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QUADRATIC SPLINE WAVELETS WITH SHORT SUPPORT SATISFYING
HOMOGENEOUS BOUNDARY CONDITIONS*

DANA CERNAT AND VACLAV FINEK'

Abstract. In this paper, we construct a new quadratic spline-wavelet basis on the interval and on the unit square
satisfying homogeneous Dirichlet boundary conditions of the first order. The wavelets have one vanishing moment
and the shortest support among quadratic spline wavelets with at least one vanishing moment adapted to the same type
of boundary conditions. The stiffness matrices arising from the discretization of the second-order elliptic problems
using the constructed wavelet basis have uniformly bounded condition numbers, and the condition numbers are small.
‘We present some quantitative properties of the constructed basis. We provide numerical examples to show that the
Galerkin method and the adaptive wavelet method using our wavelet basis require fewer iterations than methods with
other quadratic spline wavelet bases. Moreover, due to the small support of the wavelets, when using these methods
with the new wavelet basis, the system matrix is sparser, and thus one iteration requires a smaller number of floating
point operations than for other quadratic spline wavelet bases.
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problem
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1. Introduction. Wavelets are powerful tools in signal analysis, image processing, and
engineering applications. They are also used for the numerical solution of various types
of equations. Wavelet methods are used especially for preconditioning systems of linear
algebraic equations arising from the discretization of elliptic problems [9], adaptive solution
of operator equations [6, 7], solution of certain types of partial differential equations with a
dimension-independent convergence rate [12], and sparse representation of operators [2].

The quantitative properties of any wavelet method strongly depends on the used wavelet
basis, namely on its condition number, the length of the support of the wavelets, the number
of vanishing wavelet moments, and the smoothness of the basis functions. Therefore, the
construction of appropriate wavelet bases is an important issue.

In this paper, we construct a quadratic spline wavelet basis on the interval and on the unit
square that is well-conditioned and adapted to homogeneous Dirichlet boundary conditions
of the first order. The wavelets have one vanishing moment, and we show that the support is
the shortest among all quadratic spline wavelets with one vanishing moment. The condition
numbers of the stiffness matrices arising from the discretization of elliptic problems using the
constructed basis are uniformly bounded and small. Let Q4 = (0, 1)d, d =1, 2. The wavelet
basis of the space H()2) is then obtained by an isotropic tensor product. More precisely, our
aim is to propose a wavelet basis on €2, that satisfies the following properties:

Riesz basis property. We construct Riesz bases for the space H} (Qq).

— Locality. The primal basis functions are local in the sense of Definition 2.1.
Vanishing moments. The wavelets have one vanishing moment.

Polynomial exactness. Since the scaling basis functions are quadratic B-splines, the
primal multiresolution analysis has polynomial exactness of order three.

Short support. The wavelets have the shortest possible support among quadratic
spline wavelets with one vanishing moment.

Closed form. The primal scaling functions and wavelets have an explicit expression.
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— Homogeneous Dirichlet boundary conditions. The wavelet basis satisfies homoge-
neous Dirichlet boundary conditions of the first order.

— Well-conditioned basis. The wavelet basis is well-conditioned with respect to the
H'(Q4)-seminorm.

In [8, 10], a construction of a biorthogonal spline-wavelet basis on the interval was
proposed. Both the primal and dual wavelets are local. A disadvantage of these bases is their
relatively large condition number. Therefore many modifications of this construction were
proposed [1, 3, 4, 15]. The construction in [20] outperforms the previous constructions for the
linear and quadratic spline-wavelet bases with respect to the conditioning of the wavelet bases.
In [11, 22, 23] the construction was significantly improved also for cubic spline wavelet bases.

Spline wavelet bases with nonlocal duals were also constructed and adapted to various
types of boundary conditions [5, 13, 17, 18, 19, 25, 26, 27]. The main advantage of these
types of bases in comparison to bases with local duals are usually the shorter support of the
wavelets, the lower condition number of the basis and the corresponding stiffness matrices,
and the simplicity of the construction. The cubic spline multiwavelet basis from [13] has the
additional advantage that the discretization of the second-order elliptic equations with constant
coefficients leads to truly sparse matrices, i.e., the number of all nonzero entries in any row
is bounded by some constant ¢ independent of the matrix size, whereas the discretization
matrices for other wavelet bases have typically O (N log V) nonzero entries, where N X N is
the matrix size. This allows a simplification and improvement of adaptive wavelet methods
because a routine called APPLY for the multiplication of the discretization matrix with a
vector can be avoided.

The constructed basis can be used in many applications, e.g., the wavelet Galerkin
method and an adaptive wavelet method for solving second-order elliptic equations, parabolic
equations, and partial integro-differential equations on tensor product domains and domains
that are images of tensor product domains under continuous mappings. These problems arise,
for example, in financial mathematics for the valuation of options under the Black—Scholes
model, stochastic volatility models, and the Lévy model; see [16]. Wavelet methods seem
to be superior to classical methods especially for the solution of partial integro-differential
equations because they make it possible to represent the integral term by sparse or almost-
sparse matrices while the classical methods typically lead to full matrices. Due to the short
support and the small condition number, the constructed basis can lead to improved efficiency
of these methods.

Wavelet bases of the same type as in this paper are those from [11, 20, 22]. The con-
structions in [11, 20, 22] are based on the constructions of boundary dual scaling functions
that are linear combinations of restrictions of dual functions on the real line to [0, 1] such
that the boundary dual scaling functions preserve the polynomial exactness. Then boundary
wavelets are constructed by the method of stable completion. In this paper the construction
is much simpler because we construct boundary wavelets directly without using dual scaling
functions. The constructions from [22] and [20] lead to the same basis in the case of quadratic
spline wavelet bases adapted to homogeneous Dirichlet boundary conditions of the first order.
Therefore in Section 5 we compare our basis with bases from [11, 20]. Furthermore, we adapt
bases from [3, 5] to homogeneous boundary conditions and compare the resulting bases with
ours.

2. Construction of quadratic-spline wavelets. In this section we propose a construc-
tion of a new quadratic spline wavelet basis on the unit interval and on the unit square. The
proposed wavelets have one vanishing moment, and we show that their support is the smallest
possible. First, we briefly review a definition of a wavelet basis; for more details about wavelet
bases see [21]. Let H be a real Hilbert space with the inner product (-, -) ;; and the norm ||-|| .
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Let (-,-) and ||-|| denote the L?-inner product and the L2-norm, respectively. Let J be some
index set, and let each index A € J take the form A = (j, k), where |\| := j € Z is a scale.

We define
vl = > v}, for v={ua}yes  ra €R
AT
and

P ) = {viv = {nhegs 0r € Rl < o0}

Our aim is to construct a wavelet basis for H in the sense of the following definition.
DEFINITION 2.1. A family U := {1x, A € T} is called a wavelet basis for H, if
(i) U is a Riesz basis for H, i.e., the closure of the span of V is H and there exist
constants ¢, C € (0, 00) such that

2.1) clblly <

Z bathx

reJ

§ C HbHQ ’

H

forallb = {by},., € I* ().
(ii) The functions are local in the sense that diamsupp 1y < C2~ forall X € 7, and
at a given level j, the supports of only finitely many wavelets overlap at any point x.
For the two countable sets of functions I', © C H, the symbol (I', ©) ; denotes the matrix

(I,0)y = {(, 0>H}'\/EF,9€@'
REMARK 2.2. The constants
cy = sup {c: csatisfies (2.1)} and Cy = inf {C: C satisfies (2.1)}

are called Riesz bounds, and the number cond ¥ = Cy/cy is called the condition number
of W. It is known that the constants ¢y and C'y satisfy:

Cy = AInin(<\I/7le>}[)7 O\If = Amax (<\I/7\IJ>H)5

where Amin ((¥, ¥) ;) and Apax ((¥, U) ;) are the smallest and the largest eigenvalues of the
matrix (¥, ), respectively.

We define a scaling basis as a basis for quadratic B-splines in the same way as in [5, 20, 22].
Let ¢ be a quadratic B-spline defined on the knots [0, 1, 2, 3]. It can be written explicitly as
”32—2, x €10,1],
—2*+3z -3, zel,2],
2 _3r+2,  zel23]
0, otherwise.

(2.2) ¢(z) =

The function ¢ satisfies the scaling equation [5]

¢(2x)+3¢(2x—1)+3¢(2x—2) ¢(2x—3).

2.3) ¢(x) == ; R



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

18 D. CERNA AND V. FINEK

Let ¢, be a multiple of the quadratic B-spline defined on the knots [0, 0, 1, 2] such that
ol = N9l L1, e

—9%24—333, x € [0,1],
2.4) dp(z) =< 3 _3x4+3, xell,2,

0, otherwise.

The function ¢y satisfies the scaling equation [5]

_ o (2x) | 96(2z) 36 (2z—1)
~T T T 8 '
The graphs of the functions ¢, and ¢ are displayed in Figure 2.1.

(2.5) b ()

0 0.5 1 1.5 2 25 3 0 0.5 1 1.5 2 25

FI1G. 2.1. The scaling functions ¢ and ¢y, and the wavelets 1) and 1y,

For j > 2 and z € [0, 1] we set
(2.6) bjr(x) =222z — k+2), k=2,...,27 -1,
$ja(x) = 22o(Px),  yai(x) = 2P (27(1 ~2)).
We define a wavelet ¢ and a boundary wavelet v, as

QD) vla) = —de-D+1e2e-2)  and (o) =~ 007

Due to the normalization of ¢y, the coefficients in these two equations are the same which
will simplify the proofs in the next section. Then supp ¢» = [0.5, 2.5], supp ¥, = [0, 1.5], and
both wavelets have one vanishing moment, i.e.,

(2.8) /OO Y(z)dr =0 and /OO Yp(z)dx = 0.

The graphs of the wavelet ¢ and the boundary wavelet 1), are displayed in Figure 2.1. In the
following lemma we show that the support of the wavelet v is the shortest among all quadratic
spline wavelets with one vanishing moment.

LEMMA 2.3. Let ¢ be defined by (2.2). If ¢ € span{¢ (2 —k),k € Z} and 1) satis-
fies (2.8), then the length of the support of 1 is at least 2.

Proof. Since ¢ € span{¢ (2 - —k) ,k € Z} we have

w(x) :Zak(b(zx_k)?

kEZ
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for some coefficients a;, € R. Let us suppose that the length of the support of 1 is at
most 2. Then suppyy C [j/2,(j +4)/2] for some j € Z. Since ¢ (xz) = 0 for all
x € [k/2,(k+1)/2], where k € Z\ {j,j + 1,7 + 2,7 + 3}, the coefficients satisfy a;, = 0
forall k € Z\ {j,j + 1}. Due to (2.8) we have a; + a;11 = 0. Thus up to a multiplication by
a constant and shifting by k/2, k € Z, there is only one wavelet that has the length of support
at most 2 and this wavelet is a wavelet defined by (2.7). |

Using a similar argument as in the proof of Lemma 2.3 it is easy to see that also the
boundary wavelet 1, has the shortest possible support among all boundary wavelets with one
vanishing moment corresponding to scaling functions defined by (2.6).

For j > 2 and z € [0, 1] we define

(2.9) () =22V — k +2), k=2,...,27 -1,
%,1(53) = 23‘/21/”)(2]‘55)7 V)0 () = _2j/2¢b(2j(1 —z)).
We denote the index sets by

Ij={keZ:1<k<2}.

We define
b ={ojr,k€Li},  V;={Yjr keI,
and
o Jo+s—1
(2.10) v==0o,0Jy;,  w=90,u |J ¥, jo=2
j=2 j=jo

In Section 4 we prove that ¥, when normalized with respect to the H L_seminorm, forms a
wavelet basis for the Sobolev space H}(0,1).

A basis on Q4 = (0, l)d is built from the univariate wavelet basis by a tensor product [21].
Letj > 2,k = (k1,...,kq), k EIJd =17, X -+ xZLj,and x = (z1,...,2q) € Q. We
define the multivariate scaling functions by

d
;‘l,k (x) = H ®j ke (z1)
=1
and forany e = (ey, ..., eq) € B4 := {0,1}%\ (0, ... ,0), we define the multivariate wavelet

d
;l,e,k (X) - ij»elvkl (xl) )
=1

where

o Gjks € =1,
J.el,kr T
o Yk, e =0.

The basis on the unit cube (2 is then given by

U = {¢g ke IT{} U{¢fer.e € B keI j>2}.

This approach is called an isotropic approach. It preserves the regularity and polynomial
exactness. Another approach is an anisotropic approach. The anisotropic basis on the unit
square is ¥ @ W.
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3. Refinement matrices. In this section we present refinement matrices M o and
M, ; corresponding to primal scaling functions and wavelets. We show that the matrix
M, = (Mo, M; ;) is invertible, and thus there exist matrices M o and M ; of the same
sizes as M g and M} 1, respectively, such that

(3.1 (Mj 0, M,1) = M;".

We derive an explicit form of the matrix l\N/Ij,o and an estimate for the norm of the product
1\7[12’01\71% 41,0 1\7[270 because this estimate is crucial for the proof of the Riesz basis
property that will be presented in Section 4.

By (2.3),(2.5),(2.6), (2.7), and (2.9), there exist refinement matrices M o and M, ; such

that
(3.2) D, =M @1, Uy =M P

In these formulas we view the sets ®; and ¥; as column vectors with entries ¢; , and vy,
k € 1, respectively. R R
By the Riesz representation theorem there exist dual functions ¢; ;. and 1, 5, such that

(Djr Diom) = Okoms (Bjks Prm) = 0, (Wi, k) = 0, (W, Yim) = 65k0km,
forall j,I > 2,1 > j,k € Z;, m €I Let us denote
O; = {pjn k € L;}, U = {djn k €L},
and view these sets as column vectors. Then ®;,¥; C span®;. 1, and the matrices M; o and
M, 1 defined by (3.1) are the refinement matrices for the dual system, i.e.,
®; =M, 0®)1, Wy =M %)

Due to Remark 2.2, the Riesz bounds for the multiscale systems are related to the spectral
norms of refinement matrices and products of these matrices.
Due to (2.3) and (2.5), the refinement matrix M, o has the following structure:

Mg
M;o = M, )

s

Mg

where M , is a 2/ x 27 matrix given by

hmt2-2n _ ¥ _
( §()) _ Uz n=1...,22,1<m+2—2n <4,
o man 0, otherwise,
where
1331
h=lhy,ho,hg, hyl = |-,—, =, =
[ 1,102,113, 4] |:4747474:|

is a vector of coefficients from the scaling equation (2.3). The matrix M, is given by

1 193}

M
T2

hi,  where h, = [h} K} KE] = {2,8,8
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is a vector of coefficients from the scaling equation (2.5). The matrix M is obtained from a
matrix M, by reversing the ordering of the rows.
It follows from (2.7) that the matrix M 1 is of the size 2971 x 27 and has the structure

11 0 0 0 0 0 - 0 01"

o 0 -4 4 0 0 0 -+ 0 0

110 0 0 0 —3 3 0 0

G Mia=51 :
o 0 -~ 0 0 0 -3 5 0 0

0 0 -~~~ 0 0 0 0 0 -1 1

The following lemmas are crucial for the proof of a Riesz basis property. ~
LEMMA 3.1. Let j > 2 and the entries M?C(l) k € Z;11, | € I;, of the matrix M, g be
given by:

. j j
7Y __ 2,V __ n
MY =M = d + d 7
, 1= T gln—]
. y j j
0 —ype 4 dy,
20410 P U T T T T

wheren =29, a = —3 — 24/2,

2—n
G.4) djlv _ 6ay, 7 zl: —36bay, a ’
3+42 11+ 6v/2
. _( _36b2a42">_1 ,_13-9v2
" 11+ 6v/2 6
andfork =2,...,n—1landl € I}, let
. 1 dj dj
3,0 _ 2730 _ k n+l—k
M2kl - MQk—l,l T oalk—l + all=1 aln=1 "’
where
i —6ba,a**  36bay, ak T3
3.5 di, = —
3+42 114 6v/2
Then
(3.6) M \M,o=1;, and M M;,=0;,

where 1; denotes the identity matrix and 0; denotes the zero matrix of the appropriate size.
Proof. By a similar approach as in [25, 26] we derive the explicit form of the entries M i?
k € Zj41,1 € 1, of the matrix M ¢ such that (3.6) is satisfied. From (3.3) we obtain

(3.7) Moy 1 = Moy, fork=1,...,27.
We substitute (3.7) into (3.6), and we obtain a new system A ;B; = I;, where
13 3 ; 13 1 7
s 5 0 0 oz 0 0
103 1 1 3 1 :
4 2 4 4 2 4 ‘
1 3 1 . 1 3 1
A L0z 5 3 O _H; |0 3 5 1 0
RZAE : V2| : :
1 3 1 1 3 1
0 i 1 0 i 05 1
3 13 1 13
L 0 U L 0 0 7 %
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with

(k1) = (1,1), (k1) = (27,27),

)

otherwise,

3
29

(Hj)kl: 17 k:lvk#l7k#2j7
0,

and B; is the 2/ x 27 matrix with entries Bi L= M ;IS ,» k.1 € Z;. We factorize the matrix

Ajas A; =H;C;Dj, where

34+2v2 1
221
1 31
4 t 4
c._ L0 i3
V2|
0
| 0 .0
and
'3-&-6\/5 0
b 1 0
50
D; = : :
L 00
s 00
oz 00

0o --- 0 ]
3 0
1 §. 1
4 2 4
0 1 3422
4 4
0 0 ]
0 anb—3
00 =
\b
10 .
0 1 b
3+v2
0 0 el

More precisely, the entries Di’ , of the matrix D; are given by

D{,l = D%,n = 5 +6\/§’
D'li.,l = DzLJrl—k,n = L
Dik =1

Di, =0,

It is easy to verify that C; = Cj_1 has entries C’i !
structure

d
1
-1 _
D" = :
&, 0
0

fork=2,...,n,
fork=2,...,n—1,

otherwise.

= g~ *=U and the matrix Dj_1 has the

0 d
0 dj_4
14
0 d

with di given by (3.4) and (3.5). Since the matrices C;, D; and H; are invertible, we can

define

_ A1 —1—1gy—1
(3.8) B;=A;' =D;!C;'H; .

J
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By substituting (3.8) into (3.7), the lemma is prgved. O
LEMMA 3.2. There exist unique matrices M; 1, j > 2, such that

(3.9) Ml M;1=0; and M} M;;=1I;
Proof. Forl € ;1 and k € Z; the entries M ﬁ of the matrix I\N/IM satisfy
My = 201,211+ M.

Using these relations we obtain a system of equations with the matrix A ; defined in the proof
of Lemma 3.4. Since the matrix A ; is invertible, the matrix l\N/Ij,l exists and is unique. O
LEMMA 3.3. We have ®;,1 = M, o®; + M; 1V, forall j > 2.
Proof. Due to (3.2) we have

o] [t]er
= @ j+15 Jjz 2.
[\PJ’ M% !

By multiplying this equation by the matrix [1\71 7,05 M ;1] from the left-hand side and using (3.6)
and (3.9), the lemma is proved. 0
For any matrix M of the size m X n we set

[ Mv||
M|, = :
verrvzo |Vl
and
m n
[IM]|; = max E | My 1], M|, = max E | My ]| .
=1,....n =1 k=1,..., m =1

It is well-known that

(3.10) [V </ HVE] (VI

LEMMA 3.4. The matrices Mj’o, 7 > 2, have uniformly bounded norms, i.e., there exists
C € R independent of j such that~||1\~/Ij,0||2 < Cjforallj>2.

Proof. Since the matrices M o are known in the explicit form, they have a regular
structure, and the entries in each column and row are exponentially decreasing, we compute
upper bounds for the 1-norm and co-norm by computing several of the largest entries in each
row and column and estimating the sum of the remaining entries. We obtain

IMoll, <142, [[M,ll, < 2,91,

and due to (3.10) we have | M, [, <2.04. O i

For comparison we computed the norms of the matrices M ; o numerically and found that
M oll, < 2forj=3,...,12, and | M1z,]|, = 1.9999997.

LEMMA 3.5. Let S; = ngOM?+1,O’ J > 3, and S; be the matrix given by

(Sj)k,l = (Sj)ar—10 T Si)aps keZj 1l el

Then there exists a constant C independent of j such that ||S; [, < C<2v2
Proof. Let K bea 27 x 27 *1 matrix with entries

(.11) (K)o = K)oy =a ™ kleZ;, a=-3-2V2,
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and let L; = MT — K;. We know the explicit expression of the matrix L; because they are
know for both M 7,0 and K. We have

Sj =M M, = K;Kji1 + KjLji + LK1+ LiLj

Let us denote

N; =K;K;1, O;=K;Lj11, P;j=LiK;, Qj=LjLji,
and let NJ, OJ, PJ, and Q] be derived from N, O;, P;, and Q; in a similar way as S from
S;. Then S; = N; —|—O —|—P —|—QJ From (3.11) we have for k € Z;,1 € Z; 4,

(NG )21 = (Nj)p oy = g vi,

where
T
1 1 1 11 11 1 1
u, = ak—l’ Clk_l,ak’_an’g’E’l,l?;?g’. an_kvan k )
T
1 1 1 1 1
vy = al*17a1*27'“’5’1’a . 7a2"*l )

n = 27. Due to the structure of the vector u;, we can write

a+1 _p.
(NJ)kJ = u vi,
a
where
T
- 1 1 1 1 1
up = ak717ak727 5571757 ’anfk ’
1 1 1 1 1
{’l — [al 2 gl—4> 7(1727175’(173 ) g2n—1 1} ) leven
1 1 1 1 1
[al—27al—47 75717(,‘72’&74 ) g2n—1 1} ) lodd
For k& > %,l € Tj4+1, [ even, we have

l

a+1 [ < B
(Nj)k72l — ZGSm k— l+ Z al+1 k—m Z al+k+1 3m

m_2+1 m=k+1
L L
1\z 1\k—3 1
a+1 1- (& 1- 1
+ a%*k (a31) +(Z%7k (a)l +a 1—2— 2k (a31
a — a3 1—5 _T

1 3 k n
(N,), , = a+ Sm—k—1 | Z al+1=h=m Z glHkH1-3m
ka2t = E :

1+1 m=k-+1
1) = 1)k 1
_a+l ag_k_gﬂﬂl#—kﬂml—?—% *(*3)1
a -3 1—5 _73
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If k < ,1 €Z;11, l even, then we have

r
atl (g Smhl | N mikl N ikbl-3m
(Nj)k,2l = g a + E a + g a

m=1 k+1 m:%_;’_l
_a+tl azk—zl_(z?) +ak—él_(5)2 +ak—é—21_(?3) ’
a 1-% 1-1 1-%
Ifk < 1771’ l € Zj4+1,1 odd, then we have
1—1
1 k = n
(N})y o = at+l Z g3m—k-l +Za7n+k+2—l n Z gl tE+1-3m
m=1 k+1 — 41
1\k 1\ 55—k 1\t
_atl azk—zl_(?) +ak—é—%1_(5) _’_ak—%—;l_(z?)
a 1-% 1-1 1-%

To compute an upper bound for the norm of the matrix S j» we compute bounds for the sums
of the absolute values of the entries in the rows and columns for the matrices N O P and
Q, ;. Since the entries in the columns of the matrix N are exponentially decreasmg, we can
compute several of the largest entries in each column and estimate the sum of the absolute
values of the remaining entries. We define

Tivo = {1,2,3,4, 2772 = 3,272 -2, 2772 — 1,972} | T, =T;15\Tjy0,
and we set
(Nj)k,l = O, for k §é Ij—l-

For [ such that ! mod 8 € {0,1,6,7} and [ € fj+2, we obtain

S 0] < 000 ] #0005+ 050
|&]-2 } 21 }
+ ‘(Nj)kJ"i' Z ‘(N )kl‘
k=t k=[]

< 0.018 4 0.727 4+ 0.239 + 0.007 + 0.001 < 1.

For [ such that l mod 8 € {2,3,4,5} and [ € fj+2, we obtain

2}; ‘(Nj)k,l‘ < ‘(NJ)LéJ—l,l‘ + ‘(NJ)Léj,l‘ + ‘(Nj)wﬂ,z‘
[5]-2 2/
D DR A ES S (A
k=1 k=|{|+2

< 0.101 4+ 0.566 + 0.037 + 0.002 + 0.004 < 1.
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For | € Z;, we have

Jj—1

no

(N),, | <05,

=1

=

We use a similar approach for computing the sums of absolute values of the entries in the
rows. We obtain

i1 _ j+2 )
QZMNJ R S QZ\(N-) R
L TR T1.00, 1E T, |7 R 7 16.80,  otherwise.

Similarly, we obtain

J—1 _ j+2 )
QZ ‘((),) < J013, €T, E 0, | < 0.30, k=1,2"1
= PR 004, 1€ T, = PTIRN 710,02, otherwise,
27! = 20 +2 -
Z ’(13) < 0.15, €Ij+27 (15) < 0.68, k=1,27""
TR 0.05, 1€ T, 7R 710,04, otherwise,
., 7 27 -1
3 ‘(Ql) <003, €T, @), | < 0.06, k=1,2"1
o PEURET 001, e, PR 10.01,  otherwise.

Therefore using (3.10) we have

IS;ll, <VI1-7<2v2. O

For comparison we computed the norms of the matrices S ; numerically, and we found
that HS]H2 <227forj=1,...,12, ||§12H2 ~~ 2.2623, and it seems that this value does not
further increase with increasing j.

LEMMA 3.6. Let m,n > 2, m < n. Then there exists a constant C < 2 such that

YR Y iA Ve Y ¢ YR Y A 1T
ML, oMy -+ M oM o, < € {[M, oMo g Moy | -
Proof. For m and n fixed such that m,n > 2, m < n, we use the notation:
YR Y ea Y A 1T i T
R= Mm,OMerl,O s Mnfl,O’ S = Mn,OMnJrl}O'
Due to the structure of the matrices l\N/Ij,o given in Lemma 3.4 we have
Ri 2 = Ri2i-1, keZn,lel,—.

Therefore, we can write RS = RS, wh~ere the matrix R is a 2™ x 2?‘1 matrix containing
the even columns of the matrix R, i.e., Ry ; = Ry 2;, and the matrix S is given by

Sks = Sok_1.1 + Sar, kel, 1,1 €Iy

We have
1/2

2
~ Z < Z RkJXl)
|Rx||, k€L \IE€Tn—1

IR, = sup = sup
xeka£0 Xy xerxzo 1%l
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Let x be a vector of length ¢ = 2" such that Z9;_1 = Z2; = x;, and let
X = {5( cRY: j2j_1 Zi‘gj,i# 0}

Then ||%||, = v/2|x]|,, and we have

o\ 1/2
> (Z 2_1Rk,liz>
. k€L, \l€L,
R[], = sup —
7 gex 27172 1x]l,
o\ 1/2
2_1 Z Z Rk,lfq
k€, \l€Z, HR”z
< sup — = .
RERT. %40 2712 1x]], V2

Using Lemma 3.5 we obtain
IRS|l, = [IRS|, < IR, [S[l, < C R

with C < 2. a
LEMMA 3.7. There exist constants C € R and p < 0.5 such that for all m,n > 2,
m < n, we have

(3.12) M7 oMo M ], < c2vtnmm),

Proof. The assertion of the lemma is a direct consequence of Lemma 3.4 and Lemma 3.6.
a

4. Riesz basis on Sobolev spaces. In this section, we prove that U is a Riesz basis for
H} () and W2 is a Riesz basis for Hi(€23). The proof is based on the lemmas from
Section 3 and on the theory developed in [19] that is summarized in the following theorem.

THEOREM 4.1. Let H be a Hilbert space and let V;, j > J, be closed subspaces of L (§2)
such that V; C Vi1 and UJOO:J V; is dense in H. Let H for fixed q > 0 be a linear subspace
of H that is itself a normed linear space and assume that there exist positive constants Ay and
As such that

(a) If f € Hy has decomposition f = ZjZJ fi» [j € Vj, then
(@.1) 11, < A0 Y29 |15511% -
jzJ
(b) Foreach f € H, there exists a decomposition f = ZJ‘ZJ fi» [; € Vj, such that
“2) > o299 16515 < Az IS,
Jj=J

Furthermore, suppose that P; is a linear projection from V;_ 1 onto V;, W is the kernel space
of Pj, ®; = {¢; 1,k € I;} are Riesz bases of V; with respect to the Ly-norm with uniformly
bounded condition numbers, and ¥ ; = {1; 1., k € I;} are Riesz bases of W; with uniformly
bounded condition numbers. If there exist constants C and p such that 0 < p < q and

(4.3) ||Pum+1 ce Pn_1|| <C2P (”*m)’
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then
4.4) {27791k, k € T;} U{279%; 4,5 > J k € T;}

is a Riesz basis for H,,.

Now we define suitable projections P; from V;; onto V; and show that these projections
satisfy (4.3). Then we show that U—which differs from (4.4) only by scaling—is also a Riesz
basis for H}(0,1). For j > 2 we define

Uy =A{bjktrer, I{Viktiez, and  F; = ([;,T;).

Let a set

4.5) 0y = {bintper, Uidinhies,
be given by

(4.6) I, =F;'T;.

Since obviously (T';, fj> = I, functions from fj are duals to functions from I'; in the space
Vj41. Since Fj_1 is not a sparse matrix, these duals are not local. We define a projection P;
from Vj4 1 onto V; by

Pif = Z (f, b)) Bk
keT;
LEMMA 4.2. There exist p < 0.5 such that a projection P; satisfies
(4.7) PPy .. Pooy|| < O 2P0
forall2 < m < nand a constant C independent of m and n.
P}’OOf. Letf S ‘/j+1, ai = <f, ¢j,k>, a; = {ai}kez_,j > 2,and Sj tajyl Faj. Then
Pif=> algin= > (Foir)bix= D > al " (dir10bjx) bsn-
kEZ; keZ; k€Z; 1€Tjq1
Therefore
aj, = Z al ™ (b1, Bin) -
l€Tjsa

Let us denote
Sl],k = <¢)jvk7 ¢j+1,l> ’ Sj = {Slj,k}lel'j_'_l’k-ezj'
Then we can write a; = S;a;11, and due to Lemma 3.3 we have
Sj = (95,®;11) = (D5, M, 0®; + M;1¥;) = My .

Now, let us consider f, € V;, and fp, = PPt ... Po_1fn. Then f; can be repre-
sented by f; = Zkezj aj.¢; for j = m,n, and we set a; = {ai}kezj. Since ®; is a Riesz
basis for Vj, see [22], there exist constants C; and C5 independent of j such that

> aldjn

=

Cillajll, < < Ca lay]l, -
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Due to Lemma 3.7 we have

[fmll < C2 lamly < C2 [[Sm Simt1 -+ - Sl [lanl,
= Cy M, oMy 4o Mo, llanl

< G2 [y < C7LCR 2P |

Thus (4.7) is proved. 0

THEOREM 4.3. The sets V; are Riesz bases of the spaces W; = span ¥, j > 2, with
the condition numbers bounded independently of j, namely cond ¥; < 2.

Proof. The matrix U; = (U, ¥,) is tridiagonal with entries

27
(Uj)m = (Uj)zj,zj = 390
47
(Uj)2,1 = (Uj)1,2 = (Uj)2j7172j = (Uj)2j72j71 = @,
1 .
(Uj)hkzﬁ, k=2,...,27 — 1,
1 .
(Uj)k,k+1 :(Uj)k-i-l,k:_ﬁﬂ ]€:2,...,2]—27
(Uj),, =0, otherwise.

Thus, Uj is strictly diagonally dominant, and using the Gershgorin circle theorem we obtain
Amin (Uj) > 55 & 0.0333, Amax (U;) < % ~ 0.1333, and cond ¥; < 2. 0

We also computed the eigenvalues of the matrix U; numerically and the numerical values
Amin ~ 0.0333 and Ap.x ~ 0.1333 correspond to the values from Gershgorin’s theorem.
Thus the inequality in Theorem 4.3 seems to be sharp.

THEOREM 4.4. The set

{272¢o s,k € L} U{2774; 4,5 > 2,k € T;}

is a Riesz basis for H}(0,1).

Proof. Using the same argument as in [19], we conclude that (4.1) and (4.2) follows from
the polynomial exactness of the scaling basis and the smoothness of the basis functions, and
these inequalities are satisfied for H = L?(0,1) and H, = H{(0,1), 0 < ¢ < 1.5. Due
to Lemma 4.2 the condition (4.3) is fulfilled. Therefore by Theorem 4.1 the assertion of
Theorem 4.4 is proved. g

THEOREM 4.5. The set

{¢2,k/ |¢27k|H(}(O,1) 7k € IQ} U {’l/)_],k/ ‘1/}j,k|Hé(071) 7j 2 27 ke Ij} 3

where HH(% (0,1) denotes the H}(0,1)-seminorm, is a Riesz basis for H} (0, 1).

Proof. We follow the proof of Lemma 2 in [25]. From (2.9), there exist constants C; and
'y such that
(4.8) 127 < Wikl o) < Co27, forj > 2, k€T,

and

(4.9) C12® < |Gkl ) < €222, fork € I,
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Theorem 4.4 implies that there exist constants C'3 and C such that

> a2 ok + Y bik2 7k

ke, keZ;,j>2

(4100 Cs|bf, < < Calblly,

Hg(0,1)

forany b = {ag, k € Zo} U {bjk,j > 2, k € J;}. Using (4.8), (4.9), and (4.10) we obtain

Cy Y Vjk
Ibll, < & D a2 D b
3| kez, o) keg;i>2 FIH () [l g (0,1)
and
O P2k Yk
||bH2 > Ci Z |¢ | + Z |1/, |7 ’ o
4| ke, LRIHG(Q)  peg, j>2 FRUES ) | 12.0,1)

REMARK 4.6. By Theorem 4.1 and the proof of Lemma 4.2, if p satisfies (3.12), then
the norm equivalence (2.1) for ¥ from Section 2 normalized with respect to the H°-norm
is satisfied for H = H*®, where s € (p,1.5). Since we proved in Section 3 that there exists
p satisfying (3.12) such that p < 0.5, we proved the norm equivalence (2.1) for H® with

€ (0.5,1.5). We computed the norms in (3.12) also numerically, and we found that this
theoretical estimate of p is not sharp. It seems that (3.12) holds also for any p > 0.

THEOREM 4.7. The set V2P normalized with respect to the H'-seminorm is a Riesz
basis for H{ ((0, )2)

Proof. Recall that gb] k. are defined by (4.5) and (4.6). For k = (kq, k2) let us define
gZ; (;5] k& qu k- Then for k = (k1, ko) and 1 = (11, l2) we have

(0% 1 D51) = Okt 11O
and P77 defined by

PJZDf: Z <f7¢,> .k

keZ; XTI,

is a projection from V? 1 onto V where V2 V; @ V; for j > 2. We define the matrix
SHEES MT ® MTO It is well- known that for any matrix B we have |B ® B|, = ||B|.

Using thlS relatlon and the same arguments as in the proof of Lemma 4.2, we obtain for
fn € VZ2and f,, = P2PP2D . P2, f, the estimate
[fmll < C1 IIamllz < oS50S0 -S04, Nl
=0y H( m,0 - --MTTLA,o) ® (Mgz,o . --MerLo)Hg lanl,
< G322 Jlag [, < Co 220 ||,

with 2p < 1. Hence by Theorem 4.1 the assertion of the theorem is proved. 0

5. Quantitative properties of the constructed bases. In this section, we present the
condition numbers of the stiffness matrices for the Helmholtz equation

5D —eAu+ au = fon Qg, u=0 on 09y,
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where A is the Laplace operator and € and a are positive constants. We also study the case
€ = 1and a = 0, i.e., the Poisson equation, and the case ¢ = 0 and a = 1.
The variational formulation is

(5.2) Au=f,
where
A=e(VU,VE) +a (0,0, wu=)'¥  f=(f0).

An advantage of discretizing the elliptic equation (5.1) using a wavelet basis is that the
system (5.2) can be simply preconditioned by a diagonal preconditioner [9]. Let D be the
matrix of the diagonal elements of the matrix A, i.e., Dy , = Ay 0, ., Where ) , denotes
the Kronecker delta. Setting

A=D)2PAD)?  a= D)"Y, F=D) Yk,

we obtain the preconditioned system
(5.3) Aa="f.

It is known [9] that there exists a constant C' such that cond A < C' < oo.
Let ¥ be defined by (2.10) for d = 1 and similarly for d > 1. We define

A, =€ (VU VU +a (05, 0%, uy=(u) 0%, f,=(f,0°).

Let D, be the matrix of the diagonal elements of the matrix A, i.e., (Ds)/\#b = (AS)/\#(S,\,,L.
We set

As = (Ds)_l/QAs(Ds)_l/Qa 1tls = (Ds)1/2u37 fs = (Ds)_l/Qfsa

and we obtain the preconditioned finite-dimensional system

(5.4 A.u, =f..

Since A, is a part of the matrix A that is symmetric and positive definite, we also have
cond As <C.

The condition numbers of the stiffness matrices AS fore =1,a =0, and d = 1, 2, are shown
in Table 5.1. By Remark 2.2 these numbers correspond to the squares of the condition numbers
of U® with respect to the H '-seminorm. We also computed the condition numbers of ¥* with
respect to the H'-norm. The values were very close to the values presented in Table 5.1 (the
difference was less than 1%).

For comparison, we also provide the condition numbers for other wavelet bases and
display them in Figure 5.1 and Figure 5.2. The bases C'F» and C'F3 refer to the wavelet bases
from this paper with the coarsest level 2 and 3, respectively. D;, and P, refer to the quadratic
spline wavelet basis with 3 vanishing moments and the coarsest level j, from [11] and [20],
respectively. We modify the construction from [3] to homogeneous boundary conditions.
The resulting quadratic spline wavelet basis with three vanishing wavelet moments with the
coarsest level jg is denoted as B;,. We found that the bases D, P;,, and Bj, lead to the
same results and realized that they contain the same wavelets up to a multiplication by a
constant factor. Semi-orthogonal quadratic spline wavelets with three vanishing moments
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TABLE 5.1
The condition numbers of the stiffness matrices A s of the size N X N corresponding to multiscale wavelet
bases with s levels of wavelets for the one- (left), two- (right), and three-dimensional (bottom) Poisson equation.

N Amin AMmax  cond A

S S N )\min /\max cond As
1 8§ 050 1.38 2.77 1 64 0.25 1.88 7.5
2 16 050 1.41 2.83 2 256  0.19 2.08 11.1
3 32 050 142 2.83 3 1024 0.16 2.17 13.7
4 64 050 1.42 2.84 4 409 0.14 2.20 154
5 128 050 142 2.84 5 16384 0.13 222 16.6
6 256 0.50 142 2.84 6 65536 0.13 223 17.4
7 512 050 142 2.84 7 262 144 0.12 2.23 17.9
8 1024 050 1.42 2.84 8 1048576 0.12 2.23 18.3

N Amin /\max cond As

512 0.15 3.23 47.4

4096 0.04 3.69 85.0

32768 0.03 3.83 113.8
262144 0.03 3.87 132.9
2097152 0.03 3.89 145.3

Db W= |®n

on the interval were constructed in [5]. In Appendix A we show that the semi-orthogonal
quadratic spline wavelet basis corresponding to scaling functions that are B-splines on the
Schoenberg sequence of knots such that wavelets have three vanishing moments and the
basis is adapted to homogeneous boundary conditions do not exist. Therefore, we adapt
this basis such that semi-orthogonality is preserved and 2/ — 2 wavelets on the level j have
three vanishing moments and 2 wavelets on the level j are without vanishing moments. We
denote the resulting basis by C'Q). We also tested wavelet bases from [11, 20] with 5 vanishing
moments, but the condition numbers were larger than for bases with 3 vanishing moments.
All wavelets used in the numerical experiments are presented in Appendix A.

Although it was not proved in this paper that by appropriate tensorising the 1D wavelet
basis we obtain the wavelet basis in 3D, we list the condition numbers of the stiffness matrices
A, for the 3D case in Table 5.1. The condition numbers for several constructions of quadratic
spline wavelet bases and various values of parameters € and a are compared in Table 5.2.

TABLE 5.2
The condition numbers of the stiffness matrices A, of the size 65536 X 65536 for several choices of € and a
for our bases and the bases from [11, 20].

€ a CFQ CFg CFQON CF??” CQ D2 D3

1000 1 174 163 17.1 164 620 1163 98.4

1 0 17.4 16.7 17.1 164 62.0 116.3 98.4

1 1 17.4 16.7 17.1 164 62.0 116.6 98.5

1073 1 721 35.9 35.6 225 611 328.1 139.2

1076 1 746.0 577.0 4257 287.6 463 1878.0 11154
1

0 872.6 6874 511.0 3515 464 2034.6 12514

We also provide the condition numbers for the discretization matrices A ; corresponding
toe =0,a =1, and d = 1. By Remark 4.6 these condition numbers represent the squares
of the L? condition numbers of U® normalized with respect to the L?-norm. The results
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FIG. 5.1. The condition numbers of the matrices A, s=J— jo + 1, for the one-dimensional problem (5.1)
with parameters ¢ = 1, a = 0, and € = 0, a = 1. The parameter J denotes the finest level, and jo denotes the
coarsest level.

o 2D-aniso
’ | 400 ‘
2 CFy
00 e GF 5
-6-B,0,P, 300
© 150 --x--B3,D4,Py 1 «
. 8GO |
5 6--0--0--0--0---0---0 52007
§ 1005 --~ [ — :
o g :
T
50 i - B e a . o
o
O ‘ : 0
) ° 8 10
J

FIG. 5.2. The condition numbers of the matrices AS, s=J —jo+1, fore =1, a = 0 and two-dimensional
wavelet bases constructed using an isotropic approach and an anisotropic approach. The parameter J denotes the
finest level, and jo denotes the coarsest level.

are displayed in Figure 5.1. In this paper, we have proved that the constructed basis is a
Riesz basis for H{ (0, 1). The condition numbers of matrices A corresponding to € = 0 and
a = 1 for the new basis seem to be unbounded, and thus it seems that the new basis is not a
Riesz basis in L? (0,1); see also Remark 4.6. Since the condition numbers of the matrices
A, fore=1anda =0 corresponding to the anisotropic basis ¥ ® W with respect to the
H'-seminorm depend on the condition numbers of U® both with respect to the L2-norm and
the H'-seminorm, they are also increasing; see Figure 5.2. Thus in our case an isotropic
wavelet basis from Section 2 has bounded and significantly smaller condition number than
an anisotropic basis. We performed numerical experiments with both types of bases, but
since the isotropic system lead to significantly better results we present in Section 6 only the
experiments with the isotropic wavelet bases.

6. Numerical examples. In this section we use the constructed wavelet basis in the
wavelet-Galerkin method and the adaptive wavelet method.

6.1. Multilevel Galerkin method. We consider the problem (5.1) with {25, ¢ = 1, and
a = 0. The right-hand side f is such that the solution u is given by

u(@,y) =v(@)v(y), v()=z(1-e7).
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We discretize the equation using the Galerkin method with the wavelet basis constructed in this
paper, and we obtain the discrete problem A i1, = f,. We solve it by the conjugate gradient
method using a simple multilevel approach similarly to [19, 27]:
1. Compute A, and f,, choose v, of length 42.
2. For j = 0,...,s find the solution 1@; of the system A;ii; = f; by the conjugate
gradient method with initial vector v; defined for j > 1 by

(Vj): {uj_h Zzl,...,kj,

0, i=kj, .. kg,

where k; = 220+,
Let u be the exact solution of (5.1) and
up = ()" (Dy) 7w,
where u} is the exact solution of the discrete problem (5.4). It is known [21] that due to the

polynomial exactness of the spaces span W*, there exists a constant C' independent of s such
that

(6.1) Ju—uill < €27, Ju—wlll g, < €27

for u € H3(Q4). Let u,s be an approximate solution obtained by the multilevel Galerkin
method with s levels of wavelets. It was shown in [27] that if we use as criterion for termi-
nating iterations ||r4||, < C272%, where ry == A, — f,, then we achieve for u the same
convergence rate as for u%. In our example, for the given number of levels s we use the
criterion |[r; ||, < 107*272, j =0,..., s, for terminating the iterations in each level.

We denote the number of iterations on the level j by Mj. It is known [21] that employing
the discrete wavelet transform, one CG iteration can be performed with a complexity of order
O (N), where N x N is the size of the matrix. Therefore the number of operations needed to
compute one CG iteration on level j requires about one quarter of the operations needed to
compute one CG iteration on level j + 1. We compute the total number of equivalent iterations
by

S M
M=>)" 4Sjj .
j=0

The results are listed in Table 6.1. It can be seen that the number of conjugate gradient
iterations is quite small and that

lus —ullg  Mus—ull 1

)

st —ulloe  lJustr —ul 8

i.e., that the order of convergence is 3. It corresponds to (6.1). The parameters o and 7, in
Table 6.1 are the experimental rates of convergence, i.e.

_log (lus—1 —ull / [Jus — ul) _log (flus—1 — ull o, / llus —ull.)
(ra), = log 2 ’ (roc)s = log 2

We present also the wall clock time in Table 6.1. It includes the computation of the right-hand
side, the system matrix, iterations, and evaluation of the solution on the grid with the step size
27707% "where jg is the coarsest level.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

QUADRATIC SPLINE WAVELETS WITH SHORT SUPPORT 35
TABLE 6.1
Number of iterations and error estimates for the multilevel conjugate gradient method.
CF,
s N M us—ull, T |us—ul ro time [s]
1 64 18.50 3.19e-1 4.54e-2 0.04
2 256  21.63 1.32e-1  1.27 1.26e-3 5.17 0.05
3 1024 23.66 2.60e-2 2.34 2.02e-3  2.64 0.06
4 4096 23.00 291e-3 3.16 2.45e-4  3.04 0.09
5 16384 20.89 4.06e-4 2.84 2.8%9e-5 3.08 0.16
6 65536 18.37 5.35e-5 2.92 34le-6 3.08 0.30
7 262 144 15.68 6.82e-6 2.97 4.23e-7 3.01 0.99
8 1048576 13.02 8.63e-7 298 5.28¢-8 3.00 3.89
9 4194304 10.35 1.08e-7 3.00 6.59¢-9 3.00 14.87
10 16777216 8.85 1.41e-8 294 8.25e-10 3.00 58.12
D, P3, By
s N M us —ull,  Tee |us —ul ro  time [s]
1 64 27.50 3.19e-1 4.54e-2 0.04
2 256 48.88 1.32e-1  1.27 1.26e-3 5.17 0.07
3 1024 59.22 2.60e-2 2.34 2.02e-3  2.64 0.11
4 4096 59.38 291e-3 3.16 2.45e-4 3.04 0.19
5 16384 50.76 4.06e-4 2.84 2.89e-5 3.08 0.33
6 65536 39.44 5.35e-5 2.92 34le-6 3.08 0.68
7 262 144 29.92 6.84e-6 2.97 4.23e-7 3.01 2.20
8 1048576  21.50 8.64e-7 298 5.29e-8 3.00 9.53
9 4194304 17.66 1.09e-7 2.99 6.73e-9 2.97 47.39
10 16777216 15.79 1.38e-8 2.98 9.43e-10 2.84 248.41
cQ
S N M lus — U”oo Too |ts — ull ro  time [s]
0 64 13.00 3.19e-1 4.54e-2 0.03
1 256  30.25 1.32e-1 1.27 1.26e-3 5.17 0.05
3 1024 35.06 2.60e-2 2.34 2.02e-3  2.64 0.07
4 4096 33.82 291e-3 3.16 2.45e-4 3.04 0.14
5 16 384  30.30 4.06e-4 2.84 2.89¢e-5 3.08 0.21
6 65536 25.32 5.35¢-5 2.92 3.41e-6 3.08 0.41
7 262 144  20.74 6.84e-6 297 4.23e-7 3.01 1.39
8 1048576 17.87 8.64e-7 298 5.29e-8 3.00 5.55
9 4194304 14.82 1.08e-7 3.00 6.73e-9 297 21.62
10 16777216 12.36 1.36e-8 2.99 8.56e-10 2.97 83.54

6.2. Adaptive wavelet method. We compare the quantitative behavior of the adaptive
wavelet method with our wavelet basis, the wavelet basis from [11], and the wavelet basis that
is a modification of the basis from [5]; see Appendix A. We consider the equation (5.1) with
d=1,e=1,a =0, and the solution

u(x):ef|%7%| —e_é—&—sin?ﬂmc7 x €[0,1].
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Note that u is the sum of an infinitely differentiable function and the function

which does not have a derivative at the point 0.5. Let g be the Fourier transform of g, i.e.,

0 (€)= / g (z) e dz.

R

Since

21 64‘§|2H
/\5| 19(6)2 dé = /1652+1

is finite for © < 3/2 and it is not finite for 1 > 3/2, the solution u belongs to the Sobolev
space u € H*(0,1) only for s < 3/2. Therefore it is not guaranteed that (6.1) holds and that
the Galerkin method converges with the optimal rate. Since « is continuous and piecewise
smooth, it can be shown that u belongs to the Besov space B; ; (0,1) for any s > 0 and

T=(s+1/ 2)71. It is therefore convenient to solve this problem with the adaptive wavelet
method proposed in [6, 7] because it is proved that this method converges with the optimal
rate for functions from such spaces. More precisely, let u; be the approximate solution in the
Jjth step, and let p; denote the error in the energy norm which is in this example the same as
the H!-seminorm, i.e., pj = |u — U | - Letuy be the vector of coefficients corresponding
to u;, and let N; be the number of nonzero entries of u;. It follows from the theory developed
in [7] that if the used basis is a quadratic spline wavelet basis, then there exists a constant C'
independent of j such that

(6.2) pj <CN;" forany r < 2.

The method consists in solving the infinite preconditioned system (5.3) with Richardson
iterations. The algorithm contains the routine COARSE that is based on thresholding the
coefficients and the routine RHS that approximates the infinite right-hand side vector by a
finite vector with a prescribed accuracy. For details about these two routines we refer to [7].
It is possible to modify the algorithm such that the routine COARSE is avoided; see [14].
Furthermore, it is necessary to have a routine that allows multiplication of the bi-infinite
matrix A with a finitely supported vector. This routine called APPLY was proposed in [7] and
modified in [12, 24]. We use the version from [24]. We use a similar version of the method and
notations that is presented as CDD0O2SOLVE in [14]. We compute the relaxation parameter w
and the error reduction factor p by

2 cond A — 1
w = = = =

Anax(A) + A (A) 77 cond A+ 17

and we set § = 0.3 and K € N such that 2p¥ /0 < 0.6.

We use the following version of the method:
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FIG. 6.1. The convergence history for adaptive wavelet scheme with various wavelet bases.

ALGORITHM 6.1. SOLVE [A, £, ¢] — u.
Set j :=0, ug :== 0, and €y > |0
while ¢; > e do
Zp = uy;
fori=1,...,Kdo

Z =2 +w (RHS[f 0] _ APPLY[A,z_,, S ]),-

27

' 2wk 2wK
end
j=7i+1
¢ = 2026.;’—1’.
u; = COARSE|[zk, (1 — 0)€;];
end
u. = uy;

We use the following parameters in the numerical experiments:

CFy: w=1.04, p=048, K =4,

Dy w=089, p=0.70, K=71,

CQs: w=0.95 p=087 K=18.
The convergence history is shown in Figure 6.1. Since the entries of the matrix A, the estimates
of eigenvalues of A, and the parameters w, p, and K were precomputed for every basis, the
wall clock time includes the computation of the right-hand side and the computation of the
iterations. The experimental convergence rate, i.e., the parameter r from (6.2) estimated for
the observed values (N, p;) by the least-squares method, for the bases C'F», D5, and CQ
was r ~ 1.87, r = 1.95, and r =~ 1.77, respectively. It can be seen that the number of
iterations and the computational time needed to solve the problem with the desired accuracy is
significantly smaller for the new wavelet basis. Moreover, due to the shorter support of the
wavelets, the stiffness matrix is sparser, and thus, one iteration requires a smaller number of
operations.

Appendix A. Quadratic spline wavelet bases.

In this section we present inner and boundary scaling functions and wavelets that were
used in the numerical experiments in Section 6. The wavelet bases are generated from these
functions in a way similar to (2.6) and (2.9). Let ¢ be given by (2.2) and &b = 2(/5" /3, where
¢p is given by (2.4). Since diagonal preconditioning (5.4) is similar to the normalization of the
basis with respect to the energy norm, the multiplication of ¢, with a constant has no effect on
the resulting condition numbers presented in Section 5 and the numerical results in Section 6.
The wavelets are given by

7 5
(@)=Y g 2r—k), V=g ,6"Q2x)+> gio(2z—k),
k=0 k=0
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for i = 1,2. The values of the parameters g and g are presented for several constructions
below.

A.1. The Primbs wavelet basis. The parameters for the construction from [20] are given
by

lg05--.,97] = [—3,-9,7,45,—45,-7,9,3] /64,

65 9 31 11 15 5
Lgil =102 -2 2 = 22 2 ey
[9717 796] l: 0) 67 147 77 21714714 / 9

10 5 65 25 13 31

2 2
o9 = | T 5 T & T T Y adado 64.
(975, 5] {3 66 3 922]/

More precisely, in [20] the parameters are multiples of these parameters, but as we already
mentioned, different normalizations do not play a role because we use diagonal precondition-
ing (5.4) in our experiments.

A.2. The Dijkema wavelet basis. There are several constructions in [11]. We used
the parameters that are listed in the file mats.zip attached to [11], but we found that in the
case of quadratic spline wavelets with three vanishing moments and homogeneous boundary
conditions, these parameters are multiples of the parameters from [20] and thus lead to the
same results.

A.3. Modification of the Chui-Quak wavelet basis. In [5] the semi-orthogonal quadratic
spline wavelets with three vanishing moments were adapted to the interval. We adapt these
wavelets to homogeneous boundary conditions. Since wavelets on the level j are linear combi-
nations of scaling functions on the level j + 1, they are given by 27! parameters. We want to
preserve semi-orthogonality, therefore we have 27 conditions of orthogonality for the scaling
functions on the level j. Furthermore, we want to preserve three vanishing moments. We
obtain a homogeneous system with 27 4 2 independent equations with 27+ variables that
has only 2/ — 2 independent solutions. Therefore there exist only 2/ — 2 wavelets with three
vanishing moments that are semi-orthogonal. We add two wavelets on each level that are
semi-orthogonal but without vanishing moments. We obtain wavelets with the parameters

[90, -, g7] = [~1,29, —147,303, —303, 147, —29, 1] /480,
(941, -, 9] = [450, —332,148, —29,1,0,0] /480,
780 1949 3481 3362 1618

11’ 11 11 11 11

(621, 08] = ,—29,1| /480.

A.4. Modification of the Bittner wavelet basis. In [3] spline wavelet bases on the
interval were constructed. We use a similar approach as in [3], but for quadratic spline
wavelets with three vanishing moments satisfying homogeneous boundary conditions. The
inner wavelet is the third derivative of the sixth-order B-spline on the knots [0, 1,2,5/2, 3,4, 5].
The boundary wavelets are the third derivatives of the sixth-order B-splines on the knots
[0,0,1/2,1,2,3,4] and [0, 0,1, 3/2,2, 3, 4], respectively. We found that by this approach we
again obtain the same wavelets up to a constant factor as in [11, 20].
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