ON A CONVERSE OF LAGUERRE’S THEOREM^∗

THOMAS CRAVEN AND GEORGE CSORDAS^†

Abstract. The problem of characterizing all real sequences fγ_k g^∞_k=_0 with the property that if p(x) = ∑_n k=0^{ak xk is any real polynomial, then} ∑_n k=0^{γk akxk has no more nonreal zeros than p(x), remains open.}

Recently, the authors solved this problem under the additional assumption that the sequences fγ_k g^∞_k=_0 , with the aforementioned property, can be interpolated by polynomials. The purpose of this paper is to extend this result to certain transcendental entire functions. In particular, the main result establishes a converse of a classical theorem of Laguerre for these transcendental entire functions.

Key words. LaguerreśPÂolya class, entire functions, zero distribution, multiplier sequences.

AMS subject classiőcations. 26C10, 30D15, 30D10.

1. Introduction. In the theory of distribution of zeros of polynomials, the following open problem is of central interest. Let D be a subset of the complex plane. Characterize the linear transformations, T , taking complex polynomials into complex polynomials such that if p is a polynomial (either arbitrary or restricted to a certain class of polynomials), then the polynomial T [p] has at least as many zeros in D as p has zeros in D. There is an analogous problem for transcendental entire functions. For special linear transformations, a complete characterization is given in [3] for the case when D is a convex region containing the origin. (For related questions and results see, for example, [2], [7, Ch. 2, Ch. 4], [8], [9, Ch. 7], [12, Ch. 3ś5] and [14, Ch. 1ś2].) In the classical setting (D = IR) the problem (solved by PÂolya and Schur [17]) is to characterize all real sequences T = {γ_k}^∞_{k=0}, γ_k ∈ IR, such that if a real polynomial p(x) = ∑_n k=0 a_kx^k has only real zeros, then the polynomial

T [p(x)] = T [_n ∑ k=0 a_kx^k ] := n∑ k=0 γ_ka_kx^k, (1.1)

also has only real zeros (see (2.2) and (2.3) below). The purpose of this paper is to continue our investigationin [5] of the followingmore general problem. Characterize all real sequences T = {γ_k}^∞_{k=0}, γ_k ∈ IR, such that if p(x) is any real polynomial, then Z_c(T [p(x)]) ≤ Z_c(p(x)), (1.2)

where Z_c(p(x)) denotes the number of nonreal zeros of p(x), counting multiplicities. In order to facilitate the description of our results, in Section 2 we őrst recall some deőnitions and terminology, and review some facts that will be needed in the sequel. The new results (Theorem 3.6, Theorem 3.9 and Theorem 3.10), which establish a converse of Laguerre’s theorem for certain transcendental entire functions, are proved in Section 3. The techniques used in the proofs hinge on the properties of multiplier sequences (Deőnition 2.2), λ-sequences (Deőnition 2.8) and Schoenberg’s celebrated theorem (see Theorem 3.3) on the representation of the reciprocal of functions in the Laguerre-PÂolya class (Deőnition 2.1).

2. Background information and a review of previous results. Functions in the Laguerre-PÂolya class are deőned as follows.

∗ Received February 21, 1997. Accepted for publication April 5, 1997. Communicated by R. S. Varga. † Department of Mathematics, University of Hawaii, Honolulu, HI 96822 (U.S.A.), (tom@math.hawaii.edu) (george@math.hawaii.edu) 7

8 On a Converse of Laguerre’s Theorem

DEFINITION 2.1. A real entire function ϕ(x) := ∑_∞ k=0 γ_k k! x^k is said to be in the Laguerre- PÂolya class, denoted ϕ(x) ∈ L − P, if ϕ(x) can be expressed in the form ϕ(x) = cx^ne^{−αx2+βx} ∞∏ k=1 ( 1 + x x_k ) e^{− xxk} , (2.1)

where c, β, x_k ∈ IR, c, x_k ≠ 0, α ≥ 0, n is a nonnegative integer and ∑_∞ k=1 1/x^2_k < ∞. If −∞ ≤ a < b ≤ ∞ and if ϕ(x) ∈ L − P has all its zeros in (a, b) (or [a, b]), then we will use the notation ϕ ∈ L − P(a, b) (or ϕ ∈ L − P[a, b]). If γ_k ≥ 0 (or (−1)^kγ_k ≥ 0 or −γ_k ≥ 0) for all k = 0, 1, 2 . . ., then ϕ ∈ L − P is said to be of type I in the Laguerre-PÂolya class, and we will write ϕ ∈ L − PI. We will also write ϕ ∈ L − PI^+, if ϕ ∈ L − PI and if γ_k ≥ 0 for all k = 0, 1, 2 . . ..

In order to clarify the terminology above, we remark that if ϕ ∈ L − PI, then ϕ ∈ L − P(−∞, 0] or ϕ ∈ L − P[0, ∞), but that an entire function in L − P(−∞, 0] need not belong to L − PI. Indeed, if ϕ(x) =^1_{Γ(x)} , where Γ(x) denotes the gamma function, then ϕ(x) ∈ L − P(−∞, 0], but ϕ(x) ∉ L − PI. This can be seen, for example, by noting that functions in L − PI are of exponential type, whereas^1_{Γ(x)} is an entire function of order one of maximal type (see [1, p. 8] or [11, Chapter 2] for the deőnition of the łtypež of an entire function). Also, it is easy to see that L − PI^+ = L − PI(−∞, 0].

DEFINITION 2.2. A sequence T = {γ_k}^∞_{k=0} of real numbers is called a multipliersequence if, whenever the real polynomial p(x) = ∑_n k=0 a_kx^k has only real zeros, the polynomial T [p(x)] = ∑_n k=0 γ_ka_kx^k also has only real zeros.

The following are well-known characterizations of multiplier sequences (cf. [17], [16, pp. 100ś124] or [14, pp. 29ś47]). A sequence T = {γ_k}^∞_{k=0} is a multiplier sequence if and only if

ϕ(x) = T [e^x] := ∞∑ k=0 γ_k k! x^k ∈ L − PI. (2.2)

Moreover, the algebraic characterization of multiplier sequences asserts that a sequence T = {γ_k}^∞_{k=0} is a multiplier sequence if and only if

g_n(x) := n∑ j=0 ( n j ) γ_j x^j ∈ L − PI for all n = 1, 2, 3 . . ..

(2.3)

DEFINITION 2.3. We say that a sequence {γ_k}^∞_{k=0} is a complex zero decreasing sequence (CZDS), if Z_c (_n ∑ k=0 γ_ka_kx^k ) ≤ Z_c (_n ∑ k=0 a_kx^k ) , (2.4)

for any real polynomial ∑_n k=0 a_kx^k. (The acronym CZDS will also be used in the plural.)

Now it follows from (2.4) that any complex zero decreasing sequence is also a multiplier sequence. If T = {γ_k}^∞_{k=0} is a sequence of nonzero real numbers, then inequality (2.4) is equivalent to the statement that for any polynomial p(x) = ∑_n k=0 a_kx^k, T [p] has at least as many real zeros as p has. There are, however, CZDS which have zero terms (cf. [5, Section 3]) and consequently it may happen that deg T [p] < deg p. When counting the real zeros of p, the number generally increases with the application of T , but may in fact decrease due to a decrease in the degree of the polynomial. For this reason, we count nonreal zeros rather than

Thomas Craven and George Csordas 9

real ones. The existence of a nontrivial CZDS is a consequence of the following theorem proved by Laguerre and extended by PÂolya (see PÂolya [15] or [16, pp. 314-321]).

THEOREM 2.4. (Laguerre [14, Satz 3.2]) 1. Let f(x) = ∑_n k=0 a_kx^k be an arbitrary real polynomial of degree n and let h(x) be a polynomial with only real zeros, none of which lie in the interval (0, n). Then Z_c( ∑_n k=0 h(k)a_kx^k) ≤ Z_c(f(x)).

2. Let f(x) = ∑_n k=0 a_kx^k be an arbitrary real polynomial of degree n, let ϕ ∈ L − P and suppose that none of the zeros of ϕ lie in the interval (0, n). Then the inequality Z_c( ∑_n k=0 ϕ(k)a_kx^k) ≤ Z_c(f(x)) holds.

3. Let ϕ ∈ L − P(−∞, 0], then the sequence {ϕ(k)}^∞_{k=0} is a complex zero decreasing sequence.

REMARK 2.5. (a) We remark that part (2) of Theorem 2.4 follows from (1) by a limiting argument. (b) For several analogues and extensions of Theorem 2.4, we refer the reader to S. Karlin [9, pp. 379ś383], M. Marden [12, pp. 60ś74], N. Obreschkoff [14, pp. 6ś8, 42ś47] and L. Weisner [20].

One of the key results in [5] is the following converse of Laguerre’s theorem in the case when ϕ (see part (3) of Theorem 2.4 above) is a polynomial.

THEOREM 2.6. ([5, Theorem 2.13]) Let h(x) be a real polynomial. The sequence T = {h(k)}^∞_{k=0} is a complex zero decreasing sequence (CZDS) if and only if either 1. h(0) ≠ 0 and all the zeros of h are real and negative, or 2. h(0) = 0 and the polynomial h(x) has the form

h(x) = x(x − 1)(x − 2) · · · (x − m + 1) p∏ i=1 (x − b_i), (2.5)

where m is a positive integer and b_i < m for each i = 1, . . . , p.

Thus, Theorem 2.6 characterizes the class of all polynomials which interpolate CZDS. In contrast, the converse of Laguerre’s theorem fails, in general, for transcendental entire functions, as the following example shows.

EXAMPLE 2.7. Let p(x) be a polynomial in L − P(−∞, 0) (so that the sequence {p(k)}^∞_{k=0} is a CZDS). Then

ϕ_1(x) := 1 Γ(−x) + p(x) and ϕ_2(x) := sin(πx) + p(x)

are transcendental entire functions which interpolate the same sequence {p(k)}^∞_{k=0}, but these entire functions are not in L − P. Thus, in the transcendental case additional hypotheses are required in order that the converse of Laguerre’s theorem should hold.

Our main result (Theorem 3.10) shows that that the converse of Laguerre’s theorem is valid for (transcendental) entire functions of the form ϕ(x)p(x), where ϕ(x) ∈ L − PI^+ and p(x) is a real polynomial which has no nonreal zeros in the left half-plane.

A sequence {γ_k}^∞_{k=0} which can be interpolated by a function ϕ ∈ L − P(−∞, 0), that is, ϕ(k) = γ_k for k = 0, 1, 2 · · ·, will be called a Laguerre multiplier sequence or a Laguerre sequence. It follows from Theorem 2.4 that a Laguerre sequence is a CZDS, and in particular, a multiplier sequence. The reciprocals of Laguerre sequences are examples of sequences which are termed in the literature (cf. Iliev [7, Ch. 4] or Kostova [10]) as λ-sequences and are deőned as follows.

DEFINITION 2.8. A sequence of nonzero real numbers, Λ = {λ_k}^∞_{k=0}, is called a λ-

10 On a Converse of Laguerre’s Theorem

sequence, if

Λ[p(x)] = Λ [_n ∑ k=0 a_kx^k ] := n∑ k=0 λ_ka_kx^k > 0 for all x ∈ IR,

(2.6)

whenever p(x) = ∑_n k=0 a_kx^k > 0 for all x ∈ IR.

REMARK 2.9. (1) We remark that if Λ is a sequence of nonzero real numbers and if Λ[e^{−x}] is an entire function, then a necessary condition for Λ to be a λ-sequence, is that Λ[e^{−x}] ≥ 0 for all real x. (Indeed, if Λ[e^{−x}] < 0 for x = x_0, then continuity considerations show that there is a positive integer n such that Λ[(1 −^x_{2n} )^{2n} +^1_n ] < 0 for x = x_0.) (2) In [7, Ch. 4] (see also [10]) it was pointed out by Iliev that λ-sequences are precisely the positive deőnite sequences. (There are several known characterizations of positive deőnite sequences (see, for example, [13, Ch. 8] and [19, Ch. 3]).)

The importance of λ-sequences in our investigation stems from the fact that a necessary condition for a sequence T = {γ_k}^∞_{k=0}, γ_k > 0, to be a CZDS is that the sequence of reciprocals Λ = {^1_{γk} }^∞_{k=0} be a λ-sequence. Thus, for example, the reciprocal of a Laguerre multiplier sequence is a λ-sequence. On the other hand, there are multiplier sequences whose reciprocals are not λ-sequences. For example, in [5, Example 1.8] we have demonstrated that the sequence T := {1 + k + k^2}^∞_{k=0} is a multiplier sequence, but that the sequence of reciprocals, {^1_{1+k+k2} }^∞_{k=0} is not a λ-sequence.

3. A converse of Laguerre’s theorem for transcendental entire functions. It follows from Example 2.7 that Theorem 2.6 does not hold, in general, for transcendental entire functions. Here we will restrict our attention to entire functions of the form ϕ(x)p(x), where ϕ(x) ∈ L − PI^+ and p(x) is a real polynomial. Our goal is to show that if p(x) has no nonreal zeros in the left half-plane ℜz < 0, then the sequence T = {p(k)ϕ(k)}^∞_{k=0} is a CZDS if and only if p(x) has only real negative zeros. To this end, we will state and prove several preliminary results.

PROPOSITION 3.1. Let β ∈ IR and let p(x) be a real polynomial. If p(0) ≠ 0, then the sequence {p(k)e^{βk}}^∞_{k=0} is a CZDS if and only if p(x) has only real negative zeros.

Proof. If p(x) has only real negative zeros, then T = {p(k)e^{βk}}^∞_{k=0} is a CZDS by Laguerre’s theorem (see part (3) of Theorem 2.4). To prove the converse, we őrst note that if {a_k}^∞_{k=0} and {b_k}^∞_{k=0} (a_k, b_k > 0) are two CZDS, then their Hadamard product, that is {a_kb_k}^∞_{k=0}, is also a CZDS. Since {e^{−βk}}^∞_{k=0} is a CZDS and {p(k)e^{βk}}^∞_{k=0} is a CZDS by assumption, it follows that the sequence {p(k)}^∞_{k=0} is a CZDS. Therefore, by part (1) of Theorem 2.6, p(x) has only real negative zeros.

In order to work with arbitrary functions in L − PI, we require some additional background information. In particular, in the proofs we will appeal to Schoenberg’s theorem (Theorem 3.3) on the representation of the reciprocal of a function ϕ ∈ L − PI in terms of PÂolya frequency functions. These functions are deőned as follows.

DEFINITION 3.2. A function K : IR → IR is a frequency function if it is a nonnegative measurable function such that 0 < ∫_∞ −∞ K(s) ds < ∞. A frequency function K is said to be a PÂolya frequency function if it satisőes the following condition. For every two sets of increasing real numbers s_1 < s_2 < . . . < s_n and t_1 < t_2 <

Thomas Craven and George Csordas 11

. . . < t_n (n = 1, 2, 3, . . .), the determinantal inequality | | | | | | |

K(s_1 − t_1) K(s_1 − t_2) . . . K(s_1 − t_n) K(s_2 − t_1) K(s_2 − t_2) . . . K(s_2 − t_n) . . . K(s_n − t_1) K(s_n − t_2) . . . K(s_n − t_n)

| | | | | | | ≥ 0

holds.

THEOREM 3.3. (Schoenberg [18, p. 354]) Suppose that ϕ(x) ∈ L − PI, ϕ(x) > 0 if x > 0, where ϕ(x) is not of the form ce^{βx}. Then the reciprocal of ϕ can be represented in the form 1 ϕ(z) = ∫_∞ 0 e^{−sz}K(s) ds, ℜz > 0, where K(s) is a PÂolya frequency function such that K(s) = 0 if s < 0 and the integral

converges up to the őrst pole of 1 ϕ(z) . Conversely, suppose that K(s) is a PÂolya frequency

function such that K(s) = 0 for s < 0 and the integral converges for ℜz > 0. Then this integral represents, in the half-plane ℜz > 0, the reciprocal of a function ϕ(x) ∈ L − PI, where ϕ(x) is not of the form ce^{βx}.

For the reader’s convenience, we also include here some information concerning the asymptotic behavior of PÂolya frequency functions.

THEOREM 3.4. ([6, p. 31 and p. 108]) Suppose that ϕ(x) ∈ L − PI with ϕ(x) > 0 if x > 0, where ϕ(x) is not of the form ce^{βx}. Let K(s) denote the PÂolya frequency function corresponding to ϕ. Then K(s) = e^{−|x1|s}q(s) + O(e^{−|r|s}) (s → ∞), where x_1 is the largest (negative) zero of ϕ(x), q(s) is a real polynomial and |r| > |x_1|.

REMARK 3.5. In [18, p. 358], Schoenberg has also established results pertaining to the continuity properties of the PÂolya frequency kernels. In particular, Schoenberg has shown that if ϕ(x) ∈ L − PI (ϕ(0) ≠ 0) has n ≥ 2 nonzero roots, then the corresponding PÂolya frequency function K(s) is in C^{n−2}(IR). If n = 1, then K(s) is discontinuous and K(s) is essentially of the form K(s) = e^{−s} if s ≥ 0 and K(s) = 0 if s < 0.

THEOREM 3.6. Let ϕ(x) ∈ L − PI^+ where ϕ(x) is not of the form ce^{βx}, c, β ∈ IR. Let p(x) be a polynomial having only real zeros, and suppose that ϕ(0)p(0) = 1. Then the sequence T = {ϕ(k)p(k)}^∞_{k=0} is a CZDS if and only if p has only real negative zeros.

Proof. If p(x) has only real negative zeros, then ϕ(x)p(x) ∈ L − PI and T is a CZDS by Laguerre’s theorem. Conversely, suppose that T is a CZDS. Assume that p(x) has a positive zero; we shall show that this leads to a contradiction. We may assume, without loss of generality, that p(x) has onlypositive zeros as the negative ones can be included in ϕ(x). Since T is a CZDS, it is, in particular, a multipliersequence. By [4, Theorem 3.4], the sequence must either be of one sign or alternate in signs. Since we have ϕ(0)p(0) = 1 and ϕ(x)p(x) has only őnitely many positive zeros, it follows that ϕ(k)p(k) > 0 for k = 0, 1, 2, . . .. In particular, no nonnegative integer can be a zero of ϕ(x)p(x). Let r_1, r_2, . . . , r_n denote the zeros of p(x). The argument below together with continuity considerations will show that we may assume that all of the zeros of p(x) are simple and so we can write 0 < r_1 < r_2 < . . . < r_n. We may also assume that the largest zero, r_n, lies in an interval of the form (2m, 2m + 1) for some integer m ≥ 0; this follows from the fact that if T is a CZDS, then so is the shifted sequence

12 On a Converse of Laguerre’s Theorem

{ϕ(k)p(k)}^∞_{k=1} = {ϕ(k + 1)p(k + 1)}^∞_{k=0}. Since the zeros of p(x) are simple, the partial fraction decomposition of 1 p(x) is of the form 1 p(x) = 1 ∏_n j=1(x − r_j) = n∑ j=1 A_j x − r_j , (3.1)

where A_j = ∏ i≠j 1 r_j −r_i . Note, in particular, that An > 0 since rn > ri for i < n. Now

since T is a CZDS, the sequence {^1_{ϕ(k)p(k)} }^∞_{k=0} is a λ-sequence and so the application of this sequence to the positive function e^{−x} must give (see Remark 2.9(1))

F (x) = ∞∑ k=0 (−1)^kx^k k!ϕ(k)p(k) ≥ 0 for all x ∈ IR. Since ϕ(x) is not of the form ce^{βx}, we may invoke Schoenberg’s theorem (Theorem 3.3) and consequently we can write

F (x) = ∞∑ k=0 (−1)^kx^k k!p(k) ∫_∞ 0 K(s)e^{−ks} ds, (3.2)

where K(s) is a PÂolya frequency function such that K(s) = 0 for s < 0. Now, by the uniform convergence of the power series ∑_∞ k=0 (−1)^kx^k k!p(k) (on compact subsets of IC), we may

interchange the summation with the integration, to obtain

F (x) = ∫_∞ 0 K(s) ∞∑ k=0 (−1)^k(xe^{−s})^k k!p(k) ds = ∑_n j=1 A_j ∫_∞ 0 K(s) (_∞ ∑ k=0 (−1)^k(xe^{−s})^k k!(k − r_j ) ) ds = ∑_n j=1 A_j ∫_∞ 0 K(s) γ(−r_j , xe^{−s}) x^{−rj} e^{rj s} ds, where we have used (3.1) and where γ(α, x) = ∞∑ k=0 (−1)^kx^{k+α} k!(k + α) , for x > 0 and α ∈ IC \ {0, −1, −2, . . .} is a representation (via analytic continuation) of the incomplete gamma function. For ℜα > 0 and x > 0, the incomplete gamma function is also deőned by γ(α, x) = Γ(α) − Γ(α, x), where Γ(α, x) = ∫_∞ x e^{−t}t^{α−1} dt. Since all r_j > 0 and r_j /∈ ZZ, we can express F (x), for x > 0, in the form

F (x) = ∑_n j=1 A_j ∫_∞ 0 K(s) [ Γ(−r_j ) − Γ(−r_j , xe^{−s}) x^{−rj} e^{rj s} ] ds = F_1(x) − F_2(x),

(3.3)

where

F_1(x) = n∑ j=1 A_jx^{rj} Γ(−r_j ) ∫_∞ 0 K(s)e^{−rj s} ds (3.4)

Thomas Craven and George Csordas 13 and F_2(x) = n∑ j=1 A_j x^{rj} ∫_∞ 0 K(s)e^{−rj s} (∫_∞ xe�s e^{−t}t^{−rj −1} dt ) ds. (3.5)

We will next show that F_2(x) → 0 as x → ∞. Now, the change of variables t = ue^{−s} in (3.5) gives x^{rj} e^{−rj s} ∫_∞ xe�s e^{−t}t^{−rj −1} dt = x^{rj} ∫_∞ x e^{−ue} �s u^{−rj −1} du ≤ e^{−xe} �s x^{rj} ∫_∞ x u^{−rj −1} du =^e �xe�^s r_j . (3.6)

Inequality (3.6) yields the estimate |F_2(x)| ≤ n∑ j=1 |A_j| r_j ∫_∞ 0 e^{−xe} �s K(s) ds ≤ n∑ j=1 |A_j| r_j ∫_∞ 0 K(s) ds, (3.7)

and so, using (3.7) and the dominated convergence theorem, we conclude that F_2(x) → 0 as x → ∞. Therefore, by (3.3), (3.4) and (3.5) we can express F (x) in the form, as x → ∞,

F (x) = F_1(x) + o(1) = x^{rn} [ ∑_{n−1} j=1 A_j Γ(−r_j ) x^{rn}�^{rj} ∫_∞ 0 K(s)e^{−rj s} ds + A_nΓ(−r_n) ∫_∞ 0 K(s)e^{−rn s} ds ] +o(1). Since −r_n ∈ (−2m − 1, −2m) for some integer m ≥ 0 and since the real entire function 1/Γ(x) is negative on the interval (−2m − 1, −2m), it follows that F (x) → −∞ as x → ∞. Consequently, {^1_{ϕ(k)p(k)}}^∞_{k=0} is not a λ-sequence and so we have obtained the desired contradiction.

In the case of nonreal zeros, we need to őrst analyze the behavior of certain integrals involving PÂolya frequency functions. To this end, we next prove the following preparatory result.

LEMMA 3.7. Let α =^a_2 + iτ and τ = √_{4b−a2} 2 , where a < 0, b ∈ IR and 4b − a^2 > 0.

Suppose that ϕ(x) ∈ L − PI, where ϕ(x) > 0 if x > 0 and ϕ(x) is not of the form ce^{βx}. Let K(s) denote the PÂolya frequency function corresponding to ϕ. For s ≥ 0, x ≥ 1, set u(s, x, α) := e^{as/2}{ℑ[Γ(α)−Γ(α, xe^{−s})] cos(τ s)+ℜ[Γ(α)−Γ(α, xe^{−s})] sin(τ s)} (3.8)

and set

E(x) := ∫_∞ 0 K(s)e^{as/2}[cos(τ s)ℑ(Γ(α, xe^{−s})) + sin(τ s)ℜ(Γ(α, xe^{−s}))] ds. (3.9)

Then ∫_∞ 0 K(s)|u(s, x, α)| ds < ∞ (3.10) and lim_{x→∞} E(x) = 0.

(3.11)

14 On a Converse of Laguerre’s Theorem

Proof. We őrst note that since a < 0, we have the elementary inequality | | | | ∫_∞ 0 K(s)u(s, x, α) ds | | | | ≤ 2 ∫_∞ 0 K(s)e^{as/2}|Γ(α)| ds + 2 ∫_∞ 0 K(s)e^{as/2}|Γ(α, xe^{−s})| ds = 2^{|Γ(α)|} ϕ(|a|/2) + 2 ∫_∞ 0 K(s)e^{as/2}|Γ(α, xe^{−s})| ds. Since |E(x)| ≤ 2 ∫_∞ 0 K(s)e^{as/2}|Γ(α, xe^{−s})| ds, it will sufőce (for both (3.10) and (3.11)) to show that ∫_∞ 0 K(s)e^{as/2}|Γ(α, xe^{−s})| ds tends to zero as x → ∞. To this end, we consider the estimates ∫_∞ 0 K(s)e^{as/2}jΓ(α, xe^{−s})j ds = ∫_∞ 0 K(s)e^{as/2} | | | | ∫_∞ xe�s e^{−t}t^{α−1} dt | | | | ds ˇ^{∫ ∞}_0 K(s)e^{as/2 ∫ ∞}_{xe�s} e^{−t}t^{a/2−1} dt ds = ∫_∞ 0 K(s)e^{as/2} ∫_∞ x e^{−ue} �s u^{a/2−1} e^{−as/2}+^se^{−s} du ds ˇ^{∫ ∞}_0 K(s)^{∫ ∞}_x u^{a/2−1} du ds =^2_{|a|x}j_aj_{/2} ∫_∞ 0 K(s) ds,

(3.12)

where we have used the inequality e^{−ue} �s ≤ 1 for u > 0 and the assumption that a = −|a| < 0. Since K(s) is a PÂolya frequency function, 0 < ∫_∞ 0 K(s) ds < ∞, and hence by (3.12), both (3.10) and (3.11) follow.

PROPOSITION 3.8. Let α =^a_2 +iτ and τ = √_{4b−a2} 2 , where a < 0, b ∈ IR and 4b−a^2 > 0.

Suppose that ϕ(x) ∈ L − PI with ϕ(x) > 0 if x ≥ 0 and ϕ is not of the form ce^{βx}. Then the function F (x, a, b) = ∞∑ k=0 (−1)^kx^k k!(k^2 + ak + b)ϕ(k)

(3.13)

changes sign inőnitely often in the interval (0, ∞).

Proof. By assumption, ϕ satisőes the hypotheses of Theorem 3.3 and thus there is a PÂolya

frequency function K(s) such that 1 ϕ(x) = ∫_∞ 0 K(s)e^{−xs} ds, for x ≥ 0. (Note that since

ϕ(0) > 0, this representation of 1 ϕ(x) is valid for x = 0.) Using this representation of 1 ϕ(x) in (3.13), for x ≥ 1 we can express F (x, a, b) in the form

F (x, a, b) =^1_{Åα−α} ∑_∞ k=0 (−1)^kx^k k! ([ 1 k+α −^1_{k+ Åα} ] ∫ ∞ 0 K(s)e^{−ks} ds )

=^1_{Åα−α} ∫_∞ 0 K(s) (_∞ ∑ k=0 (−1)^k(xe^{−s})^k k! [ 1 k + α − 1 k + Åα ]) ds = −^1_τ ∫_∞ 0 K(s)ℑ ( γ(α, xe^{−s}) x^αe^{−αs} ) ds, (3.14)

Thomas Craven and George Csordas 15

where the interchanging of the integral with the summation is justiőed by the uniform convergence of the series in (3.13) and by (3.10) of Lemma 3.7. Now a calculation shows that for x ≥ 1,

ℑ ( γ(α, xe^{−s}) x^αe^{−αs} ) = e^{as/2} x^{a/2} ℑ ( [Γ(α) − Γ(α, xe^{−s})]e^{iτ(s−log x)} ) . (3.15)

Substituting (3.15) into (3.14), we obtain F (x, a, b) = − 1 τ x^{a/2} [I_1(x, a, b) + I_2(x, a, b)], (3.16)

where

I_1(x, a, b) = cos(τ log x) ∫_∞ 0 K(s)e^{as/2}{cos(τ s)ℑ[Γ(α) − Γ(α, xe^{−s})] + sin(τ s)ℜ[Γ(α) − Γ(α, xe^{−s})]} ds and I_2(x, a, b) = sin(τ log x) ∫_∞ 0 K(s)e^{as/2}{sin(τ s)ℑ[Γ(α) − Γ(α, xe^{−s})] − cos(τ s)ℜ[Γ(α) − Γ(α, xe^{−s})]} ds, where the existence of these integrals (for a < 0) follows from (3.10) of Lemma 3.7.

Next we set A = ℑΓ(α) ∫_∞ 0 K(s)e^{as/2} cos(τ s) ds + ℜΓ(α) ∫_∞ 0 K(s)e^{as/2} sin(τ s) ds and B = ℑΓ(α) ∫_∞ 0 K(s)e^{as/2} sin(τ s) ds − ℜΓ(α) ∫_∞ 0 K(s)e^{as/2} cos(τ s) ds and observe that iA − B ≠ 0. (3.17) Indeed, since α /∈ IR and ℜ(−α) = −^a_2 > 0, we have

0 ≠ Γ(α) ϕ(−α) = Γ(α) ∫_∞ 0 K(s)e^{−(−αs)} ds = ∫_∞ 0 K(s)e^{as/2}(Γ(α)e^{iτs}) ds = iA − B. Now suppose that A ≠ 0 and let {x_n}^∞_{n=1} be a sequence of positive numbers tending to inőnity such that cos(τ log x_n) = (−1)^n. Then sin(τ log x_n) = 0, and so by (3.16) we obtain F (x_n, a, b) = − 1 τ x^{a/2}_n I_1(x_n, a, b) = − (−1)^n τ x^{a/2}_n (A − E(x_n)), where E(x) is deőned by (3.9) in Lemma 3.7. Also since by Lemma 3.7, lim_{n→∞} E(x_n) = 0, and since A ≠ 0, we conclude that F (x, a, b) changes sign inőnitely often in the interval (0, ∞). If, on the other hand, A = 0, then by (3.17), B ≠ 0 and the above argument, mutatis mutandis, shows that the conclusion of the proposition remains valid in this case as well.

16 On a Converse of Laguerre’s Theorem

THEOREM 3.9. Suppose that ϕ(x) ∈ L − PI, ϕ(x) > 0 if x > 0, where ϕ(x) is not of the form ce^{βx}. Let p(x) be a real polynomial all of whose zeros lie in the right half-plane ℜz > 0. Let h(x) = p(x)ϕ(x). If the sequence T = {h(k)}^∞_{k=0} is a CZDS, then all the zeros of p(x) are real.

Proof. Assume the contrary so that h(x) may be expressed in the form h(x) = Äg(x)(x^2 +

ax + b)ϕ(x), where x^2 + ax + b = (x + α)(x + Åα) and α =^a_2 + iτ , τ = √_{4b−a2} 2 , 4b − a^2 > 0 and ℜα =^a_2 < 0. Then the polynomial Äg(x) gives rise to the entire function ∑_∞ k=0 Äg(k)(−1)^kx^k k! = g(x)e^{−x}, where g(x) is a polynomial. We next approximate the entire function g(x)e^{−x} by means of the polynomials q_n(x) = g(x) [( 1 −^x_{2n} )_{2n} + ϵ_n ] , where ϵ_n > 0 and lim_{n→∞} ϵ_n = 0 (see Remark 2.9(1)). We note, in particular, that q_n(x) has exactly the same real zeros as g(x) has. Moreover, as n → ∞, q_n(x) → g(x)e^{−x} uniformly on compact subsets of IC. If we set Λ = {^1_{h(k)} }^∞_{k=0}, then by Proposition 3.8, the function Λ[g(x)e^{−x}] = F (x, a, b) = ∞∑ k=0 (−1)^kx^k k!(k^2 + ak + b)ϕ(k)

has inőnitely many sign changes in the interval (0, ∞). Also, as n → ∞, f_n(x) := Λ[q_n(x)] converges to F (x, a, b) uniformly on compact subsets of IC. Thus, for all sufőciently large n, each of the approximating polynomials f_n(x) has more real zeros than g(x) has. Since T is a CZDS, Z_c([T [f_n(x)]) ≤ Z_c(f_n(x)), and since deg q_n = deg f_n consequently, for all n sufőciently large, the polynomial T [f_n(x)] = T [Λ[q_n(x)]] = q_n(x) has more real zeros than g(x) has. This is the desired contradiction.

THEOREM 3.10. Suppose that ϕ(x) ∈ L − PI, ϕ(x) > 0 if x > 0. Let p(x) be a real polynomial with no nonreal zeros in the left half-plane ℜz < 0. Suppose that p(0)ϕ(0) = 1 and set h(x) = p(x)ϕ(x). Then T = {h(k)}^∞_{k=0} is a CZDS if and only if p(x) has only real negative zeros.

Proof. If p(x) has only real negative zeros, the theorem follows from Laguerre’s theorem. Conversely, suppose T is a CZDS. We may assume, without loss of generality, that all the zeros of p(x) lie in the right half-plane; indeed, by the assumption, the zeros of p(x) in the left half-plane are all real and these may be incorporated into ϕ(x). The case where ϕ(x) is of the form ce^{βx} is covered by Proposition 3.1. Otherwise, Theorem 3.9 implies that p(x) has only real zeros and, by Theorem 3.6, p(x) can have only real negative zeros.

The corresponding problem when the nonreal zeros of p(x) lie in the left half-plane is still open. Note that the technique employed here was to show that the existence of nonreal zeros in the right half-plane implied that a certain reciprocal sequence was not a λ-sequence. This is no longer true if the nonreal zeros lie in the left half-plane. There are also speciőc examples which show that one does not get a CZDS in any generality. To wit, take {(k^2 + k + 1) cosh( √ k + m)}^∞_{k=0} and apply it to (x + 1)^6(x^2 + x/2 + 1/5). The resulting polynomial will have four nonreal zeros if m ≥ 4.

REFERENCES

[1] R. P. BOAS, JR., Entire Functions, Academic Press, New York, 1954.

[2] F. BRENTI, Unimodal, Log-concave and PÂolya Frequency Sequences in Combinatorics, Memoirs of the Amer.

Math Soc., 81, No. 413, Providence, RI, 1989.

[3] T. CRAVEN AND G. CSORDAS, On the Gauss-Lucas theorem and Jensen polynomials, Trans. Amer. Math. Soc., 278 (1983), pp. 415ś429.

[4] T. CRAVEN AND G. CSORDAS, Multiplier sequences for őelds, Illinois J. Math., 21 (1977), pp. 801ś817. [5] T. CRAVEN AND G. CSORDAS, Complex Zero Decreasing Sequences, Methods Appl. Anal. (to appear). [6] I. I. HIRSCHMAN AND D. V. WIDDER, The Convolution Transform, Princeton Univ. Press, Princeton, NJ, 1955.

Thomas Craven and George Csordas 17

[7] L. ILIEV, Laguerre Entire Functions, Pub. House of the Bulgarian Acad. Sci., Soőa, 1987. [8] A. ISERLES, S.P. NéRSETT AND E.B. SAFF, On transformations and zeros of polynomials, Rocky Mountain J.

Math., 21 (1991), pp. 331ś357.

[9] S. KARLIN, Total Positivity, vol. 1, Stanford Univ. Press, Stanford, CA, 1968. [10] M. D. KOSTOVA, ÈUber die λ-Folgen, C. R. Acad. Bulgare Sci., 36 (1983), pp. 23ś25. [11] B. JA. LEVIN, Distribution of Zeros of Entire Functions, Transl. Math. Mono., 5, Amer. Math. Soc., Providence, RI, 1964; revised ed. 1980.

[12] M. MARDEN, Geometry of Polynomials, Math. Surveys, no. 3, Amer. Math. Soc., Providence, RI, 2nd ed., 1966.

[13] I. P. NATANSON, Constructive Function Theory, Vol. II Approximation in Mean, (transl. by J. R. Schulenberger), Fredrick Ungar Pub. Co., New York, 1965.

[14] N. OBRESCHKOFF, Verteilung und Berechnung der Nullstellen reeller Polynome, VEB Deutscher Verlag der Wissenschaften, Berlin, 1963.

[15] G. P ÂOLYA, ÈUber einen satz von Laguerre, Jber. Deutsch. Math-Verein. 38 (1929), pp. 161ś168. [16] , Collected Papers, Vol. II Location of Zeros, (R. P. Boas, ed.), MIT Press, Cambridge, MA, 1974. [17] G. P ÂOLYA AND J. SCHURR, ÈUber zwei arten von faktorenfolgen in der theorie der algebraischen Gleichungen, J. Reine Angew. Math., 144 (1914), pp. 89ś113.

[18] I. J. SCHOENBERG, On PÂolya frequency functions I. The totally positive functions and their Laplace transforms, J. Anal. Math., 1 (1951), 331ś374.

[19] D. V. WIDDER, The Laplace Transform, Princeton Univ. Press, Princeton, 1941. [20] L. WEISNER, Roots of certain classes of polynomials, Bull. Amer Math. Soc., 48 (1942), pp. 283ś286.