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PARAMETER-ROBUST STABILITY OF CLASSICAL THREE-FIELD
FORMULATION OF BIOT’S CONSOLIDATION MODEL*
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Abstract. This paper is devoted to the stability analysis of a classical three-field formulation of Biot’s consol-
idation model where the unknown variables are the displacements, fluid flux (Darcy velocity), and pore pressure.
Specific parameter-dependent norms provide the key in establishing the full parameter-robust inf-sup stability of the
continuous problem. Therefore, the stability results presented here are uniform not only with respect to the Lamé
parameter A, but also with respect to all the other model parameters. This allows for the construction of a uniform
block diagonal preconditioner within the framework of operator preconditioning. Stable discretizations that meet the
required conditions for full robustness and guarantee mass conservation strongly, i.e., pointwise, are discussed and
corresponding optimal error estimates proved.
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1. Introduction: Biot’s consolidation model. Poroelastic models describe mechanical
deformation and fluid flow in porous media. They have a wide range of applications in
medicine, biophysics, and geosciences such as the computation of intracranial pressure, trabec-
ular bone stiffness under different loading conditions, reservoir simulation, waste repository
performance, COs sequestration, consolidation of soil under surface loads, subsidence due to
fluid withdrawal, and many others; see, e.g., [15, 35, 36, 37].

A classical and widely used model has been introduced by Biot [7, 8] and is based on the
following assumptions:

(i) the porous medium is saturated by fluid and the temperature is constant,

(ii) the fluid in the porous medium is (nearly) incompressible,

(iii) the solid skeleton (matrix) is formed by an elastic material, and the deformations and

strains are relatively small, and

(iv) the fluid flow is driven by Darcy’s law (laminar flow).

For homogeneous isotropic linear elastic porous media, the Biot model in an open domain
Q C IR?, d = 2,3, comprises the following system of partial differential equations (PDEs):

(1.1a) —dive +c,,Vp=f inQ x (0,7),

(1.1b) v=—kVp inQ x (0,7),

(1.1¢) —Cppdive —divo —cppp =g inQ x (0,7),
1

(1.1d) €(u) = §(Vu + (Vu)?),

(1.1e) o =2ue(u) + Adiv(u)l.

Here ) and p denote the Lamé parameters which are defined by
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in terms of the modulus of elasticity (Young’s modulus) E and the Poisson ratio v € [0, 1/2).

The constant ¢, = ¢p, = « that couples the pore pressure p and the displacement
variable u is the Biot-Willis constant, while « is the hydraulic conductivity given by the
quotient between the permeability of the porous medium and the viscosity of the fluid. All
constants are global constants here, i.e., parameters are assumed to be constant over the
entire domain {2 in this paper. I denotes the identity tensor, and o and € are the effective
stress and strain tensors, respectively, which are related to each other via the constitutive
equation (1.1e). The strain tensor €(u) is given by the symmetric part of the gradient of the
displacement field as defined in the compatibility condition (1.1d). The time derivatives of ©
and p in the continuity equation (1.1c) are denoted by & and p. Finally, v denotes the fluid flux,
sometimes also called percolation velocity of the fluid, which is assumed to be proportional to
the (negative) pressure gradient as expressed by Darcy’s law (1.1b). The right-hand side f
in the equilibrium equation (1.1a) represents the density of the applied body forces, and the
source term g in (1.1c) represents a forced fluid extraction or injection.

The system (1.1) is completed by proper boundary and initial conditions, e.g.,

p(x,t) = pp(x,t) forxel,p, t>0,

(12) v(z,t) - n(x) = gn(x,t) forcely N, t>0,
u(x,t) = up(x,t) forx € [y p, t>0,

(o(x,t) — cyppIl) n(x) = gn(x,t) forx e Ty n, t>0,

where I, p NT, v =0, T, pUT, n =T =0Qand Ty p Ny y =0, T pUTy Ny =T.
To complement the boundary conditions (1.2), the initial conditions at time ¢ = 0 have to
satisfy (1.1a) and are given by

p(x,0) =po(x) =z,
u(z,0) = uo(x) x e

Making use of the constitutive equation (1.1e) to eliminate the stress variable from the system
results in the classical three-field formulation of the Biot model.

A common way to solve the time-dependent problem numerically is to discretize it in
time and then solve a static problem in each time stamp. Using the backward Euler method for
time discretization, one obtains a three-by-three block system of time-step equations

wF fE
(1.3) AlvF| =0 |,
p* g*
where
—2udive — AV div 0 CupV
(1.4) A= 0 Tk~ TV

—Cpy div —7div  —cppl
for the unknown time-step functions
ub =u(x,ty) € U:={uc H Q) : u=uponTy, p},
F—w(x,ty) € V:i={ve H(iv,Q):v-n=qyon I~}
p* =p(z,tx) € P:=L*(Q),

S
|

and the right-hand side time-step functions

f’c = f(=, tx) and " = Tg(x, k) — Cpu div(ukil) - cpppk*1
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at any given time t = t;, = t;_1 + 7. As in the remainder of this paper we will consider
the static problem (1.3)—(1.4); for convenience, we will drop the superscript for the time-step
functions: we replace uF, v*, and pk with u, v, and p, respectively.

Following the standard notation, L?(£2) denotes the space of square Lebesgue integrable

functions equipped with the standard L?-norm || - || and H*(£2)? the space of vector-valued
H!-functions equipped with the norm || - ||; defined by |[u||? := ||u||? + |[Vu||?. Moreover,
we define H(div; Q) := {v € L?(Q)¢ : divv € L%*(Q)} where the standard Sobolev norm
I Nlaiv is [0l = llv]* + || divo|/®.

We will often consider the case that 'y, p = I', y = I'and up = 0, gy = 0, and we
will thus write U = H}(Q)% and V' = Hy(div, Q). In this setting, in order to determine the
solution for the pressure variable p uniquely, one can set

P=1I}Q):= {p € L*(Q): /dew = o}.

In many applications the variations of the model parameters are quite large. In geophysical
applications, for example, the permeability typically varies in the range from 10~° to 10~ 2'm?,
whereas Young’s modulus is typically in the order of GPa and the Poisson ratio in the range
0.1-0.3; see [14, 27, 37]. The soft tissue of the central nervous system, on the other hand, has
a permeability of about 10714 to 10~ 15m?2, whereas Young’s modulus is typically in the order
of kPa and the Poisson ratio in the range 0.3 to almost 0.5; see [35, 36]. For this reason it is
important that both the formulation of the problem and the numerical methods for its solution
are stable over the whole range of values of the parameters in the model.

The stability of the time discretization and space discretization by finite difference or
finite volume methods have been studied in [4, 18, 19, 30] and will not be addressed here.
Instead, we will focus on the issue of inf-sup stable finite element discretizations of the static
problem (1.3)—(1.4). It is a well known fact that the LBB condition (see [5, 11]) plays a crucial
role in the well-posedness analysis of the continuous problem and its discrete counterparts
arising from mixed finite element discretizations. It is also the key tool in deriving a priori
error estimates. The inf-sup stability for the Darcy problem, as well as for the Stokes and linear
elasticity problems, is well understood, and various stable mixed discretizations of either of
these systems of PDEs have been proposed over the years; see, e.g., [9] and references therein.

Biot’s model of poroelasticity combines these equations, and, as we will see in the next
sections, the parameter-robust stability of its three-field formulation becomes more delicate.
Alternative formulations that can be proven to be stable independently of the model parameters
(in certain norms) include a two-field formulation for the displacements and pore pressure
(see [1]) and a new three-field formulation that—besides the displacements—introduces two
pressure unknowns, one for the fluid pressure and one for the total pressure, defined as a
weighted sum of fluid and solid pressure [27].

Another formulation has recently been proposed and analyzed in [6]. The authors there
use mixed methods based on the Hellinger-Reissner variational principle for the elasticity part
of the system and impose weakly the symmetry of the stress tensor resulting in a saddle point
problem for o, u, p and a Lagrange multiplier, for which they prove the parameter-robust
stability of the resulting four-field formulation.

Compared to the new three-field formulation presented in [27, 31], the classic three-field
formulation of Biot’s consolidation model retains Darcy’s law in order to guarantee fluid
mass conservation. A four-field formulation in which the stress tensor is kept as an additional
variable in the system has been proposed in [26], and the error analysis there is robust with
respect to A but not uniform with respect to other parameters such as 7 and «.

Error estimates were obtained in [32, 33] coupling continuous or discontinuous Galerkin
approximations of the solid displacement with a mixed method for the pressure but under
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the restrictive assumption cp, > 0. Nonconforming finite elements have been shown to
be beneficial with regard to reducing pressure oscillations in computations based on the
classical three-field formulation; see [24]. The lowest approximation order, consisting of
Crouzeix-Raviart finite elements for the displacements, lowest-order Raviart-Thomas elements
for the Darcy velocity, and a piecewise constant approximation of the pressure unknown in
combination with a mass-lumping technique for the Raviart-Thomas elements results in a
computationally efficient method. However, the norms defined in the latter work and in many
others do not allow to establish the full parameter-robust stability we aim for.

In the present paper, we establish full parameter-robust stability for the classic three-
field formulation of Biot’s consolidation model. Crucial in our analysis is the definition of
proper norms for which we prove that the constants in the related boundedness and inf-sup
conditions do not depend on any of the model parameters. We also want to emphasize that our
stability results cover both the case of an incompressible Newtonian fluid (¢, = 0) and the
case of the constrained specific storage coefficient c,, being positive. Further, we propose a
discretization that fulfills mass conservation strongly at a discrete level. We also prove the full
parameter-robust stability of the discretized problem and the related optimal error estimates.
The remainder of the paper is organized as follows.

In Section 2, we briefly revisit non-uniform stability results and make some useful
observations which motivate the subsequent analysis. In Section 3 we introduce the parameter-
dependent norms based on which we establish the parameter-robust stability of the weak
formulation of the continuous problem (1.3)—(1.4). In Section 4 we analyze mixed finite
element discretizations that provide discrete parameter-robust inf-sup stability and strong
mass conservation. Applying the theory of operator preconditioning, see [29], the results
from Sections 3 and 4 imply the uniformity (parameter-robustness) of the (canonical) norm-
equivalent block-diagonal preconditioners. In Section 5 we use our findings to derive robust
optimal a priori error estimates. Finally, Section 6 gives some concluding remarks.

Throughout this paper, the hidden constants in <, 2 and ~ are independent of the
parameters 1, A, Cyp, T, K, Cpu, Cpp and the mesh size h.

2. A revisit of non-uniform stability results. We begin our stability analysis recasting
equations (1.3)—(1.4). We first eliminate the parameter p from the model (1.3)—(1.4) by
dividing all the parameters by 2, that is, we make the substitutions

2 =1, A 20— A, cup/21 = cup, F20— F, T/20 = T, cpp/21 — Cpp, 9/210 — g.
Herewith, the system (1.3) becomes

—dive(u) — AVdivu + ¢, Vp = £,
2.1) 76 v 4+7Vp =0,

—cpydivu — 7divo — cppp = g.

Now let & = cpu, v = TV,p = fmp, f = ¢po f and divide the second equation in (2.1) by
T to get

—dive(@) — AVdiva+ Vp = f,
27 To + Vp =0,
—diva — divd — cppa?p = g,
where we have also used that ¢,;, = ¢p,, = a. For convenience we denote

-1 _ 2 _—1,-1 _ —2
R, =a"1 k7, ap = Cpp @ 7,
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and further assume that the ranges of the parameters are
-1
A>T, R, >0, oy > 0.

These assumptions are very general and reasonable. In particular, they cover the case when
the Lamé parameter \ tends to infinity, the case when the permeability of the porous medium
and/or the time step are arbitrarily small, the case of incompressible Newtonian fluids (c,, = 0)
as well as the case when the constrained specific storage coefficient c,), is positive.

In the following, in order to simplify the notation, we omit the “tilde” symbol, i.e., we
write t — uw,v — v, f — f,p — p. Therefore, without loss of generality, we can write the
system in the form

—dive(u) — AVdivu + Vp = f,
(2.2) R;'v+Vp=0,

—divu —dive — app = g,

or, in short notation,

u f
Alv| =10
p g
where
—dive — AV div 0 v
2.3) A= 0 R;ll \Y
—div —div —a,l

REMARK 2.1. In general, we assume that fQ gdx = 0. When o, = 0 this assumption is
sometimes referred to as consistency condition. If a, > 0 and fQ gdx # 0, then we can decom-
pose g as g = go + g, where go = g — \ﬁll Jogdzand g, = l—é‘ Jq 9dz, sothat [, go dz = 0.
It follows that the solution (u, v, p) can be decomposed as (u, v, p) = (u,v,pg) + (0,0, p.),
where py € LZ(Q) and p, = a, 1 |T12\ fﬂ g dz. Hence, we still need to consider only the case
when [, gdx = 0.

The weak formulation of (2.2) requires to find (u,v,p) € U x V x P such that, for any
(w,z,q) eU XV x P,

(e(u), €(w)) + A(div u, divw) — (p,divw) = (f, w),
(2.4) R, (v,2) — (p,divz) =0,

—(divau, q) — (divv,q) — a,(p, q) = (9,9)-

Motivated by the work [28], let us first consider the Hilbert spaces U = H}(Q2)?,
V = Hy(div, ), and P = L3(Q2) with the (weighted) norms defined by
(u, w)or = (e(u), e(w)) + A(divu, divw),
2.5) (v,2)y = R;l(v z)+ R, Hdiv v, div 2),
(P, 9)p = (. q).

Before we study Biot’s equations, we recall the following well known results; see, e.g., [9, 11].
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LEMMA 2.2. There exists a positive constant B4 > O such that

div
inf sup ( A Q)
qEP yev H’UHdeQ‘

LEMMA 2.3. There exists a positive constant 35 > 0 such that

inf sup ——— >
a€Pueu ull1llqll

Let us now investigate the stability of the formulation (2.4). The conditions for the
well-posedness of saddle-point problems of this type are well known; see, e.g., [9, 16]. In
the following we want to comment on some issues related to the robustness of the inf-sup
condition in the Banach-Necas-Babuska theorem (cf. [16]) under the norms induced by (2.5).

To illustrate these, let us consider two different cases, namely,

e Case (i): A > 1,R];1 ~1,and 0 < a;, < 1and

o Case(li A= lLa~1l,cpp~ a/), and k or 7 tending to zero.
In Case (i), for some nearly incompressible materials, we have that the Lamé parameter \
tends to infinity. If we assume that A > 1, R ' < 1and 0 < «, < 1 then, defining the norms
according to (2.5), the boundedness of both (e(u), e(w)) + A(divu, divw) + R, (v, 2)
and (divwu, ¢) + (divw, q) is obvious. Further, for 0 < «,, < 1, we obtain the bounded-
ness of a,(p, q). Moreover, defining the norms by (2.5), using Lemma 2.2, and choosing
(u,v) = (0,v) € U x V, we obtain the inf-sup condition

(divu, ) + (divv, q)
inf sup
1€P (ywyeuxv ([ullu +[lvlv)lale

2 de > 0.

Finally, the coercivity of (€(u), €(u)) + A(div u,divu) + R, ! (v, v) on the kernel set
(2.6) Z ={(u,v) €U x V : (divu,q) + (divv,q) = 0,Vq € P}

can also be verified. Indeed, since (u,v) € Z means divv = — div wu, it follows that

(e(u), e(u)) + A(divu, divu) + R;l(v, v)

> (e(u), e(u)) + %(divu,div u) + R;l('v,v) + %(div u, divu)

A A

(e(u), e(u)) + E(div u,divu) + R;l(v, v) + E(div v, divv)
1
2 5 ((etw). e(w) + A(divu, divu) + 7 (v,0) + B, (div o, divo) ),
where the last inequality comes from the assumption A > 1, R <1

On the other hand, in many practical apphcatlons one is confronted with Case (ii). Then,
since in this case we have Rp > land0 < o, S 1, deﬁnlng the norms according to (2.5), the
boundedness of both (€(u), e(w)) + A(div u, divw) + R, * (v, 2) and (div u, ¢) 4 (div v, q)
are obvious again. Further, the assumption 0 < «;, < 1 implies the boundedness of a,(p, q).

Next, using Lemma 2.3 and choosing (u,v) = (u,0) € U x V, we obtain the inf-sup
condition

(divau, q) + (divw, q)

inf sup

2 Bou >0
a€P wwevxv ([ulu +[vlv)lglr ="
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under the norms induced by (2.5) since A = 1. We see, however, that in this case the coercivity
of (e(u), €(u)) + A(divu,divu) + R, ' (v,v) on the kernel set Z defined at (2.6) cannot
be valid any more. Indeed, since (u,v) € Z means divv = — div w, it follows that for any
M > 0, there exits (u, v), where, e.g., divv # 0 and szl is large enough such that

(e(u), e(u)) + (divu, divu) + R;l(v, v) + R;l(div v, divw)
27 > M((e(u),e(u)) + (div w, div ) + R;l(v,v))

> M((e(u), €(u)) + A(divu, divu) + R, ' (v, 'u)),

where the second inequality comes from A < 1. Hence, in this case the estimate (2.7) implies
that for any M > 0, there exists (u,v) € Z (and R, ! large enough) such that

lully + o1, = 2 ((e(u). e(w)) + (diva, divu) + B, (v,0) ).

Therefore, the system (2.4) is not uniformly stable with respect to the parameter R, ! under
the norms induced by (2.5).

From this observation we conclude that we have to define proper norms (as we do below
in (3.2)) in order to establish the coercivity of (e(u), €(u)) + A(divu,divu) + R, ' (v, v)
on Z in both the above cases.

3. Parameter-robust stability of the model. In this section, we first define proper
parameter-dependent norms for the spaces U, V', and P based on which we will then establish
the parameter-robust stability of the Biot problem (2.4) for parameters in the ranges

3.1 A>1, R >0, a, > 0.

The ultimate goal and subject of ongoing and future research is parameter-robust stability
of the problem (2.4) for nonsmooth coefficients, e.g., for piecewise (layerwise or even only
elementwise) constant coefficients. In this work, however, we consider only the case of
globally constant coefficients. We want to remark in this context that even for the Darcy
problem, which is in some sense part of the considered three-field formulation of Biot’s
consolidation model, robust stability for the most general case of heterogeneous coefficients is
an issue that is not fully resolved yet; see the discussion in [25] and the references therein.

Let us denote

1

p=min{\, R, "} and v=max{p ", qp},

and let us consider the Hilbert spaces U = H}(Q)4,V = Hy(div,Q), P = L2(Q) with

parameter-dependent norms || - ||, || - ||v, || - || p induced by the inner products
(u, ) = (e(u), e(w)) + A(div u, div w),
(3.2) (v,2)y = R;l(v, 2) + v H(div v, div 2),
(p,a)p =(p. q)-

As we will show in this section, the above norms are the key for establishing the parameter-
robust stability of the model.
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REMARK 3.1. The Stokes-type inf-sup condition, namely Lemma 2.3, still holds and the
norms can still be defined by (3.2) when both the measures of I'y, p and I, x are nonzero
and the Hilbert spaces are given by U = HL(Q)? = {u : u € H}(Q)?, u|r, , = 0},
V = H(div,Q), and P = L*(f2). However, if I',, p = I" and the Hilbert spaces are given
by U = H}(Q)%, V = H(div,Q), and P = L?(), then we have to modify the norms. In
this case, we need to set p = min{R, ', A}, v, = max{p~!, ap},70 = max{R,,a,} and
define the norms by

= (e(u), e(w)) + A(divy, divw),

(uv w)U
(3.3) (v, 2)v = R (v, 2) + 7, (Qmdive, Q,divz) + 75 1 (Qodive, Qudivz),
(2 @) P = Ym(Qmp, @ma) + 70(Qop; Qoa),

where Q,,, : L*(Q) — LZ(9) denotes the L2-projection, and Q) is the L?-projection from
L?(Q) to the space of globally constant functions. The proof of parameter robust stability then
becomes more technical, and we will not present it here.

We introduce the bilinear form

A((u,v,p), (w, 2,q))
G4 — (e(w), e(w)) + A(divau, div w) — (p, div w)
+ R;l(v,z) — (p,div z) — (divu, q) — (divw, ¢) — a,(p, q),

which is directly related to problem (2.4). The boundedness of the bilinear form (3.4) is
obvious in view of the definition of the norms via (3.2) and is described in the following
theorem.

THEOREM 3.2. There exists a constant Cy, independent of the parameters \, R, Lay,
such that for any (u,v,p) €U xV x P, (w,z,q) € U xV x P,

[A((w, v,p), (w, 2,9))| < Cy([[ullo + [[vllv + llpllp)(lwllo + l12]lv +llgllp)-

The definiteness of the bilinear form, which can be expressed as

s Uy eU xV x P7
swp [Alwv.p) (0, 2,)| >0 foran (7P)
(u,v,p)EUXV XP ('w,z7q) ?é (07070)’

is also easy to verify. Hence, according to the Banach-Necas-Babuska theorem (cf. [16]),
problem (2.4) is well-posed if the bilinear form (3.4) satisfies the inf-sup condition (3.5)
described in the following Theorem 3.3, which is our first main result.
THEOREM 3.3. There exists a constant 3 > 0 independent of the parameters A\, R, L ay,
such that
3.9
. . Al(w,v,p), (w,2,0))
(@) EUXVXP (2 gretixvxp (et + [0y + [pl2) (wllo + [=lv + lalle)

> B

Proof. Case I:
p=min{\,R;'} =X, hence AR, vy <p=A

For any (u,v,p) € U x V x P, in view of the surjectivity of the divergence operator mapping
U onto P, using Lemma 2.3, one finds that (cf. [9]) there exists

Lol
Vot

(3.6) ug € U  such that divug = luollr < Bt

1
ﬁpa
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We choose
1
3.7 w = du — —=uy, z = v, q=—0p—~ tdivo,
\f)\ 0 Y

where § is a positive constant that will be determined later.
First we verify the boundedness of (w, z,q) by (u,v,p). By (3.6) and noting that
v~1 < p =\ wehave

1 1 1 1 o1 .1
(ﬁum \?/\UO)U = (e(ﬁuo)7 e(\ﬁuo)) + A(div \ﬁuo, div \ﬁuo)
1

. . 1. 51 1
= (Cefu).elu) + (v divug) < 872 ol + (p.p)
1 1 1 1
< (= —2 - 2< - -2 2: - -2 )
< (B2 DRIl < (852 + Dl = (2872 4 D)

Next, since 1 < )\, we get the boundedness of w, i.e.,

lwllu < dllully +/A~6:% + 1pllp < dllullu + /8% + Lplp.
It is obvious that || z||y; = d]|v||v. We still need to bound ¢. Using (3.7) and
(v tdive,y tdive)p = y(y Hdive,y Hdive) = v (dive, dive) < (v,v)v,
we obtain

3.8) lallr < dllpllp + [[vllv

Putting the above estimates together we get

wllo + [[2llv +llgllp < (5 +/ B+ 1) (lullo + llvllv + llpllp)

and thus the boundedness of (w, z, ¢) by (u, v, p).
Next we show the coercivity of A((u,v,p), (w, z,q)). Using (3.7) and (3.6), we find

A((u,v,p), (w, 2,9))
= (e(u), €(w)) + A(div u, divw) — (p,divw) + R;l(v, z) — (p,div z)
— (diva, q) — (divv, q) — ap(p, q)

= (e(u),de(u) — \%e(uo)) + A(divu, 0 divu — \% divug) + R;l(v,év)

— (p,6divu — % divug) — (p,d divw) — (divu, —6p — vy~ 1 divw)

— (divw, —6p — v L divw) — ay(p, —6p — y~Hdivw)

1
=o(e(u), e(u —\ﬁeu,euo + ivu,divu) — ivu, divug
b SA(divu,d VA(divu, d
1
—d(p,divu) + ﬁ(p7 divaug) + 0R, " (v,v) — §(p, divv)

+ §(divu, p) + v~ H(div u, divv) 4 §(div v, p)
+ v Ydivw, dive) + Sap(p,p) + ap(p, vt divw)
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1 . . .
=by3.6) 0(€(u), €(u)) — \f)\(e(u), €(up)) + dA(div u, divu) — (divu, p)
1 — — . .
+X(p»p)+5Rp1(v,U)+’V 1(d1Vu,le’U)

+ 7 (div v, divv) + day,(p, p) + ap(p, vy div ).
Applying Young’s inequality and using (3.6), we therefore obtain

A((u,v,p), (w, 2, 9))

= 0(e(u), €(u)) — \%(e(u), €(ug)) + 0A(div u, divu) — (divu, p) + %(p,p)

+ (SR;l(v, v) + 7_1(div u,dive) + 'y_l(div v, divv)
+ day(p, p) + ap(p, vy~ divw)

> §(e(u), e(w)) — %\%e;l(g(u), e(w)) — %%el(e(uo), €(uo)) + SA(div u, div w)
— %egl)\(div u,divu) — %62%(]7,])) + %(p,p) +6R, (v, v)

1 1
- 563_1’)/71((11V u,divu) — Eegvfl(divv,div v) + v H(div v, divv)

1 . 1 _ _
+ oy (p,p) — S€47 Hdivw,dive) — ¢ 1a12;y Yp,p)

Zby6) (6 — %\%\ﬁfl)(em), e(u))+ (0 — %e;l))\(div w, divu)

1 1 1
- 563_17*1(div u,divu) + 5R;1(v, v) + (1 - 56~ 564)7*1(div v, divo)
11

1 1 1
- e RN I -1
+(1 5 ﬁflﬂs 262))\(13,17) + (0 264 Qp?Y )Oép(p,p).

2
Now, letting ¢; = %7 €2 = €3 = €4 = 3 and noting that p™! <y, A >~71 > 0,and A > 1,
we further conclude that

A((u,v,p), (w, 2,9))
> (5 %5;2)(6(@, e(w)) + (6 — DA(diva, diva) + 6R; (v, )

‘\/7
1 1 . . 11 —1
+ 57 (divw,dive) + §X(p,p) + (6 — apy ) ap(p, p).

Next, letting § := max{3;? + %, 2+ %} and noting that o, < v, A > 1, we arrive at the
following coercivity estimate

Al(aw,v,p), (w,7,0)) > 5 (e(w), e(w) + GA(diva, dive) + 3R, (0,0)

1

2
1o 11

+ 57 (divw,divo) + §X(p7p) + ap(p, p)

(lullzy + vl + lIpll7)-

vV
DN | =

Case II:

p:min{)\,Rgl}:R;I, hence AZR;l, fyflgp:Rgl.
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For any (u,v,p) € U x V X P, in view of the surjectivity of the divergence operator
mapping V onto P, using Lemma 2.2, one finds that (cf. [9]) there exists

(3.9) vo €V suchthat  divog =+/Rpp, |volav < B; VRyllpl-

We choose
(3.10) w = du, z =0v — /Ryvo, q=—0p—~ tdivo,

where ¢ is a constant which we will specify later.
Again we verify the boundedness of (w, z,q) by (u,v,p) first. It is obvious that
|wl]|g = é||ulr. Moreover, by (3.10) and noting that y~! < p = R, we have

(\/Ep’v(),\/ﬁp’vo)v = (\/E ’Uo,\/ﬁ 'UQ +’}/ le \/ ’Uo le \/ ’UO
< (vo, o) + (dlvvo,dlvvo) < B2 Ryllpl® < B3 *llpll* < B3 (0. p) -

Hence, we get the boundedness of z, i.e.,

Izllv < 8llvllv + 87 lIpllp-

The boundedness of ¢ follows as in (3.8).
Next we verify the coercivity of A((u,v,p), (w, 2, q)) in Case II. Using the definition of
(w, z,q) and (3.9), we find

A((w,0,p), (, 2,q))
= (e(u), €(w)) + A(div u, divw) — (p,divw) + R;l('u, z) — (p,div z)
— (diva, ¢) — (divw, q) — ap(p, q)
= (e(u),de(u)) + A(divu, ddivu) — (p,ddivu) + R*1 (v,6v — \/Rpvy)
— (p,ddive — /R, divwg) — (divu, —dp — v L divw)
— (divw, —6p — v~ Hdivw) — a,(p, —0p — v~ divw)
= d(e(u), e(u)) + oA(divu,divu) — é(p, divu) + 5Rp (v,v) — (R;I/Zv,vo)
— 8(p,divw) + (p, /Ry divwg) + §(divu, p) + v~ H(div u, div v)
+ 0(div v, p) + - (div v, divv) + day,(p, p) + ap(p, vy~ dive)
= 0(e(u), €(u)) + SA(divu, divu) + 6R, (v, v) — (R,
+ (p, Ry div vg) + 7 (div u, div v)
7 H(div v, div v) + da, (p, p) + ap(p, vy~ divw).

1/2,07,00)

Applying Young’s inequality and using (3.9), we get

Af(w,0,p), (w, 2,q))
= d(e(u), e(u)) + oA(divu,divu) + 6R;1('u, v) — (R, 129, v)
+ (p, /Ry divvg) + 7 (divu, divw) + v~ (divv, divv)
+ 80y (p, p) + p(p,y ™" divw)
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> 0(e(u), €(u)) + dA(divu, divu) + §R}:1(v, v) — %eflel(v, v) — %el(vo,vo)

1 1
+ R,(p,p) — gegl’y_l(div u,divu) — 5627_1(div v, divo)

1 1
+ v~ (div v, dive) + Sa,(p,p) — —esy” Hdivw, dive) — feglafﬁ_l(p,p)

2 2
1
> 0(e(u), €(u)) + dA(divu, divu) — 56517_1(div u, divu)
1 _ _ 1 1 11 .
+ (6 — 6 1)Rp Yw,v)+ (1 - 7€~ 564)’7 L(div v, divv)
1 1 _ _
+(1- §€1ﬂd Z)Rp(pvp) + (06— 564 1O‘p7 1)Oép(p,p)-

1
Now, letting ¢; = 83,62 = ¢4 = 3 and noting that p=! < v, A > p > ~! > 0 it follows that

A((u,v,p), (w, z,q)) > 6(e(u), e(w)) + (6 — A(divu,divu) + (6 — %ﬁ;Q)Rgl(v, v)
+ %7_1(div v,dive) + %Rp(p,p) + (8 — apy Hay(p, p)-

1 1
Next, we set § = max { % By L > 14 3 }, observe that o, < v, and finally obtain the

coercivity estimate
1 1. .. . L,
A((u,v,p), (w, z,q)) > §(e(u), e(u)) + 5)\(d1V u,divu) + ng (v,v)
1 1 1
+§7_1(divv,div v) + §Rp(p,p) + §ap(p,p)
(lullzy + 1IR3 + lIplI5),

IV
M| —

which completes the proof. 0

REMARK 3.4. The distinction of the two cases in the proof of Theorem 3.3 (and later on
in the proof of Theorem 4.4) is due to the specific choice of the combined parameter-dependent
norm induced by the inner products (3.2). In order to obtain a parameter-robust inf-sup
condition in a norm providing also uniform boundedness of the bilinear form A((-,-,-), (-, ,))
it would be sufficient to consider Case I, i.e., to use the combined norm

<e('u,)7 €(u)) + A(divu, divu) + R;l(v, v)
1/2
+ min{\, a;l}(div v,divo) + max{)\*l, ap}(p,p))

~ <e(u), e(u)) + M(divu, divu) + R;l('v, v)

. 1 1/2
+(5+ ) H(div v, dive) + 5+ oep)(pvp)>

for all (u,v,p) € U x V x P. The reason for introducing the norm in the more general
setting, which results in the two cases, i.e., two different definitions of the combined norm
depending on which parameter defines p and which one +, is to obtain a norm on the product
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space that results in a tighter and physically sound stability estimate as given by the following
Corollary 3.5 and an error estimate, see Theorem 5.2, over the whole parameter ranges.

The above theorem implies the following stability estimate.

COROLLARY 3.5. Let (u,v,p) € U x V X P be the solution of (2.4). Then there holds
the estimate

lullo +[lvllv +lple < Crllfllo- + llglle-),

. . 1
where C1 is a constant independent of \, R, ", ap, and

Il = sup hf’”) lglp- = ﬁ ”>— gl

REMARK 3.6. We want to emphasize that the parameter ranges as specified in (3.1)
are indeed relevant since the variations of the model parameters are quite large in many
applications. For that reason, Theorem 3.2 and Theorem 3.3 are very important and basic
results that provide the parameter-robust stability of the model (2.4).

REMARK 3.7. Define

(—dive — AV div)~! 0 0
(3.11) B:= 0 (R +~7 'V div) ™! 0
0 0 (vI)~!

Due to the theory presented in [29], Theorems 3.2 and 3.3 imply that the operator B in (3.11)
defines a norm-equivalent (canonical) block-diagonal preconditioner for the operator A in (2.3)
which is robust in all model parameters.

REMARK 3.8. Note that if \ < R;" and 0 < oy, < 5, then p = min{\, R, '} = X and
the norms defined in (3.2) are given by

(u, w)

U = (e(u), e(w)) + A(div u, divw),
(v,2)v = R, (v, z) + A(div v, div 2),
(P.a)p = A" (p,q).

Then the coercivity of (e(u), €(u)) + A(divu,divu) + R, (v, v) on the kernel set

Z ={(u,v) €U x V : (divu,q) + (divw, q) = 0,Vq € P}
can be verified by direct computation. However, in this case the H (div) inf-sup condition

inf sup LV o

2 By >0
a€P ey [vllvlglr =

fails if R;l > ), for instance, A =~ 1 and R;l > 1.
Hence, in order to obtain the inf-sup condition for (div u, ¢) + (div v, ¢), namely,

(divu, g) + (divv, q)

(3.12) inf sup

> Bsu >0,
9€P waoyevxv ([ullo + [vlv)llglr ="

the Stokes-type inf-sup condition from Lemma 2.3 has to be satisfied at the discrete level as
we can see by choosing (u,v) = (u,0) € U x V in (3.12).

From the above observation, we conclude that we need to choose a proper space for the
approximation of the displacement field u, even if X is small, in order to satisfy the Stokes-type
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inf-sup condition stated in Lemma 2.3 at the discrete level. This shows that the discretization
of (2.4) based on the spaces P; x RTjy x Py cannot be uniformly stable with respect to all
model parameters.

Therefore, in this work, we use the proper H (div) conforming spaces to approximate the
displacement field as well as the Darcy velocity. In the right combination and with matching
approximation orders, the corresponding mixed finite element methods then allow to satisfy
the divergence condition pointwise, resulting in strong mass conservation. Details will be
presented in the following Section 4.

4. Uniformly stable and strongly mass conservative discretizations. There are vari-
ous discretizations that meet the requirements for the proof of the full parameter-robust stability
that will be presented in this section. They include conforming as well as nonconforming
methods. In general, whenever U}, / Py, is a Stokes-stable pair and V}, / P, satisfies the H (div)
inf-sup condition similar to (4.7), the norm that we have proposed in Section 3 allows to prove
the full parameter-robust stability using similar arguments as in the proof of Theorem 4.4.
To give a few examples, the triplets CR;/RT;_1/P,_1(l = 1, 2) together with stabilization
[17, 20] does result in a parameter-robust stable discretization of the Biot model if the norms
are defined as in Section 3. The same is true for the conforming discretizations based on
the spaces P,/ RTy/ P, (in 2D), P§t®*/RT, /Py (in 3D), or P,/ RT;/P;. However, these
finite element methods do not have the property of strong mass conservation in the sense of
Proposition 4.2 although they result in parameter-robust inf-sup stability under the norms we
proposed in Section 3.

In recent years, discontinuous Galerkin methods have been developed to solve various
problems [2, 3, 12, 13, 21]. In this section, motivated by the works [22, 23, 34], we pro-
pose discretizations of the Biot’s model problem (2.4). These discretizations preserve the
divergence condition (namely, the last equation in (2.2)) pointwise, which results in a strong
conservation of mass; see Proposition 4.2. Furthermore, they are also locking-free when the
Lamé parameter A tends to infinity. First we introduce some notation.

4.1. Preliminaries and notation. By 7, we denote a shape-regular triangulation of
mesh-size h of the domain 2 into triangles { K }. We further denote by &/ the set of all interior
edges (or faces) of T, and by £ the set of all boundary edges (or faces); we set &, = Ef UEP.

For s > 1, we define

H*(Th) = {¢ € L*(Q), such that ¢|x € H*(K) forall K € Tz}

The vector functions are represented column-wise.

As we consider discontinuous Galerkin (DG) discretizations, we define some trace op-
erators next. Let e = 0K N 0K, be the common boundary (interface) of two subdomains
K, and K5 in T, , and n, and ns be unit normal vectors to e pointing to the exterior of
K and K, respectively. For any edge (or face) e € £/ and a scalar ¢ € H'(7},), a vector
v € HY(Ty)?, and a tensor 7 € H'(T;,)%*9, we define the averages

1 1
{v} = §(U|8K1ﬁe ‘N — V|oK,ne - M2), {T} = §(T|8Klﬁen1 — T|or,nen2)
and jumps
4] = dlorx,ne—dlorane,  [V] = V|or,ne—V|okone, [V] = V]or,ne®N1+v]oK,neON2,

where v ® n = L (vn”T + nvT) is the symmetric part of the tensor product of v and 7.

When e € &;”, then the above quantities are defined as

{fv}=vle-n,  Ar}=r7ln, ld=d P]=vl, [v]=vlOn.
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If n is the outward unit normal to 0K, then it is easy to verify that

Z/ vngqds = Z/{v} forall v € H(div;2), forallqec H(Ty).

KeTy ey

Also, for 7 € H(Q)4*? and for all v € H'(T3)9, we have
Z/ (Tng) vds-Z/{T}
KeT e€&p
The finite element spaces are denoted by
U, ={ue Hdiv;Q) : ul|g e U(K), K € Tp; u-n = 0on 0N},
Vi, ={ve H(div;Q) : v|g € V(K), K € Tp; v-n =00n 9N},
P,={qcL*(Q) :qlx € QK), K €Ty / gdx = 0}.
Q
The discretizations that we consider here define the local spaces U (K)/V (K)/Q(K) via the
triplets BDM;(K)/ RT)_1(K)/P_1(K), ot BDFM;(K)/RT)_1(K)/P,_1(K) for | > 1.
Note that for all these choices the important condition div U (K) = div V(K) = Q(K) is
satisfied.

We recall the basic approximation properties of these spaces: for all K € T, and for all
u € H¥(K)4, there exists u; € U(K) such that

lw —wrllox + hiw — w1 x + hi|u — urle,x < Chicluls k, 2<s<I1+1.

4.2. DG discretization. We note that according to the definition of U}, the normal
component of any u € Uy, is continuous on the internal edges and vanishes on the boundary
edges. Therefore, by splitting a vector © € Uy, into its normal and tangential components
U, := (u - n)n and u; := u — u,, we have

foralle € &, : /[un] -1ds =0, forall = € Hl(ﬂl)d,u e Uy,
implying that
foralle € &, : /[u] -Tds = /[ut] - Tds, forall 7 € H'(T;)%, u € Uy,

A direct computation shows that

[w] : [w:] =

§[Ut] < [wy].

Therefore, the discretization of the variational problem in equation (2.4) is given as follows:
find (wp,vp,pr) € Up X Vi, X Py, such that for any (wp, 2, qn) € Up x Vi, X Py
ah(uh, wh) + )\(le up, div wh) — (ph, div 'wh) = (f, wh),
CHY Ry (vn, zn) = (pn, div 25) =0,
—(divun, qn) — (divon, gn) — ap(pr, an) = (9, qn),


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

PARAMETER-ROBUST STABILITY OF BIOT’S CONSOLIDATION MODEL 217
where
4.2) ap(u,w) Z / w)dr — Z /{5
KeTn e€lp
—Z/{s utds+2/nh [ug] - [we] ds
e€&y eclp

and 7) is a stabilization parameter which is independent of h, A\, R/ Lo,
REMARK 4.1. Consider the general rescaled boundary conditions

P=pD on I'y p,

V- =qnN on I'y n,
4.3) 1 g
U =up on I'y p,

(c—pI)n=gy  on Iyy

Usually, it is assumed that the measure of I'y, p is nonzero to guarantee the discrete Korn’s
inequality [10]. The standard way to incorporate the boundary conditions (4.3) is to modify
the trial spaces according to the boundary conditions, i.e., to seek the solution in the spaces

UP={uc H(iv;Q) :ulg cU(K), K€ Tp; u-n=up-nonlyp},
ViP={v e H(div;Q) :v|g € V(K), K€ Tp; v-n=qyonT,n},

P - {qE LQ(Q) : q|K c Q(K), KeT,, if |Fp,D| 750}7
"7\ {0 €3 gk € QK), K €Ty, if Ty =T},

and use the test spaces given by
Ul={uc Hdiv;Q) :u|g €eU(K), K€ Tp; u-n=00nTy p},
V0= {ve H(div;Q) :v|x € V(K), K€ Tp; v-n=00nT, v}

Hence, problem (4.1) has the more general formulation: find (wp, vy, pp) € Uf X V,? X Py,
such that for any (wp, zp, qn) € U% X V% x Py

ah(uh, 'wh) + )\(le uy, div ’wh) - (ph, div wh) = F(wh),

(44) (R;I’Uhm zh) - (ph,diV Zh) = _(pD7 Zh - n)Fp,D7
—(divup, gn) — (divos, gn) — ap(pr, qn) = (9:qn),
where
(u, w) Z / (w)dx — Z /{E
KeTy, eGSIUEu D
— Z /{5 Jug] ds + Z /nhe_l[ut} - [wy] ds,
ecglugr P ecglugmP ° ¢
F(w) = (f,w) + (gn, w)r,,  — (uppe(w)n)r, , + > /Whe_luD,t - wy ds,

eef);f’D

andup; = up — (up -n)n, E,’L"D = Ef N T'y,p, and 7 is again a stabilization parameter
which is independent of A, A, R-1, and op. If Ty p=Tpn =Tandup = 0,qx = 0, then
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(4.4) reduces to (4.1) which will be analyzed in the remainder of this paper. If the measure of
I, v is nonzero, then the analysis is similar. If I',, p = I' and the measure of I';, p is nonzero,
then one has to introduce the modified norms according to (3.3). This part of the analysis is
left as future work.

PROPOSITION 4.2. Let (up, vy, pn) € Up X Vi, X Py be the solution of (4.1), then
(wh, vp, pr) satisfy the pointwise mass conservation equation

4.5) —divuy — divoy, — appp, = Qnyg, Ve e K,VK € T,
where Qy, denotes the L*-projection on Py,. Further, if g = 0, then
—divuy — divoy, — appn, = 0.
Proof. Since the choice of the spaces satisfying V - Uy, = P, and V - V;, = P}, implies
—divuy — divo, — appn, € P,

equation (4.5) follows directly from the last equation of (4.1). 0
For any u € U},, we introduce the mesh dependent norms:

lulla = D le(@lis x + > hetllludli.,

KeTn €€l
el = > IVelg e+ > bl
KeTy, e€lp

Next, for u € Uy}, we define the “DG”’-norm

lullbe = Y IVulgxc + > hetllludl§ e+ > hiluli «

KeT e€ KEeTh
and, finally, the mesh-dependent norm || - ||¢7, by
lullz, = lullbe + Al divull®.

We now summarize several results on well-posedness and approximation properties of the DG
formulation; see, e.g., [23, 22].
e From the discrete version of Korn’s inequality we have that the norms || - || pe, || - |

ho
and || - ||, are equivalent on U}, namely,
(46) ||’U,||DG ~ ||u||h ~ ||’Ll,||17h, for all u € Uh.

e The bilinear form ay,(+, -), introduced in (4.2) is continuous and we have
lan (u, w)| < |Jul|pellw| pa, for all w, w € H*(T;,)%

e For our choice of the finite element spaces V}, and P, we have the following inf-sup
conditions; see, e.g., [34].

d. (3]
inf sup 7( v n, gn) > Bea > 0,

an€Ph wy e, |[wnl[1,nllgn]

divv
inf sup 7( v n, gn) > Baqa > 0,
0 EPh v, eV, [|Vnlaiv]gnll

4.7)

where 354 and 44 are constants independent of the parameters A, R, ! v, and the
mesh size h.
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e We also have that ap (-, -) is coercive:
(4.8) an(un,un) > aglluni,  forall w, € Uy,

where a,, is a positive constant independent of the parameters A, R, !, ap, and the
mesh size h.
Related to the discrete problem (4.1) we introduce the bilinear form

Ap((un, vn, pr)s (Wh, 21, qn)) = an(un, vp) + A(div up, divwy,)
(4.9) — (ph-divwy) + Ry (vn, zn) — (pr, div z5)
— (divun, qn) — (divon, gn) — ap(Pr, qn)-
In view of the definitions of the norms | - ||, || - |[v, and || - ||p, the boundedness of
Ap((up,vr, pr), (Wn, zr, qr)) is obvious, i.e., the following theorem holds.

THEOREM 4.3. There exists a constant Cyq independent of the parameters A\, R, Loy,
and the mesh size h such that for any (up,vp,pp) € Up X Vi, X Py and (wp,, zh,qn) €
U, x V;, x Py, it holds that

| An((wh, Ohy ph), (Why Zhy qn))|
< Cra(llunllu, + llvnllv + llpwllp)(lwnrllu, + Iz6llv + [lanllp)-
We come to our second main result.

THEOREM 4.4. There exits a constant 3y > 0 independent of the parameters \, R, Ly,
and the mesh size h such that
(4.10)

A
inf sup n((Wn, Vi, Ph)s (Wh, 21, qn)) >
wnonpn) (wnzman) UBrllo, Fllonllv+pelp)(lwsllo, +l1z6llv +lanl7)
c UpxXVpxP, € UpXVpXxPp

Proof. Case I:
p:min{)\,szl}:)\, hence /\SRIjl, Yy l<p=A\

Bo-

For any (wp, vy, pp) € Up, X Vi, X Py, by the first inf-sup condition in (4.7), there exists

. 1 1
4.11) up,0 € Uy, such that divaup, = ﬁph’ llwnoll,n < By \ﬁ”th
We choose
1 1 4.
wy, = dup, — ﬁuh,Oazh = vy, qn = —0pp, — v Hdivoy,

where the constant § will be determined later.
We verify first the boundedness of (wy,, 21, gr) by (un, v, pr). By (4.11), the equiva-

lence between the norms || - || pc and || - ||1,,, namely (4.6), and noting that v~ < p = X, we
have
1 , 1 ) o1 1
—=Up, = ||—=unp, + A(div —=Up, , div —=Up,
”\f/\ ollr,, IIﬁ 10llpe + Al oy o div 0)

1 . .
byae) Co W 15, + (div .o, div o)

1 1

1 1
2 - < (= 2 -2 - 2

1 _ 1 _
(5C88:d + Dlpnl® = (G384 + 1) (®npn) p-

1
XCSﬁ

IN
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Therefore, by taking into account that 1 < X\ we get for wy, the estimate

lwnllo, < dlunllu, +\AT1CEBE + lpnllp < dllunllu, +1/C3657 + Lpnlp-
Obviously we have ||z ||y = ||vp||v and it remains to bound g,. From the fact that

(v tdivop,y P dives)p = y(y  dive,, v Hdivey,)

=~ (divop, dives) < (vp,vn)v
it follows that

(4.12) lgnllp < dllpnllp + llvallv.

Using the definition of (wy, zx,qn) and equation (4.11), we establish the coercivity of
An((wh, Vi, pr), (Wi, 28, qn)):

Ap((wn, vn, pn), (Wh, 21, qn))
= ah(u;“ wh) + )\(le up, div wh) — (ph, div wh) + R;;l(vh, Zh) — (ph, div Zh)

— (divun, gn) — (divon, qn) — ap(Ph, qn)

1 1
= ap(up, 0up — —=un o) + A(divuy, d divuy, — —=divuy, o)

VA VA

1
— (pn,ddivuy, — —=divupo) + R;l(vh, dvy) — (pn, o div o)

V2

— (divuy, —0py — v Hdivwy) — (divoy, —6pn, — vt divey,)
— o (ph, —0pn — v~ Ldiv vp)

1
= day (uh, 'u,h) — —=ay ('u,h, uh70) + 6)\(div up, div uh) — ﬁ(div up, div ’uh,o)

v2)

. 1 . _
— 8(pn, divup) + —=(pn, divus,0) + 6 R, (v, vp)

VA

— (pn,divoy) + 6(div up, pp) + v~ (div up, div vy) + 0(div v, pr)
+ 'y*l(div vy, divvy) + day, (P, pr) + op(ph, v~ Ldiv vp)

1 . . .
=by(.11) 6ah(uh, uh) — ﬁah(uh, uh70) + 5/\(d1V uh,dlvuh) — (le uh,ph)

1
+ X(pmph) + 6R, (vp, vp) + 77 H(divay,, dive,) + 97 (div oy, divey,)

+ 50¢p(ph,ph) + Oép(ph, ’)/_1 div 'Uh).

Next we apply Young’s inequality, use the coercivity and the continuity of a(-,-), the
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equivalence of the norms || - || pg and || - ||1,,. and (4.11) to get
Ap((un, v, pr), (Wh, ZhsPr))
1 . . : 1
= dap(up, up) — ﬁah(uh,uhyo) + IA(divup, divuy) — (divuy, pr) + X(ph’ph)

+ R, (vn,vn) + 7 (diva, dive,) + 47 (div vy, dive,)
+ 60{p(ph’ph) + ap(ph, 7_1 div 'Uh)

Z 6ah(uh7uh) 61 ah(uh,uh) *761ah(uh707’uh’0) + (5)\(le uh,div uh)

zf 2V

1 _ . . 1 1 1 _
_ 562 1)\(dlvuh7leuh) — §€2X(ph7ph) + X(ph,ph) + 5Rp 1('vh, vp)
1 1
— §6§17_1(divuh, divug) — 563’)/_1(diV v, divey) + v (div vy, divoy,)

1 .. . 1 _ _
+ 6y (Ph, pr) — 5647 H(div v, divey) — §e4la§7 Y(pn. pn)

1 _ . .
Zby(4.11),4.8),4.6) (0 — 5 f T eallunlhe + (6 — € DA(div wp, divug,)
1

— §e§17_1(div wp, divuy) + 6R;1(vh, vp)

1 1
+ (1==e3 — —eq)y H(divwy, dive,) + (1—

2 2 6101 Cg/Bsd

~e2) s (pnr)
2\/> 262 2\ PhsPh
1 _ _
+(5_§64 1ap’y 1)ap(phaph)'

Now letting €; = C’ 2CO B2 €2 =63 =64 = % and noting that p=! < ~v,A > =1 > 0,
we obtain

A((uha vhaph)a (wha Zh7ph>)

1
> (6 — ﬁc%’cgﬁj)%||uh||%,G + (6 — 2)A(div s, divuy) + 6 R, ' (vp, vp)
1 11
37 H(div v, div o) + ix(ph»Ph) + (0 — apy ") (phs pr)-

Next, setting & := max{C2C2p;} + 11,2+ 1} and noting that c, < 7y, A > 1, we derive
the coercivity estimate

A((wp, V0, pn), (Wh, 21, Pr))

1 1 1
> —|lun||Ha + 5/\(div uy,, div uh) + §R;1(’Uh,'vh)
1

1
+ =y Hdivwy, divoy) + 5

9 Oép(pmph)

2)\ ph?ph
(||U‘L||U}L ||Lh||‘/ ||lh||P)

l\.’)\»—~

Case II:
p=min{\,R,'} =R,', hence A>R,', v '<p=R"
For any (wp, vy, pp) € Uy, X Vi, X Py, by the second inequality in (4.7), there exists

(4.13)  wpo € Vy, such that divono = /Rppn,  ||vn,0llaiv < ﬂd_dlx/RpthH.
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We choose
wp, = duy, zp = 6vp — \/ Rpvn o, qn = —0pp, — v Hdivop,

where 9 is a constant which will be specified later.

Again we verify first the boundedness of (wp, zx, qn) by (up, v, pr). We note that
lwnllu, = dllunlu,-

From (4.13) and with =1 < p = R;l we have

(\/Ep’vh,o, \/Ep’vh,o)v = R;l(\/ﬁpvmo, \/Ep’vh,o) + Vil(div v/ Rpvn o, div \/vahp)
< (Vh,0,V1,0) + (div oo, divoso)
< Bai Ryllonll® < B3v1lpall* < Bad (pnspn) -

Hence, we get the boundedness of zj,, that is,

lznllv < dllonllv + B3 Pl p-

Again we have the boundedness for g, according to (4.12).

In what follows we show the coercivity of Ay ((wn,vn,pr), (Wh, 2n,qp)) in Case IL
Using the definition of (wy,, zx, g) and (4.13), we find

Ap((wn, vn,pn), (Wh, 21, qn))
= ap(up, wp) + A(div uy, divwy,) — (pp, divwy,) + R;l(vh, zp) — (pn, div zp)
— (divup, gn) — (divop, gn) — ap(Pr, qn)
= ap(up, dup) + AN(divuy, ddivuy) — (pp, 0 divuy,) + R;l(vh, ovy — \/Ripvhyo)
— (pn,ddivo, — Jﬁpdivvh70) — (div wp, —dpp — v~ Ldiv vp)
— (divvp, —0py, — v~ divor) — ap(ph, —6pn, — v~ Hdivey,)

dap(up, wp) + IA(div up, divuy,) — 6(pp, div uy,)
+0R, (wn,vn) — (R, 0, vh0) — 8(pn, divor) + (pr, /Ry div o)
+ 8(div g, pr) + v (div g, dive,) + 6(div o, pr) + v (div o, dive,)
+ ey (phs pr) + ap(pr, 7~ divey,)

=ty @.13) 0an (Wn, wp) + SA(divuy, divuy) + 0R,  (vh, v,) — (R;l/Q'vh, Vo)

+ (pn, Rppn) + v~ H(divuy, divoy) + 4~ (div vy, divey,)

+ dey(phs r) + ap(pr, 7~ divwy).

Next, we apply Young’s inequality, use (4.13), and the coercivity of ay/(+, -), to get

Ap((wn, vn,pn), (Wn, 21, qn))
= dap(up,up) + OA(divuy, divuy) + Jszl(vh, vp) — (R;l/th,vh,o)
+ (P, Rppn) + v~ (div up, div o) + v~ H(div vy, divvy,)
+ ey (phy pr) + ap(pr, 7~ divey,)
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. . _ 1 4
> dap(up, up) + 0A(div up, divuy) + oR, 1('vh, vp) — €1 1Rp l(vh,vh)
1 1 4 4, .
- 561(%,07 vn0) + Rp(pn,pn) — 562 1’}’ l(dIV wup,, divuy,)

1
— *62’7_1(diV vp, divoy) + 'y_l(div vy, div vy) + day, (P, Ph)

2
1 1. . 1 19
- 567 (div vy, divey,) — 26 %Y (PhsDrR)
. . 14 4, .
>hy8),4.13) 0| un||he + SA(divup, divay,) — € Lyl (div g, divuy,)
1 1 1
+ (6 — iel_l)Rp_l(vh, vp) +(1— 7€~ 563)7_1(diV’0h,diV’0h)
1 5 I
+(1 - ielﬂdd JRp (P, pn) + (0 — 96 WY Jap(Phs pr)-

Now, letting €; = 83;, ¢2 = €3 = 3 and noting that p=* <y, A > p > 7! > 0, we obtain
Ap((wn, va,pn), (Wh, 21, qn))

1
> 5aa||uhH2DG + (5 — 1)/\(div uh,divuh) + (6 _ 55;2)]%;1(1),” ’Uh)

1 ) . 1 _
57 (v, divon) + 5 Ry(on, 1) + (5 — @y~ ewp (on,pr).

Finally, we choose § := max{1a ", 1 BZ+ 1,14 1}, note that a;, < , and conclude the

coercivity of the bilinear form, i.e.,
An((un, v, pr), (Wh, 21, qn))

1 1 . . 1__
> —lun||Ha + 5/\(d1v wp, divuy) + 5Rp Yop,vp)

1 _,, .. . 1 1
+37 Y(div vy, divoy) + §Rp(Ph,ph) + §Oép(ph,ph)

1
> 5 (lunlier, + lonlly + llpall)-

This completes the proof. a
From the above theorem, we get the following stability estimate.

COROLLARY 4.5. Let (up,vp,pr) € Uy X Vi, X Py, be the solution of (4.1), then we
have the estimate

lunllo, + lonllv + llpallp < Calll fllo;, +llgllp-),
where || fllu: = wsgl)] H%L“H’Zl glle = qsg}; ﬁf}ﬁr}l, and Cs is a constant independent
h h h h

of A, R;l, oy, and the mesh size h.
REMARK 4.6. Denote by Ay, the operator induced by the bilinear form (4.9), namely

— dth €p — )\Vh dth 0 Vh
Ap = 0 Ry Vi |,
—divy, —divy,  —aply
and define
(— divy, €, — AVy, dth)71 0 0
By, = 0 (R;1[h+'y*1Vh divh)’l 0

0 0 (vIn)~!


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

224 Q. HONG AND J. KRAUS

Then due to the theory presented in [29], Theorems 4.3 and 4.4 imply that the norm-equivalent
(canonical) block-diagonal preconditioner 3, for A, is parameter-robust, which means that the
condition number K (B},.Ay,) is uniformly bounded with respect to the parameters A, R, Loy,
in the ranges specified in (3.1) and with respect to the mesh size h. To apply the preconditioner
B}, one has to solve an elasticity system discretized by an H (div)-conforming discontinuous
Galerkin method and an elliptic H (div) problem discretized by RT elements. In the lowest
order case, optimal solvers for these tasks have been proposed in [23, 25].

5. Error estimates. In this section, we derive error estimates that follow from the results
presented in Section 4. Let T4V : H'(Q)? + U}, be the canonical interpolation operator. We
also denote the L2-projection on P, by @Q},. The following Lemma summarizes some of the
properties of II4Y and Q;, needed for our proof; see [23].

LEMMA 5.1. Forall w € H'(K)® we have

divIIgY = Qp div, 5wk < wl s, [w - TF w||§ ox S hiclwl] k-

THEOREM 5.2. Let (u, v, p) be the solution of (2.4) and (up,, vy, py) be the solution of
(4.1). Then the error estimates

=l + o —onlly < Cewr_int_(llu—wilo, + o~ zullv)

and

Ip=pallp < Cep (Il = wallwy, + o = zallv + lp — anll)

in
wp €U, 2n€Vh,qn€P,

hold, where C, ., Ce,p, are constants independent of \, R;;*, o, and the mesh size h.
Proof. Subtracting (4.1) from (2.4) and noting the consistency of ay, (-, -), we have that
for any (wp,, zp,qn) € Up X Vi X Py
ap(u — up, wp) + A(div(u — up), divwy,) — ((p — pr), divwy) =0,
(5.1) Ry (v —wn, zn) = (p — pn div zn) =0,
—(div(u — up), gn) — (div(v — vp), qn) — ap(p — pr,qn) = 0.

Letu; = H‘}Bi"u € Up,pr = Qnp € Py. Now for arbitrary v; € Vj, from (5.1), noting
that divII$Y = Qy, div and div U}, = div V', = Py, we conclude

ap(ur —up, wp) + A(div(ur — up), divwy) — (pr — pr, divwy) = ap(ur — u, wy,),
Ry (wr —vn, z) — (pr — pu,divzs) = R, ' (vr — v, 21),
—(div(wr —up), qn) — (div(vr —vn),qn) — ap(Pr — Pa,an) = —(div(vr — v), qn)-

Next, since (u; — up) € Uy, (vr — vp) € Vi, (b1 — pr) € P, by the stability result (4.10)
for the discrete problem (4.1), we obtain

|ur — unlly, + [lvr —vnllv

— Rl (v —wv,z div(v —
<o sp M ww) L, Bylwr—vz) o (div or). )
weev, Mwille,sevi Mlzlv o aen llalle

lpr — prllp

< C, ( sup —ah(u[ — W) + sup 4R171(UI —v,zp) (div(v — UI)th))
- Nweev,  Nwnlu, 2heV), |znllv anePy lgnllP
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Using the boundedness of ap, (-, ), the second inequality in Lemma 5.1, the triangle inequality,
the fact that vy is arbitrary, and (div(v — vy),qn) < ||v — v7|lv|lgn| p, We arrive at

lu—unlo, + o vl < Ce | int o (Jlu—willu, + v~ zullv).

and

Ip=pulle < Cep (e = willo, + llo = z4lly + Ip = anllp). O

in
wp €U, 2n €V ,qn € P,

REMARK 5.3. From the above theorem, we can see that the discretizations are locking-
free.

6. Conclusions. This paper presents the stability analysis of a classical three-field formu-
lation of Biot’s consolidation model where the unknown variables are the displacements, the
fluid flux (Darcy velocity), and the pore pressure. Specific parameter-dependent norms provide
the key to establish the parameter-robust stability of the continuous problem. This allows
for the construction of a parameter-robust block diagonal preconditioner in the framework of
operator preconditioning. Discretizations that provide strong mass conservation are designed.
Further, both discrete parameter-robust stability and locking-free error estimates are proved.
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