaced by

(i) hm =0, where XZ(?H) = ﬁgﬁgf)ﬁk

(ii) hm

(5.2) AFD — pr A L BB k>0,

where limy_, o S(E®) /| AWz = 0 and E® # —FT AR Fy, k > 0. The last condition
on E¥) can be replaced by the requirement that E*) = 0 whenever A%*) = 0 for some k.

Proof. Comparing with the proof of Theorem 5.1, the only difference appears in the
definition of each vector ¢(*), now including the vector e(¥), which in turn results from the
matrix E*). 0
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COROLLARY 5.3. Let A # O be a matrix of order n, and let the sequence A©) = A,
AWM be generated by a block Jacobi-type process defined by relation (5.2). Assume that
the assumptions A1-A3 hold. Suppose that the sequence (A(k); k > 0) is bounded and
(5.3) lim S(E®) = 0.

t—o0
Then the following two conditions are equivalent:
(iii) lim S(AFTY) =0,
k—o0
(iv) lim S(A®) =o.
k—oc0

Proof. The implication (iv) = (iii) is obvious. For the converse implication, we use the
expressions Fy, = Uy, + (F, — Ug), k > 0, to transform the recursion (5.2) into the form
A*HD) = gT ARy, 4+ T7® 4+ BX®) with

7K — (Fk - Uk)TA(k)Uk + UEA(k)(Fk —Ui) + (F) — Uk)TA(k)(Fk - Uk).
By the boundedness of the sequence (A*); k > 0) combined with assumption A2, we have
IT®) < sup {||A<k>|\2;k > o} (211 Fx = Ukl + |Fx = Ug|*) = 0 ask — oo.

This confirms relations (A.16), (A.17), with g(k) which additionally includes the vectors
associated with the matrices 7®) and E(®). The conditions (iii), (5.3), and the latest relation
together imply limy,_, o, g*) = 0. Following the same lines of the proof of Theorem 5.1, one
obtains lim,_ g[s] = 0 and limy,_, o a'*) = 0 if and only if limg_, al*l = 0. Therefore,
under the conditions of this corollary, the sequence (al*!; s > 1) has all the properties of the
sequence (A.24) from the proof of Theorem 5.1. The rest of the proof closely follows the
proof of Theorem 5.1. |

Let us note that the results in this section hold if the set of pivot orderings B‘S’;” in the
assumption Al is replaced with [312;"). Also, as has already been explained in [18], it makes
sense to rewrite the assumption A3 in the equivalent form:

A3 For the diagonal block ﬂ(ik) of F}., one has

o =liminfoll >0, ol = min__ o (F),
t—>00 (t—1)T<k<tT-1

where the quantities ol*! are labeled by sweeps (i.e., cycles or quasi-cycles).

5.1. An application to the block J-Jacobi methods. The main purpose of Theorem 5.1
is its use in the global convergence considerations of the block Jacobi methods for the
generalized eigenvalue problem, say for the HZ method from [29]. However, further research
is needed to achieve this goal. Hence, we will choose yet another block method, which is
well-understood, important in practice, and for which the newly obtained results can be applied
straightforwardly. It is the full block J-Jacobi method from [20], for the pair (A, J), where A
is symmetric positive definite and J = diag(I,,, —I,,—, ). The main application of this method
is to solve the simple eigenvalue problem Hx = Az, where H is indefinite symmetric matrix,
with high relative accuracy. The partition 7 = (n1, ..., n,,) has to comply with the partition
(v,m — v), i.e., the first has to be a subpartition of the latter. After preliminary transformations,
the problem Hx = Az is reduced to the generalized eigenvalue problem Az = AJxz. All
details can be found in [20, 33]. The method uses J-orthogonal elementary block matrices Fy,
which leave J intact under congruence transformations F; kT JF, = J, k > 0. The iteration
process has the form (5.1) with a positive definite matrix A = A(©),
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In [20] the global convergence of this method was proved under the weak wavefront
strategies, and here we prove it for the much larger class of generalized serial strategies.

THEOREM 5.4. Let m = (ny,...,Nm) be a partition of n so that 7 refines (v,n — v).

The full block J-Jacobi method defined by the cyclic pivot strategy 1o, O € Bﬁ},”), which uses
UBCE J-orthogonal transformation matrices, is globally convergent.

Proof. Since the iterates generated by the full block J-Jacobi method are bounded
[20, (3.18)], we can apply Corollary 5.3 with the matrices E(k), k > 0, set to zero. The
method is called the full block J-Jacobi method because at each step it diagonalizes the pivot
submatrix. This implies that condition (iii) of Corollary 5.3 is fulfilled.

All we have to do is follow the same lines of the proof of [20, Proposition 3.3], which in
turn reduces to checking the validity of the assumptions A1-A3 from Theorem 5.1.

The first assumption is presumed. The second one follows from [20, Proposition 3.2].
Assumption A3 holds for two reasons. First, for each hyperbolic elementary block transforma-
tion F},, one has o(®) > 1, and we only have to check A3 for the orthogonal elementary block
transformations. However, they are exactly the same as those in the block Jacobi method for
symmetric matrices from Sections 3 and 4 of this paper. Relations (2.15) and (2.16) hold for
them, even with o = 1. Since condition (iii) of Corollary 5.3 is fulfilled, we have S(A®*)) — 0
as k — oo. The rest of the proof requires an analogue of Theorem 2.10 for the .J-Jacobi
method. However, all that is needed in the proof is an estimate similar to (A.1) for the diagonal
elements of A). Such an estimate is established in [6, Lemma 1.1]. 0

By using results from Section 4 one can easily show that Theorem 5.4 holds for any
quasi-cyclic strategy Ipn, O € Bg’;).

6. Conclusion and future work. So far, a satisfactory research goal has been the global
convergence of the block Jacobi method for symmetric matrices established for the serial pivot
strategies or those that are equivalent or weakly equivalent to them, so-called wavefront or
weak wavefront strategies. All those strategies were obtained from a single cyclic strategy, say
the column-cyclic one. Here we have shown how to further enlarge the class of convergent
strategies by using the notion of the reverse strategy and that of permutation equivalent
strategies. Hence, with each convergent pivot strategy we have associated the whole large class
of convergent strategies obtained from it by using four equivalence relations, ~, N 2, and
by using reverse strategies. The next step was to increase the number of classes of convergent
strategies obtained this way. For large m, we have obtained at least 2!3!- - - (m — 1)! such
classes of convergent strategies, and we have named their union the class of generalized serial
strategies. Furthermore, convergence results for that class are stated and proved in the stronger
form, which enables us to formulate and prove similar results for the block Jacobi operators.
This makes the block Jacobi operators a tool for proving the global convergence of the block
Jacobi methods for other eigenvalue problems, in particular for the generalized eigenvalue
problem. As an immediate result, we have proved the global convergence of the full block
J-Jacobi method under any generalized serial pivot strategy.

Future work will include proving global convergence of the (block-wise and element-wise)
HZ method [13, 29] for the generalized eigenvalue and singular value problem under the class
of generalized serial strategies. We also intend to prove the global convergence of the block
Paardekooper method for skew-symmetric matrices. An immediate consequence of the results
from this paper is the proof that in the case n = 4, all 720 cyclic strategies for the symmetric
Jacobi method are convergent [2]. Future research will also be concentrated on the complex
block Jacobi methods, first for a single Hermitian matrix and then for a positive definite pair
of Hermitian matrices (the complex block .J-Jacobi and the complex HZ methods).
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Appendix A. Proofs omitted in the main text.

A.1. Proof of Theorem 2.10. Suppose that A is not a multiple of 7,, and assume that for
the eigenvalues of A we have

)\1 :...:)\Sl >)‘Sl+1 :...:)\52 >...>)\Sw71+1 :...:)\Sw’ S, =N,
S =v1+ -+, 1 <r < w,where vy,...,v, are the multiplicities of the eigenvalues. Let

30 = min (s, — As,4,)-

1<r<w-—1
Obviously, there is an integer k( such that
S(ARWY <5, k> k.

From [15, Lemma 2.1] we conclude that for & > kg all diagonal elements of A®) lie in the
union of shrinking segments

DW= {t| |t — X, | £0.225(AM)} C {t] [t — A, | <0.226} =D, 1<r<w.

Furthermore, by the same lemma, each Dﬁk)

contains at least v, diagonal elements of AR
and then it straightforwardly follows that ’ng) contains exactly v, diagonal elements of A().

In particular, this implies that for any two diagonal elements of A*) we have
(A1) either |alf) —a®) | <0448,  or |alf) —a®) | > 2565, k> ko.

Since the sequence S (A(k)), k > 0, converges to zero, the proof will be completed if we
show that for £ > k( the diagonal elements cannot change their affiliation to eigenvalues.
Afterwards, we will also show how the diagonal elements of A are ordered along the diagonal.

To establish assertion (i) it is sufficient to prove the first claim only since the second one
can be proved in a similar way. Even if the blocks A” , 1 <7 < m, were not diagonalized at
the beginning, we can increase ko, if needed, so that the assumption of the first claim reads:
each Agf ), 1 <i<m,k > kg, is diagonal with diagonal elements ordered nonincreasingly.

To this end we denote Agf) by Agf), 1 < i < m. We can also assume that ky = ¢y, where

T > M = m(m — 1)/2 is the period of the strategy. The proof will be completed if we can
find k{, > ko such that

Sr,Sr

(A2) {aﬁ),a22 O e U’Dp, 1<r<w, k>k).

Let us consider step k of the block method with k& > kg. Let i = i(k), j = j(k), and let
~(k) ~

A= diag(Al(;C ), A;?H)) be the transformed pivot submatrix Agf). From relation (2.6)
and the perturbation theorem for the symmetric matrices, we conclude that

(A3)  |diag(ALTY, A%TY) — PTdiag(AL, AN Pylly < AR

< ?sm“ﬁ)) < g(s
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holds for k& > kg, where P are some permutation matrices. From relations (A.3) and (A.1),
we obtain the following geometric interpretation of the movement of the diagonal elements
during one step of the method. The diagonal elements of A*) are points on the real axis
situated within small segments around the eigenvalues. After the completion of step k, they
have moved (as points) within the same segment, but (as diagonal elements) their subscripts
may have changed.

What happens with a diagonal element ag];‘)) , which lies in the segment D, ?

First, suppose that vy < n,, for all 1 < p < m. Then each time a,(llfl") is affected, it will be
a diagonal element of Agf T Let a,g’f]'”) lie in Al(lk °) Then, for k > ko, aé’é) is affected when
i(k)=1lorj(k)=1.

If i(k) = I, then a( ) will remain in the same diagonal block, which is A(kJr1
(k+1)

=

If A;. ) contains some diagonal elements from D;, then they will move to A, , and thus the

number of diagonal elements from D; in Al(l 1 will be larger than in Al(l ).

If j(k) = I, then a,g’f]) will move to the new diagonal block Aff T i < 1, hence its
subscripts will become smaller than or equal to s;_;. Since the pivot strategy is cyclic or

quasi-cyclic, the case j(k) = [ must occur within the current sweep, unless I = 1. Hence,

during the next sweep aéqo) will move to some diagonal block which lies closer to A( o)

unless | = 1.

Since a( o)

is an arbitrary diagonal element of D;, we conclude that within one sweep

all diagonal elements from D; not belonging to Agl will decrease their subscripts to such an
extent that they become the diagonal elements of other diagonal blocks. This analysis shows
that within the first m — 1 sweeps all diagonal elements belonging to D; will be the elements
of the first diagonal block.

Now, let v; be such that 1 < v; < n holds. Then the same analysis shows that during
m — 1 sweeps, the diagonal elements affiliated with \; will be filling in the first v; diagonal
positions of the matrix. Hence, there is a number k; > (m — 1)T" + ko such that the first 14
diagonal elements in A1) are affiliated with \;.

Almost the same analysis shows that within the first m — 1 sweeps the diagonal elements
affiliated with \,, will be filling in the last v,, diagonal positions of the matrix. By increasing
k, if necessary, we can assume that the last v, diagonal elements of A1) are affiliated with
An-

The rest of the proof considers the matrix A1) In A1) the first 1 and the last v,
diagonal positions are occupied by the diagonal elements from D1 and D,,, respectively. The
situation is described by the following block-matrix partition

Aglzl) B(k1) C (k1)

Alk) — B(kl)T A,Elk_li = k) , ig =ny+- -+ ng,
cten)T G(kf)T ’ Ak Sp =T+ + N pt 1
Sp

where s, < v < $p41 and 5, < v, < 5,41. In this situation, if the pivot blocks are within

A(k) QNG QN A(k) k > ki, the corresponding steps will make no subscript change
in the diagonal elements of the change will only mean repositions within the same diagonal
block. Therefore, our analysis will only consider the central block A(kl)

(kl)

5, The diagonal

elements of A ~ from D1 (resp D), if there are any, have already settled within the

S
(k1)
m—p,m—p

first (resp. last) posmons of A® 0 +1 ot1 (TESp. A,
during the next steps.

). They will not leave these positions
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Then after the following m — ¢ — p — 1 or more sweeps, the diagonal elements from
Dy and D, will settle in. Continuing this consideration we finally obtain the matrix A(k,),
k' > ko, for which relation (A.2) holds. We note that &’ depends on the pivot strategy. For the
serial ones, say for the row-cyclic one, the above analysis shows that we can take k' = ko + M.

In order to prove (ii), we consider the diagonalization of the pivot submatrix, which is
generally described by relation (2.6). Since we use a globally convergent element-wise Jacobi
method, we know that the off-norm sequence of this submatrix tends to zero. In [25] it was
(k+1)7 A;l;—!—l))

proved that the diagonal elements always converge. Thus, the limit diag(A;;

k)

exists. Finally, it is known that the diagonal elements are updated by =+ tan qﬁkal( , where

m
(1,m) is the pivot pair. Therefore, the change is smaller than 1 - |al(51)| < ||A£f) lla < v2/26.
Hence, the diagonal elements cannot change their affiliation to the eigenvalues. This means

that the permutation Py from relation (A.3) can be taken to be identity. a

A.2. Proof of Corollary 2.17. Set R = R(U), where U is as in (2.4). It is sufficient to
verify that the transpose of each of the three types of submatrices appearing in Theorem 2.15
is of the same type and possesses the same properties. For the first and the third type, the proof
is straightforward:

Ul @I, UleL. 1" [Ui®l, Ujol,] [VIiel, VIel,
Ulel, UL oL, | ~|Up®l, Uj;l, | |Viel, Viel, |’

L, @UL L, oULY" (L. oUi L,oU;| [l.oVl L, oVl
Inr & U;I; Inr & Uj,]; o [nT & Uj'l Inr & Ujj [nT ® ‘/731 Inr & ‘/JJ; ’

with
V=|. ”} =U".
[Vji Vi

Note that V' has the same essential properties as U: dimension and orthogonality (belonging
to UBCE(p)). For the second type of submatrices we have

L, UL SUeI,) g [ L,oU:, (. ®U;)ST
S(I,, ®UL)  UL®I,

U e L,)ST U @1,

_ {anr®‘/;? 5(‘/5®Inr)}

S, 0VE)  Viern, |

To prove the second equality we need some extra work. It is obvious that this equality holds
for the corresponding diagonal blocks. To prove that the corresponding (1, 2) blocks are equal,

let U;; = (ust), and note that it is an n; x n; matrix. If e{ denotes the kth row of I,, , then
Uij(In;, ® eg) is an n; X njn, matrix, and we have

T
ey, uitln, o0 Ui I,

Uij(In, ® €} ) =
ef Up,1dn, - Unmjfn,,,
=(In, ® ez) (Uij ®1In,) = (In, ® eg) (Vﬁ ®1I,), 1<k<n,.
Hence,
N Uij(I”j ® 6{) (In; ® e{) (Vﬁ ® In,)
(In, @ Uyj)S™ = : = : = S(Vji @ I,,).

Uij (Inj ® 67711) (In; ® e%) (V]{ ® I,)
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Next, let us prove that the corresponding (2, 1) blocks are equal. Note that U;; = Vg is an
n; X n; matrix. If e;, denotes the kth column of I,, , then for each 1 < k < n,. we have

(Uji®InT)(In,- ®ek') = Ujilni ®Inrek = Uji®ek = (IHJ' ®€k)(Uj’i®Il) = (Inj ®ek)Uj’i’
and all (Uj; ® I, ) (I, ® ex) are njn, x n; matrices. Now we have

(Uji @ In,)S" = (Ujs @ I, )[In, ® €1+ - I, @ €]
[(Uji @ In, )(In, @ €1) -+ (Ui @ I, )(In; @ €3,.)]
= [(In; ® e))Uji -+~ (In; ® en,)Uji]

= [Inj Kep--- Inj & enr]
Uji
= g(Inr ® Uji) = §(In7‘ & V”T) o

A.3. Proof of Theorem 3.1. First we list some inequalities that will be used. Let
Omin(X) and 00, (X) (= || X||2) denote the smallest and largest singular value of X. Recall
that || X || 7 denotes the Frobenius norm. Let || X || denote any matrix norm. We have

(A4) XN =Y < IX + Y < [IX[+ (Y],
[ X1+ + Xl S [ Xl +--- + 1Xll,  t=1,

max{Gmin (F)|G|F, Omin(G)|Flr} < [[FG|r < min{omaee (F)| Gl F; 0maz (G) || F | £},
Omin(X1 .- Xt) = omin(X1) - Omin (X3), t>1,

(A.5) Omaz(X1 - Xt) < Omaz(X1) Omax(Xt), t>1.

Besides, if X = (X,.) is a block matrix as in relation (2.2), then both for the operator matrix
norm and also for the Frobenius norm we have

(A.6) 1Xrsll < 11X, 1<r,s<m.
To prove Theorem 3.2, we start with the partition 7 = (ni,...,n,,) and denote by
m = (n1,...,n;) the partition of s; = ny + --- 4+ n;. Obviously, for | = m we have

T, = 7 and s, = n. The set associated with 7; is Bgl) from (3.1) where m is replaced by [.

We will prove the following statement. Let ! € {2,...,m}, and let A be any symmetric
matrix of order s;, carrying the block-matrix partition defined by 7;. Apply to A the cyclic
block Jacobi method defined by the pivot strategy I, O € Bgl), thus obtaining the symmetric
matrices A© = A, A defined by the recursion (2.5). If the transformation matrices are
from the class UBCE, (o), then

I(1—1)
2 ]

A7 SHAW) <0y (% (A),  0<im<Tlse <1, L=

where the constants 7, , and 7j, , in (A.7) depend only on ;, ¢ and s;, g, respectively.
Obviously, for I = m we obtain the assertion of Theorem 3.2. The proof of (A.7) uses
inductiononl, 2 <1 < m. N
For | = 2, A is of order s = n; + ns. Its only pivot block is Ajo, so that A = A.
One step of the block Jacobi method is needed to diagonalize A. We have S?(A™M)) = 0, so

Nra0 = 7752,9 =0.
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Assume that assertion (A.7) holds for I — 1,1 € {3,...,m}, and for the partition 7;_
with constants 0 < 7, , , < 75, , , < 1. In the induction step, we will prove that (A.7)
holds for .

Let A = (4,s) be a symmetric matrix of order s;, partitioned according to 7;. For an
arbitrary ordering O from Bg) apply the cyclic block Jacobi method defined by I. Let
the transformation matrices be from the class UBCE, (¢), and let the obtained sequence of
matrices be denoted by A = 4, 4D

Let L = (I — 1)l —2)/2. Let A (A;_1) be the leading submatrix of AD) (A) of order
$;—1. In other words, A is obtained from A;_1 after completing one full sweep of L Jacobi
steps. During these steps, the last, [th, block-column of A has been affected only by the left
transformations. Therefore, we have

-1 _ -1
S = S Al
i=1

i=1

where A(E) — (grs). Let 0 < € < 1 be such that

-1
(A8) (1—€)S%(A) => || Aull?-
=1

Thus, S(A;—1) = eS(A). The submatrix A;_; is of order s;_; and carries the block-matrix
partition defined by 7;_;. Therefore, the induction hypothesis can be applied. It follows that

-1 -1
(A9)  SHAW) =2 (A)+ > AullF < 1y oS (An) + D [ AullF
=1 i=1

= Tm 1,062 5% (A) + (1 - €%)S5%(4)
= (1 - 62(1 - nﬂz—l,g)) SQ(A)

Even though we have S2(A(1)) < S2(AW"), we cannot set 1y, , = 1 — €2(1 — 1y, 0)
because € can be arbitrarily small or zero. We still need to estimate the contribution to the
off-norm reduction coming from the last [ — 1 steps.

According to relation (3.1), the blocks in the /th block-column are annihilated in the order:
(ri(1),0),...,(m(l = 1),1). Let us consider how the block 7;(¢) changes until it is annihilated
in the ith step. To simplify notation in this analysis, we write 7 instead of 7; (the permutation
of the set {1,...,! — 1}) until relation (A.12). We have

i _ g @ , 7 (L)
A (i) AT(')lUu + AT(i)'r(l)UT(l)l;

—A 1) UllL+1)+AT(Z)T(2)U(L+1

1(2) )
A T(2)l >

7 (i)l

Sim1) _ 7(i-2) (D +ie2) (T+i-2)
Az = Ay U + Ay Uriny

4@
AW =o.
The contribution to the off-norm reduction comes from ||A( (i)l H F, SO we have to esti-

mate it from below. To express Ai(i) 1) in terms of the blocks from A, we multiply the
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equation for A ) from the right by Uy, (L+i=2) , then multiply the equation for A by

Ul(lLJ” 3)Ul(lLJrZ 2), etc. Finally, we multiply the first equation by Ul(lLH) e Ul(lL“ 2) from

the right. Then we take the sum of the obtained equations. It follows that

i—1 L)y-(L+1 L+i—2) L+k 1) 7 (L+k) L+i—2
AC z)z)—A U U U +ZAT< >r<k>U Uty g
k=1

Denote

_ (L+k)
(AlO) Cl - ()<I]?érll 3 {Jmm(Ull )}

Using the inequalities (A.4)—(A.5), for 1 <¢ <[ — 1, we obtain

i— 1 (L L i—2) (L+k—1 L+i—2
1A e = [l Ara Uy - U™ HZAT(Z i Usr U

L L+i—2)\ 7 - L+k—1 L+i—2)\ 7

> win (U5 US| Ao v —Zo’max UT((;j)l LU Ayl
L L+1 L+i—2)\ ¥

> Umin(Ul(l ))Jmin(Ul(l * )) : mm(U( A )”A‘r(z)l”F -

=3 o O EE ) o UFH) e (O | i

i—1

> G Aoy allr = D 1 Aryralle-
k=1

Here, we have used (A.6) for the transformation matrices, which are orthogonal. Squaring the
obtained inequality and then using (a — b)? > %aQ — b2, a,b € R, and the Cauchy—Schwarz
inequality, we obtain

i—1

2(1—1 e . T
(A.11) 1AC 13 > cﬁ NArlld = 6= 1) 3 1Ay 13-
k=1

Now we have the lower bound for the reduction of 52 (A(Z)) coming from just one annihilated
block in the last block-column. The lower bound coming from all blocks in the last block-
column is obtained by summing up these. Using the relations (A.8), (A.9), and (A.11), we
have

1 i—

l*l -1
(A.12) Z 1AS 1% > Z CUVA il - -2
i:l =1

1
1A iyr ) | 5
—1 k=1

v

-1
1 . ou_ ~ -
¢ Z 1Ayl — (1= 2)S2(A)

\%
I

G2 - )8 A) — (1 - 2)ihmy 052 (A1)
1

=5 G @) (A) — (1= 2me_, 0S5 (A)

= f(e)S*(A),
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where the function f : [0, 1] — R is defined by

1 20-2 1 20-2
f(S) = §Cl ( - <2Cl ( ) + lnﬂl—hg - 27771'11,9) 62'

The first derivative of f is not positive since [ > 2. Recall that the transformation matrices are
UBCE, (o) and satisfy the relations (2.15) and (2.16). Therefore, we have

~ 3\/59
Al 12G= min {own )} 20 min v > o2t
(A.13) Z G o<hei—s 17 N P R gy T ’

This implies that the first derivative is negative, i.e., f is decreasing. Its maximum is at € = 0,
and its zero is

C?(l—l)

€= 2(1—1 '
Cl ( ) + 21,’771'1—1’9 - 4,'77”—1’9

In relation (A.12) the left-hand side is nonnegative. Therefore, it is better to replace f by a
nonnegative function f., such that

Fole) = { fle), e€]0,¢),

0, € € [e, 1].

Then f! (¢) < 0 fore # ¢ and fi () > f(€) for 0 < € < 1. From the relations (A.9) and
(A.12), we have

~ -1 . ~
SHAW) = $2(AP) = S IALD, 13 < SHAB)) — £ ()S*(A)
=1

< (1= (1= r0) = £4(9)S3(4) = g(95(4),
where
2(1-1 2(1-1
9(6): { 17%4‘1( )+€2(lnm,1,977}m71,g+% l( )71)7 €€ [07€l>7
1_62(1_7777171,9% € c [€l71].
The function g is differentiable on (0, 1) \ {¢;} and one has
(o) = { @lm 10— 2m 10+ GV =2), € (0,a),
26(777%71,9 - 1)7 €< <€l, 1>

For € € (¢;,1) we have ¢’(¢) < Osince 7, , , —1 < 0. For e € (0,¢), ¢'(¢) is either
positive or negative on the whole interval (0, 1), depending on /. We conclude that ¢ is either
decreasing on whole segment [0, 1], or increasing on [0, ¢;) and decreasing on (e, 1]. Thus, g
attains its maximum either at ¢ = O or at € = ¢;. Therefore, we have

(1= 1m0 }
<l2(l_1) + 2(l - 2)777177119

1 _
7771'179 = max {g(O),g(el)} = max{l - 5 §[2(l 2 9 1-

From relation (A.13) we see that (; is bounded from below by a positive constant that depends
on 7; and o. Therefore, the constant 7, , depends on 7; and p and 0 < 79, , < 1.
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It remains to show that there is a bound 7, , for S?(A(%))/S?(A) depending only on s
and g such that ), , < 75,,, < 1. It will be derived from 7y, ,.
If 0, , = ¢(0), then relation (A.13) implies

2(1-1) 2(s;—1)
(32 M3 N
nm’g 2 4S’+26 2 45l+26 —7751,@.

If 0,0 = g(€), then

2(1—2) + ¢

Nme = 3021 Nri—1,0
Cl =y + 2(l - 2)7771'171;9
which implies 7x, | , < 7x,.,. Therefore
2(1-1) 2(1-1 2(1-1
b =G (e )G 202 2) e
e T — — — - -
GV 2= T TV R20-2) 20-2)+ ¢

which is equivalent to 7, , < (I — 2)/(Cl2(l_l) + 1 —2). By (A.13) we have

N0 < 2(1—11)7 & < l;(l%l) < 512(7—?) = ngz,a'
¢ +1-2 3v20 1 — 3v20 _
! VAT 126 + 2 V1126 +s -2

Finally, set

~ / "
Tn,e = Max {7751,9’ Nsi,00 -

This completes the induction step and the proof of assertion (A.7). a

A.4. Proof of Corollary 3.3. We follow the proof of Theorem 3.1 and use the notation
from there. Now the blocks become the elements and we can use sharper estimates for the
rotation angles. In particular, we can replace the lower bound g;; from relation (2.16) by
\/5/2. We have m =n, 2 <[ < n, and

_ . _ (L+k)yy _ . B >£
G ogrlzlglrllq{omm(U” )} Ogrl?%?ilcosqburk_ 2

Hence, applying that lower bound for (;, using the notation 7, for 7,,, we obtain

m = max {g(0),g(e1)},
where

(1—m_1)27"

0)=1-27" =1- .
9(0) g(er) 24 (- 2)ms

This yields the constant 7, by replacing [ by n.
If the whole analysis is performed on the elements, a somewhat larger constant 7,, can be
obtained. In [1] it has been shown that

P g

= 1-2=m1—
Tn max { ) 22_n 4 (n . 2)77”71
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A.5. Proof of Theorem 4.1. The proof is similar to the proof of Theorem 3.1, so let us
follow the same lines. The notation 7, 7r;, and s; has the same meaning as before. The proof
uses induction on [, 2 < [ < m. Relation (A.7) remains the same, except for L, which has to
take the actual number of steps into account. The same is true for L. Since O € B£’">, we
have

I(1—1)

=~ (I-1)(1-2)
2 b=

L:
2

+ 03| 4 -+ |0y, + |os| 4+ + |O1_1].

As earlier, the matrix A (A;_1) is the leading submatrix of AL (A) of order s;_1. Until
the end, the proof uses the same lines as the proof of Theorem 3.1. We only note that the
final estimate is first obtained for the matrix A(“~19:D_but since S(AH)) < S(AE-IOD) it

automatically holds for S(A(®)). a

A.6. Proof of Theorem 5.1. The proof is similar to the proof of [18, Theorem 5.1]. The
only difference is that here the considered matrices are real and therefore the block Jacobi
annihilators and operators are of order K (where K is from relation (2.18)) and not 2K as
they are in [18]. Also, the iterative process (5.1) uses the congruence transformation, while
in [18] it uses the equivalence transformation. Finally, here we show how the parameter o
is used to avoid the assumption that the matrices U}, from A2 have to be UBCE. Hence, for
the completeness of the paper, we will present a somewhat shorter version of the proof, often
referring to the proof of [18, Theorem 5.1]. The complete proof can be found in the thesis [1].

Using the relation Fy, = Uy + (F, —Uyg), k > 0, and assumption A2 it is easy to transform
the process (5.1) into the form

(A.14) AFD — gl AWy, + B0 k>0,

where the “perturbation” matrices E¥) satisfy

A.l li E®
(A15) A TAB

The matrices A, A%, Uy, E®) | k > 0, carry matrix block-partition defined by 7. Applying
the function vec to both sides of equation (A.14) and using (A.15) together with condition (i),
one obtains (cf. [18, Lemma 5.2])

(A.16) D) = R gF) 4 (k) k>0,
and

(k)
(A17) I _o.

e TAPr ~

Here, R(*) is the block Jacobi annihilator determined by the pivot submatrix ﬁk of Uy, and
the pivot pair (i(k), j(k)), while g*) = vec(H™®)) + vec(E*)). The matrix H¥) of order
n carries the same partition as A*), which differs from the zero-matrix only in the pivot
submatrix of order n; + n; where it equals U L Egc)ﬁ k-

Recall that one cycle consists of M steps. After the first cycle has been completed,
relation (A.16) implies that we can write al!l = J7Ma©® 4+ ¢l where alt! = (),
JH = RrM=1) . . RO) and

M-—2
gl = gD 4 37 RO kD) g0,
k=0
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By Theorem 2.15 we have ||[R(*)||o < 1 for all k. Hence, [|g™| < [|g@]| +--- 4 [|gM—D)].
Similarly, after s cycles we have

(A.18) all = Fllals—U g gl s>,
Wlth a[s] = a,(SM), j[s] — R(SM*l) P R((S*l)]\/[) and
(A.19) g™ < gt =DM 4 gD

We will also write Al*l = A(M) 5o that al*] = vec(Al]), s > 0.
Using assumption A2 and condition (i), it is easy to prove that (see [18, Lemma 5.3])

AR

(A.20) i A
(A21) im 90 g
. im ———— =0,

o) alsl

1. — N = .ff 1' —_— =
P am, 0 M I ey, 0

1 for each ¢ > 0,

(A.22)

Relation (A.20) is implied by relations (A.14) and (A.15), while relation (A.21) follows
directly from (A.19), (A.20), and (A.17). Relation (A.22) is implied by (A.17) and (A.20).
From (A.22) it follows that, to prove ||a*)|| /|| A®)|| z — 0 as k — oo, it is sufficient to show
that lim,_, o b[s] = 0 for

8
A23 plsl = 4~ > 0.

We transform the iterative process (A.18) into

(A.24) plsl = glelpls—1 4 cls] s>1,
where
[s—1] 8
s (1A e [slpls—1] 4 _ 9
I G e i v R

By taking the norm of both sides of equation (A.25), we obtain

1AB ]|

Is])[ <
C
10 < | e

[s]H
1 [s] b[sfl] ||g > (.
' R O

Relation (A.23) and Theorem 2.15 imply ||p*~=")|| < 1 and || 7 [*]||5 < 1 for all s > 0. Hence,
from (A.20) and (A.21) we have

(A.26) lim ¢l = 0.

§— 00

The proofs of the preceding relations also hold for any quasi-cyclic Jacobi-type process
satisfying assumption A2 and condition (i) of the theorem. To prove

lim bl =0,

55— 00

we will additionally use assumptions A3 and Al.
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Since A3 holds, it implies ¢ > 0. From the definition of o, we know that there exists
so > 1 such that

1 3
||Fk: - Uk||2 40 and Urnm(F(k)) Z E S Z SOM-

1

By the perturbation theorem for the singular values, we have

k k k k k k
Tunin (U) = 0w (B — (B = US) = Zo = |ES = U
3, 3 1 1
> = _ N > .
4 ||Fk Uk||2 O’ 40’ 20’, k = SoM

Set o = %a. We have proved that ﬁk belongs to the class UBCE(p) provided that k > so M.
Then, by Definition 2.18, the block Jacobi operators J sl s > sg, from (A.24) are in

jUBCE(g)
O .
Next, we have to use assumption Al. Since O € ng”), we can presume that the

chain connecting O to 0" € B(m) (see Definition 3.7) is in canonical form and contains
d shift equivalences. Without loss of generality, we may assume (as in Theorem 3.9) that
0RO X0 e BI with 0 = 0(q),or O X 0 2 0" € BI with 0" = 0/(q), for
some permutation q of the set S,,,.

Applying Theorem 3.9, one concludes that there are constants jir, , and fi,, , depending
only on 7, 0 and n, o, respectively, such that

(A.27) Hj[s-s-d] . ..j[8+1]J[S]||2 < trgor 0= fhmge < fino <1, s> sg.

By unfolding the recursion (A.24) d times, similarly as in the proof of [18, Theorem 5.1], one
obtains

b[s+d j[s+d]j[8+d 1] b[s 1] J[s]b[s 1] +h[s] s> so,

where A5l — 0as s — oco. Here, we have used (A.26) and Theorem 2.15. Taking the
Euclidean norm, it follows that

ol < | glra glratipl il g b= 4 R, s > s
This inequality together with (A.27) implies

(A.28) ﬂs—&-d < Uﬂ'q.gﬁs—l + €5, 5> sg, with lim g5 =0,
: 5—00

where 0 < iz, < 1and 3y = o], e = ||, s > so. Set ay = Bso—14t(d+1) and
Nt = Eso+t(d+1)» t = 0. Then from relation (A.28) it follows that

a1 < g, 00t + M, t>0, with tlggo n: = 0.
This enables us to apply [12, Lemma 1] to obtain lim;_, ., oz = 0, i.e.,
Hm Boo1pi(arn) = 0.

Relations (A.24) and (A.26) imply

Bso—1+4t(d+1)+r < Bsg—1+4t(d+1) + It 0<r<d, t>0,
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with lim;_,o ¥+ = 0 for any 0 < r < d. This proves lim,_, bls] = 0 and, because
of (A.22), it also proves limy_,o, a®) /[|A®)||F = 0.
m k
Sy S2(AY)

Therefore, it suffices to show that lim = 0. Lete > 0. Then by

b AT
condition (i) of the theorem and by relation (A.20), there is an integer k. such that (cf.
[18, Theorem 5.1])

S(ALT) |AD) |

ij
< LIS L
AW,

(A29) S <
IA®

<l+e, k-M<p<k k>k.

Here M is the number of steps within one cycle. For given k£ > k. + M and [ € {1,...,m},

let ¢ < k denote the last step when Al(lq) was a part of some pivot submatrix. Obviously,
ke < g < k. Relation (A.29) implies

S(AY) S S A9

= = <eg(l+e),
[A®] = A6, — JAw]s Jam], = +e)
forany 1 <[ < m and any k > k. + M. This proves the theorem. |
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