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AN ALGORITHM FOR THE NUMERICAL SOLUTION OF DIFFERENTIAL
EQUATIONS OF FRACTIONAL ORDER*

KAl DIETHELM!

Abstract. Differential equationsinvolving derivatives of non-integer order have shown to be adegquate models
for various physical phenomenain areas like damping laws, diffusion processes, etc. A small number of algorithms
for the numerical solution of these equations has been suggested, but mainly without any error estimates. In this
paper, we propose an implicit algorithm for the approximate solution of an important class of these equations. The
agorithmis based on a quadrature formulaapproach. Error estimates and numerical examplesare given.
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1. Introduction and Main Results.

1.1. The differential equation. In this paper, we discuss a numerical method for the
solution of the fractiona differential equation

(1.2) (D[z — zq]) (t) = Ba(t) + f(t), 0<t<1,
(1.2) z(0) = o,

where 0 < ¢ < 1, f isagiven function on theinterva [0, 1], 8 < 0, and « is the unknown
function. Here, D?x denotes the Riemann-Liouville fractional derivative of order ¢ of the
function x, defined by [6]

g __ 1 d / boa(w)
(1.3) (Diz)(t) := FA—gdl Jo (—uy du.
Following the common practice in the theory of these differentia equations [1], we have
incorporated the initial condition (1.2) into the differential equation (1.1).

Existence and uniqueness of the solution have been shown in [5]. Since the complete
initial value problem may easily be transformed to an arbitrary interval, our choice of the
interval [0, 1] does not mean an essential restriction.

For ¢ = 1/2, such an equation describes, e. g., the behaviour of a damping model
in mechanics [4] where x denotes the displacement, 3 = —1/¢ (£ is the viscosity), and
f(t) = IN(t)/(EAE). Here, listhelength of theobject under consideration, A isitsvolume,
F isYoung'smodulus, and N (¢) the externa force.

From[6, pp. 201ff.], we may see that equation (1.1) can also be used to describe diffusion
processes. Other applications are in aress like electromagnetics, e ectrochemistry, material
science, the theory of ultra-slow processes, and specid functions, see [1] and the references
cited therein.

1.2. Theapproximation method. A numerical method for the solution of this equation
has been proposed in [1]. The method is based on collocation using spline functions, but no
error analysisis given.
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Our agorithm is based on the observation [3] that we may interchange differentiation
and integration in (1.3) to obtain

(1.4) (D')(1) = = (fq) /0 q f(;))q du,

where now the integral must be interpreted as a Hadamard finite-part integral. Then, for

agiven n, we introduce an equispaced grid¢; = j/n on the interval where the solution of
eg. (1.1) issought. Discretizing withthisgridand applying (1.4), weobtainforj = 1,2,...,n

)+ 0(t) = s [ R

0 Jo - ur
G ety = tjw) — 2(0) y
- r(—Q)/o witt e

Now, for every j, we replace theintegral by afirst-degree compound quadrature formulawith
the equispaced nodes 0, 1/5,2/5, ..., 1,

J 1
Q;lg] = Zakjg(k/j) %/ g(w)u= 7" tdu
k=0 0
with remainder term

1
mm:AMWN*w—@m

as proposed in [2]. Since the quadrature formula uses both end points of the integration
interval as nodes, we obtain an implicit scheme. Explicit expressionsfor the weights «,; are
giveninLemma 2.1 below.

Ignoring thequadratureerror, wemay solvethe resulting equation for thevalues z; which
will be our approximationsfor z(¢;) ( = 1,2,...,n). We obtain the following formulas:

,_ 1 N sy =S ane oy — L
(1.5) rj = Oéoj—(j/n)qr(—q)ﬁ ((n) r( Q)f(t]) kZ::l kjli—k q 0)'

Here, it is evident that, in contrast to the usual integration methods for differential equations
with integer-order derivatives, we cannot say that the method is an m-step method for a
certain fixed m (i. e. that the approximation «; can be determined solely on the basis of
the m previous approximations #;_,,, £ —m+1, - - -£;—1). Instead, we observe that every x;
depends on all the previous values zq, 1, ..., zj_1. This reflects the fact that, unlike the
classical derivatives of integer order, fractional differential operators are not local operators
(i. e. we cannot determine (D%g)(z) using only values of ¢ in a neighbourhood of z). Of
course, this also means that our error analysis needs different methods compared to the error
analysisin the classical case.

Our main results are the following local and global error bounds.

THEOREM 1.1. Assuming that the functionsinvolved are sufficiently smooth, there exists
a congtant A depending on ¢ and « (and therefore on f and 3) such that the error of the
approximation method described above is bounded by

|x(tj)—xj|§/\jqn_2, j=01...n.
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COROLLARY 1.2. If the functionsinvolved are sufficiently smooth, we have the following
global error estimate for the approximation method described above:
_max [a(t;) — ;] = O(n"7?).
]:0,1,...,77,
The proof will begivenin § 2. The scheme has been tested on some numerical examples.

Theresultsare reportedin § 3.
It iseasily seen that the algorithm may be generalized to handle equations of the form

(D7 = wa]) (1) = B(t)x(t) + f(1)

with non-constant 5. It may aso be combined with an explicit scheme to form a predictor-
corrector method for the more general nonlinear equation

(D[ — o) () = g(t, x(1)).

However, since the equation stated in (1.1) seems to be the most important case as far as
applications are concerned, we shall not go into details about these two generalizations here.

2. Proofs.

2.1. Preliminaries. Before we come to the proofs of the main results, we state some
auxiliary lemmas.
LEMMA 2.1. For theweights «r; of the quadratureformula @);, 7 > 1, we have

-1 for k=0,
q(1—q)j Yoy, = 2k — (k=D — (k+ 1)t fork=1,2...,j-1,
(q— Dk 7 — (k-1 44+ k7 fork=j.

Proof. This follows after a simple calculation from the definition of the quadrature
formula O
The following result is taken directly from [2, Theorem 2.3 and the remark followingits
proof].
LEMMA 2.2. Let ¢ € (0, 1).
(i) There existsaconstanty, > 0 such that, for every f € C?[0, 1],

1
/0 FO =t — Q1| < 702

(i) If f isconvex, then

1
/0 For~tdt < Q1)

Upper and lower boundsfor +, can aso befound in[2, Theorem 2.3].
LEMMA 2.3. For 0 < ¢ < 1, let the sequence (d; ) be given by d; = 1 and

j—1
d]:1+q(l_Q)j_ank]d]—ka j:2a3a"'a
k=1

where o5 isasin Lemma 2.1. Then,
sinmq

1<d; < ———
- ]_ﬂ'q(l—q)

4, j=1,23,....
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Remark 1. This lemma also holdsin the limit cases ¢ = 0 and ¢ = 1, for then the
recurrence relation reducesto d; = 1and d; = 1+ d;_1, respectively, which immediately
impliesd; = 1ord; = j.

Remark 2. A short calculation yieldsthat 1 < (sinwq)/(7mq(1 — ¢)) < 4/x for every

€(0,1).

Proof. The inequality 1 < d; isan easy consequence of the fact that «,; > Ofor k > 1
(cf. Lemma 2.1).

We prove the upper bound for d; by induction. Since

sinmq
= >1=d,,
mq(l—q) ~ '
theinductionbasis (j = 1) is presupposed.
For the induction step, we define afunction ¢(z) = (1 — «)?. Obvioudly, ¢”(z) < 0.
Therefore, by Lemma 2.2 (ii), we have for every j

j+1
>k jpa0(k/(G+ 1) = Qj1ald] /(b 4Lt

k=0

=M(=*) (1) =T(-9)l (¢ +1) = -

sinwq’

Using thisresult and the fact that «v;,; > Ofor & > 1, weobtain

diy1=1+q(1—q)(G+1)" Zaky+ldy+l k

k=1
. j+1 . q
sinmg j—i—l—k)
<1+ o ; —_—
<14 5 s (g
sinmyq
=1+ (Qj+1[¢] — 20, 416(0))
Slnﬂ'q sinmq .
<- @0,j+190(0) = ——(j + 1)*.
T Jj+ ( ) ﬂ_q(l_q)( )

2.2. Proof of Theorem 1.1. We are now in a position to prove the main theorem.

First of all, we note that we can actually evaluate the formula (1.5) because the denom-
inator avg; — (j/n)1l (—¢)F cannot vanish due to the fact that «vg; < 0 (cf. Lemma 2.1) and
our assumption 7 < 0. Thisimpliesthat the denominator is strictly negative.

Next, werecall that, for afixed j € {1,2,...,n},

f(t) + Ba(ty) = rl(f q)/ 2t~ i) = 2(0),
t -9

= Fiogy (il + Rils]).

wherey; (t) = z(t; —t;t) — 2(0), and R; isthe quadrature error. Thus,

(1) f(t) +px(ty) q (Z apja —2(0)> ar+ R [%]) :

k=0
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By construction,

J 1 1
Say=Qit)= [ wrtau=—.
k=0 0 q

Using this, we solve (2.1) for x(¢;) to obtain

N 1 N = S a2
) = T (() IS WIS Rmm)

which, combined with (1.5),

= x(t:) — 2 = 1 —jak'l"k—l"k—"
€5 .= (t]) J Oéoj—(j/n)qr(—q)ﬁ ( kZ::l ]( (t]— ) J— ) R]W}]])

J
- (j/n)qr(—lfJ)ﬁ — agj (;akm_k T [%]) '
We now majorize thisrelation and find, using Lemmas 2.1 and 2.2 (i), that
1 J
lej] < I =07 = oo (;akﬂ%’—kl + IRJ'[%]I)

1 J
<L (St sl

.
0j \;=1

i
<q(l—q)j7* (Z apjlej -l +'yqjqn_2||$”||oo) :

k=1

Because of the initial condition, ¢g = 0, and therefore |e1] < ¢(1 — q)'yqn_z'Hx”Hoo. Let
us now define a new sequence (d;) by di = 1and d; = 1+ ¢(1— )~ S 21 okjdj s,
j=2,3,.... Then,

61 < (L= @ygn™ 3" ody,  G=12,...,n.
Thisisobviousfor j = 1,andfor j = 2,3, ..., n, it follows by asimple induction. Now, an
application of Lemma 2.3 yields our final result, viz.

sinmg _

//||

&1 <7 1"l d*n

3. Numerical Examples. We have tried out the agorithm on some examples. In this
final section, we report the results. All the calculations were performed in standard double-
precision arithmetic.

For the first example, we have chosen f(t) = 2+ 2t27¢/T(3 - ¢), 8 = —1, and the
initial condition(0) = 0. The exact solutionin thiscase isgiven by z(t) = ¢2. For various
choices of ¢ € (0, 1), we have always obtained convergence orders close to O(n?~2). This
iswell in line with the prediction of Corollary 1.2. The resulting errors at ¢t = 1 and the
experimentally determined orders of convergence (“EOC") are shown in Table 3.1.
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TABLE 3.1
Resultsfor 8 = —1and f(t) = 2 + 2t>=9/T(3 - q).

qg=05 q=0.75 q=0.25
n | Erroratt =1 EOC | Erroratt =1 EOC | Erroratt =1 EOC
5 —0.02087 —0.05307 —0.00620
10 —0.00773 | —1.43 —0.02312 | —1.20 —0.00199 | —1.64
20 —0.00282 | —1.46 —0.00991 | —1.22 —0.00063 | —1.66
40 —0.00102 | —1.47 —0.00421 | —1.24 —0.00020 | —1.68

The second exampleis f(t) = 2coswt +t~(1F1(1; 1 — ¢; imt) + 1F1(1; 1 — ¢; —imt) —
2)/(2r(1 —q)), # = —2, and the initial condition #(0) = 1. The exact solution in this
case is given by z(¢) = coswt. Again, we have aways obtained convergence orders close
to O(n?=2) for different values of ¢ as expected according to Corollary 1.2. The results are
shown in Table 3.2.

TABLE 3.2
Resultsfor 8 = —2and f(¢) = 2coswt + ¢~ 4(1F1(1; 1 — g; imt) + 1F1(1;1 — g; —imt) — 2)/(2F (1 — g)).

qg=05 q=0.75 q=0.25
n | BErroratt =1 EOC | Erroratt =1 EOC | Erroratt =1 EOC
5 —0.03852 —0.08303 —0.01266
10 —-0.01572 | —-1.29 —0.03899 | —1.09 —0.00448 | —1.50
20 —0.00604 | —1.38 —0.01746 | —1.16 —0.00150 | —1.58
40 —0.00225 | —1.43 —-0.00761 | —1.20 —0.00048 | —1.63
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