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Abstract. In this paper, we investigate a posteriori error estimates of a control-constrained optimal control
problem governed by a time-dependent convection diffusion equation. The control constraints are handled by using
the primal-dual active set algorithm as a semi-smooth Newton method and by adding a Moreau-Yosida-type penalty
function to the cost functional. Residual-based error estimators are proposed for both approaches. The derived error
estimators are used as error indicators to guide the mesh refinements. A symmetric interior penalty Galerkin method
in space and a backward Euler method in time are applied in order to discretize the optimization problem. Numerical
results are presented, which illustrate the performance of the proposed error estimators.
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1. Introduction. Optimal control problems (OCPs) governed by convection diffusion
partial differential equations (PDEs) arise in environmental modeling, petroleum reservoir
simulation, and in many other engineering applications [12, 13, 39]. Efficient numerical
methods are essential for a successful application of such optimal control problems.

Several well-established techniques have been proposed to enhance stability and accuracy
of the optimal control problems governed by the steady convection diffusion equation, e.g., the
streamline upwind/Petrov Galerkin (SUPG) finite element method [11], the local projection
stabilization [5], the edge stabilization [27, 51], and discontinuous Galerkin methods [32,
52,53, 54, 55]. However, only few papers are published so far for unsteady optimal control
problems governed by convection diffusion equations, e.g., the characteristic finite element
method [14, 15], the streamline upwind/Petrov Galerkin (SUPG) finite element method [30],
the local discontinuous Galerkin (LDG) method [57], the nonsymmetric interior penalty
Galerkin (NIPG) method [45], and the symmetric interior penalty Galerkin (SIPG) method [2].

Adaptive finite element approximations are particularly attractive for the solution of
optimal control problems governed by convection-dominated partial differential equations
since the solution of the governing state PDE or the solution of the associated adjoint PDE
may exhibit boundary and/or interior layers with small widths where their gradients change
rapidly. When layers are not properly resolved, standard finite element discretizations lead
to strong oscillations. One approach to improve the quality of a numerical solution is local
mesh refinement around the layers, thereby achieving a desired residual error bound with as
few degrees of freedom as possible. The literature in this area is huge, and we would like
to refer to [1, 38, 48] and the references therein for more details. Adaptive finite element
approximations use a posteriori error estimators or indicators to guide the mesh refinement
procedure. A posteriori error estimates are computable quantities in terms of the discrete
solutions without knowledge of the exact solutions. Only the area where the error estimator is

*Received April 10, 2018. Accepted October 16, 2018. Published online on November 22, 2018. Recommended
by Roland Herzog.

TInstitute of Applied Mathematics, Middle East Technical University, 06800 Ankara, Turkey
(yucelh@metu.edu.tr).

$Technische Universitit Chemnitz, Faculty of Mathematics, Reichenhainer Strasse 41, 09126 Chemnitz, Germany
(martin.stoll@mathematik.tu-chemnitz.de).

$Computational Methods in Systems and Control Theory, Max Planck Institute for Dynamics of Complex
Technical Systems, Sandtorstr. 1, 39106 Magdeburg, Germany (benner@mpi-magdeburg.mpg.de).

407


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
http://doi.org/10.1553/etna_vol48s407

ETNA

Kent State University and
Johann Radon Institute (RICAM)

408 H. YUCEL, M. STOLL, AND P. BENNER

large will be refined so that a higher density of vertices is distributed over the area where the
solutions are not well enough approximated. In this sense, the a posteriori error estimators
are essential in designing algorithms to generate a mesh equidistributing the computational
effort and optimizing the computation. The a posteriori error analysis of optimal control
problems governed by parabolic equations is discussed in, e.g., [16, 20, 35, 36, 46]. For
optimal control problems governed by time-dependent convection diffusion equations, the a
posteriori error analyses are investigated by using a characteristic finite element discretization
in [17] and by using edge stabilization in [56]. We also note that the error estimators proposed
in [21, 27] do not contain a contribution of the residual in the control equation since the
variational discretization concept proposed by Hinze [25] was used. The variational discrete
optimal control can be understood as a discrete object, which is automatically discretized
through a projection operator. Its structure depends on the discrete adjoint, the properties of
the orthogonal projection, the Riesz isomorphism, and the control operator. Moreover, the
numerical implementation of the variational discretization is not as straightforward as the full
discretization; see [26, Chapter 3]. Although the variational discretization has an advantage in
terms of accuracy, we believe it is still important to derive error estimates for the system with
explicit discretized control. We will consider the transfer of our approach to the case of the
variational control concept in a subsequent paper.

Here we investigate an a posteriori error analysis of optimal control problems governed by
transient convection diffusion equations using the discontinuous Galerkin method in space and
the backward Euler method in time. We apply a discontinuous Galerkin (DG) discretization
for convection-dominated optimal control problems due to its better convergence behavior,
local mass conservation, flexibility in approximating rough solutions on complicated meshes,
and mesh adaptation. We would like to refer to [4, 23, 42] for details of the discontinuous
Galerkin methods. For control-constrained optimal control problems, the resulting mapping
is no longer smooth and not easy to differentiate. One has to tackle the semi-smoothness
introduced by the box constrains either via the primal-dual active set method [6], which turns
out to be a non-smooth Newton method, or via a regularization term such as the Moreau-Yosida
regularization. Although the Moreau-Yosida regularization is a popular technique for optimal
control problems with state constraints (see, e.g., [21, 22, 29, 52]), it is also used to regularize
the control constraints in [40, 44]. For both strategies, we derive a posteriori error estimates
in the L2-norm for the control approximation with obstacle constraints. We need to mention
that here we are not concerned with controlling the error contribution stemming from the
regularization parameter. Therefore, we formally assume the Moreau-Yosida regularization
parameter to be fixed in advance as done in [21, 52]. Our aim is only to understand the
behavior of the a posteriori error estimate in connection with a Moreau-Yosida regularization.
Then, we derive the residual-based error estimates for the regularized optimization problem
up to the error involved by the Moreau-Yosida regularization. Further, by using L2-duality
techniques, some L?-norm a posteriori estimates for the state and adjoint approximations are
derived.

For time-dependent problems, adaptivity can be considered in both time and space. The
spatial adaptivity can vary in time since the regions where refinement is necessary move in
time. This feature of transient problems was successfully applied in [7, 19, 37, 49]. However,
when there is a strong transport phenomenon, the optimal spatial mesh varies dramatically with
time. Hence, there is a great need for space-time adaptivity. Such a general scheme requires
recursive adaptations of the whole space-time mesh. In some optimal control problems, there
exist two transport phenomena with opposite directions. This makes the computation of the
problem more complex. Therefore, we focus on space adaptivity and use a fixed time step for
the implicit Euler method in the analysis and in the numerical implementations.
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The rest of the paper is organized as follows: in the next section, we introduce control-
constrained optimal control problems governed by transient convection diffusion equations.
We apply the symmetric interior penalty Galerkin (SIPG) method for the diffusion and the
upwind discretization for the convection in order to discretize the optimization problem in
space. The primal-dual active set strategy as a semi-smooth Newton method is also introduced
to solve the optimality system. Some a posteriori error estimates for the primal-dual active set
approach are derived in Section 3. The other approach to solve the control-constrained optimal
control problem, the Moreau- Yosida regularization, is given in Section 4. Section 5 contains
the numerical experiments to illustrate the performance of the proposed error estimators.

2. Approximation schemes for the optimal control problem. In this section, we in-
troduce the discontinuous Galerkin finite element discretization in space and the backward
Euler discretization in time for the approximation of the distributed linear-quadratic optimal
control problems governed by unsteady convection diffusion PDEs.

We adopt the standard notations for Sobolev spaces on computational domains and their
norms. €2 and Qy are bounded open sets in R? with Lipschitz boundaries 952 and 9,
respectively. Although adaptive finite element methods provide a real benefit on non-convex
domains, for example such with reentrant corners in practical applications, we assume that
Q2 and Qs are convex polygons for simplicity. The inner products in L?(2;;) and L?(Q) are
denoted by (-, )y and (-, -), respectively. Throughout the paper, C' denotes a generic positive
constant, and a < b means that a < C' b for some positive constant C. Further, we consider
the Bochner spaces of functions mapping the time interval (0,7") to a Banach space V' in
which the norm || - ||y is defined. For r > 1, we define

T
L0, T;V) = {z :[0,T] — V measurable : / ()} dt < oo}
0
with
1/r
(o 100 ) ™ ie 1 < < o,

ess sup ||z()||v, if r = oo.
t€(0,T]

HZ(')”LT(O,T;V) =

In this paper, we shall take the state space W = L2(0,7; V) with V = H{(£2) and the
control space X = L2(0,T; L*(Q)). We are interested in the following distributed optimal
control problem governed by a transient convection diffusion equation:

T
. - 1 2 o 2
en i T = [ (Gl + 5l -l )
subject to
(2.2a) Oy — eAy+ 8-Vy = f+ Bu, xeQ, te(0,T],
(2.2b) y(z,t) =0, zed, te(0,7T],
(220 y(z,0) = yo(a), req,

where the closed convex admissible set of control constraints is given by
2.3) Upa = {u € X 1 ug <u<up, ae. inQy x (0,7}

with the constant bounds v, < wup. The function w4, called desired control, is a guideline
for the control; see, e.g., [10]. Note that this formulation also allows for the special (and
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most common) case ug = 0, i.e., there is no a priori information on the optimal control. B
is a linear continuous operator from L?(Qr) to L?(12) realizing the transition between Q;;
and (2. Generally, (2;y can be a subset of 2. In the special case {2y = ), B = I is the identity
operator on L2(2).
We make the following assumptions for the functions and parameters in the optimal
control problem (2.1)—(2.3):
(1) The source function f, the desired state y4, and the desired control u4 satisfy the
following regularity conditions:

foya € L2(0,T; L*(Q)) and wug € L2(0,T; L*(Qy)).

(ii) The initial condition is defined as yo(z) € V = H}(Q).
(iii) S denotes a velocity field. It belongs to (W1:°°(2))? and satisfies the incompressibil-
ity condition, i.e., V - 8 = 0. The diffusion parameter ¢ is also taken as 0 < € < 1.
Using the assumptions defined above, the following result on the regularity of the state solution
can be stated.
PROPOSITION 2.1 ([34]). Under the assumptions defined above and for a given control
u € L2(0,T; L?(Q)), the state y satisfies the regularity condition

ye HY0,T; L*(Q)NnW
and the weak formulation

(Ory,v) +a(y,v) = (f + Bu,v), YweV,
y(x,0) = yo,

where the (bi)-linear forms are defined by

a(y,v):/Q(EVy~VU—|—ﬁ-Vyv)dm, (f,v) = vadx.

Then, the variational formulation corresponding to (2.1)—(2.3) can be written as

: ,7 ! 2 o 2 d
Ca min )= | (Gl vl + Gl il ) d
subject to
(2.4b) (Ory,v) + aly,v) = (f + Bu,v), YoeV, te(0,T],
(240) y(m70) = Yo,
(2.4d) (y,u) € HY(0,T; L*(Q)) N W X Upq.

It can be derived by standard techniques (see, e.g., [18] and [33]) that the control problem (2.4)
has a unique solution (y, u) and that (y, u) is the solution of (2.4) if and only if there exists an
adjoint p € H'(0, T; L*(2)) N W such that (y, u, p) satisfies the following optimality system
fort e (0,77:

(2.59) (Ory,v) +aly,v) = (f + Bu,v), VveV, y(x,0) = yo,
(2.5b) —(@p ) +al,p) = (y—ya¥),  VOEV.  p@T)=0,

T
(2.5¢) / (a(u —uq) + B*pw — u) dt >0, Yw € Uy,
0 U
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where B* denotes the adjoint of B. From the second equation (2.5b), we deduce that the
adjoint p satisfies the following transient convection diffusion equation:

(2.6a) —Op—€eAp—p-Vp=y—vys, 2€Q, te(0,T],
(2.6b) p(x,t) =0, zedQ, te(0,T],
(2.6¢) p(x, T) =0, x €.

The convection term in the adjoint equation (2.6) is the negative of the one in the state
equation (2.2). As a consequence, errors in the solution can potentially propagate in both
directions. Therefore, the numerical treatment of the state and adjoint systems together is
more delicate.

2.1. Discontinuous Galerkin (DG) scheme. In the following, we construct the discon-
tinuous Galerkin finite element scheme for the state equation (2.2).

Let {75} be a family of shape-regular simplicial triangulations of . Each mesh Ty,
consists of closed triangles such that Q = J KeT, K holds. We assume that the mesh is
regular in the following sense: for different triangles K;, i; € Ty, @ # j, the intersection
K; N Kj is either empty or a vertex or an edge, i.e., hanging nodes are not allowed. The
diameter of an element K and the length of an edge E are denoted by hx and hg, respectively.

Further, the maximum value of the element diameter is denoted by h = }r{na%( hgk.
€Tn

We split the set of all edges &, into the set £ of interior edges and the set 8,? of boundary
edges so that &, = £) U &Y. Let n denote the unit outward normal to 9. The inflow and
outflow parts of 92 are denoted by I'™ and '™, respectively,

I'={ze€d: B(z) n(z) <0}, 't ={z€0Q: B(x) n(x) >0}.

Similarly, the inflow and outflow boundaries of an element K are defined by
0K~ ={z € 0K : B(z) ng(x) < 0}, OK" ={z € 0K : B(z) ng(z) >0},

where n g is the unit normal vector on the boundary 0K of an element K.

Let the edge E' be a common edge for two elements K and K °. For a piecewise continuous
scalar function y, there are two traces of y along F, denoted by y|g from inside K and y°|g
from inside K°. The jump and average of y across the edge F are defined by

(4 1 e
[v] = ylenk +y|enke,  {y} = i(ylE +y°lB).

Similarly, for a piecewise continuous vector field Vy, the jump and average across an edge £
are given by

[Vyl = Vyle -ng + Vylp -nge,  {Vy} == (Vyle + Vyle).

DN =

For a boundary edge F € K N T, we set {Vy} = Vy and [y] = yn, where n is the outward
normal unit vector on I'. In this paper, we only consider discontinuous linear finite element
spaces to define the discrete spaces of the state and test functions

Vi={yeL*Q): y|lgeP(K), VKeT,}.

REMARK 2.2. When the state equation (2.2) contains nonhomogeneous Dirichlet bound-
ary conditions, the space of discrete states and the space of test functions can still be taken to
be the same due to the weak treatment of boundary conditions for DG methods.
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We now consider the discretization of the control variable. Let {T.V}n be also a family
of shape-regular simplicial triangulations of Qy; such that Qy = | KueTV Ky holds. For

K}, K. [J] € ThU, i # j, the intersection K}, N K. JU is either empty or a vertex or an edge. The

maximum diameter is defined by hy = max hg,, where hg,, denotes the diameter of
Ky ETh

an element K. The discrete space of the control variable associated with {7, };, is also a
discontinuous linear finite element space

Sp={uel?(W): ulg,eP(Ky), VKyeT!}.

Note that, given the reduced regularity of the control functions imposed by the control
constraints, natural candidates for discretizing the control space would be the piecewise
constant finite elements. Nevertheless, we use piecewise linear polynomials as is often done in
the literature [2, 5, 43], resulting in the optimal convergence rate h‘;’/Q in space for the control.

We can now give the DG discretizations of the state equation (2.2) in space for a fixed con-
trol u. The DG method proposed here is based on the upwind discretization of the convection
term and on the SIPG discretization of the diffusion term. Recall that in discontinuous Galerkin
methods we do not explicitly impose continuity constraints on the trial and test functions
across the element interfaces. As a consequence, weak formulations include jump terms across
interfaces, and penalty terms are typically added to control the jump terms. We refer to [4, 42]
for a rigorous derivation of the following (bi-)linear forms applied to y;, € H' (0, T; W},) for
a fixed control uy, and Vt € (0, T7:

(Oeyn, vn) + an(yn,vn) = (f + Bup,vp), Yoy, € W,

where

ah(y’ ’U)

= Z /GVy~Vvdx
KE,]-}LK

_ Z / ({{eVy} [w] + {eVo} - [[y]]) ds + Z % / [y] - [v] ds

Eeé&y E FEe&y

+Z/5'Vyvdx+z / ﬁ-n(ye—y)vds—z / B nyv ds

KeTn i K€ g \p KE€Th gy nr-

with the nonnegative real parameter o being called the penalty parameter. We choose o to be
sufficiently large, independent of the mesh size h, and the diffusion coefficient € to ensure
the stability of the DG discretization. However, it depends on the order of the finite element
space and the position of the edge E. As a threshold, the value of the penalty parameter o
on the boundary edges ' € £2 is twice the one on the interior edges F € £° as described
in [42, Section 2.7.1]. Further, large penalty parameters decrease the jumps across element
interfaces, which can affect the numerical approximation. The DG approximation converges to
the continuous Galerkin approximation as the penalty parameter goes to infinity; see, e.g., [8]
for details.

2.2. Primal-dual active set (PDAS) strategy. We explain our first approach to solve
the control-constrained optimal control problem (2.1)—(2.3), called the primal-dual active set
(PDAS) strategy introduced in [6]. We first define the semi-discrete approximation of the


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ADAPTIVE DG APPROXIMATION OF UNSTEADY OCPS 413

optimal control problem (2.4) as follows:

T
. 1 @
(2.72) min / (5 Z lyn = yallZ2 i) + 2 Z lun — Ud||2L2(KU)) dt,
0

’u,hGUsd

KeTh K[}E'ThU
subject to
(2.7b) (Oeyn, vn) + an(yn,vn) = (f + Bup,vp), Vop € Vi, t € (0,77,
(2.7¢) yn(x,0) = yp (),
(2.7d) (yn,up) € H(0,T; V) x UM,
where
(2.7e) Ut = {up € L*(0,T5Sp) : ug < up < wp ae. in Qy x (0,77}

is a closed convex set in L2(0, T'; S},). For the ease of exposition, we also assume the condition
Upd C Uuq N L2(0,T; Sy).

Let J(-) be a continuous functional in L?(Q2). In addition, there exists at least one
solution for the optimization problem (2.7) since the discrete state y; can be bounded
as done in [2, 45]. Then, it follows that the control problem (2.7) has a unique solution
(yn,un) € HY(0,T;V3,) x Up? (see, e.g., [33]) and that a pair (yp,, uy,) is the solution of (2.7)
if and only if there is an adjoint p;, € H'(0, T’; V3,) such that the triple (y5, up, pr,) satisfies
the following optimality system:

(Oeyn,vn) + an(yn,vn) = (f + Bup,vn),  Yop € Vp,
yn(z,0) = yhv
—(Ospn, Yn) + an(n, pn) = (yh Yd, Vn), Vi € Vi,
pr(z,T) =
T
/0 (a(un — uq) + B pp,wp, — up)y dt >0, Ywy, € U

We now consider fully-discrete approximations of the optimal control problem (2.1)—(2.3)
using the backward Euler scheme in time and the discontinuous Galerkin discretization in
space. Let N be a positive integer. The discrete time interval I = [0, T'] is defined as

0:t0<t1<"'<tNT,1<tNT:T

with size k,, = t, —t,_1,forn=1,..., Np,and k = rlnaxN ky,. Then, the fully-discrete
n=1,...,Nr
approximation scheme of the semi-discrete problem (2.7) is

1 «
(28 min an(Z 5 b =il + 5 X o =l )
unn €U, 3T KeT KyeTV

subject to

(2.8b) @“k%”ﬁﬁ+%www—wﬁ3www Yo € Vi,

n

(2.8¢) yno(z,0) = yp(z),
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where
(2.8d) U,‘ffﬁb ={upn €S ug <upn, <up ae. inQul, for n=1,2,...,Nrp.

The fully discretized state equation (2.8b) has a unique solution ¥y, ,, for each control variable
up, n, due to the boundedness of the solution; see [2, Lemma 6]. The cost functional (2.8a) is
also convex in yy, ,, and is strictly convex in uy,,. We then conclude that the fully discretized
control problem (2.8) has a unique solution (Y}, ,,, Up,n) € Vi, X U;ffil, n=12,...,Np,
and (Y, n, Upn), n=1,2,..., Ny, is the solution of (2.8) if and only if there is an adjoint
Pnppo1 € Vi, i=1,2,...,Np, and (Y, n, Upn, Phn—1) € Vi X U;ji x V}, satisfies the
following optimality system [26, 47]:

Yin —Ynno
(293) (}Mk’mlav> + ah(Yh,naU) = (fn + BUh,na U)a VU € Vh’
n 0 n=1,2,...,NT,
Yno = yp,
P11 — P
(2.9b) (hn}ch,n’ q> + ah(Q7Ph,7L—1) = (Yh,n - yi, q)a VQ € Vh,
n = Np,...,2,1,
Ppr =0, " ’
N Yw e U4
(2.9¢) (a(Unn —ul) + B*Prp—1w = Un ), >0, S h,nNT
In the direction of time, forn = 1,2, ..., Ny, we define
}/h (tn—1,tn] — ((tn - t)Yh,n—l + (t - tn—l)YVh,n) /kna
Ph|(tn—17tn] = ((tn - t)Ph,nfl + (t - tnfl)Ph,n) /kna
Uh|(tn,1,tn] = Uh,n
as done in [36]. Let w(x,t)|re(t,_,.t,] = w(w,t,) and W (2, t)|ieet, _, ¢, = w(T, t,—1) for

any function w € C(0,T; L?(€2)). Then, the optimality system (2.9) can be restated as

aY; ~ -
(2.10a) (ah,v> +ap(Yn,v) = (f + BUp,v), Vo € Vi, t € (th—1,tn],
t o n=1,2,...,Nr,
Yh(x70) = yh('x)a

OP - o
(2.10b) — <ath’q> +an(q, Pn) = (Y — Gu, q), Vg € Vh,t € (tn—1,tn],
=Nrp,...,2,1
Ph(.’L',T) :07 n T, 34y 1y
(2.10¢) (a(Un — Tig) + B*Ppw — Uy) , > 0, Yw € Upd, t € (ty_1,tn),

n:1,2,...,NT.

We solve the optimality system (2.9) by using the primal-dual active set (PDAS) algorithm as
a semi-smooth Newton method [6]. To use this approach, we first need to define the active sets

A = U {a: €Ky :—B"Pyp_1 — a(ua - u‘fl) <0, VKy € 7;LU},

T = U {:1: €Ky :—B"Pyp_1 — a(ub — ufb) >0, VKy € ThU} ,
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and the inactive set Z" = T,U\ (A™ U A".) for each time step t,,. Forn = 1,2,..., Ny, the
discretized optimality system (2.9) is equivalent to

(2.11a) M+ Ek,K)Y, — MY,_1 =4(f,) + MBU,,
(2.11b) (M + k&, KT) Py — MP, = MY, — £(y2),
2.11c)  aMyU, — axl(ul) + Myxzn-1B*P,_; :oz./\/lU(XAﬁuaJrXAiub),

where KC is the stiffness matrix corresponding to ay,(+, -) and M and My, are the mass matrices
on the domain 2 and Qy, respectively. x 4, X Am and yz» denote the characteristic functions
of A%, A%, and 7", respectively The characteristic functions correspond to vectors consisting
of 0 and 1. Also, ¢(z fQ zv dxr with v € V},. At each time step, we then apply the active
set algorithm descrlbed in Algorithm 1 for the iteration number m.

Algorithm 1 Active set algorithm.

Choose initial values for 4~ 4~ and p(-0).
Set the active sets .A(_"O), Ai’o) and inactive set Z(+0).
form=1,2,...do
Solve (2.11) and update the active sets A"™), Ai’m) and the inactive set Z(>™) for all
time steps.
if AC™ = ACm D Ai’m) = Ai"mﬂ), and (™ = 7Cm+1) then
STOP.
end if
end for

3. A posteriori error estimates. We analyse the a posteriori error estimates of the
optimal control problem governed by the transient convection diffusion equation discretized
by the symmetric interior penalty Galerkin scheme in space and the backward Euler scheme
in time. In general, the a posteriori error analysis of unsteady optimal control problems is
more complicated than the one of steady optimal control problems due to the fact that the
properties of the time variable and its discretization are quite different from those of the space
variables. Thus, different approaches are needed to handle the two groups of variables and
their interactions.

In order to avoid over-estimation and hence derive a sharp estimator for the control, at
each time level t,,, n = 1,2, ..., N7, we divide Qg as follows:

Qj

(B.la) Q' ={zrecQ:
@.1b) QT ={recQy :
B.le) QP ={zreQy:
B1d) QP ={zeQy :
Ble) QP ={recQ :a

s Ip— Uq ), hnzua}a

Nz, tno1) > o(ua(z, tn) — ua)
)T, tn—1) > aug(z, tn) — ua), Unpn > Ugls
)T, tn—1) < alug(z, tn) —up), Unpn = up},
)z, tn1) ) — up)

) <

(
(
(
( Tyt up), Unn < uplt,
tn) —up) < (B*Pp)(z,tn_1

B*Pp,
B*P,
B* P,
B* Py, < afug(z,ty
a(ua(z,

a(ud(x,tn) — Uqg)}-

It is clear that the intersection of the above sets is empty, i.e., le N Qg’j = (), for ¢ # j,
i,j € {0,a,a+,b,b—}, and

— om0 n,a n,a+ n,b n,b—
Qu = QrtuQrtuQrtuant Ut
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To simplify the notation, set
n,x _ n,0 n,a+ n,b—
Q" =Qy uQy Uy .

In the following lemma, we derive an estimate for the control variable by making a connection
with the adjoint variable.

LEMMA 3.1. Let (y, u,p) and (Yy, Un, Pr) be the solutions of (2.5) and (2.10), respec-
tively. Then, we have the following estimate

= Unl220.2:220000) < € (92 + 1P = ORIz rizzcan )

where
NT tn " 2
7)3 = Z / ‘/Qn X (a(Uh — ﬂd) + B*Ph) dx dt + ||a(ud - ad)H%Z(O,T;l?(QU))y
n=1 tn—1 U’

and the auxiliary solutions, i.e., y(Uy), p(Uy) € HY(0,T; L2(Q))NW, are defined as follows:

(3.2) <§ty(Uh),w> +a(y(Un), w) = (f + BUp, w), Yw eV,
y(Un)(z,t)]oa =0, y(Un)(2,0) = yo(x), z€Q,

(3.2b) - (gtp(Uh)7Q> +al(g, p(Un)) = (y(Un) = Ya, q), Yq eV,
(U@, D)lo0 =0, p(Un)(x,T) =0, reQ.

Proof. The inequality (2.5c) gives us
allu — UhH%?(o,T;L?(QU))

T T
:/ (ozu,ufUh)U dtf/ (OLUh,U7Uh)U dt
0 0

T T
S / (aud—B*p,u—Uh)U dt—/ (aUh,u—Uh)U dt
0 0

(3.3) T R ~ T .
= / (a(Uh —gq) + B*Py,, Uy, — u)U dt+/ (a(ud —Uq),u — Uh)U dt
0 0
M1 M2
T _ T
+/ (B*(Pn = p(Un)),u — Un),, dH—/ (B*(p(Un) = p),u—Up),, dt.
0 0
M3 M4

We first derive an estimate of M for any t € (¢;_1,%;],

(U, — Ug) + B*PBy,, Uy, — u)U

(3.4) - /Q (U — ta) + B"Fy) (Un — ) da

+/ (a(Uh, *ad)+B*]5h) (Uhfu) dx.
QreuQn?
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By the definitions of Q7 and Q75" in (3.1), we have
/ (Oé(Uh —ﬂd)+B*15h))(Uh—u) dzx
Qpeuay?

= /Qn,a (o(uq — Ua) + B*ﬁh) (ug — u) dax

(3.5) ——
>0 <0
—|—/ (a(ub —Ug) + B*ﬁh) (ub — u) dx < 0.
Qp® ——
<0 >0

Then, with the help of (3.4), (3.5), and Young’s inequality with the parameter v > 0, we obtain

dt

n,*
Qp

T
M, S/ (a(Uh—ﬂd)—l—B*Ph,Uh—u)
(3.6) o

1 v
< 3, + §||u — UnllZ2 0102020 ))-

Next, we estimate My and M3 by invoking again Young’s inequality with the parameter v > 0,

T
M2 :/ (a(ud—ﬁd),u—Uh)Udt
0

(3.7)
~ Y
< ZHQ(M —Ua) |72 0.2 00)) T 5”“ — UnllZ20.7:22(0 )
T o~
M = / (B (P, — p(Un)),u — Up)y dt
0
(3.8) I > 2 i ’ 2
. < — B*(P;, — p(U, 2 dt + — - U 2 dt
<5 | 1B B p O ey e+ [ = Vil

L5 v
< ﬂHPh — U720, 2200)) + §||u — UnllZ2 01020 ))-

Finally, the auxiliary equations in (3.2) yield
T
My = / (p(Un) = p, B(u— Us)) dt
0

T T
= /O (8:(y — y(Un)), p(Un) — p) dt + /O (aly — y(Un), p(Un) — p)) dt

_ /O (Ol — y(U)), p(Un) — p) dt + /O (Op(Un) — p)y — y(Un)) dt

T
+ / (y(Un) —y,y — y(Up)) dt.

0

An application of integration by parts on the time derivatives using that (y —y(U, h)) lio =0
and (p(Un) — p) li=r = 0 yields

T
(3.9 My = / (y(Un) =y, y — y(Un)) dt < 0.
0
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By inserting the estimates (3.6)—(3.9) of My — M, into (3.3) and setting the arbitrary positive
constant vy = «/2, we obtain the desired result. |

Before deriving error estimates for the state and adjoint equations, we need the following
results for the Lagrange interpolation operator IT;, and the trace inequality.

LEMMA 3.2 ([9]). Let 11}, be the standard Lagrange interpolation operator. Form = 0, 1,
q > 1, and v € W24(Q), there exists a positive constant C' such that

[v = Ipv|wmao) < Ch2 ™ |vlw2a(a).

LEMMA 3.3 ([31]). Forallv e Wh1(Q), 1 < g < o,

lellwoaor) < € (R lollwoage) + by olwsao) ) -
Moreover, we have the following inequalities, derived in [3],
||U||%2(E) < Ch;”””%?([()a Ing - vUH2L2(E) < Ch]fleVvH%z(K),

where the constant C' depends on the shape regularity of the mesh. Then, the above inequalities
yield the following estimation

(3.10) > hell{Volliem <C Y IVUliax)y, Vo € Vi
Ecé&p KeT,

We finally introduce the following stability results derived in [28] for the convection diffusion
equations.

LEMMA 3.4 ([28]). Assume that §2 is a convex domain. Let ¢ and 1) be the solutions of
the dual (forward and backward) problems (3.11) and (3.12), respectively. Then, for given
F e L?(0,T; L?()),

vl Lo 0.7;22(02)) S 1Fl22(0,7:22(22))
Vol 20,1502 < I1F 220,722 (9))
1AV 220,522 () < I1F 220,722 (9))5
vell20,m502(0)) S I F N L2(0,1522(02))5
where v € {$, 1} satisfies
3.11a) Gi— A+ B-Vo—F, () € Q x (0,T],
(3.11b) é(x,t) =0, (z,1) € 89 x [0, T,
G.11¢) (z,0) = 0, zeQ
or
(3.12a) iy —eAp—B-Vi) = F, (z,) € Q x (0, 7],
(3.12b) b, t) =0, (z,1) € 99 x [0, 7],
(3.12¢) ¥(z,0) =0, x €.

Now, we turn to an estimation of the error || P, — p(Up,) H%Q(O,T;Lz(m).

LEMMA 3.5. Let (y,u, p) and (Yy,, Up, Pp,) be the solutions of (2.5) and (2.10), respec-
tively. The auxiliary solutions y(Uy,) and p(U},) are defined by the system (3.2). Assume that
Q) is a convex domain. Then,

7
1Ph = p(U)I720,7:22(0) < C <|Yh —y(UI72 0,220 + ZW?) )

i=1
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where

P, 2
/ ZhK/ Vi, — 4+ —= > + APy + B, - VP, | dadt,
0

=
KeTy
s = /O E; h, / [eVﬁhHstdt,

5 =Yy — YhHL?(o r.r2@) + 102 = vall 220 1.22())»

n = /0 Z hE/ [PhHQ ds dt,

Eeé&n

ns = / / (1eV(Py = P[> + |8 - V(Py — Py) ) da dt,

i=[ X [ (s mel[A]) asa

0 KETh8K+\F

/ Z / h (8 - nEﬁh)Q ds dt,

0
Ke€Thok+nr+

ng = Z h3, / e—i—ﬂ.nE)[[Ph]])st dt.

0 Eecé&y

Proof. Let ¢ be solution of (3.11) with F' = P, — p(Uy,). Let ¢; = I1,¢ be the Lagrange
interpolation of ¢ defined as in Lemma 3.2. Then, by using the adjoint equation (2.10b), the
auxiliary equation (3.2), and the dual problem (3.11), we obtain

1P = p(U)I72 0,722 (2
T
_ / (P — p(Un), F) dt
0

T
=/0 (Pa— p(Un), ¢ — A6+ B- V) dt

r 9
:/ < (8(Ph—p(Uh)),¢)+a(¢7Ph—p(Uh))> dt

/0 KeTn

/O < (;(Ph— (Uh))7¢—¢1>+a(¢—¢1,]5h_p(Uh))) dt
T

| et - n) (Vo-n) ds
OK

—I—/ < (aat(Ph - (Uh))7¢l> +a(ér, Pr — p(Un)) + a(¢, Py —ﬁh)) 0
KeT

>
op,,

= /o (( S y(Un) +ya, 0 — ¢1> + a(¢,]5h)> dt

/aK Uh) Ph) <V¢ ) ds dt
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T
+/O > /E)Ke(p(Uh)—Ph)(VqS-n)dsdt

KeTy -
T ) _ N _
4 [ (= n(r P + (T = 8. 61) = (0Un) — a0 + ol Po — ) .
0

Integrating by parts, we obtain

(3.13)
1Py = p(Un) 720,720
T
OP; ~
:/ <—ath—6APh—6 VPh_Yh+yda¢_¢I> dt
0

Iy

/ (eV P, -n)(¢— ¢r) ds dt
oK

KeTy,

/0
I

T
+/ (T — y(U) + ya — Ga. 6) dt
0

/0
Iy

/ Z Ecr/ Ph [[9251]] ds dt

0 Egesg,

I3

/ evph}} [61] + {eVor} - HPhH) ds dt

EE&L

Is

T
[ [ (VP = PVo—p- V(P — P)o) do at

Is

+/OT(Z /ﬂn(ﬁrﬁm,dwz /ﬂ~n]5h¢1ds)dt

KeTh g\ KE€Th gpc+nr+
/0

P>

We now estimate the terms on the right-hand side of (3.13) term by term. To estimate the
first term on the right-hand side of (3.13), we use Lemma 3.2 and Lemma 3.4 with Young’s

I7

/ n)P,é ds dt
oK

KeTh

/,9[( Uh) Ph) (qu ) ds dt.
KeThn

Iy
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inequality such that

T 2

- op - -

11§C(’y)/ Zh}l(/ (Yhyd+ath+eAPh+ﬂ-VPh> dx dt
0 KeTh K

T
+CW/0 6] %2 () dt

< CO) i+ Cy |1Po = p(UnI72 0,112 (02))-

(3.14)

Next, if we rewrite I in terms of the jump of Vﬁh and use Lemmas 3.2-3.4, we obtain

I = /O B> /E [V P[0 01) ds at

Ecé&y

T T
(3.15) SC(V)/O 3 h%/E[[evﬁhﬂzds dt+C’y/O 16| %2 () it

Eecgy,
< CO) 15+ Cy [|1Po — p(Un) 720,12 (02))-

Then, Lemma 3.4, Young’s inequality, and the triangle inequality give us

I3 < C(v) (HYh — 9220722052 + 10 — de%Z(o,T;m(Q)))
(3.16) + Cy 191172 (0,7502 ()
<C(v) (7792, + |Yn — y(Uh)H%Q(QT;L?(Q))) + Cy |1Po = p(Un) 172 0,712 (02))-

Similarly, using Young’s inequality, the triangle inequality with respect to ¢;, Lemma 3.3,
Lemma 3.4, and the inequality in (3.10), we obtain

(3.17) I < C(y) (03 +m) + Cv 1P — p(Un)|72 (0. 7:12(02))»
(3.18) I; <C(Y) n; +Cv ||Py — p(Uh)”%?(O,T;L?(Q))’

T ~ ~
619 f=C) [ [ (9= BR 15V - FOP) do d

T
+ Cy /O (IVelZ2(a) + 10l 72(qy) dt

(3.20) < CO) 15+ Cy [P0 — p(Un) |72 0,12 (02))
(3.21) I: < C(y) 5 + C [|1Ph — p(Un) 120 1:22(2))-

Finally, rewriting Ig and I in terms of the jump operator and using Lemma 3.3 and Lemma 3.4
with [p(Uy)] = 0, we have

(3.22) Is+ I < C(y) 3 + Cy || Pu — p(Un)l 7202 ()

By inserting (3.14)—(3.22) into (3.13) with 7 being small enough, the desired result is obtained.
a

Next, we need to find an estimate for ||y, — y(Un)||2(0,7;22(0))-

LEMMA 3.6. Let (y,u, p) and (Yy,, Up, Pp,) be the solutions of (2.5) and (2.10), respec-
tively. The auxiliary solutions y(Uy) and p(Uy,) are defined by the system (3.2). Assume that
Q is a convex domain, then,

15

Vi = y (U122 0,7:020y) < C Y nis
=8
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where

4 n Yy, S ~\?
Z by fh_BUh_ﬁ"rGAYh—Bh'VYh dx dt,

Ee€&y
T o~
Mo = /0 E; hi /E HY,,HQ ds dt,
i= [N [ s(ne[[R])) s
* KeTuggm\r
—+ /T hBE(ﬂ : IIE}//\V}L)2 ds dt,

0 KEThaK*ﬁF*
7]%2 =f- f||2L2(0,T;L2(Q)) + | Pn — Ph||2L2(0,T;L2(Q))a
T
ity = [ [ (90 = TP + 18-V~ Th)P) do dr

77%4 = ||[Yn(z,0) — yO(I)H%Z(Q)a

e 3508 (5

Ee€&y
Proof. Similar as before, let ¢ be the solution of (3.12) with F' = Y}, — y(U}). Let
11 = Il 1) be the Lagrange interpolation of ¢ defined as in Lemma 3.2. Then, we conclude
from (2.10a), (3.2), and (3.12) that

1Yy — y(Uh)H%?(O,T;L?(Q))
T T
= / (Yo —y(Up), F) dt = / (Yo —y(Un), —be — eAp — B- V1) dt
0 0

T 1oy, ~ PO
:/ (&EAYh+B'VYhthUh,’(/J1/)[> dt
0

T

VY, - — ) dsd
+ [ K;h/{m(e 1) (4 — ) ds dt

[ [ oy [+ {eomi o) as

Eeén g
T R T R R
- /0 E;h, :LZE/ HYhH [¥1] ds dt — /0 K%;’h aK/\F (B-n)(Yy — Yy)br ds dt

T

+/ > / (B-n)Yuipr ds dt
O KeTu gperp-
T
0

o~ T o~
+/Xn—ﬁWﬁ+/(mwd%ww+«n—mmm%ww%w
0
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T
+ / 3 / (y(Un) — Vi) (e(V9 1) + (8- m)o).
0 ke, /K

Applying the same arguments as done in (3.14)—(3.22), the desired result is obtained. a
From Lemmas 3.1, 3.5, and 3.6, the following a posteriori error estimate is derived.
THEOREM 3.7. Let (y,u,p) and (Yp, Uy, Py) be the solutions of (2.5) and (2.10),

respectively. The auxiliary solutions y(Uy,) and p(U},) are defined by the system (3.2). Assume

that Q) is a convex domain. Then,

lu = Unli20.7502 0y + 19 = YallZooiz2()) + 10 = PrllZao 720

3.23 15
629 <C <nﬁ + Z?ﬁ) .

i=1
Proof. Tt follows from (2.5) and (3.2) that
(3.24a) ly(Un) = yllZ202(0)) < C llw = UnllZ2(0 702 (00))
(3.24b) Ip(Un) = PlIZ2(0.7:22(0) < C 19(UR) = yll72 0.1 02(02))-

Lemma 3.1, 3.5, and 3.6 yield

||u - Uh||%2(07T;L2(QU)) <C (773 + ”Ph - p(Uh)H%Z(O,T;L%Q)))

<C (772 +1Po = Pull72 072200 + I1Pn —p(Uh)||2L2(o,T;L2(Q)))

15
<C (773—#277?) .

i=1

(3.25)

Then, the desired result is obtained by applying the triangle inequality and using the inequalities
(3.24)—(3.25) with Lemmas 3.1, 3.5, and 3.6. 0

4. Moreau-Yosida regularization. Moreau-Yosida regularization is a popular technique
for optimal control problems with state constraints. Some recent progress in this area has been
summarised in [21, 22, 29, 52] and the references cited therein. However, it also provides
challenges for the control-constrained case; see, e.g., [40, 44].

We penalize the control constraint, i.e., u, < u < up, with a Moreau-Yosida-based
regularization by modifying the objective functional J(y,u) in (2.1). Now, we wish to solve
the following problem:

T
. 1 2 e’ 2
min [ (Gl = walPey + 5 o=l ) de
0
4.1) .
1

t3 ; (Il max{0, u — up}|72 gy + [ min{0, u — us}|72(q,,)) dt,

subject to

Oy — eAy+ B-Vy = f + Bu, zeQ, te(0,7T],
y(z,t) =0, z€d, te(0,7],
y(I,O) = yo(gj)’ S Qv
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where 0 is the Moreau-Yosida regularization parameter. The min- and max-expressions in the
regularized objective functional arise from regularizing the indicator function corresponding
to the set of admissible controls.

The unconstrained optimal control problem (4.1) has a unique solution (y,u) € W x X
if and only if there is an adjoint p € W such that (y, u, p) satisfies the following system for
te (0,17

(4.2a) (Ory,v) +a(y,v) = (f + Bu,v), Vv eV,
y(z,0) = yo,
(4.2b) —0p, ) +a(,p) = (v — ya, V), VeV,
p(z,T) =0,
T
(4.2¢) / (a(u —uq) + B*p+0) dt =0,
0

where 0 = %(max{o, u— up} + min{0,u — ua}) Then, the fully discretized optimality

system of the regularized optimal control problem (4.1) is written as

Yin — Yine
(4.3a) (h’ b & 1,1}) + an(Yimsv) = (fo + BUpn,v), 70 E Vi,
" Yh0:y2 n:1,2,...,NT,
Pyn_1— Pun
(4.3b) (W q) + an(q, Pon—1) = Y — v, q), Vg €V,
" PhTZO, TL:NT,...72,1,
(4.3¢) (Upn —ul) + B* Py +0nn =0, n=1,2,...,Np,

where o, , = %(maX{O, Unn —up} +min{0, Uy, , — ua}). As in the previous section, we
restate the optimality system (4.3) as follows:

Yi, PN —~
(4.4a) <88t’ ,v) + ap(Yn,v) = (fp + BUp,v), Y0 € Vit € (tn—1,tn],
Yh(l‘,o):yg(x), 7’L:1,27...,]\7T7

OP; ~ S
(44b) <ath,q> —+ ah(q, Ph) = (Yh — yd,q), Vq S tht S (tn—latn]v
P}L(JZ,T):O, n:NT,...,Z,l,
(44c) a(Uy —1Ug) + B*Py 4+ 65 =0, t € (tn_1,tn], n=1,2,...,Np

with o), = %(max{o, Up, — up} + min{0, Uy, — ua}).
The optimality system (4.3) of the Moreau-Yosida approach leads to the following linear
system forn =1,..., Np:

(4.52) (M + knKC) Yy, = MY,y = {(fn) + MBU,,
(4.5b) (koK™ + M) Pyoy — MP, = MY, — £(y),
1
(CYMU + 5XA7LMUXA,L) Un — af(ui) + MyB*P,_1
(4.5¢) )
-5 (XA%MUXA;*L% + XAI;LMUXAgua),
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where

At =z e Ky : Uy —u, <0, Ky € T},

AZ:U{£E€KU s Up —up >0, Ky GEU},

A, = A2 U AL

We combine the Moreau-Yosida regularization approach with a semi-smooth Newton

solver. For a fixed regularization parameter we develop a residual-based a posteriori error
estimate. We note that in this work we are not interested in the error involved by the regular-
ization. Our main aim is to understand the behavior of the error estimate in connection with
the Moreau-Yosida regularization of the control constraints. Now, we derive an a posteriori
error estimate for the Moreau- Yosida-regularized optimization problem (4.1) up to the error
contribution stemming from the regularization.

LEMMA 4.1. Let (y,u,p) and (Yn, Up, Pp) be the solutions of (4.2) and (4.4), respec-
tively. Then, we have the following estimate

[lu — Uh||2L2(0,T;L2(QU)) < C((nﬁf)z + (| Pn — P(Uh)||2L2(0,T;L2(Q))
4.6)

+16n = olxormn )
where
2
(773”)
2
= Z / / a(Up —Tg) + B*Py + = 5 (XA?L(Uh —Uqg) + Xav (Up — Ub))) dzdt
Qu

+ |leug — ud)||L2(07T;L2(QU))

and the auxiliary functions, i.e., y(Up) and p(Uy,), are defined as in (3.2).
Proof. By using the inequalities (4.2¢), (4.3c), and (4.4c), we obtain

oflu— UhH%Z(O,T;LQ(Qy))

T T
:/ (aud—B*p—mu—Uh)Udt—/ (aUh,u—Uh)U dt
0 0

T T
:/ (a(U;L—ad)+B*Ph+ah,U;L—U)Udt—l-/ (G —oyu—Up)y dt
0 0

M1 M2
T B T
—|—/ (B*(Py — p(Un)),u — Uh)U dt+/ (B*(p(Un) — p),u — Uh)U dt
0 0
Ms My
T
+/ (a(ud—ﬂd),u—Uh)Udt.
0
Ms

Then, by following the procedure in Lemma 3.1, we can derive the desired resultin (4.6). O
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Similarly, we have the following a posteriori error estimate for the regularized optimization
problem (4.1) from Lemma 3.5, 3.6, and 4.1.

THEOREM 4.2. Let (y, u, p) and (Yp, Un, Pr) be the solutions of (2.5) and (4.4), respec-
tively. The auxiliary solutions y(Uy,) and p(Uy,) are defined in the system (3.2). Assume that
Q is a convex domain, then,

[|w — Uh”%?(O,T;LZ(QU)) +[ly - YhH%Z(O,T;L?(Q)) + llp — Ph||2L2(o,T;L2(Q))

15
<C ((TITILMV + Zﬂ? + [lon — U||%2(0,T;L2(Q))> .

i=1

4.7

5. Numerical Implementation. In this section, we present some numerical results to
demonstrate the performance of the estimators proposed in Sections 3 and 4. The initial guess
for the control variable is equal to zero for all discretization levels in Algorithm 1. The penalty
parameter within SIPG is chosen as ¢ = 6 on the interior edges and 12 on the boundary edges
as taken in [42]. The Moreau-Yosida regularization parameter § is equal to 10~5. We use
uniform time steps, and the time-step size is k = 1/50. Further, we take 2 = Qy and B = I.
Our adaptive strategy is briefly described in Algorithm 2.

Algorithm 2 Adaptive Algorithm.

(Input) Given an initial mesh partition 7}, a refinement parameter €, and a tolerance parame-
ter Tol.

Step 1. (Solve) Solve the optimality system (2.11) obtained by the primal-dual active set
(PDAS) algorithm on the current mesh or the optimality system (4.5) obtained by the
Moreau-Yosida regularization.

Step 2. (Estimate) Calculate the local error indicators on each element K, and then sum
them over the whole space-time domain.

Step 3. (Mark) The edges and elements for the refinement are specified by using the a
posteriori error indicator and by choosing subsets M C T}, such that the following
bulk criterion is satisfied for the given marking parameter 6:

0 Z (nx)? < Z (nx)?,

KeTy, KeMg

where > (nx)? is corresponding to the total error indicator in (3.23) for the PDAS
KeTh
approach and in (4.7) for the Moreau-Yosida regularization, respectively.

Step 4. (Refine) The marked elements are refined by longest edge bisection, where the
elements of the marked edges are refined by bisection.

Step 5. Return to Step 1 on the new mesh to update the solutions, until the error estimators
are less than the given tolerance value T'ol.

5.1. Example 1. We first consider the following example given in [17] of the transport
of a rotating Gaussian pulse with only a lower bound, i.e., u, = 0. Fu et al. use this example
in their analysis of the norm-residual-based estimator in combination with a characteristic
finite element approximation. The problem data are given by

Q=[-0.5,0.5)%, T=1, e=107"%, B = (—xa,21)7, and o =1.
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FIG. 5.1. Example 5.1: The adaptively refined meshes for different values of (xo,yo), i.e., left: (-0.25, 0),
middle: (0, 0), right: (0.25,0.25), at t = 1 using the primal-dual active set strategy. The number of refinement steps
and vertices are (9,4224), (10,3615), and (9,4728) (from left to right) with an adaptive parameter 6 = 0.35.

The corresponding analytical solutions are given by

203 (71— x0) + (T2 — yo)?
)= -0 - ,
ylz,t) 203 + 4te P ( 203 + 4te

p(xa t) =0,

. 1/2, 1 +x2 >0,
Z(x’t) o { O, X1 + To S 0,

ug(x,t) = sin(wt/2) sin(rxy ) sin(was) + z(z, t),

u(z,t) = max <O,ud — B) ,
a

with a varying center point (zg,y), the standard deviation of = 0.0447, and
Ty = 21 cos(t) + a9 sin(t), To = x4 cos(t) — x1 sin(t). The source f and the desired state
functions are taken as f = —wu and y4 = vy, respectively.

The optimal control problem exhibits a strong jump (discontinuity) introduced by the
desired control u4(x, t). Figure 5.1 shows that a high density of vertices are distributed along
21 + x2 = 0. By using the a posteriori error indicators of the control variable, we pick out the
discontinuity caused by the desired control u4(z, t) and construct an adaptive mesh to obtain
a better accuracy for the control with an adaptive parameter 6 = 0.35.

As the state y exhibits a different regularity, we make experiments for different values
of the center point such as (xo,y9) € {(—0.25,0),(0,0), (0.25,0.25)}. For all cases, we
obtain a higher density of vertices in the neighborhood of (Z1,Z2) = (x0, yo) as is observed
in Figure 5.1. Table 5.1 provides the percentage of each component of the total estimator
obtained by the PDAS approach for (2, yo) = (0, 0) in each adaptive step. We observe that
the refinement process is dominated by the contribution of the control, including the desired
control ug(x,t).

Figure 5.2 displays the summation of the L2(0, T'; L*((2))-errors for each time step for
the state, adjoint, and control variables at (zo,yo) = (0, 0), obtained using the primal-dual
active set strategy and the Moreau- Yosida regularization. For both approaches, the errors on
adaptively refined meshes are decreasing faster than the errors on uniformly refined meshes.
Although we do not present any theoretical results, the numerical results show that the Moreau-
Yosida approach better captures the properties of the control compared to the PDAS approach
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TABLE 5.1
Example 5.1: The contributions of each components of the error estimator obtained by the PDAS approach for

(z0,y0) = (0,0) in terms of percentage in each adaptive step.

1 2 3 4 5 6 7 8 9 10
Ny | 55.08 69.18 6945 73.62 7575 78.47 7877 78.18 7855 7745
n | 0401 0.198 0.183 0.094 0.080 0.026 0.016 0.007 0.004 0.002
n2 | 0.007 0.004 0.003 0.002 0.001 0.001 0.000 0.000 0.000 0.000
ns | 0.291 0.328 0.358 0365 0402 0.322 0.296 0.262 0.258 0.258
na | 9317 3.614 3308 2.031 1.254 0.678 0.472 0.279 0.153 0.096
ns | 0.378 0.430 0.521 0.615 0.738 0.581 0.505 0.423 0355 0.277
ne | 0.036 0.018 0.017 0.010 0.009 0.003 0.002 0.001 0.000 0.000
n7 | 0.104 0.051 0.047 0.025 0.021 0.008 0.005 0.002 0.001 0.001
78 1.585 1.455 1.288 0.750 0.617 0.312 0.185 0.071 0.049 0.025
n9 | 0.023 0.016 0.009 0.010 0.007 0.006 0.005 0.005 0.003 0.003
nio | 2225 17.32 17.32 13.06 9.906 7.037 5.515 4283 2959 2.373
n1 | 0235 0.186 0.174 0.112 0.113 0.055 0.027 0.010 0.007 0.004
me | 1.747 2420 2.804 3.672 4.662 5.691 7.107 9.177 1097 13.11
ms | 1.364 1.837 2338 3470 4.842 5393 5967 6.207 5.889 5.689
maq | 6.862 2667 1.895 1982 1.762 1.340 1.083 1.075 0.787 0.712
ms | 0320 0.281 0.296 0.190 0.173 0.075 0.048 0.019 0.012 0.007
. State . Adjoint Control
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FIG. 5.2. Example 5.1: The global errors of the state, adjoint, and control in the L? (0, T; L?(Q))-norm with
((E(), yO) = (07 0)
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FI1G. 5.3. Example 5.1: The convergence behavior for the a posteriori error estimate obtained by the PDAS
approach for (zo,yo) = (0, 0).
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State Control

FIG. 5.4. Example 5.1: The computed state (left) and control (right) on an adaptively refined mesh with 3,618
vertices by using the Moreau-Yosida regularization for (xo, yo) = (0,0) at t = 1 after 10 refinement steps.
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ot ot gt
2 4 6 8 10 12 2 4 6 8 10 12 2 4 6 8 10 12

Itaratinns

FIG. 5.5. Example 5.1: The GMRES iterations for three different refinement levels. A block-triangular
preconditioner was used, and the stopping criterion is set to 10~% for the relative preconditioned residual.

as indicated in Figure 5.2. This observation shows that a further understanding is required. We
display the performance of the indicator obtained by the PDAS approach for (xq,yo) = (0, 0)
in each adaptive step in Figure 5.3. In the left plot of Figure 5.3, we plot the L?-error and the
value of the estimator in (3.23) against the number of vertices in each refinement step. The
middle plot in Figure 5.3 displays the ratio of the estimator and the L?-error. On the other
hand, the right one in Figure 5.3 shows that the control variable dominates the refinement
process as can be seen from Table 5.1. Figure 5.4 displays the computed solutions on an
adaptively refined mesh with 3,618 vertices by using the Moreau- Yosida regularization for
(x0,90) = (0,0) att = 1 after 10 refinement steps.

Additionally, our approach is also amendable by efficient preconditioning strategies such
as the ones given in [40, 41], where an iterative method of Krylov subspace-type is combined
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FIG. 5.6. Example 5.2: The adaptively refined mesh with 4.417 vertices at t = 0.5 after 6 refinement steps with
0 = 0.55 by using the primal-dual active set strategy.

with efficient and robust Schur complement approaches. Figure 5.5 displays the iteration
numbers of GMRES with a block-triangular preconditioner for three consecutive stages of
refinement and the associated systems within the Newton method. In Figure 5.5, each line
corresponds to a nonlinear iteration.

5.2. Example 2. We set up our second example according to
Q=[-1,17 T=0.5, e=1077, and  f=(2,3)7, and o =0.1.

The source function f and the desired state y4 are computed by using the following analytical
solutions:

y(x,t) = 16sin(mt)x1 (1 — x1)z2(1 — 22)

(b5 (o) () )
p(z,t) =0, _

ug(x,t) = sin(nt) sin(%xl) sin(§x2),

u(z,t) = max (O,min (0.5, Ug — g)) .

The optimal state exhibits an interior layer depending on the diffusion parameter €. Also,
it involves a hump changing its height in the course of the time. Figure 5.6 indicates a high
density of vertices being distributed along the interior layer and the contact set. It again
demonstrates that the proposed error indicators work well.

The global L?(0,T'; L?(£2))-errors of the state, adjoint, and the control variables, obtained
using both approaches, are given in Figure 5.7. We here only present the results of the primal-
dual active set strategy on the uniform meshes for the state and adjoint since the results for
both approaches are quite similar.

The performance of the indicator obtained by the PDAS approach in each adaptive step is
displayed in Figure 5.8. Although the effectivity index is not close to one as in the previous
example, it does not oscillate after a few iterations. The right plot in Figure 5.8 and Table 5.2
show that the refinement process is dominated by the contribution of the state.
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FIG. 5.7. Example 5.2: The global errors of the state, adjoint, and control in the L?(0, T'; L?())-norm.
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FI1G. 5.8. Example 5.2: The convergence behavior for the a posteriori error estimate obtained by the PDAS
approach.

TABLE 5.2
Example 5.2: The contributions of each components of the error estimator obtained by the PDAS approach in

terms of percentage in each adaptive step.

1 2 3 4 5 6
ne | 1.342 2290 3434 3.825 3.634 3.538
n | 0.621 0476 0.247 0.100 0.027 0.013
n2 | 0.000 0.000 0.000 0.000 0.000 0.000
ns | 0262 0.528 1.004 1.282 1.349 1.393
ng | 0447 0577 0435 0.245 0.094 0.053
ns | 0.170 0359 0437 0.380 0.271 0.177
ne | 0.055 0.065 0.038 0.016 0.005 0.002
n7 | 0.166 0.163 0.091 0.038 0.011 0.005
ng | 62.59 4321 19.85 7.733 3.078 1.029
n9 | 0.001 0.001 0.001 0.001 0.001 0.000
no | 12.38 1493 1480 12.28 8.507 5.150
n11 | 0.235 0.186 2433 1.267 0.490 0.199
ni2 | 8.231 1748 3299 41.19 44.67 46.05
ms | 3.055 9.160 2122 30.15 3721 42.14
714 | 0.000 0.000 0.000 0.000 0.000 0.000
ns | 6.690 5914 3.024 1495 0.656 0.242
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6. Conclusions. We discuss optimal control problems governed by transient convection
diffusion equations, discretized by the symmetric interior penalty Galerkin (SIPG) method
in space and the backward Euler method in time. In order to handle control constraints,
we apply the primal-dual active set strategy and a Moreau- Yosida-based regularization. For
both approaches, we propose error estimators to guide the mesh refinement. Numerical
results show that a substantial amount of computational work can be saved by using efficient
adaptive meshes for both approaches. In addition, we observe that although an additional error
arises by the regularization of the box constraints, the Moreau-Yosida technique captures the
errors of the control better than the PDAS strategy for both numerical examples. However,
this observation requires a careful theoretical investigation. In this work we have tried to
understand the behavior of the a posteriori error estimate in connection with a Moreau-Yosida
regularization by fixing the regularization parameter. The aim of balancing the errors arising
from the discretization and the Moreau- Yosida regularization can be carried out combining
techniques from [24] and [50]. Further, instead of a fixed time, the adaptivity both in time and
space will be addressed in future work for transient optimal control problems with suitable
computation techniques.

Acknowledgments. The authors would like to express their sincere thanks to the referees
for their most valuable suggestions.
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