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A BLOCK LANCZOS METHOD FOR THE
LINEAR RESPONSE EIGENVALUE PROBLEM*

ZHONGMING TENGT AND LEI-HONG ZHANG*

Abstract. In the linear response eigenvalue problem arising from computational quantum chemistry and physics
one needs to compute a small portion of eigenvalues around zero together with the associated eigenvectors. Lanczos-
type methods are particularly suitable for such a task. However, single-vector Lanczos methods can only find one
copy of any multiple eigenvalue and can be very slow when the desired eigenvalues form a cluster. In this paper, we
propose a block Lanczos-type implementation for the linear response eigenvalue problem, which is able to compute
a cluster of eigenvalues much faster and more efficiently than the single-vector version. Convergence results are
established and reveal the accuracy of the approximations of eigenvalues in a cluster and of the eigenspace. A practical
thick-restart procedure is introduced to alleviate the increasing numerical difficulties of the block Lanczos method in
computational costs, memory demands, and numerical stability. Numerical examples are presented to support the
effectiveness of the thick-restart block Lanczos method.
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1. Introduction. In this paper, we consider the Linear Response Eigenvalue Problem
(LREP)

10 K|yl _ly| _.
a e[ K[ -a[] =

where K and M are N x N real symmetric matrices and one of them is positive definite.
LREP (1.1) is also known as the Random Phase Approximation (RPA) eigenvalue problem.
Such a problem is one of the most widely used in computational quantum chemistry and
physics for studying the excitation energy of many-particle systems [13, 14, 18] which
have applications for silicon and other nanoscale materials. There has been a great deal
of recent work and interest in developing efficient numerical algorithms and simulation
techniques for excitation response calculations of molecules for materials design in energy
science [3, 4, 8, 11, 15, 27, 28].

In LREP, usually both K and M are positive semidefinite or definite [1, 2, 14, 20, 24].
But there are also cases where one of them may be indefinite [12]. To put it in a relatively
general setting, in this paper, we assume

(1.2) K and M are n x n real symmetric and M is positive definite,

unless explicitly stated otherwise.
From (1.1), we have Kz = Ay and My = Az, and they together lead to

KMy =Xy, MKz=\uz.
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Recall (1.2). Since KM = KM?'/2M"/? has the same eigenvalues as the symmetric matrix
MY2K M2, all eigenvalues of K M are real. Denote these eigenvalues by w; (1 < i < N)
in ascending order, i.e.,

(1.3) wi Swy < < wy.

The eigenvalues of M K are w; (1 < i < N), too. Let © = +/—1 denote the imaginary unit
and set

' e L/ —wj, ifw; <O0.

The eigenvalues of H are £\, for¢ = 1,2, ..., N. This practice of enumerating the eigenval-
ues of H is also used later for the much smaller projection of H.

In this paper, we attempt to develop an efficient block Lanczos method for LREP. A
Lanczos-type method for LREP was first introduced by Tsiper in [22, 23]. Tsiper’s Lanczos
method is a recursive process to reduce both K and M to tridiagonal form, given initial vectors
vp and ug with vlug # 0. A corresponding convergence theory of Tsiper’s Lanczos method
for LREP has been established in [19]. Besides the convergence analysis of Tsiper’s method,
[19] introduces a better implementation of the Lanczos-type method, which is called the first
Lanczos method for LREP. This version of the Lanczos method reduces K to a tridiagonal
matrix and M to a diagonal matrix. It can be regarded as a natural extension of the classical
Lanczos method for the symmetric eigenvalue problem. The associated convergence analysis
shows that Tsiper’s Lanczos method may need up to twice as many Lanczos steps as the first
Lanczos method in order to reach the same accuracy.

It is well known that a single-vector Lanczos method can only find one copy of any
multiple eigenvalue, and it can be very slow when the desired eigenvalues lie in a cluster;
see, e.g., [10]. To compute all or some of the copies of a multiple eigenvalue, one prefers a
block Lanczos method that is able to compute a cluster of eigenvalues much faster and more
efficiently on modern computer architecture than a single-vector Lanczos method. This is
particularly important for LREP because only the first small portion of the eigenvalues, i.e.,
A;jin (1.4) fori = 1,...,k with k < N, are of interest. Thus, algorithms that are capable
of computing efficiently eigenvalues in a cluster of the interesting part and even all or some
copies of a multiple eigenvalue are particularly desirable. This was the motivation to develop
a block implementation of the first Lanczos method of [19].

In order to reflect the above mentioned advantages of the block Lanczos method, we
establish a convergence theory to bound the approximation error of an eigenvalue cluster as
well as of the entire approximate eigenspace associated with the cluster.

With increasing dimension of the Krylov subspace, the simple version of a block Lanczos
method usually suffers from numerical difficulties affecting computational costs, memory
demands, and numerical stability. To alleviate these and to make it more practical, we
incorporate a restarting procedure to our block Lanczos method for LREP. There are several
types of restarting schemes for the classic Lanczos method for the symmetric eigenvalue
problem, including the implicitly restart method [9, 16], the Krylov-Schur method [17], and
the thick-restart method [25, 26]; by considering the special structure of LREP, the thick-restart
method of [25, 26] turns out to be efficient and is used in this paper.

The rest of this paper is organized as follows. In Section 2 we collect some basic results
for LREP and M -canonical angles for two subspaces that are used frequently in our later
developments. In Section 3, a block Lanczos method for LREP and the associated convergence
theorems are established. Section 4 is devoted to the thick-restart block Lanczos method for
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LREP. We present some numerical examples in Section 5 to show the numerical behaviors of
the thick-restart block Lanczos method for LREP. Finally, conclusions are drawn in Section 6.

Throughout this paper, R"*™ is the set of all n x m real matrices, R® = R™*!, and
R = R!. I, (or simply I if its dimension is clear from the context) is the n x n identity matrix,
and 0,, 5, is an n X m matrix of zeros. The superscript “H*” denotes conjugate transpose, while
“T> denotes transpose only. || - ||r denotes the Frobenius norm of a matrix. For X € R™*",
rank(X) is the rank of X and R(X) = span(X) represents the column space of X; the
submatrices X .,y and X. ;.;) of X consist of row k to row ¢ and column ¢ to column j,
respectively. For matrices or scalars X;, diag(X7, ..., Xj) denotes the block diagonal matrix

X1

Xk
Given A € RV*N and B € RV*", the nth Krylov subspace of A on B is defined by

Ko (A,B) ¥ span{B, AB, ..., A" B}.

2. Preliminaries. Given a symmetric positive definite M/ € RV XN

uct and its induced M -norm are defined by

def ST\
<$7y>M é il/TM% ||‘/L'||M = <:E7:I;>J\/I'

If (z,y),, = 0, then we say  L,, yory L, x. The projector II,, is termed the M-
orthogonal projector onto X if for any vector x € RY,

, the M -inner prod-

HyzeX and (I-I,)z L, X

Consider two subspaces X and Y of RY, and suppose k& = dim(X) < dim(Y) = /. Let
X eRVN*kand Y e RV be M -orthogonal basis matrices of X and Y, respectively, i.e.,

X"™MX =1, X=RX) ad Y'MY=1I, Y=2RY).

Denote the singular values of YTMX by o; for 1 < j < k in ascending order, i.e.,
o1 < --- < 0. The k M-canonical angles 89 (X, Y) from' X to Y are defined by

0<6%(X,Y) =arccoso; < g forl1 <j <k
Set

QM(:X:?‘H) = dlag(e(z\l/}(x7y)7 R 79(11\})(%7%))7

where 00)(X,Y) > --- > 0%(X,Y). In particular, when k = 1, X reduces to a vector, and
there is only one M -canonical angle from X to Y. In what follows, we sometimes place a
vector or matrix at one or both arguments of @, (., .) with the understanding that this refers to
the subspace spanned by the vector or the columns of the matrix argument.

Later in this paper, we need the Chebyshev polynomials of the 1st kind defined as follows,

7 cos(n arccos T) for |7] < 1,
S %(T-I—\/Tz—l)n—f—%(’r— 7'2—1)n for |7] > 1.

UIf ¢ = k, we may say that these angles are between X and Y [10].
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They frequently show up in numerical analysis and computations because of their numerous
nice properties, for example, |7, (7)| < 1 for |7] < 1, and |7, (7)| grows extremely fast for
|7] > 1.

The following results are critical for our later developments. The reader is referred
to [1, 10, 19] for proofs and details.

LEMMA 2.1 ([10, Proposition 2.1]). Let X,Y C RY with k = dim(X) < dim(Y) = £.
ForanyY C Y with dim(g) = dim(X) = k, we have 07, (X,Y) < G‘A’j,(x,g)for 1<j<k.

LEMMA 2.2 ([1, Theorem 2.3]). The following statements hold for any symmetric
matrices M, K € RN*N with M being positive definite.
(a) There exists a nonsingular Y = [y1,ya, ..., yn] € RV*N such that

K=YAYT M=XX" A=diag(\,\s,...,\n),

where \3 < A3 < - <Xy and X =Y T = [z1,29,...,2N].
(b) The ith column of Z = [&A] is the eigenvector corresponding to the eigenvalue \; of
(1.1).
(c) Let (X, 2i) (i = 1,2) be two eigenpairs of H, and partition z; = [s?, t?]H Then,
(i) if \1 # Ao, then silty + sty = 0.
(ii) if \y # £, then silty = stlt; = 0.
LEMMA 2.3 ([19, Theorem 2.2]). Given 0 # vy € RN and 0 # ug € RY such that
Muvy = ug. There exist nonsingular U, V & RY*N such that Ve, = avg and Ue; = Bug
for some o, f € R, and

UV =1y, U'KU=T, VMV =D,

where T' is tridiagonal and D is diagonal.
3. Block Lanczos method for LREP.

3.1. Block Lanczos process for LREP. The first Lanczos process for LREP presented
in [19] is a partial realization of the decomposition in Lemma 2.3. The block Lanczos process
for LREP mentioned in this section is actually a block implementation of the first Lanczos
process. We summarize its simple form in Algorithm 3.1, where no further treatment is given
when rank(V;, 1) < ny happens in Line 8. Given V, € RY*™ with rank(Vy) = n; and
Uy = MVy where ny > 1 is the block size. According to [19], if rank(V;) = n, for i =
1,2,...,n, then we know that the recursively computed P,, Q,, € RV X" the symmetric
block-tridiagonal matrix T}, € R"™*"" and the block-diagonal matrix D,, € R""> X" in
Algorithm 3.1 satisfy

(3.1 PYQn = Inn,, KPy,=QuT, + V1B, Ey, MQ, = P,D,,
where
Pn:[UlvUQa"'vUn]v Qn:[vlvv%nwvn]a
A, BT
3.2
G2 T, = B A , D, =diag(I,I5,...,I}),
S E A
anl An

and ET = [Onb X (n—1) ny> Inb]. Here, D,, is symmetric positive definite because every diago-
nal block I'; for 1 < j < n is symmetric positive definite. It is noted that ||V . ;)[|2 = 1 for


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK LANCZOS FOR THE LINEAR RESPONSE EIGENVALUE PROBLEM 509
j =1,2,...,np in Algorithm 3.1 is enforced for all 7. This is for convenience rather than
necessity. It is possible to use ||U;(. j)|l2 = 1 for j = 1,2,...,n; instead or enforce neither.

When n;, = 1, Algorithm 3.1 reduces to the single-vector Lanczos process for LREP in [19].
Let

P, = span (Pn) , 9, =span (Qn) , H,= |:D 0
Then, the following lemma generalizes [19, Lemma 3.1].
LEMMA 3.1. In Algorithm 3.1, if I; is nonsingular for i = 1,2, ..., n, then we have
Kn(KM,Vp) =9, XK,(MK,Uy)=2P,.

Basically the block Lanczos method for LREP is this block Lanczos process followed by
solving the small scale LREP for H,, to obtain approximate eigenpairs for H in (1.1). Let the
eigenvalues 415 (1 < j < nny) of H,, be enumerated in the same way as for H in (1.4) and
let the corresponding eigenvectors be £;, i.e.,

(3.3) H,%j = pjzj, 2= Lﬂ} &, g; € R™.
J
Approximate eigenpairs of H, i.e., Ritz pairs, are then taken to be
s z Qn?j
(3.4) (j,25), where Z; = [Pna?j )

Algorithm 3.1 A block Lanczos process for LREP.

Input: Choose Uy, Vo € RY*" such that rank(Vg) = ny, MVy = Up and an integer n > 1.
Output: P, Q,, Ty, D, and V,, 1 in (3.1) and (3.2).
1: Let B]‘ = ||V0(:,j)H2 (] =1: ’I’Lb), B = diag(ﬂh. .. ,ﬁnb), Vi = V()B_l, W = VE;FU(),
U, = (Uo)W_lB, and I} = B 'wBL

2: A]_:UiFKU]_,‘/Q:KUl_Al‘/].

3: If rank(V2) < ny, stop;

4: Let ﬁj = HVYQ(J)HQ (] =1: nb), By = diag(ﬁl, Ce a/8n17>» and V5, = VYQBl_l

5: fori=2,3,...,ndo

6: Ii=VIMV, U =MVI["

7 Az = UEKUL, ‘/’H—l :KUz—‘/LAL —‘/i_lB;ILT

8¢ Ifrank(Viy1) < np, break;

9 Let 3 = [[Vigap jyll2 (G = 1:mp), By = diag(By, - -, Bn,), and Vg1 = Vi1 By L
10: end for

3.2. Convergence analysis. Naturally we would use the first few y; as approximations
to the first few ;. In this section we investigate how accurate such approximations could be.
As we know, compared to a single-vector Lanczos method, a block Lanczos method with a
block size that is not smaller than the multiplicity of an eigenvalue can be used to compute all
copies of that eigenvalue. Therefore, motivated by [10], we directly analyze the convergence
to a cluster of eigenvalues including multiple eigenvalues, and consider to bound the errors of
the approximate eigenpairs belonging to the eigenvalue cluster together rather than separately
for each individual eigenpair. Consider A; to A(;1,, 1) and their corresponding eigenvectors
of LREP, in which A\, to A,, form a cluster as illustrated in the following figure.
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cluster
RARRER
2 2 2 2 2 2
Al A Azl )‘22 Aitn, AN

Here, the cluster is described in terms of the squares of the eigenvalues since the eigenvalues
of LREP come in pairs {—\, A} and they may be purely imaginary numbers.
Note that by (3.3) and (3.4) we get

ThZj = pivj, Dyngj = p;zj,
TnDngj = M?@jv DnTni'j = U?jjj'

Since D,, is symmetric positive definite, the eigenvalues of D,ll/ 2TnD,1/ % are ,u? with the

corresponding eigenvectors D, Y 255j for 1 < j < nny,i.e.,
3.5) D21, pL/? (D;l/%zj) — 12 (D;l/%j) .

We first present some technical lemmas for our later developments. These lemmas are critical
in our main theorem.

LEMMA 3.2 ([10, Proposition 2.4]). Let X and Y be two subspaces in RN with
equal dimensions dim(X) = dim(Y) = k. Suppose 00.(X,Y) < w/2. Then, for any set
{y1,Y2, ..., Yk, | of the basis vectors iny where 1 < ky < k, there is a set {x1,x2,..., T, }
of linearly independent vectors in X such that I, x; = y; for 1 < j < ki, where I1,, is the
M -orthogonal projector onto Y.

LEMMA 3.3. Let f € P, where P,, is the collection of all polynomials of degree no higher
than n and Vo = R(Vy). Then, for any © € V,, lff(/l,?) =0, then f(KM)?d L, Q,D;'%;,
where 1 and &; are defined by (3.3) and 1 < j < nny,

Proof. First, by assumptions, for any v € Vy, we have M0 = U;c for some ¢ € R™.
Now, for any integer 0 < m < n, note from (3.1)

N (MK)"MQ, D, 2, =" M(KM)" ' KMQ, D, '3,
= U (KM)" N (QnTnDy, + Vo1 BoEXD,) D, M 2
=UN(KM)" 'Qn (T, Dy) D,y iy + cTUT (KM)™ 'V, 1 B, Er 2
= UL (EM)" 1 Qu(TDy) Dy ey (by (ME)™ UL € Pp LVig)
= = UL Q. (T, D)™ D, iy = ¢"[I,,,0,...,01(TnD,)™ D, 25
thereby, for any f € P,
ST[fF(KM)"MQ,D; i = ' [I,,,0,...,0]f(T,D,)D; i
= f(u5)c [In,,0,..., 01D &5 = f(u3)c Iy 254,
where 21 is the sub-vector consisting of the first n; components of Z;. Thus, if f (,u?) =0,

F(KM)o Ly, QD %5 a

LEMMA 3.4 ([19, Lemma 3.5]). We have, for 1 < j < nny, /\? < u? < A?V—nm,-l—j'
LEMMA 3.5 ([5, Problem I11.6.15]). For N x N Hermitian matrices A and B, we have,

for any unitarily invariant norm,
11A(A) = AB)[| < [I|A = Bl

where A(A) is the diagonal matrix whose diagonal elements are the eigenvalues of A in
descending order, i.e., A(A) = diag(\1(A), ..., An(A)) with \{(A) > -+ > An(A), and
A(B) is defined similarly.
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Partition Y and A2 in Lemma 2.2 as

i-1  mp  N—np—itl
i-1  np  N—np—itl i—1 A%
_ 2 _ 2
Y= [nn ¥» Y3 ], A= ., A2

N—np—it+1 A%
Let A2 = diag(A7,, ..., A7) Yy = Y. 01:00)5 Y- be the M-orthogonal complement of Ys,
and IT,, be the M-orthogonal projector onto R(Y3). In the rest of this section, we always
assume

(3.6) 0% (Vo, Y2) < /2,

i.e., the matrix Vil MY is nonsingular, which is generically true for a randomly chosen starting
Vo. By Lemma 3.2, there exists & € RN *(2=6+1) with R(¥) C R(V;) such that

(3.7) I,V = Ys,

or equivalently, Yo YT MW = 3//\'2
THEOREM 3.6. Let ¥ satisfy (3.7). We have

(3'8) ” diag(ﬂgl - A%y s »/1'32 - )‘32)”1v

2
A ~
2 2 151 2
< (B - %) x (_ < || tam® O, (5, 0) .
St X Yoty e,
where
2 2
ly = W’ nl1 s = |In—t; ﬁ ,
N 12 Lo
0—1 -1
Ay, = max H)\2-72 =y, ¢, = min H/\2,, 2|,
1 itny<j<N t_1| 7 ,u't|7 1,62 01<j<Ls pole ‘ 7 p’t'

In particular, if also \g, > pe,—1, then

Ay

551752

Ay —#3) - O = 1g, 1)
A2 —ud) - (A2, — 3 )

1

Proof. Letn, = ¢5 — 1 + 1 and n,. = N — ny — i + 1 for convenience. It follows from
(3.7) that

4
U=YX"U=YYIMVU = V],Ys, V3] | Y| MW®
YST

= VYT MU + VoY MW + Y3V M® = YiYT MW + YoV MW + YsY M.

The last equality holds because of (3.7) and VS MW = I, . Let W, = w(WTMW)~1/2,
f €Ppy with f(u3) =0for1 <j </ —1,and

7 = F(KM)Wy = Y1 f(AD)YT MWy + Yo f (A2) Y MWy + Ya f(A2) Yo M.
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Note that YT M Z = f(A2)Y,F MW, and Y;F MW, is nonsingular; if f(AZ2) is also nonsin-
gular (which is true for the one we choose later), we have

—~ —1 —~ —1 —~ -1 —~
Zo=2 (YQTMZ) y (YQTM%) [f(Ag)} =YiR, + Y + YsRs
and rank(Zy) = n., where
—~ —1 —~ —1
Rj = [(A3)Y Mg (VIMwo)  [f(A)] , forj=1,3.

Let E = Zo(ZE M Zy)~'/? and F = ME. Then, E has full column rank and R(F) C Q,,
by Lemma 3.1. Write £ = Q,F with E € R"*"_ It is true that ETD,E = I, by
ETME = I,,.. Denote the eigenvalues of FTKF by 7]2 where 1 < j < n.. Then, by (3.1),

F'KF = E"MKME = E"Q"MKMQ,E
= E'D,P'KP,D,E = E"D}*(D}/?T, D}/*)D/?E.

Because f(u?) =0forl < j </¥; — 1, according to Lemma 3.3, we know
E L1, Q.D,'3; for 1<j<t—1.

That means

~

#ID'QYMQ,E = #1D; D, E = i1E =0,

ie., (DVPE) D, ?2; = 0for0 < j < £, — 1. Itis noted from (3.5) that D;, "/*#; is the
eigenvector of D}/ T, D,ll/ ? associated to the eigenvalue ,u?. Hence, by Cauchy’s interlacing
inequality,

(3.9) N§1+j—1 < 'yjz for 1<j<ne.

For any vector g € R", let § = (Z3 M Zy)~'/2g, and consider the Rayleigh quotient of
FTKF -\ 1,

G"FTKFg—X,g%g  §TZ§(MKM — \e, M) Zy§

99 9" Z5M Zog

§" RT3 = X3 L) Ry + (A3 = X3 1) + R3(A3 = X3, 1, ) Rs g
g [RIRy + I, + RYR3] g

§" (A3 = X 1,) + RE(A3 = 03,1, ) Rs] g

g%

(3.10) _

<

The last inequality in (3.10) holds because
§'RI(A} =M} i 1)Rig <0 and §"(R{R: + R3Rs)g > 0.

Denote by 47 for 1 < j < n, the eigenvalues of (A2 — A7 In.) + RE(A3 — A} I, )Rs. We

r

have %2, — A, < ‘yjz for 1 < 5 < n, by (3.10). Then, it follows from (3.9), Lemma 3.4, and
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Lemma 3.5 that

| diag(pf, — X2, ..., 13, — X))l < || diag(h? — A2, .92 — A2l
= [|diag (v = A7) = (A2, =A%) (m, = AZ) — (A, = A2)) e
< |[diag (3 — (A, =A%)+ Am. — (AL, = A7) e
< |R5(A3 — A7, In,)Rs|lr  (by Lemma 3.5)
< (A% = AR5 Rs||r-

Since
S _ YT MWy (Y MWy) ! 5
Y MWy (YT M)~ g < 1 AF0 22 TR E0 = || tan ©,,(Ys, ¥,
15 M (Y M) lle < ||y s (97 pp) 1 . [ 62 Our(¥2, 20) I
we have

Gl (A% = A)IRIRsllr = (A% — A7)

2o 17 [o1 T 41" 2172 T T -1 2o\
x| [#AR)] [y vrwo (T M) ) [£(43)]" x Y MoV M) [£(43)]
F
2 1 ~
< OF =A%), max [FOP] < max oo [[tan® O, (Y, %o)llr-
Take

2t — ()‘12+nb + )‘?\7)
22, — A2 '

i+np

F6) = (= pd) - (t = pj, 1) X Tty (1) €Pyy,  Where 7 =

Note that f (/TQQ) is nonsingular, otherwise some of the exact eigenvalues have been found.
Then —1 <7 < 1for A2, <t <\%,and

1+np

T|t:)\§2 = )\%[ _ )\12+nb 50, — R
where
8t = Ai;”b Aiiz.

N = My

Therefore we have
l1—1
(12 min [fOD] = T %, min t_Hl A} — ],
l1—1 -

(3.13) FODI <, max | E A2 — 7|, fori+m,<j<N.

Inequality (3.8) is now a consequence of (3.11), (3.12), and (3.13). a

Theorem 3.6 is particularly useful to bound the approximate eigenvalue errors when a
cluster of eigenvalues, including the case of multiple eigenvalues, occurs. Nevertheless, it
is also applicable to the simple eigenvalue case. Specifically, set /o = ¢; = i to obtain the
following corollary.
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COROLLARY 3.7. For 1 < i < nny, there exists a vector ¢; € R(Vy) such that
IIy; = yi, and

0< 12— A2 < (A% —A2) x A2 x T, 7 % (tan O, (yi,1:))?,

where

A2 — A2 5 +1
0 = W7 Tn,i = ‘%z <6i — 1)

i—1

~ A2 —
, and A; = max H J
i+n,<j<N L

N

Next we treat the eigenspace approximations. Lemma 2.2(b) says that z; = [\;y], 2] | " is the
eigenvector of H associated with its eigenvalue );. That means the eigenspaces consist of
two components which are spanned by the columns of Y and X, respectively. Similarly, the
approximate eigenspaces are composed by Q,, and P,,. Thus, we are interested in bounding
the angles from R (Yi:731:52)) to Q, = X,,(KM,Vp) and the angles from R (X(:,[1:g2)) to
Pn =K, (MK, Up). This is established in the following theorem.

THEOREM 3.8. Let ¥ be defined in (3.7) and ® = MW¥. We have

i—1 )\2 _)\2 )
(3.14) [[tan Oy (Y. 1,:05), Qn)l|lF < H /\2 /\2 XX i, ¥ [1tanOw (Y r,.0,), ¥)||F,

(315) HtaneM*I(X(:,&:lz)v )”F

i—1 )\2 )\2
— H A2 _ A2 X Tnilfg X H tan@M—l(X(¢751:Z2)7¢>”F7

where

A2 — A2 0p, +1
Se S i 2 S T Toiv —‘%1< 2 >'
2 A?V—Ai 2 de, — 1

Proof. Take
()‘zz—i-nb + )‘?V)
)\2 A2 '

+np

F)=(t=A3) - (t = A7) x Ti(7), wherer =

It follows that

(3.16) fF(A)] =0 for 1<j<i-—1,
i—1
) . 2y > ) 2 42
(3.17) i, D)= T x H E, = A,
2 2
(3.18) e TN < TTP%

and f (//1\22) is nonsingular. Recall the proof of Theorem 3.6. Let Z = f(K M)W, where
Wy = W(PTMW)~1/2, Then,

Z = f(KM)Wy = Y1 f(A2)Y MWy + Yo f(AZ) Y MWy + Y f(A2) Y M.
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We have, by (3.16), (3.17), (3.18), and Lemma 2.1,
[ tan 64 (Y. 41205, Q) |lr < || tan O, (Yo, Z) |

= (i}zL)T]VIZ(ZTMZ)_U2 {?QTMZ(ZTMZ)_1/2:|_
F
L . "
- |res (smea)”] =[] ()
2\y T R 1 R
) ) ]
F(43) Vi M, (VM) -t
[ ﬂ@}T | @)
Y}ﬁ MWO (Y2 M@()) .

2
< 1?11?‘3{1 f()\_]) X zlgﬁé{@ f(>\2) X ||tan@M(Y2,d70)Hp
itny<j<N
P N
SHV_ XYl x tan (T ),

J

which gives (3.14). Similarly we can prove (3.15). O

Similarly to Corollary 3.7, the following corollary bounds the eigenvector approximations

in the case of simple eigenvalues.

COROLLARY 3.9. Use the notation of Corollary 3.7 and let ¢; = M1);. We have, for

1 < < nny,

(a)

(d)

(©)

1—1 AZ _)\2
tanQM yz, n < H )\2 /\2 X Tnz X ta'n@M(ym'l/)z)

1—1 )\2 _
tan ©,,-1 (2, Ppr) < H )\2 )\2 X T;ll X tan @,,-1(x;, d;).

REMARK 3.10. Listed below are some comments for Theorems 3.6 and 3.8.
Similarly to Theorem 3.6 and 3.8, by slight modifications of the above proofs, we can
obtain a bound for

I diag()\?\,,nanl - N%lv L AN nnp+la M%2)||F

and bounds for the associated eigenspace approximations, i.e., bounds for the M -canonical
angles from fR(Y(:,annle:ananrez)) to Q,, and the M ~!'-canonical angles from
R(X(;, N—nnp+£1:N—nny+£5)) t0 P, respectively.

Although we use the Frobenius norm in Theorems 3.6 and 3.8 to measure the accuracy
of eigenvalues and eigenspace approximations, the arguments in the proofs work for any
unitarily invariant norm (see [10] for some properties of the unitarily invariant norm).
Compared to the single-vector version of the first Lanczos method in [19], our convergence
results have already reflected, to some extent, the advantages of this block Lanczos version.
For example, it is shown in Corollary 3.7 that the bound for the convergence speed of

the block version for the approximate eigenvalue y; is proportional to ‘%; (glﬂ) ’
A2 A2 -2 A2 a2
where §; = 5" ' which is better than ‘ﬂn i (‘i +1)’ with 4 S

)\2 )\2 ) 5. )\2 es-

tablished in the smgle -vector Lanczos method for LREP [19]; although each Lanczos
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step in the block version requires more computational work than in the single-vector
one, we argue that the improvements induced in the factor §; can pay for the additional
computational work, especially when the desired eigenpairs are from a well-separated
cluster. The same comment is still valid for the bound on the convergence speed of the
eigenvector approximations in Corollary 3.9.

4. Restart. Recalling (3.1) and (3.2), we know that the quantities computed by the block
Lanczos method (Algorithm 3.1) satisfy the following relationship for LREP,

where PIQ,, = I,,,,,. A problem with Algorithm 3.1 is that, as the iteration proceeds, compu-
tational and memory costs increase rapidly, and numerical stability deteriorates gradually. This
is also true for the classical Lanczos method for the standard symmetric eigenvalue problem.
To resolve these issues, a restarting strategy usually turns out to be an efficient remedy. Several
restarting schemes (e.g., [9, 17, 25, 26]) have been proposed in the literature. For our case, the
LREP, the thick-restart technique [25, 26] appears to be an effective one, and we describe the
detailed procedure in this section.

Note that T}, and D,, are symmetric and D,, is positive definite. By Lemma 2.2(a), there
exist nonsingular matrices S, R € R"™ > with S = R~ such that

(4.2) T, =S02S" and D, = RR",
where 22 = diag(u3,...,p2,,) and pf < -+ < p2, . Let S = [s1,52,...,5ns,] and
R =[r1,72,...,Tnn, |- To save the costs of forming larger subspaces in the block Lanczos

process and to reduce the costs in the Ritz procedure for solving the resulting LREP for
larger nny, the iteration is restarted after the basis vector V,,+; has been computed. Since the
eigenvalues of interest lie in the left part of the spectrum (1.3), the eigen-information of the
wanted Ritz values (appearing in the top-left of £22) and Ritz vectors (the corresponding ones
appearing to the left of S and R) should be maintained as much as possible. Suppose k x n;, is
the number of Ritz values to be kept in the top-left of £22. Let Sj and Ry, be the submatrices
consisting of the first kn; columns of S and R, respectively, i.e.,

Sk =1[51,82y-,8kn,] and Ry =1[ri,72,...,Tkn,]-
Then, by (4.2), it follows that
4.3) T, Ry, = Si2; and D,Sy = Rilky,,
where 27 = diag(uf, ..., 13y, )

For the thick-restart technique [25, 26], post-multiply by R} and S in both equations (4.1),
respectively, gives

KPR, =Q,T,R Va BnETR,
@.4) { r=Q &+ Vot R

MQnSk = PnDnSk~
By (4.3), we can rewrite (4.4) as

“5) {Kmmzm&%+mﬁmmm,

MQ,, S, = P, Ry.
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Let
P, = PyRy, Qi = QuSk, Dy, = Iin,, W = R_E,, Vis1 = Va1, By = B, Tj, = 2.

Then, (4.5) can be expressed as

KPy = OpT + Vit BLWT
4.6) { e = Qrlr + Vi1 BeW,

MQy, = Py Dy,
and PTQ; = RTPYQ,S), = T,
The restarting begins with Pk and @y, as the first kn; basis vectors, and Vi1 as the

(k 4 1)st block. To compute Uy 1, according to the block Lanczos process in Algorithm 3.1,
we compute

Tip1 = ‘7;3+1M‘7k+1 and  Ujyq = MVk+1Fk+17

thus, ng and @k are expanded to
Pit1 = [P, Upta] and  Qpir = [Qr Vi,
respectively, which satisfy ﬁkT +1©k+1 = I(k+1)n,- For the next ‘7k-+2, we first compute
Vira = KUpy1 — Vk+1(7];r+1KUk+1 - @kﬁkTKﬁkH
= KUpy1 — Vi1 Apy1 — QuW B,

where Ak+1 = Uk+1KUk+1 By (4.6) and Pk+1Qk+1 = I(kt1)ny» Vk+2Pk+1 = 0. Set

Bj = ||Vk+2( ) |2 forj =1,2,...,np, Bk+1 = diag(f1,- .., Bn, ), and Vk+2 Vk+2Bk+1.
Compute

~ ~ ~ 1 . ~ ~1 ~
Uk+2 = MVk+2Fk+2 with Fk+2 = VkJrzMVkJrg,

and expand P41 and Qg1 10 Py = [Poy1, Upso] and Qpro = [Qr1, Viya), respectively.
Consequently, we have

~ ~ T, WBI
KBy = " 4 Vi Bra BT,
k1 = Qry1 BV Apns k+2Brr1Ey
. ~ D
MQy1 = Prp * A
k1

where B 1 = [On,xknys In,]-
Continue the procedure for ¢ > 2 to obtain

~ . o N . N N ~ .
Vivit1 = KUpyi = ViriUp i KU1 — Viyic1Up s 1 KUy — Qrgi—2 Py o KUjy
N PN N o
= KUkvi — ViriAkri — Viri-1Bryi 1,

where E;Hi = ﬁg LK ﬁk+i- The last equality holds because

~ ~ ~p A
PkT+i—2KUk+z' :0(k+i—2)nb><nb and Uk—i—z 1K= Bk+z 1VkT+¢+A Q};-&-i—la
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where
A‘r _ [Ek‘WT’ A\g+i71}L . =2,
[Onbx(k—i-i—?))nba Bg+i727 AkJrifl]a 1> 2.

We summarize what we have obtained in this section in Algorithm 4.1, the thick-restart
block Lanczos Algorithm for LREP. We denote it by BlanlR (n, k) where the indices
n and k are the parameters for the thick-restart. We point out that after the first restart of
BlanLR(n, li ), 1.e., after the execuation of line 19 0£ Algorithm 4.1, the new computed basis
matrices P, Qn € RN*77 the symmetric matrix T}, € R”"bX"A”” and the block-diagonal
matrix D,, € R"™*"" in Algorithm 4.1 satisfy the relationship P Q,, = I, nn,, and

{Kﬁn = @nfn + ‘7n+1§nE£»

M@n = ﬁnDna
where
7. Wil '
BWT Ay B,
@ T, = §k+1 Ek+2 ) ;
o Baa
L Bn—l An 1

~

ﬁn = dia‘g(lk)nb7 ﬁk+17 e an)

Note that fn is no longer a block-tridiagonal matrix.
Finally, we have a few more remarks for BlanLR (n, k) :
1. In our numerical implementation of BlanLR (n, k) , we monitor the convergence of
a Ritz pair (114, Z;) by its relative residual norm

| HZ; — pjZila
I H 1+ i )25

(438) () = ¢

2. In order not to miss the wanted eigenvalues, we keep the converged Ritz values
in ascending order in the restarting swap procedure. When K is indefinite, purely
imaginary Ritz values might emerge. In this case we sort them by ascending order of
their squares.

3. A deflation procedure is part of our numerical implementation. According to
Lemma 2.2(c), deflations can be done by orthogonalizing the newly generated block
V against the associated part of the converged eigenvectors.

4. While our block Lanczos method BlanLR (n, k) has been developed for real sym-
metric K and M, the algorithm can be rewritten to work for (complex) Hermitian /K
and M. This is done by simply replacing all R by C (the set of complex numbers)
and each matrix/vector transpose by complex conjugate transpose.

5. Numerical examples. In this section, we present some numerical examples to illus-
trate the sharpness of our upper bounds for the convergence of the block Lanczos method and
evaluate the effectiveness of the thick-restart block Lanczos method for LREP.

EXAMPLE 5.1. We first examine our upper bounds of Theorems 3.6 and 3.8. For
simplicity, we consider diagonal matrices for K and M in this example. Set N = 100, take
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Algorithm 4.1 The thick-restart block Lanczos Algorithm for LREP (BlanLR (n, k) ).

Input: Uy, V € RN %m0 guch that MVp = Uy and integers k,n > 1.
Output: Converged Ritz pairs (i, Z;) in (3.4).

1. Generate P, Q, T1,, D, and V,,;1 by Algorithm 3.1.

2:  Compute the approximate eigenpairs of LERP.

3:  if the stopping criterion is satisfied then

4: return;

5 else

% the restart begins

6: Compute the decomposition T}, = S22ST and D,, = RR" as in (4.2).

7 Let S = S( 1:kny)o Ry = R( 1:kng)o and 2, = Qn(l tkngy,1:kng)-

8: Compute P, = PRy, Qr = QnSk, and W = R E,.

9: Set Dk = I]mb, Vk-',-l Vn_H, Bk = Bn, and Tk = Q

10: Compute Fk+1 Vk+1MVk+1 and Uk+1 MVkH k+1

1: Compute A1 = UL KUpyq and Viyo = KUp g — Vk+1Ak+1 QW B},
12: = ||Vk+2( plz G=1:m), Bii1 = diag(Bi, ..., Bn, ). Viro = Vip By .
13: Set Pk+1 [Pk, Uk+1} and Qk+1 [Qk7 Vk+1]

14:  end if

o)

% the restart loop

15. fori=Fk+2,. R L L

16: L= VIMY, U1 MV,I7Y A = UTKU;, Vigy = KUs = ViAi = Vi B

17: Bj = ||Vz+1( llz G =1:m), Bi = diag(By, ..., fn,), Vier = = Vi B

18: Set P, = [P,_1,U;] and Q; = [Qi_1, Vi)

19:  end for
% the restart ends

20: Goto step 2 with T;, = T and D,, = Dn given in (4.7) and P, = Pn, Qn = Qn,
Vn+1 Vn+1

M = K = diag()\, ..., AN ), where
5] .
)\1:1—77,)\2:1,)\3:1+77, )\j:4+ﬁ7f0r]:4,...7N7

and seti = ¢; = 1, /5 = 3 and n;, = 3. In such a case, there are two eigenvalue clusters:
{HX\, £, FA3} and {#Ny, ..., FAx},and Y = K~1/2,

We seek the approximations associated with the first cluster {£A;, £2, £A3}. In ad-
dition, we vary the parameter 7 > 0 to control the tightness among eigenvalues in the first
cluster and check how it affects the upper bounds of the approximate eigenpair errors in the
block Lanczos method for LREP. To make the numerical example repeatable, the initial block
V4 is chosen to be

1 0 0

0 1 0

0 0 1
Vo = % sin 1 cos 1

_% sin(N —nyp)  cos(N —ny) |
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In such a way, V; satisfies the condition (3.6), i.e., Vi M Y. ,1:3) is nonsingular. We implement
the simple version of the block Lanczos method, i.e., Algorithm 3.1 for LREP in MATLAB
with full reorthogonalization, and stop at n = 20, and then check the bounds for

tan @M(}/(:,l:?))a Q")

given by (3.8) and (3.14), respectively. Since ¢ = ¢; = 1, we know Ay, =1land =y, 4, =1
in (3.8). Similarly, the first term in the right hand side of (3.14) also equals 1. For this reason,
we compute the following factors

dlag(.u“f - )‘%a ,LL% - )‘37 N% - /\123) and

e1 = || diag(u? — AT, 3 — A3, 13 — A3) I,

€2 = ()‘?V - A%) X T2_0,21,3 x || tan® O (Y. 1:3), ¥)IFs
€3 = || tan @M(}/(:,lz?))in)HFv

1= "Too13 % || tan O (Y. 1:3), ) I,

where ¥ can be computed by (3.7) and indeed ¥ = ‘/()(}/(T,l:g)M‘/O)il in this case. In fact,
by (3.8) and (3.14), 5 and ¢4 are upper bounds for £; and €3, respectively. As 7 goes to 0,
Table 5.1 reports the numerical results of ¢; for i = 1,2, 3,4, from which we can see that
our bounds for the eigenvalues for cluster and the associated eigenspace are rather sharp.
In particular, the upper bounds €5 and €4 are comparable to the observed errors €1 and €3;
furthermore, they appear to be insensitive to 1 when 7 goes to 0.

TABLE 5.1
€1, €3 together with their corresponding upper bounds €2 and €4 of Example 5.1.

n €1 €9 (bound for £1) €3 €4 (bound for e3)
10~1 | 2.1366 x 102 1.1430 x 10~ !! | 3.6500 x 10~®  4.9611 x 10~7
1072 | 24337 x 10712 9.4095 x 10~'2 | 2.1073 x 10~8  4.4960 x 107
1073 | 1.5237 x 10712 9.2447 x 10712 | 3.9425 x 10~®  4.4555 x 10~7
107% | 4.5743 x 10713 9.2286 x 10712 | 3.3320 x 10~%  4.4515 x 10~7
107° | 8.3923 x 10713 9.2269 x 10~12 | 2.9802 x 10~%  4.4511 x 10~7

EXAMPLE 5.2. To test the effectiveness of the block Lanczos method with thick-restart
technique for LREP, we choose 4 test problems TEST 1 to TEST 4 used previously in [21].
In particular, TEST 1 and TEST 2 come from the linear response analysis for Na, and silane
(SiH4) compound, respectively, which are generated by the turboTDDFT code in QUANTUM
ESPRESSO [7]. The matrices K and M of TEST 1 and TEST 2 are symmetric positive definite
of order N = 1862 and 5660, respectively. TEST 3 and TEST 4 are then chosen to evaluate
BlanLR (n, k) for the case when K is indefinite. TEST 3 and TEST 4 consist of matrices
from the University of Florida Sparse Matrix Collection [6] to give K and M where M is
definite but K indefinite. The features of these matrices are presented in Table 5.2. In the case
when the two matrices from the collection have different dimensions, we extract the leading
principal submatrix of the larger one to have K or M of equal size.

We compare the thick-restart block Lanczos method in Algorithm 4.1 (BlanLR (n, k))
with the block Lanczos method without restart in Algorithm 3.1 (denote by B1anLR). Our goal
is to compute the first 5 eigenvalues, i.e., A; in (1.4) fori = 1, ..., 5, and the corresponding
eigenvectors. A computed approximate eigenpair (1;, Z;) is considered as converged when its
relative residual norm is bounded by 108,

r(ps) =

IHZ; — il

= <1078,
(I1H 1 + i DIIZ5]
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TABLE 5.2
The matrices K and M of TEST 3 and TEST 4.

Problem N K M
TEST3 5832 Nab5 fvl
TEST4 74752 SiOy finanb12

In this example, the block size is chosen as n, = 3, initially Vy = eye(N, 3) where eye is
MATLAB?’s built-in function; the parameters n = 30 and k£ = 20 are used for the restart, which
means that the restart will be triggered whenever the dimension of the projection subspace
is larger than 90, and then 60 basis vectors are kept. We carried out our testing in MATLAB
version 8.5 (R2015a) on a laptop with 8G memory and CPU Intel core i5-3210M @2.50GHz.

The approximate eigenvalues (Ritz values) and the associated eigenvectors (Ritz vectors)
are computed when the dimension of the projection subspace fulfills the condition of the
restart in BlanLR (n, k) . For Algorithm 3.1 (B1anLR), since there is no restarting and the
Lanczos process continues, we then choose to calculate the approximate eigenpairs (Ritz pairs)
whenever the same amount of Lanczos steps is carried out as in BlanLR (n, k), i.e., we
compute the approximate eigenpairs whenever the Lanczos steps equal to 30 + 10 x (j — 1)
for j = 1,2,.... We report the total number of Lanczos steps and the CPU time in seconds for
BlanLR (n, k) and BlanLR in Table 5.3. One can see from Table 5.3 that the thick-restart
block Lanczos method and the block Lanczos method without restart for LREP are competitive
in the number of Lanczos steps. But the thick-restart block Lanczos method reduces remarkably
the computation time (i.e., an indication of the reduction in the computational costs), which
is mainly due to the saving in the orthogonalization procedure and in solving much smaller
projected LREP’s.

To illustrate the accuracy of computed approximations, finally, we also calculate the
relative eigenvalue error

i — A
e(p;) = J|)\_|]7
J

as well as the relative residual norm 7 (y;) given in (4.8) for the jth approximate eigenpair
(5, Z;). The accuracy of the first two computed eigenpairs of TEST 1 are compared between
BlanLR (n, k) and BlanLR. The corresponding numerical results are plotted in Figure 5.1.
It is clearly shown by Figure 5.1 that, compared to the simple version of the block Lanczos
method, the thick-restart block Lanczos method just needs one or two more restarts to obtain
the first two eigenpairs of TEST 1 in the same accuracy. Since the dimension of the projected
problem is bounded by nn; in BlanLR (n, k), the savings from the orthogonalization and
from the Ritz procedure for computing the resulting much smaller projected LREP’s outweigh
the additional restart steps.

TABLE 5.3
The number of Lanczos steps and CPU time in seconds for computing the first 5 eigenpairs of TEST 1 to TEST 4
by the BlanLR and BlanLR (30,20).

BlanLR (30, 20) BLanLR
‘ CPU time(s) Lanczos steps ‘ CPU time(s) Lanczos steps
TEST 1 3.816 173 6.541 149
TEST 2 65.760 393 117.711 349
TEST 3 3.586 253 20.916 229

TEST 4 106.579 553 776.920 469


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

522 Z. TENG AND L.-H. ZHANG
1% relative residual norm " relative error of eigenvalues
—a— 1{u) by BlanLR(nk) —a— e(ur) by BlanLR(n,K)
+r[’ul) by BlanLR (n k) 101 —— e(2) by BlanLR(n)k) |3
10 X t{juy) by BlanLR X~ e{uy) by BlanLR
0 1(py) by BlanLR 102F 0~ e(jiz) by BlanLR
10% 0°r
104F
10° 10°F
10—5,
10—7,
107
10%¢ 0
10°¢
S O R 40710 Lot
0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 o 1t 2 3 4 5 6 7 8 9 10 11 12 13

restart restart

FIG. 5.1. Convergence behavior of BlanLR (n, k) with (n, k) = (30, 20) and BlanLR for computing the
first 2 eigenpairs of TEST 1.

6. Concluding remarks. In this paper, motivated by the fact that in LREP only a small
portion of eigenpairs near zero are required to be computed efficiently, we proposed a block
Lanczos method for (1.1). Theoretical bounds for the eigenvalue and eigenvector approxi-
mations are established in Theorems 3.6 and 3.8, respectively. These theorems are tailored
particularly to bound the errors in approximate eigenpairs belonging to a cluster of eigenvalues,
including the case of multiple eigenvalues; they are also applicable in the case of simple
eigenpairs. These theoretical convergence results reveal the accuracy of the approximations
of both eigenvalues in a cluster and eigenspace and show, to some extent, the advantages
of the block Lanczos method over the single-vector version. To make this block Lanczos
method more practical, we discussed in detail a thick-restart procedure to reduce memory
and orthogonalization costs. Numerical examples are presented to demonstrate that the final
thick-restart block Lanczos method can compute the desired eigenvalues in a cluster around
zero efficiently.
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