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THE BLOCK HESSENBERG PROCESS FOR MATRIX EQUATIONS*
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Abstract. In the present paper, we first introduce a block variant of the Hessenberg process and discuss its
properties. Then, we show how to apply the block Hessenberg process in order to solve linear systems with multiple
right-hand sides. More precisely, we define the block CMRH method for solving linear systems that share the same
coefficient matrix. We also show how to apply this process for solving discrete Sylvester matrix equations. Finally,
numerical comparisons are provided in order to compare the proposed new algorithms with other existing methods.
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1. Introduction. In this work, we are first interested in solving s systems of linear
equations with the same coefficient matrix and different right-hand sides of the form

(1.1 Az =y 1<i<s,

where A is a large and sparse n x n real matrix, y() is a real column vector of length n, and
s < n. Such linear systems arise in numerous applications in computational science and
engineering such as wave propagation phenomena, quantum chromodynamics, and dynamics
of structures [5, 9, 36, 39]. When n is small, it is well known that the solution of (1.1) can be
computed by a direct method such as L U or Cholesky factorization. Note that the factorization
needs to be carried out only once and the resulting upper and lower triangular systems are
solved at low cost.

LetY = [y, ...,y e R™*5, X = [z ... 2()] € R"**, and assume that all s
vectors y(*) are available simultaneously. Then the above systems can be written as

(1.2) AX =Y.

In the last two decades, block Krylov subspace methods for block linear systems of the form
(1.2) have been developed. These iterative methods are suitable when n is large and when
the matrix A is not explicitly available. For symmetric and positive definite matrices A,
O’Leary presented in [31] a block conjugate gradient (BCG) method. Other variants of the
BCG algorithm and generalizations to nonsymmetric matrices were presented in [30, 31].
Generalizations of classical and robust Krylov methods for solving a linear system such as
GMRES, QMR, and BiCG-Stab to the block case are respectively considered in [28, 38, 40, 16],
[19], and [18]. Parallel implementations of block Krylov solvers are discussed in [3, 6, 7, 10]
and in the references therein.
We also consider, in this paper, the solution of the low-rank Sylvester matrix equation

(1.3) AXB-X=CFT,
where X € R"*P, A € R"*" B € RP*?, C' € R"*", and F € RP*" with r < min{n, p}.
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Matrix Sylvester equations have numerous applications in filtering and image restora-
tion [8]. They are also encountered in control and communication theory, model reduction
problems, feedback stabilization, and pole-placement problems [4, 13, 12]. In order to ensure
the existence of a unique solution, we assume that the matrices A and B of every Sylvester
matrix equation satisfy p;(A)p;(B) # 1foralli=1,...,n, j=1,...,s, where u,(Z) is
the kth eigenvalue of the matrix Z.

2. The block Hessenberg process. If computations are carried out in exact arithmetic,
then similar to the classical Hessenberg process with pivoting strategy [41], the block Hessen-
berg process generates a lower trapezoidal basis V,,, = [V4,. .., V;,,] € R™*™* of the block
Krylov subspace,

m—1
Km(AR)={X €C™*|X = A'RQ; Q; € R fori =0,...,m— 1} C C™*,
=0

where R is a given n x s column block vector.

The first block vector V; is obtained by performing an LU decomposition with partial
pivoting of the given block vector R. This means if P; R = L; I' is the PLU decomposition of
R, where P; € R™*™ is a permutation matrix, L; € R™** is a unit lower trapezoidal matrix,
and I' € R**? is an upper triangular matrix, then

Vi=Pl'L=RT%

We note that I and V; can be computed using the 1u Matlab function [V;,T] = 1u(R).

Leti; (j = 1,...,5s) be the index of the row of V; corresponding to the j-th row of
Ly,andlete; = [0,...,0,1,0...,0]7 be the i-th vector of the canonical basis of R™. Then
we define p; = (i1,...,%s) and the n X s matrix By = [e;,,...,e; |T, which correspond

to the s first columns of P;. The vector p; can be obtained using the max Matlab function
[N7p1] = max(‘/l)

Now, suppose that block vectors Vi, ..., V, have been computed and the permutation
vectors po, . . ., pi, updated. Then we can generate the block vectors U,g’i)l via

Uy =AVe, and U = AV =Y ViHjp, fori=1,...k,

j=1
where the square matrices H; ;, € R®*®, j =1,..., k, are such that
2.1) Ul LEy,...,Ey, fori=1,...,k
Thanks to the previous orthogonality condition, we have
Hye = (Vi(py. ) UL (py), forj=1,... k.
Again, letting P41 U, 151-?1 = Lyy1 Hy1,1 be the PLU decomposition of U, ,gl_?l, we obtain

_ pT _g7(k) -1
Vi1 = Py Lo = Uy Hy fy g

and using the 1u Matlab function, the (k + 1)-st block vector V}41 and the upper square
triangular matrix Hy 1 j are given by

Vi1, Heg1,6) = 1U(U1£i)1)-
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We end the derivation of the block Hessenberg process by letting ¢; be the index
row of Vi1 which corresponds to the j-th row of Lyy1 (j = ks + 1,...,(k + 1)s),

Pk+1 = (iks+1 e ,i(k+1)s), and define Ek+1 = [eiksﬂ, e ,ei(kJrl)J.
We also observe that the max Matlab function allows us to update py1 by

[~ prt1] = max(Vit1).
Finally, a complete statement of the resulting block Hessenberg algorithm reads as follows.

ALGORITHM 1: The block Hessenberg algorithm (with partial pivoting)
e Inputs: A ann X n matrix, R an n X s matrix and m an integer.
b Step 0. [Vh F] = lU(R); [Na pl} = max(Vl);
e Stepl. Fork=1,...,m
U, = AV
fory=1,...,k
_ j—1
Hyi = (Vi (0, 0) 7 U 070):
; -
U(J) — U(J ) _ ij Hj,k;

k1 k1
end(for)
Vi1, Hygr0] = lU(Ulgli)l); [~, Prt1] = max(Viyr)s

end(For).

In exact arithmetic and after m steps, the above block Hessenberg procedure leads to the
following relation, for k = 1,...,m,

H171 H172 e HLk
H2)1 H2’2 e Hgyk
AV, oo Vil =i, Vi, Visd] | 0s Hso :
=V =Vrr1=[Vi, Vit1] .. .. :
0 oo 05 Hpgig
For k = m, the above relation can be rewritten as
(2.2) AV, =V Hy,
(2.3) =V W, + Vi1 Hnp1,m B,

where IF]IW H,,, are respectively the (m + 1)s x ms and ms x ms block upper Hessen-
berg matrices whose non-zero block entries are the Hjj generated by Algorithm 1 and

E,, =[0s,...,0,,1 S]T is the ms x s rectangular matrix whose m-th block element is [, the
identity matrix of size s. B
Letting P,,, = (Ey, ..., E;y) € R™*™# which is a permutation matrix, and using (2.1)

we also have

(2.4) PLV,, =L, ( with L,,, € R™$*ms),

m

where L, is a unit lower triangular matrix. Now introducing VL := L_1PT ¢ Rmsxn,
we see that Vﬁl is a left inverse of V,,, since, according to (2.4), we have V#Vm = Is.
Pre-multiplying (2.2) and (2.3), respectively, by VL | and VL, we get

(2.5) VL AV, =H,, and VE AV,, = H,,.
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3. The block Hessenberg and CMRH methods. To solve a single linear system, the
author in [34] proposed the CMRH method. The CMRH method can be interpreted as a
GMRES-like method but based on the Hessenberg reduction process with pivoting strategy
instead of the Arnoldi process [34, 35, 21, 33, 32]. A variant for dense linear systems and a
parallel implementation of the CMRH method are described in [14, 15, 24]. The analysis of
the performance of the CMRH algorithm combined with the boundary element method when
applied to acoustic problems is considered in [1]. In this section, we investigate the block
CMRH method for solving multiple linear systems. This new block method uses the block
Hessenberg process described in the last section.

Block Krylov subspace methods for solving (1.2) are iterative methods that generate
approximate solutions X; € R™*# such that

Xk — X() (S ’Ck(A,R())7

where Ry :=Y — A X is the residual bock vector associated to an initial guess Xj.

Let Vi, = [V4,..., V] be the permuted trapezoidal matrix and Hj, be the upper block
Hessenberg matrix produced after & iterations of the block Hessenberg process applied to the
pair (A, Ry). Then using (3), we can write

X = X + Vi, Dy, where D, € RFs*s,

Since Ry = V1 T', we can use (2.3) and the first relation in (2.5) to get an expression for the
residual R associated to Xy,

Ry =Ry~ AVy Dy =ViT = Vi Hy, Dy = Vipy (Elr_]ﬁlka)y

where F; € R(k+1)sxs corresponds to the first s columns of the identity matrix /(3 41) ;. Now,
using the last equality and requiring the minimal norm residual condition

3.1 X, = argmin ||V — AX||F,
XeXo+Ki(A,Ro)

we see that D,,, is the solution of the full n x (k + 1)s least-squares problem

(3.2) pan Vi1 (B T — Hg D).
Solving this problem requires computing the QR decomposition of V1 Hj, which would
require O(n(ks)?) work and O(nks) storage. We would then obtain a method that is math-
ematically equivalent to block GMRES but useless in practice. So instead of solving (3.2),
we solve a smaller problem, namely minimizing just the norm of the coefficient block vector
in (3.2). Hence, we obtain Dy, from the minimization problem

min ||E; T — Hy, D).
De]RksXs

~ ~ ~ o~ =1 ~ ~
If the matrix Hy, is of full rank, then Hz = (H{Hk) Hg, the pseudo-inverse of Hy, is well
defined, and so Dy, = H',; E; T. Finally the k-th iterate of the block CMRH method is given
by

Xp, = Xo+ Vi Hf E; T

It is clear that when k increases, the number of block vectors that must be stored increases
with k, so the computational and storage requirements grow with each iteration. To remedy
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this difficulty, we can use the algorithm iteratively, i.e., we can restart the algorithm every m
steps, where m is some fixed integer parameter. This restarted version of block CMRH is
denoted by BCMRH(m) and is described below.

ALGORITHM 2: BCMRH(m), the restarted block CMRH method
e Inputs: A ann X n matrix, Y an n x s block vector, m an integer.
X an initial guess, ¢ a desired tolerance.
Step 0. Compute Ry =Y — AXq; _
Step 1. Apply Algorithm 1 to the pair (A, Ry) to get I', V,,, and H,,;
Step 2. Determine D,,, as the solution of Derﬂ%inqm |EL T — fﬂm D

e Step 3. Compute the approximate solution X,,, = Xo + V,,, D3
Compute R,,, =Y — AX,,;
e Step 4. If | R, || < e Stop; else X = X,,, Ry = R,y,; goto Step 1.

Before ending this section, we observe that instead of imposing the minimal norm
condition (3.1), we can use the following orthogonality condition

Ry L Ei, ..., Ep,

which defines the block Hessenberg method. In this case (just as in the case of the block FOM
method [32, 40]) the block vector Dy, is given as the solution of the ks x ks block linear
system

Hy D = Eq T,

where E; € RF*** corresponds to the first s columns of the identity matrix /s, meaning that
the k-th approximate solution of the block Hessenberg method is

Xp=Xo+V,H,'E T,

Finally, we observe that we get the algorithm of the block Hessenberg method by replacing
the instruction given in step 2 of Algorithm 2 by the following one:

e Step 2. Determine D,,, as the solution of H,,, D = F1 T';

4. The low-rank Sylvester block Hessenberg method. In this section, we are con-
cerned with the solution of the low-rank Sylvester matrix equation (1.3). We show how to
apply the block Hessenberg process in order to obtain low-rank approximate solutions to (1.3).

LetV,, = (V1,..., Vi), W,, = (Wy,...,W,,) be the permuted trapezoidal matrices
generated by applying simultaneously m steps of Algorithm 1 applied to the pairs (A, C') and
(BT, F), respectively. We recall that these matrices satisfy the following relations

(4.1) AV, =V Yy = Vo, HY, + Vi HY L EX
and
(4.2) BTW,, = Wyt B, = Wy, HE, + Wiy HY o BT,

where HY, = VL AV,,, H2, = WL BTW,, and E,, € R™™*" is the m-th block of the
identity matrix I,,,,.. We observe furthermore that there exists I'*, T"* € R"*" such that V; and

W1, the first blocks of V,,, and W, are given by the LU decomposition of C and F, i.e.,

C:V1FA, and F:W1FB.
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We also have
Vi C=E T and WL F=E T"

where E is the mr X r matrix corresponding to the first  columns of the identity matrix I,,,..
Following the ideas developed in [25, 26], we seek approximate solutions to (1.3) that
have the form

4.3) X, = Vi Vi WL
and satisfy the Galerkin-type condition
(4.4) VE R, (WH)T =0,

where R,, = AX,,, B — X,, — C FT is the residual associated with X,,,.
By multiplying R, on the left by VX on the right by (WX )7, and using &;,, given by
(4.3), the Galerkin condition (4.4) can be rewritten as

0=VL AV, Y, W] B-V, Y, WL —CFT] (WL)"
= (V5 AVe) Yo (Wi, BWS) = YV — (V] O) (W, F)T
4.5) =H;, Ym (an)T =V — (E1T) (B4 FB)T-

If p; (HS,) - i (HE ) # 1, forall ¢, j = 1, ..., mr, then the unique solution of the reduced
discrete Sylvester equation (4.5) can be obtained using direct methods [2, 20]. We observe that
the computation of the approximate solution &, requires matrix products of the three matrices
Vs Vins WZL and this becomes very expensive when m increases. Moreover, in order to
monitor convergence of X,,, we need to compute the residual R,,, which requires matrix
products with the large matrices A and B. Hence, to avoid the computations of expensive
matrix products, we derive an upper bound for the residual norm ||R.,, || 7, which allows us to
stop the iterations in the low-rank Sylvester extended block Hessenberg algorithm.

PROPOSITION 4.1. Let Yy, be the exact solution of (4.5) and X, = V5, Vi W% the
approximate solution to the discrete Sylvester equation (1.3) obtained after m iterations of the
block Hessenberg process applied to the pairs (A, C) and (BT, F). Then, the residual R,
associated with X, satisfies

(4.6) Rl < v/np (m+1)r /(a2 + 52 +42),

@ = [Hy, Yo Em (Hpyi1,0) 1oy B = Thsrm By Yo Hiy |, and
T
v = Hpi1.m By Yo B (Hpoi1.m)” | -
Proof. Since V,,, 1.1, WT | can be respectively partitioned as V,,, 1 = [Vyy,, Vi p1] and

WI . = WL, WZ.,], using (4.1) and (4.2), we can show that R,;, = V5.0 QW .,
where

B Oumr HY, Yo B (Hby 1)
=

Q
hotan Bl Y Moy Hiy o L Yo B (1)
Therefore, || R ||F < |[Vitillr |2 7 |[Wit1]| 7. Observe that

1205 = Iy, Yo B () |3+ 1 H g 1 By Yo Hl |3
+ ||H¢n+1,m Erq;, ym Em (HﬁrL+1,m)TH§7"
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Recall that V,,, ; € R™*(m+Dr gy e RPX(m+D7 are obtained by applying permutation
matrices and that these matrices are lower trapezoidal with entries V; ;, W; ;, respectively,
such that V; ;, W, ; < 1. From this, we deduce that

[Visillr < VA [Vl < v/ (m + D,
[Wonri 7 < VB [Wansalls < P v/(m+Dr,

and this yields (4.6). 0
To reduce the computational cost, we observe that as EL, = (O,., (m—1)r» Ir), the quanti-
ties «, 3, and -y introduced in the previous theorem are be given by

T
a = HH/;n (ym)I,mr (an—&-l,'rrL) ||Fa
8= HH;‘,H_Lm Vm)m..,: HE || s where m, = (m — 1)r + 1 : mr.
A B T
Y= HHm+1,m EZ; (ym)m'r'7m'r' (Herl,m) ||F’

Our experiments suggest that the upper bound (4.6) is a pessimistic one and that is more
appropriate to use the following estimate which we derived heuristically,

4.7 [RmllF < v/max(n,p)m/(a? + B2 +~2) =: 71

Finally, it is possible to get &, as a product of two low-rank matrices. We proceed as suggested
in [37, 23] by computing the singular value decomposition of YV, i.e., Vi, = VY WT, where
Y = diag[o1,09,...,0m:] is the diagonal matrix of the singular values of ), sorted in
decreasing order.

Now, let V; and 1; be the m x [ matrices of the first [ columns of Vand W corresponding
respectively to the [ singular values of magnitude greater than some tolerance 7. More precisely,
let [ be the such that 0y, < 7 < oy, then V,,, ~ V; X, W[, where ¥, = diag[oy, ..., 0.
Finally, setting Z5, =V, ‘71 Ell/ 2 and zZ =W, Wl le/ 2, it follows that

Xy~ 28 28T

The algorithm of the Low-Rank Sylvester block Hessenberg method is summarized below.

ALGORITHM 4: The Low-Rank Sylvester Block Hessenberg method" (LRS-BH)
e Inputs: Aann X n matrix, B a p X p matrix, C an n X r matrix,
and F' a p X r matrix.
Step 0. Choose a tolerance € > 0, M;,q, @ maximum number of iterations,
k a step-size, and 7 the tolerance for the truncated SVD.
Step 1. Form =1, 2, ..., Mmaz  _ _
Step 1.1 Update V,,, and W,,, and H?,, and H? by applying the mth step
of Algorithm 2 to the pairs (A4, C) and (BT, F) respectively.
Step 1.2 If m is a multiple of k&
Solve (4.5) and compute 7", given by (4.7);
Step 1.3 Ifrl <,
go to Step 2,
end(If).
end(If).
end(For).
Step 2. Compute the SVD of Y, i.e., Yy = VEWT,
where ¥ = diag[o1,...,0m]and o1 > ... > opy;
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Find ! such that 0741 < 7 < oy and let ¥; = diag[oy,...,01];
Form Z4, = V,, V; %,/? and 22, = W,,, W, 5}/?;

e Step 3. The approximate solution X, is given by X, =~ Z2, anT.

5. Numerical experiments. We present the following numerical experiments to illus-
trate the behavior and performance of the proposed methods. The different algorithms have
been implemented in Matlab 7.9 and have been executed on a computer with an Intel Pentium-4
3.4GHz processor and 2028MBytes of RAM. The machine precision was 2.22 10716,

Example 1. In this example, we provide some experimental results of using the restarted
block CMRH(m) method applied to (1.2) and compare its performance to that of restarted
block GMRES(m). In all examples, the starting guess was taken to be Xy = 0, and a
maximum number of 301 restarts was allowed for each algorithm. In all experiments, the
right-hand sides of the different systems are such that Y = A X*, where X* is generated
randomly with coefficients uniformly distributed in [0, 1]. This choice enables us to compare
the error norm given by e = || X* — X,,||r. In all examples in this set of experiments,
we took € = 10719, and the tests were stopped as soon as the residual norm R,, satisfies
[Bon | = [V = AXiml2 < €l[Y]2.

Before describing the examples used to to show the efficiency of the proposed methods,
we list below some properties of the matrices that are used in Examples 1.1, 1.3, and 2.2.
These matrices come from the Matrix Market web collection which is a visual repository of
test data for use in comparative studies of algorithms for numerical linear algebra [29]. All
these matrices are real and nonsymmetric.

e rdb 32001. This matrix comes from a computational fluid dynamics problem. It
is of size n = 3200 with a symmetric non-zero pattern and nnz = 18880 nonzero
entries. The average nonzeros per row and column is 5.9. The estimation of the
condition number is 2.71 103.

e add32. This matrix comes from a circuit simulation problem. It is real of size
n = 4960 with a symmetric non-zero pattern and nnz = 19848 nonzero entries. The
average nonzeros per row and column is 4. The estimation of the condition number
is 2.14102.

e appu. This matrix is a random sparse matrix used in a set of benchmark examples
from the NASA AMES research center. It comes from a directed weighted random
graph and is of size n = 14000 with a symmetric non-zero pattern and nnz =
1853104 nonzero entries. The estimation of the condition number is 1.71 102,

e memplus. This matrix comes from a memory circuit problem. It is of size
n = 17758 with a symmetric non-zero pattern and nnz = 126150 nonzero entries.
The average nonzeros per row and column is 5.6. The estimation of the condition
number is 1.29 10°.

e psmigr_3. This matrix comes from a memory circuit problem. It is of size
n = 3140 and has nnz = 543160 nonzero entries. The average nonzeros per row
and column is 1.7 102. The estimation of the condition number is 1.00 102.

e pde2961. This matrix comes from an economic problem. It is of size n = 2961
with a symmetric non-zero pattern and nnz = 14585 nonzero entries. The average
nonzeros per row and column is 4.9. The estimation of the condition number is
9.49102.

Example 1.1. In this first set of experiments, we report the results obtained with four ma-
trices: rdb32001, add32, appu, and memplus. The results are summarized in Table 5.1.
For the matrix memplus, we also compared the behavior of the preconditioned block CMRH
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(BC) and block GMRES (BG) algorithms. The obtained results with an ILUO preconditioner
[32] are listed in Table 5.2.

TABLE 5.1
Example 1.1. Results obtained with the Matrix-Market matrices rdb32001, add32, appu, and memplus.

A m, § # restarts | err. norm res. norm | CPU time
m =10 | BC 301 4241076 | 1.37,10°8 29.93
s=5 | BG 137 3.711077 | 9.37,1078 20.35
m =10 | BC 301 2.571075 7.5,1076 48.29
A=rdb32001 | s=10 | BG 145 5.0610~7 | 1.15,1077 51.76

n = 3200 m =20 | BC 59 292107 | 7.771078 4.28
nnz = 18880 s=5 | BG 67 3.9610~7 | 8.72108 6.26
m =20 | BC 50 3.251077 | 8.0410°8 12.67

s=10 | BG 47 6.3210~7 | 1.05107 19.20

m =10 | BC 15 1.24107% | 1.4810~ " 0.31

s=2 | BG 16 4281078 | 2.3910~ 11 0.34

m =10 | BC 18 6.13107% | 6.9710~ 11 1.06

A=add32 s=5 | BG 16 570108 | 3.1410~ 11 1.07
n = 4960 m =10 | BC 23 6.67107% | 9.1810~ 11 12.84
nnz =23884 | s=20 | BG 16 8.8810~8 | 4.9110~ 11 14.31
m =10 | BC 25 7.671078 | 1.3310°1° 35.09

s =40 | BG 16 1.221077 | 6.8910~ !¢ 45.98

m=5 | BC 38 1.22107% | 1.531077 11.62

s=5 | BG 45 1.47107% | 1701077 15.31

m=5 | BC 48 1.50,1076 | 1.7610~7 26.46

A=appu s=10 | BG 44 1.97107% | 2201077 29.64

n = 14000 m =10 | BC 14 82610~ | 9.76108 10.39
nnz = 1853104 | s=5 | BG 14 440107 | 6.2510°8 12.17
m =10 | BC 15 6.9010~7 | 1.0710°7 26.87

s=10 | BG 13 1.57107% | 2.2910°7 32.53

m =20 | BC 290 1.381072 | 3.261077 736.48
s=5 | BG 145 2.021072 | 3.2710°" 516.03
m =20 | BC 301 8191072 | 3.17107% | 1680.91
A=memplus s=10 | BG 301 2.4710~* | 2.96107° | 2758.09
n = 17758 m =40 | BC 118 6.811076 | 3.24107'° | 1076,89
nnz = 126150 | s=5 | BG 87 2.32107% | 2.971071° | 1123.91
m =40 | BC 130 5.20107% | 3.221071° | 2504.11
s=10 | BG 82 3.31107°% | 4.1110719 | 2515.09

As indicated in the tables of results, and except for a few cases, both methods are able to
obtain approximate solutions that satisfy the stopping criterion. In some instances, we also
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note that even if the block CMRH method needs more restarts than the block GMRES method,
the CPU time is in favor of the block Hessenberg based method. Indeed, the proposed block
Hessenberg process is cheaper than the block Arnoldi process.

TABLE 5.2
Example 1.1. Results obtained for the matrix memp1us with ILUO preconditioning.
A m, s # restarts | err. norm | res. norm | CPU time
m =20 | BC 29 4.441073 | 2.4510°7 87.57
s=5 | BG 18 1.881072 | 3.2010°" 71.37
A=memplus | m =20 | BC 51 4161076 | 3.151010 326.22
n = 17758 s=10 | BG 35 1.81107° | 3.07107'% | 325.58
nnz = 126150 | m =40 | BC 14 1.37107% | 6.2210~ 11 132.06
s=5 | BG 11 3.01107% | 7.72107 1 | 147.02
m =40 | BC 14 1.79107% | 7.8010~ ! 287.80
s=10 | BG 10 5.131076 | 9.9710~ ! 316.16

Example 1.2. In this second set of experiments, the matrix A is obtained from the
centered finite difference discretization of the operator

ou

La(u) =Au— (24 y?) — —

ou

2
o W ”J)ay

VarZ+y2u

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions. The number
of inner grid points in each direction is ng. Therefore, the dimension of the matrix A is n = n3.
The results reported in Table 5.3 are those obtained for ny = 150 (i.e., n = 22500) and for

different values of m and s.

TABLE 5.3

Example 1.2. Results obtained with matrix A generated by discretizing the operator L 4.

m, S # restarts || err. norm | res. norm | CPU time

s=5 | BC 65 1.74107° | 3.9810~* | 509.16
m =40 | BG 49 1.51107° | 3.32107* 756.16

s=5 | BC 19 1.38107° | 4.17107* 378.06
m =80 | BG 13 1.65107° | 3.64,10~4 380.72
s=10 | BC 87 1.77107° | 4.29107% 2539.91
m =40 | BG 49 1.63107° | 3.51107* | 2292.31
s=10 | BC 19 7.891076 | 2.481074 7353.39
m =80 | BG 10 1.61107° | 9.94,107° | 6277.01

The results show that the block CMRH method gives better results than block GMRES

when the number of right-hand sides s is small. However, for relatively large values of s, the
block Arnoldi-based method is less time-consuming than the block Hessenberg based method.
Example 1.3. In Table 5.4 we compare the proposed method with matrix Krylov subspace
methods [22, 27], and we report the results of applying the global CMRH(m) (GC) and global
GMRES(m) (GG) to multiple linear systems with the matrices appu and psmigr_3.
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TABLE 5.4
Example 1.3. Results obtained when comparing with matrix Krylov subspace methods.
A m, s # restarts | err. norm | res. norm | CPU time
BC 41 1.181076 | 1.3210°7 15.49
A=appu m=2>5 | BG 45 1.41107% | 1.6310°7 21.84
n = 14000 s=25 GC 40 6.471077 | 1.1810°7 21.54
nnz = 1853104 GG 48 9.5310~7 | 1.0910~" 29.91
BC 5 1.021078 | 2.41107° 1.53
A=psmigr_3 | m=10 | BG 4 4.841078 | 3.68,107° 1.39
n = 3140 s=10 | GC 14 4151078 | 4.94107° 3.51
nnz = 543162 GG 15 6.961078 | 3.19,107° 4.17

Example 2. We report experimental results obtained by comparing the performances of
the Low-Rank Sylvester Block Hessenberg (LRSBH) given by Algorithm 4, the Low-Rank
Sylvester Block Arnoldi (LRSBA), and the Low-Rank Sylvester Global Arnoldi (LRSGA)
described in [17, 26]. In all the examples, the starting guess was taken to be Xy = 0, the
maximum size of the constructed Krylov subspaces was 150, and the matrices C' and F of the
matrix Sylvester equations were generated randomly with coefficients uniformly distributed in
[0, 1]. All iterations were stopped as soon as the heuristic residual norm 7", given by (4.7)
for the LRSBH algorithm, or the residual norm r%¢ (for the LRSBA algorithm) or the upper
bound 9% (for the LRSGA algorithm) were less than ¢ ||C' FT ||y with e = 1077,

Example 2.1. We compare the sharpness of the upper bounds (4.6) and (4.7) by plotting
the exact residual norm | R, ||r = || AX,, B — X,, — C FT| .

The four plots correspond to the results obtained when solving the discrete Sylvester
equation (1.3) with matrices A and B obtained from the centered finite difference discretization
of the operators

0 0
LA(u):Au—x\/l—&-yQa—Z—(l—&—yQ)a—Z—(1+33y)u,
oan oy Ou 2, 00U o o
Lp(w) = Au—(y-2) 5o = V(& +y") 5o = (@ =) w,

on the unit square [0, 1] x [0, 1] with homogeneous Dirichlet boundary conditions. The number
of inner grid points in each direction was ng for the operator L 4 and p, for the operator
Lp. Hence, the dimension of the matrices A and B are n = nZ and p = pZ. The size of the
matrices and the rank of the matrices C, F' is indicated in the title of each plot.

As seen from Figure 5.1 and as indicated in the previous section, the theoretical upper
bound (4.6) is pessimistic, and the heuristic upper bound (4.7) seems to be more accurate than
the first one.

Example 2.2. In this experiment, we report in Table 5.5 the results obtained for different
pairs of matrices (1217 B) coming from the Matrix Market repository [29], and we compare
the performance of the LRSBH, LRSBA, and LRSGA methods. To ensure existence and
uniqueness of the tested discrete Sylvester equations, we take

A B
- and B=———.
lAllx 1 Bl1

We also note that for these numerical tests, the low-order Sylvester equations are solved every
k iterations, and we took 7 = 10712 in Step 2 of Algorithm 4.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

THE BLOCK HESSENBERG PROCESS FOR MATRIX EQUATIONS 471

n=900, p=900, r=2, k=1 n=900, p=900, r=5, k=1
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FIG. 5.1. Comparison of the upper bounds (4.6) and (4.7) with the true residual norm.
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