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Abstract. The need to compute the trace of a large matrix that is not explicitly known, such as the matrix
exp(A), where A is a large symmetric matrix, arises in various applications including in network analysis. The
global Lanczos method is a block method that can be applied to compute an approximation of the trace. When the
block size is one, this method simplifies to the standard Lanczos method. It is known that for some matrix functions
and matrices, the extended Lanczos method, which uses subspaces with both positive and negative powers of A, can
give faster convergence than the standard Lanczos method, which uses subspaces with nonnegative powers of A only.
This suggests that it may be beneficial to use an extended global Lanczos method instead of the (standard) global
Lanczos method. This paper describes an extended global Lanczos method and discusses properties of the associated
Gauss-Laurent quadrature rules. Computed examples that illustrate the performance of the extended global Lanczos
method are presented.
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1. Introduction. Let A € R™*" be a large, symmetric matrix, and let V' € R™"** be a
block vector with 1 < s < n. We are interested in approximating expressions of the form

(1.1) Z(f) := trace(VT f(A)V),

where f is a function that is defined on the convex hull of the spectrum of A. The need
to evaluate bilinear forms (1.1) arises in various applications such as in network analysis
(when f(t) := exp(t) or f(t) := t%) [3, 9], machine learning [17], electronic structure
computation [2, 5, 19], and the solution of ill-posed problems [10, 11].

Bellalij et al. [3] observed that the right-hand side of (1.1) can be expressed as a Stieltjes
integral as follows. Introduce the spectral factorization

(1.2) A=UANUT, A = diag[\, ..., A,

where A1, ..., A, denote the eigenvalues of A and the matrix U € R"™*" of eigenvectors is
orthogonal. Substituting the spectral factorization (1.2) into the expression (1.1) and setting
V =UTV gives

n

(13) () = twace(V F(AWV) = Y- fO)nace(TIT) = [ F(A)da()

i=1

where «(\) is a nondecreasing real-valued piecewise constant distribution function with
possible discontinuities at the eigenvalues \; of A; da()) is the associated measure.
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Consider the global Krylov subspace
(1.4) K7 (A, V) =span{V,AV,..., A" 'V} = {p(A)V : p € I, 1},

where II,,,_1 denotes the set of polynomials of degree at most m — 1. We tacitly assume
here that the block vectors V, AV, ..., A~V are linearly independent. This is the generic
situation. An application of m steps of the global Lanczos method to A with initial block
vector V' then determines the decomposition

(15) AVm = Vm(Tm & Is) + Bm+1vm+1E37;,

where the n x s block columns of the matrix V,,, = [V4,...,V,,] € R™*™* form an F-
orthonormal basis for the global Krylov subspace (1.4), the initial block vector V; is propor-
tional to V, and we assume that ms < n. The block columns Vi, ..., V,, 1 are said to be
F-orthonormal if

1 j=k

(1.6) (Vi Vi) = trace(V} Vi) = {o ik
The inner product (-, -)  is associated with the Frobenius norm; we have || M ||z := (M, M )}/ 2
for any matrix M. Moreover, the matrix 7, € R™*" in (1.5) is symmetric and tridiagonal,
I; € R**5 denotes the identity matrix, 5,,+1 > 0, and E,, € R™*® is the mth block axis
vector, i.e., E,, is made up of the columns (m — 1)s + 1,...,ms of I,,. The superscript ©
denotes transposition, and ® stands for the Kronecker product. We refer to [8, 15] for deriva-
tions of the global Lanczos decomposition (1.5). When the matrix A is large, the dominating
cost of computing the decomposition (1.5) is the evaluation of m — 1 matrix-block-vector
products with the matrix A.
It is attractive to approximate the expression (1.1) by

(1.7) Gm(f) == |VIITel f(Tin)er,

because this approximation can be interpreted as an m-point Gauss quadrature rule for the
Stieltjes integral (1.3). We have

(1.8) Z(p) = Gm(p)  Vp €llzm_1;

see Bellalij et al. [3] for details. The right-hand side of (1.7) can be written as a sum of m
terms by a substitution of the spectral factorization of 7},,. This substitution shows that the
Gaussian nodes are the eigenvalues of T},, and the Gaussian weights are the squares of the
first component of the normalized eigenvectors times the square Frobenius norm of V'; see [3]
for details. We remark that the main reason for using the approximation (1.7) of (1.1) is
that it obviates the need to evaluate f(A), which may be prohibitively expensive when A is
large. Instead, only the evaluation of f(7,,), where T, typically is a fairly small matrix, is
required. Numerical methods for the accurate evaluation of f for a small matrix are described
by Higham [13].

In the context of approximating expressions of the form f(A)b for some vector b € R™,
Druskin, Knizhnerman, and Simoncini [7, 16] have shown that it may be possible to approxi-
mate such an expression more accurately when using an approximant from an extended Krylov
subspace

K™+ mTL(A ) = span{A~™b,..., A"1b,b, Ab,. .., A™b}
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than when using an approximant in the standard Krylov subspace
K*™ 1A, b) = span{b, Ab, ..., A*™b}

of the same dimension 2m + 1. We are interested in exploring whether approximations of
(1.1) from an extended global Krylov subspace

KrHLmtL (A V) = span{V, A1V, AV, .., A=V, A"V}

={q(A)V, g = p1/p2, p1,p2 € I, }

give a higher accuracy than an approximant from the standard global Krylov subspace
K2"+1(A, V) of the same dimension.

A possible drawback of the extended global Lanczos method is that the generation of
an F'-orthonormal basis for the subspace (1.9) requires the solution of m linear systems of
equations with the matrix A and right-hand sides that are block vectors; see Algorithm 1 for
details. When the matrix A is positive definite and banded with a small bandwidth or when
the systems of equations can be solved efficiently by a multigrid method, the generation of an
orthonormal basis for the subspace (1.9) may not be much more demanding than computing
an [-orthonormal basis for the (standard) global Krylov subspace KgmH(A, V') with the
(standard) global Lanczos method; the latter method does not require the solution of linear
systems of equations with the matrix A; see [3, 8, 15]. We illustrate in Section 4 that the
extended global Lanczos method may give approximations of (1.1) of higher accuracy than the
(standard) global Lanczos method when these methods use subspaces of the same dimension.

This paper is organized as follows. Section 2 introduces the extended global Lanczos
process. The orthonormal basis generated by this method is expressed with the aid of or-
thonormal Laurent polynomials. Section 3 describes the application of the extended global
Lanczos process to the approximation of matrix functions (1.1). We also discuss the analogue
of property (1.8) for the approximation by Laurent polynomials. Section 4 presents a few
numerical experiments that illustrate the quality of the computed approximations of (1.1).
Concluding remarks can be found in Section 5.

1.9)

2. The extended global Lanczos method. We describe the extended global Lanczos
method for generating an orthonormal basis for the extended global Krylov subspace (1.9).
We assume that the symmetric matrix A € R™*" and the block vector V' € R"*¢ are such
that the subspace (1.9) is of full dimension 2m + 1. The extended global Lanczos method
uses short recursion relations for generating an orthonormal basis for (1.9). The existence
of short recursion relations follows from the fact that orthogonal Laurent polynomials with
respect to an inner product determined by a nonnegative measure with support on (part of)
the real axis satisfy short recursion relations. The latter was first observed by Njastad and
Thron [18]. Applications in linear algebra have been described by Simoncini [20] and in [14].
Both the latter references are concerned with the situation when V in (1.9) is a single vector.
Simoncini [20] also discusses the generation of an orthonormal basis for an extended Krylov
subspace when the matrix A is not symmetric and V' is a single vector. Then an orthonormal
basis cannot be generated with short recurrence relations.

Heyouni [12] derives an extended global Arnoldi method for generating an orthonormal
basis for an extended global Krylov subspace (1.9) when A € R™*" is nonsymmetric and
applies this method to solve continuous-time algebraic Riccati equations. The generation of the
basis requires “long” recursion relations. We first describe properties and recursion formulas
for this method and subsequently explore simplifications that arise when A is symmetric.

Following Heyouni [12], the recursion formulas for the extended global Arnoldi method
can be written as

2.1 w1V =V, ‘72 =AW~ wy,2V1, wo Vo = ‘72,
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where w11 = [|V||p, w12 = (A7'V, Vi) p, w2 = ||Va . and

2j

hoji12j-1Veje1r = AVajo1— 30 higj1Vi,
2.2) 12}1%1 ji=12,...,m.
hojio.0iVajra = A Wa;— > hiojVi,

i=1
The coefficients h; ; are determined so that the block vectors Vi, Vs, ..., Vopqo are F'-
orthonormal.

Before describing our proposed algorithm based on pairs of three-term recurrence relations,
we provide some useful properties of the extended global Krylov subspaces generated. We
will tacitly assume that a breakdown does not occur.

PROPERTIES 1. Let the matrix A € R™*"™ be nonsingular, and let V- € R"*5. Then

Ky (A V) =K, (A, A™"V),
AKP ™ (A, V) CKY, L (A, AT™HY) SR (A, V),
ATTKHE (A V) C K (A, ATTIY) SRR A, Y).

~—

Proof. The properties follow straightforwardly from the definition of the global Krylov
subspace (1.4) and the extended global Krylov subspace (1.9). a

PROPERTIES 2. Let the matrix A € R™*"™ be nonsingular, and let V- € R"**, The
F-orthonormal basis V1, Va, . .., Vo, 4o determined by the recursion formulas (2.1) and (2.2)
satisfy, forj =1,2,...,m,

(2.3) AVaj_y € span{Vi, ..., Vaj41},

2.4) AVy; € span{Vi, ..., Voji1},
AWy, € span{Vi, ..., Vi),

A_lng € span{Vi,..., Vo 2}

Proof. These properties follow from equations (2.1), (2.2), and the formulas of Proper-
ties 1. a

The existence of three-term recurrence relations for the block vectors Vi, ..., V5, isa
consequence of the following properties.

PROPERTIES 3. Let A € R"*™ be a nonsingular symmetric matrix, and let V- € R™**,
Then, for j =1,2,...,m,

(2.5) AV € span{Va;_3, Va,_2, Va1, Va;, Va,t1},
(2.6) AVy; € span{Va;_1, Vaj, Vajt1},
2.7 AWy € span{Vaj_o, Voj_1, Va;},
(2.8) Ao, € span{Vaj_2, Vaj_1, Vaj, Vaji1, Vaji2}.

Proof. The assertions require A to be symmetric, i.e., that (AV, W)p = (AW, V) r with
V,W e R™*¢. We first show (2.6). It follows from (2.4) that AV5; can be written as

J
AVoj = E (025,25 Vai + 21,2 Voi—1) + @2j41,2;Vaj11,

i=1


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

148 A. H. BENTBIB, M. EL GHOMARI, C. JAGELS, K. JBILOU, AND L. REICHEL
where 125, 2,95, - . ., 241,25 are scalars. It suffices to show that the coefficients « o5,
092.2j, ..., Q2j_2 9; vanish. Since A is a symmetric matrix, we have

agi—1.2; = (Vai—1, AVaj)p = (AVai—1, Vo)) P,
a2 = (Vai, AVaj)r = (AVas, Vaj) F,

and using (2.3) and (2.4), we obtain
AVai—q € span{Vy,..., Vait1} and AV € span{Vy,..., Vait1}.

Due to the F-orthonormality of V1, ..., Va;, the coefficients o 25, ..., 2j_2,2; vanish. It
follows that

AVy; € span{Va;_1, Va;, Vajq1}.

The properties (2.5), (2.7), and (2.8) can be shown in a similar fashion. 0

We are now in a position to describe the extended global Lanczos method. Notice that
the algorithm that implements this method is based on Properties 2. To link the method to a
sequence of orthonormal Laurent polynomials, we use (2.7) and (2.6). The properties (2.5)
and (2.8) will be used implicitly in Propositions 3.1 and 3.2 below to determine the projected
tridiagonal matrices 75,, and Sa,,. The algorithm for the proposed extended global Lanczos
method computes an F-orthonormal basis {V7, ..., Va,,} by pairs of three-term recurrence
relations. In order to be able to solve all required linear systems of equations with the matrix
A in the algorithm, we require that A satisfies

trace(VTAV) #0  VV e R™*%.

A sufficient condition for this to hold is that A is symmetric positive definite. We will assume
this to be the case.
The extended global Lanczos algorithm can be expressed as follows. After initialization

V1:V/(51 with 51:||V||F,ﬁ0‘/0:0,

the algorithm is determined by the recursion relations which follow from (2.7) and (2.6), for
j=1...,m:

69;Va; = (A" — Boj_11,,)Vaj_1 — Boj_oVaj_a,

2.9)
52j+1V2j+1 = (A - Oézjfn)vzj - 042;'71‘/23'71,

with

Bi = (A"'"Va;_1,Vi)F, fori € {2j — 2,25 — 1},
a; = (AVa;, Vi), fori € {2j — 1,25}

The §; > 0 are normalization coefficients such that ||V;||r = 1 for i € {24,2j + 1}. Algo-
rithm 1 summarizes the computations.

We note that Algorithm 1 may break down when some §; becomes (numerically) zero
because then the next block vector V; cannot be computed. Breakdown is very rare, and we
will assume that all §; determined by the algorithm are numerically positive. Then Algorithm 1
computes an F-orthonormal basis Vi, . .., Vap,42 of block vectors V; € R™*¢ of the extended
global Krylov subspace K7 +1m+1,
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Algorithm 1 The extended global Lanczos algorithm.

Input: symmetric positive definite matrix A € R™*"™, initial block vector V' € R™*#
Output: F-orthonormal basis V1, . .., Va(pq1) of KJH17m (A, V)

61 = IVllp; Vi = V/b1; Vo = 05

for j=1tom
V=AYV, _q;
Boj_2 = (Ya‘éj—Q) ‘A/ ‘A/ Boj—2Vaj-2:
Baj—1=(V,Vaj1)ms V =V = Baj1Vaj1;

0aj = |Vles Vaj = V /0253

V= AV

0423 1= (V Vzg 1)F,V V*Oézg 1V23 15
(V VQJ)F,V V—Oézj‘/gj,

10: 52]+1 = [[Vllr3 Vajr =V /ba5413

11: end for

12: ‘7 A~ V2m+1,

13: BQm - (V %WL)F’ V V BQm‘/Qm,

14: Bomy1 = (V Vom+1)Fs V=V- Bam+1Vem+1;

15: Oomi2 = ||VHF Vomya = V/52m+2’

R A T

Below we show some properties of the basis V1, .. ., Va,, 12 determined by Algorithm 1.

In particular, we show how the block vectors V; are related to orthogonal Laurent polynomials.
The following spaces of Laurent polynomials of degree 2m — 1 and 2m will be used:

A o1 =span{l,z™  x . 2™ 2T,

—1 m—1 —m m
A m=span{l,z” ", z,...,x yxT " a™y

Elements of these spaces are known as Laurent polynomials.

PROPOSITION 2.1. Let Vi, Vo, ..., Vomi1, Voo be the F-orthonormal basis of
Kp+2m+L (A, V') determined by Algorithm 1. Then

‘/2]',1 = pjfl(A)V + qj'fl(Ail)V = R2j72(A)Vv
Vaj =1j1(A7H ATV + 5, 1 (A)V = Ry; 1(A)V,

where deg(pj_1) = deg(rj—1) = j—1, deg(gj—1) < j—1, and deg(sj_1) < j—1. Moreover,
the Laurent polynomials Ryj 1 and Raj o live in the spaces A_j; 1 and A_(;_1) ;_1,
respectively.

Proof. The result follows from the recursion formulas of Algorithm 1. a

The following proposition shows that the Laurent polynomials of Proposition 2.1 satisfy
pairs of three-term recursion relations.

PROPOSITION 2.2. Let A be a symmetric positive definite matrix. Then there is a
sequence of Laurent polynomials Ry, Ry, . .., Rap, that are orthonormal with respect to the
bilinear form

(2.10) (P.Q)r = trace(PLV.QUV) = [ POIQUda(),
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where da is the measure in (1.3). Its support lives on the positive real axis. Moreover, these
Laurent polynomials satisfy a pair of three-term recurrence relations of the form

82jRaj—1(z) = (7" — Baj_1)Raj_2(x) — Baj_2Raj_3(x), .
(2.11) j=1...,m,
d2j4+1R2;(z) = (z — azj) Raj—1(z) — agj—1R2j—2(z),

where Ry = 1/61 and R_1 = 0.

Proof. According to Proposition 2.1, there exists a sequence of Laurent polynomials
Ro,R1,...,Roy such that V; = R;_1(A)V,fori = 1,...,2m + 2. Let Ry = 1/6;. It
follows from the spectral factorization (1.2) that

1 i=j,
(Ri—1, Rj—1)F = trace(V;Vj) = e
0 i#j.
Thus, the Laurent polynomials R; are orthonormal with respect to the bilinear form (2.10).
Substituting V; = R;_1(A)V into (2.9) gives (2.11). 0
Next we express the Laurent polynomials R; in terms of the power basis,

j—2
—3 j—1 7
Roj_1(x) =roj_1,—jx™ +roj_1 12’7 + E T2j—14%
i=—(j—1)
(2.12) -
G-
Ry, (,CC) = TQjJJJJ + ’I”Qj,_jl‘ij + Z 'I"Qj,z'iljl.
i=—(j—1)

The coefficients r5;_1 ;1 and 725 ; are the leading coefficient of Ro;_; and Ry, respectively,
and r9;_1,—; and ro; _; are the trailing coefficient of Rp;_1 and Ryj, respectively. The
sequence Ry, Ry, ..., Ro, of Laurent polynomials is said to be regular if the leading and
trailing coefficients of each Laurent polynomial are nonvanishing. The following result shows
the relation between leading and trailing coefficients and the coefficients in the recursion
formulas of Proposition 2.2.

PROPOSITION 2.3. Let the sequence of orthonormal Laurent polynomials be defined
by the recursion formulas of Proposition 2.2, and let the «;, B;, and §; be the recursion
coefficients. Then the leading and trailing coefficients of the Laurent polynomials can be
computed recursively. Let oy = 1 and ro,o = 1/01. Then the leading and trailing coefficients
are given by, for j = 1,2,...,m,

T2j-2,—(j-1) j—1 Q002 ... Q2

2.13 L= e = (—1
( ) "2j=1,~ 52]‘ ( ) 5152 e (523' ’
Baj—1 8183 ... Baj—1
214 = = () P2
(2.14) T2j 1,(j—1) 52, Toj—2,Gi—1) = (—1) 5103 02;
T25-1,5—-1 -5153~-~52j—1
2.15 To; ; — ———=——— — _1 Ji,
@15) A S 8211
(2.16) Poj = ey = (1) 2 O

0ot 5162 ... 02541

Proof. Equation (2.11) with 7 = 1 and the fact that R, is a constant yields that the
coefficient of the trailing reciprocal power z~! of Ry is r1,—1 = 1/9162 and its constant term
is 71,0 = —f1/6192. The result follows by observing how the leading positive powers and
trailing reciprocal powers are incremented in the recursion formulas. The coefficient of the
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leading term of Ry, 725,251, is determined by the coefficient of the leading term of Ry;_1
divided by d2;1; the coefficient of its trailing term is the coefficient of the trailing term of
Ry;_1 multiplied by —cw; and divided by d2;41. The leading and trailing coefficients of
Ry are found in a similar way. The right-hand sides of (2.13)—(2.16) follow by substitution.
a

PROPOSITION 2.4. Let A be a symmetric positive definite matrix. Then the Laurent
polynomials defined by (2.12) form a regular sequence.

Proof. The bilinear form (U, AW ) p defines an inner product for a normed vector space
when A is a symmetric positive definite matrix. Hence, the coefficients ag; = (Va;, AVa;)
and B2;_1 = (Vai_1, A~'Va;_1)F are nonvanishing fori = 1,2,...,m. An application of
Proposition 2.3 shows that the sequence of Laurent polynomials { R; }7™ is regular. a

The following proposition allows us to express the leading and trailing coefficients in
terms of inner products involving Laurent polynomials.

PROPOSITION 2.5. The leading and trailing coefficients of the Laurent polynomials
Ry, Ry, ..., Rom, defined by (2.12), can be expressed as

1 1
(2.17) Toj_1_j = ———————, 2.19 R —
2j—1,—j (R2j71,x7])F ( ) 24,5 (RQj,IL'j)F
o a2j Bai
218)  roj_1 1=, s
j—1,5 (Roj—1,70)p (2.20) r2j,—j = R

Due to the F-orthogonality of Ry, Ry, ..., Ray, we have (Ry,x~ (/2141 =£ 0 and
(Ri, xlG+D21 5 £ 0, forall i = 0,1,...,2m, where |t| denotes the integer part of t > 0.
This secures that the denominators in the expressions (2.17)—(2.20) are nonvanishing.

Proof. Tt follows from (2.12) that

Jj—2
_ —J j—1 i
R2j71(1') =T2j—-1,—4T J +7'2j71,j71x] + E T2j—-1,4%",
i=—(j—1)

€roj_1,—ja + s(z), with s € span{ Ry, ..., Raj_o}.
The orthonormality of the Laurent polynomials Ry, ..., Ra,, yields
(Raj—1,Roj—1)r =r2j-1,—j(Raj_1,277)F,
which shows (2.17). To show (2.18), we multiply the first equation in (2.12) by x. Then

ji—2
_ j —j+1 E i+1
:Cjo,l(x) = T2j717j711'J + T2j—1,—5% J + T2j—1,i%
i=—(j-1)

€ rgj,l’j,lmj + s(z), with s € span{Ry, ..., Raj_2}.
Again using the orthonormality of the R;, we obtain
(xR2j—1,R2j—1)r = r2j—1,j-1(R2j—1,2") F,

which gives (2.18). The relations (2.19) and (2.20) can be shown similarly. 0
PROPOSITION 2.6. Let the sequence of orthonormal Laurent polynomials be determined

by Proposition 2.2. The recursion coefficients {c; }?Zl, {B; }fg? 1 and {5; }52; % can be
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expressed as

B _ (R()?x_l)F
! (ROaxO)F ’
(Raj,z= Ut p (Rzj-1,27)p ‘
o 4 = — B , >1
62] (jo_l,ﬂf_j)F 9 BQ]Jrl 52] (R2j,$])F ) J =4
(Roj—1,79)p (Ryj2,2N)pr .
. , T - i L S N |
OZQJ 1 (R2j_2’x]_1)F7 OZQ] a2] 1(R2j_17x_])F7 J=1
0o = — (Raj—3,2Y V) p(Ryj 1,277 )
! (szfz,Z‘J:_l)F(Rijsaiﬁl_(j_l))F’ i>1
it (Raj,27)p(Roj—2,277)F
254+1 — —

(Roj_2, 27 V) p(Roj_1,279)fp’
Proof. First consider the coefficient cg;_1. We have
Q51 = (»TRQj—l,sz—Q)F = (sz—l,SCsz—Q)R

It follows from (2.12) that

j—2
- i .
Roj_o(x) =roj_g j1@’ ™" +roj_o _jnix Ity Z Toj—2,2",
i=—(j—2)
zRoj_o(x) € roj_o j_127 + s(x), with s € span{Ry, ..., Raj_2}.

The orthonormality of Ry, ..., Ro,, now yields

(Roj—1,2%)p
(Rgj_2, 27 V)p

The expression for 32; can be shown similarly. It follows from the fact that

Qo1 =T9j_2j-1(x’, Rej_1)r =

Baj = (x7'Ryj, Roj_1)r = (Raj, 2~ ' Raj_1)p.
We turn to cp;. It follows from (2.14) that

R _52;'7171 o
2j—-1,5-1 = 5o 2j—2,5—-1-
Jj

Now using (2.18) and (2.19) yields

Pt (Roj—1,2%)p

2.21 = - .
( ) Qg 52j (R2j—2,IJ71)F

On the other hand, we have

o o T2j-2,—(-1)
2j—1,—5 — So; )
J

and using (2.17) and (2.20), we obtain

1 Baj—1 1
2.22 - = — - .
222) (Roj—1,277)F d2; (77, Raj_2)F
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Combining (2.21) and (2.22) gives ;. To show the expression for 3, we use the fact that
Ri(z) = r1,—127 ' + r1,0 and the expressions for 71 o and 71,1 in (2.13) and (2.14). This
yields

Lo _ (7Y Ro)F _ 3

77“1,—1 (%, Ro)r

The expression for 8241 follows from applications of Propositions 2.3 and 2.5. We obtain

Fos o — T25-1,5—1
27,J 52j+1
1 (657 1
(2.23) — i ,
(Roj,x9)p  (Roj—1,27)F d2j+1
_ Gy
r2j,—5 = m%‘fl,ﬂ'a
j
2.24) B2j+1 oy 1
(Roj,z=9 1Y) p d2j41 (Roj—1,279)p

Combining (2.23) and (2.24) gives the expression for 32;1. Finally, the expressions for do;
and do;41 can be shown by using (2.21) and (2.23). O

We summarize the above results in the following theorem.

THEOREM 2.7. Let A be a symmetric positive definite matrix, let V€ R"** be a block
vector, and let do denote the measure defined in (1.3). Then there is a sequence of regular
Laurent polynomials Ry, R1, ..., Roy, that are orthonormal with respect to the bilinear
form (2.10). The Laurent polynomials can be computed recursively by pairs of three-term
recurrence relations of the form

82jRaj—1(w) = (7" = Baj_1)Raj2(x) — B2j—2Rajs(),
(2.25) i=1,2....m,
O2j+1R2j(x) = (z — ;) Ryj—1(x) — azj—1Raj—2(x),

with Ry = 1/ug, R—1 = 0, and po = ||V ||, where

_ M-
61 - )
Ho
P25—1 0252 025—-2 pP2j
Q251 = — Qo5 = —Q251 ) 52j+1 = -
P2j—2 02j—1 025—1 P2j—2
0252 P25-3 P25—-3 025—1
52j—2 = 523'—1 = —523'—2 > 52j i E—
0253 P25—2 P2j—2 0253
Moreover,

Hn = /x"da(ag), Pn = (Rn7mt(n+1)/2J)F7 On = (Rna xi(tn/2J+l))F.

We assume that ms < n is sufficiently small to avoid breakdown of the recursion relations.
Proof. The result follows from Propositions 2.2, 2.4, and 2.6. O

3. Application to the approximation of matrix functions. We begin by introducing
some notation. Partition the matrices M = [M1,..., M,] € R"*P*and N = [Ny,...,N|| €
R™*!s into block columns M;, N. 7 € R™*%, and define the o-product of the matrices M and
N as

MT o N = [trace(M]I N;)JI=1 e RPXE,

yeeP
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The matrix M is said to be F-orthonormal if M” o M = I,,. The o-product satisfies
MT o (B(L®1,))=(MT o B)L,

where L € R!*!; see [1, 3, 4] for further details.

Let the block columns of the matrix Vo, = [Vi,Va,..., Vo] € R™ 2™ form an
orthonormal basis for the extended Krylov subspace K;"‘H’m. Thus, the block columns
satisfy (1.6). Introduce the matrices

(3.1 Tom = V3., 0 AV,,, € RZm*2m Som = VI 6 A71V,,, € RZmx2m,

The expression (1.1) can be approximated by

(32) S (1) = V1[5 €1 f(Tam)er.
We will see that this approximation is analogous to (1.7). Define the spectral factorization
(3.3) Do = Uz ©2m Usy,,
where
Usm = [, uzp] € R UL Uspy = Loy,  Ogyy = diaglfy, ..., 0]

Substituting (3.3) into (3.2) yields

2m
(3.4) Sm(f) =D F(0i)wi,
i=1
where w; = ||V/| |§, u? ;. Here u;; denotes the first component of the normalized eigenvector

u; of Th,,. We will see below that (3.4) is a Gauss—Laurent quadrature rule. An adaptation
of the Christoffel-Darboux formula to the extended global Lanczos method shows that the
weights w; satisfy
w 1
(2 — b
Lo R2(6:)

see, e.g., Bultheel et al. [6] for details. The next two propositions express the entries of 75,
and Sa,, in terms of the recursion coefficients. This will allows us to compute the entries quite
efficiently.

PROPOSITION 3.1. Let the matrix A be symmetric positive definite, and let {a‘j}?fl,
{8; ?ZL{ L and {0 }?:; 2 be the recursion coefficients for the orthonormal Laurent polynomi-
als; cf. Proposition 2.2. The matrix T, = [t; ;] in (3.1) is symmetric and pentadiagonal with
the nontrivial entries, for j = 1,2,...,m,

(3.5) tio; = a for i€ {2j — 1,25},
(3.6) tojr1,25 = 02511,

—00;_909,_
(3.7) toj_8.2j-1 = 92j-2025-1

B2j-3
(3.8) toj_2,2j—1 = 0251,
(3.9) taj—1,2j-1 = L= Bajoadaio = 52ja2j_17
Baj—1

(3.10) t2j2j-1 = Qi2j—1,

PN
G.11) tojr12jo1 = — 2t

Baj—1
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Proof. We have t; ; = trace(V;" AV}). Therefore, (3.5) and (3.6) follow from the
definitions of a1, a5, and do;41 in (2.9). Using the symmetry of T3, and the definitions
of g1 and da;_1, the formulas (3.8) and (3.10) are obtained from

T
t2j—2,2j—1 = taj—1,2j—2 = trace(Vy;_1 AVaj_2) = d2;1,

T
taj2j—1 = toj1,2; = trace(Vy; 1 AVa;) = agj1.

The formulas (3.7), (3.9), and (3.11) are obtained from the expressions for AVs;_; for
j=1,2,...,m. Thus, multiplying the first equality in (2.9) by A from the left gives

B2j—1AVaj_1 = Vaj_1 — Boj_2AVaj_o — 02; AV,
and using the second equation in (2.9), we see that

ﬁ2j*1A‘/2j*1 = 62j72a2j73‘/v2j73 - 52j72a2j72‘/2j,2
(3.12) + (1 = Boj_202j—1 — b2j0r25—1)Vaj_1
— 050025V — 8202541 Vaj1.

In view of that tgj_LQj_l = trace(nglAng_l) and t2j+1,2j_1 e trace(Vf;HAng_l)

and due to the orthonormality of the set of block vectors {Vi}?gﬁl), we obtain (3.9) and

(3.11). Finally,

_ _ —02j-2025 1
toj_32j-1 =t2j_12j- 3= —>5———
Ba2j—3

which shows (3.7). This concludes the proof of the proposition. a

PROPOSITION 3.2. Let the matrix A be symmetric positive definite, and let {c; }?;”1,
{B; 3;”{ L and {0; }?Zj 2 be recursion coefficients for the orthonormal Laurent polynomials;
cf. (2.2). The matrix Sap, = [s;, j] in (3.1) is symmetric and pentadiagonal with the nontrivial

entries, for j = 1,2,...,m,

8i,2j—1 = B for i€ {2j—2,2j -1},
S9j.2j—1 = 025,
o 010y
§2j-22j = ——
Q252
525-1,2§ = 02,
1 — agj—1625 — 62541025

524,25 =
7,27 ag; )

S2j+41,25 = ﬂzj,

—025+102j+2
S22 = T
J

Proof. The proof is analogous to the proof of Proposition 3.1. The relation

aszflvzj =— Oézj—152j—2v2j—2 - O¢2j—1ﬂ2j—1v2j—1
(3.13) + (1 — agj 1025 — 02j4102;) Vaj

— 0254182541 V2j41 — 02541025 42V2542

is used. O
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The following relations can be shown by expressing equations (2.9), (3.12), and (3.13) in
matrix form:

(3.14) AVo, = Vou, (Tom @ I;) + Vamir [[tom+1,2m—1,  tom+1,2m] By © Is]

_ 0
(315) A 1§/2m = V2m(52m & Is) + [V2m+17 ‘/2m+2] |:|: 32m+1,2m:| Egm,I & Is:| )

0 Samt22m

where the matrix Ez,, 1 = [€2m_1, €2m] € R*™*2 is made up of the last two columns of the
identity matrix Io,,, € RZ™*2m,
Algorithm 1 breaks down when 6; = 0. The next result addresses this situation.
PROPOSITION 3.3. Assume that the coefficients 0; generated by Algorithm 1 satisfy
0; >0, for2 < j < 2m, and 62111 = 0. Then

trace(V? f(A)V) = [|VII5 ef f(Tom)er

for any function f that is continuous on the convex hull of the spectrum of A.
Proof. Under the conditions of the proposition, the decomposition (3.14) simplifies to

AVa = Vo, (Toy @ I), Vom = [Vl, .. .,ng] .
Then an application of [3, Proposition 2.1] gives
F(AVap = Vou, [ (Tom ® Is) = Vo f(Tom) ® Is.
Multiplying the above expression by F; = e; ® I from the right-hand side yields
FAVE = Von, (f(Tam) @ Is)Ex = Vo (f(Tam)er ® Is)
and

trace(Vle(A)Vl) = V1T < [VZm(f(T2m)el & Is)
= (V" o Vo) (f(Tam)er) = €] f(Tom)er.

Substituting V = || V|| » V4 into trace(V;’ f(A)V1) completes the proof. a
PROPOSITION 3.4. Let the Laurent polynomials Ry, Ry, ..., Ray,, be determined by
the recursion relations (2.2). Then the 2m zeros of the Laurent polynomial Rs,, are the
eigenvalues of the matrix To,, in (3.1).
Proof. Consider the vector of Laurent polynomials

Rom(2) = [Ro(2), Ri(2),. .., Rem—1(2)]".
Then the recurrence relation (2.25) can be expressed as
zRom (z) = Rom () Tom + Rom (@) [t2m+1,2m—1, t27n+1,2m]Egm—1a
where Fy,,,_1 is defined below of (3.15). Let x; be a zero of Ry,,. Then
Tom Rom(25) = 2 Rom (2;).

This completes the proof. a
Proposition 3.3 shows that in case of a breakdown of Algorithm 1, the trace (1.1) can
be computed exactly after m steps of the algorithm. However, breakdown is rare. We are
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therefore interested in how well (1.1) is approximated when no breakdown occurs. It is shown
in [3] that when the (standard) global Lanczos method is applied, we have

trace(VIp(A)V) = |VI[E el p(Tin)er,  ¥p € a1

The following result is analogous for Laurent polynomials. We show that the approxima-
tion (3.2) corresponds to a 2m-point Gauss-Laurent quadrature rule, i.e., the rule is exact for
Laurent polynomials of positive degree at most 2m — 1 and negative degree at most 2m.

THEOREM 3.5. Let A be a symmetric positive definite matrix. Carry out m steps of
Algorithm 1 with an initial block vector V. € R™*5. Assume that no breakdown occurs. The
algorithm then determines the entries of the symmetric pentadiagonal matrix Ts,,, defined
by (3.1), and

trace(VI p(A)V) = [VI[E el p(Tam)er,  Vp € Asmom-1.

To show this theorem, we require some auxiliary results on the properties of the matrices
T5,, and Ss,, in (3.1).

LEMMA 3.6. Let the matrices To,, and Sz, be defined by (3.1), and let Fo,,_1 =
[€2m_1, €2m] € R?™*2 Then

B Ter=[0 0"

ED _\Sie=[0 0", j=01,...,m—1

Proof. The result follows by exploiting the structure of the symmetric pentadiagonal
matrices T5,, and Sa,,; see Propositions 3.1 and 3.2. 0

The following result relates positive powers of Ss,,, to negative powers of To,,.

LEMMA 3.7. Let Ty, and Sa,, be given by (3.1), and let e; = [1,0,...,0]T € R?™,
Then

(3.16) Sy er=Tyler  for j=1,2,...,m.

2m
Proof. Using induction, we begin by showing that

T3 .53 = Ta ' Sht = T3 (VD o AVams, Vame2)) St t,m By 1S9

7=1...,m,

with §m+17m = [8 Z::z:} . Using the decomposition (3.14), (3.15), and the properties

of the Kronecker product, we obtain
I2m = TQmSZm + (ng ¢ A[‘/Qm—&-la Vv2m+2DSm+1,mE2Tm_1-
Letj = 2,3,...,m, and assume that

TkaSém = T2k7;15§7;1 - T2k7;1<vgm < A[‘/ém+l’ Vv?m+2])§m+1,mEgmfl‘S’kil

2m >

k=1,...,7—1.
By induction, we have
T3, S3 = Tom T3y S5, Sam

=T34 = T3 (VD o AlVamat, Vam2]) S tm B 1S
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Multiplying this equation by e; from the right gives

T3, S3mer = T Shter — T3 (VE 0 AlVams1, Vame2)) St 1,m B 1S9 €1

2m 2m 2m m 2m

An application of Lemma 3.6 yields
TS S en =T 'S -tey,  j=1,2...,m.

This completes the proof. 0

LEMMA 3.8. Let the matrix A be symmetric positive definite, and let the matrices Ts,,
and Sa, be defined by (3.1). Let Va,, = [V1,Va,...,Vap] be the matrix in (3.14), ie.,
the block columns V; € R™*¢ are F-orthonormal, and the first block column is given by
V1 = V/HV”F Then

(3.17) AV =V (TS er®1,),  j=0,1,...,m—1,
(3.18) ATV =V (S5, e1® 1),  j=0,1,...,m,
(3.19) ATV = Vo (T e1 ® 1), j=0,1,...,m.

Proof. We obtain from (3.14) that
AV = Vo, (Tom ® Is) + Vami1 ([t2m+1,2m—1, tomi1.2m| Bam_1 ® I) .

Multiplying this equation by E; = e; ® I from the right gives
AVy = AV, By = Vo, (Tom @ L) E1 4 Va1 ([t2mt1,2m—1s tomt1,2m) Eapy 1 © Is) Ex.
Using properties of the Kronecker product and the fact that EZ ;e = [0, 0], we obtain

AVy = Vo, (Tomer ® I).
Letj =2,3,...,m — 1, and assume that

ARV = Vo, (T5 e1 @ 1), k=01,...,5—1.

We will show the identity

AIVy = Vo, (13,61 ® L)
by induction. We have

AV = A AW = AV, (T e @ ).

Using the decomposition (3.14), we obtain

Ale = [VQM(TQHL X I@) + ‘/2m+1 ([t2m+172m717 t2m+1,2m] Egm_l & Is)] (ng;Llel & Is)
=Vom (T4,,e1 ® I5) + Vapt1 ([t2m+1,2m—1,f2m+1,2m] EQTm,ngj;Llﬁ ® IS) .

An application of Lemma 3.6 gives

AV, = Vo (T4, e1 @ I).
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According to (3.11) and Lemma 3.6 and by using the same techniques as above, we find (3.18).
Finally, (3.19) follows from (3.17) and Lemma 3.7. a

LEMMA 3.9. Let the matrix A be symmetric positive definite, and let the matrices To,,
and Sa,,, be defined by (3.1). Let V7 be the initial block vector computed in Algorithm 1. Then

(3.20) trace(V;FAIVY) = eI e, forj=0,1,...,2m —1,
3.21) trace(VlTA_jvl) = e{S’gmel, forj=0,1,...,2m + 1,
(3.22) trace(VIA™IV)) = el Ty e,  forj=0,1,...,2m.

Proof. The proof is based on an application of Lemma 3.8. Let 7 = j; + jo with
0 < 41,72 < m. Consider

trace(VlTAj i) = trace(VlTA-jl Ajzvl)
= trace(VlTAjlvzm(Tg? e1 ® 1))

= (VT A1) 0 Vo (TS ey ® L)
= (V' A7 0 Vo )TS2 61 = ] T3 T2 e1
= elTTQjmel.

For the power 2m — 1 of A, we have
trace(V,F A2~ 1) = trace(V,E A™ A™~ 1)
= VlTAm & ng(TQT:Ln_lel [ Ig)
= (VTA™ Ao Vo, )Ty ey
= [(S?Tgﬁn_l ® IS)ngA < V2m}T2ern_1€1
=] Ty 1 (V3,, Ao Vo, )T tey
= C?Tg:nyf— 1 €r.
This shows (3.20). The same techniques can be used to show (3.21). Finally, (3.22) can be
established by substituting (3.16) into (3.21). 0
We are in a position to prove Theorem 3.5.
Proof of Theorem 3.5. Let p € A_gy, 9m—1. Then p(z) = fo:;m ¢;x' for certain
coefficients ¢;. Let V = ||V|| z V1. Then

trace(V' p(A)V) = ||V trace(Vi" p(A)V4).
It suffices to show that

trace(V,I p(A)V1) = el p(Tom)er.

We have
2m—1
trace(ViI p(A)V1) = Z citrace(VL A'VY).
1=—2m
Then Lemma 3.9 gives
2m—1
trace(V," p(A)V1) = Z ciel Tye1r = e p(Tam)er-
1=—2m
This concludes the proof of Theorem 3.5. a

Algorithm 2 describes how approximations of trace(V? f(A)V') are computed by the
extended global Lanczos method.
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Algorithm 2 Approximation of trace(VT f(A)V) by the extended global Lanczos method.
Input: symmetric positive definite matrix A € R™ ", function f, initial block vector

V e R™*?
Output: approximation Ga,, of trace(VT f(A)V)

Choose tolerance ¢ > 0 and the maximal number of iterations I,,,.. Go = 1.

1:
2: form =110 4z

3 Compute block vectors [Va,,—1, Vo] to update Vo, by Algorithm 1.
4. Compute matrix Ty, € R?™*2m ysing Proposition 3.1.

5. Compute Goy, := G5, (f) = Zf;"l f(6;)w; given by (3.4).

6

Gm_Gmf .

|Goam — Gom—2| if G2y =0

Em,m—1 =

7. if €pm—1 < € then exit
8: end for

4. Numerical experiments. We illustrate the performance of the extended global Lanc-
zos method when applied to the approximation of expressions of the form (1.1). All experi-
ments are carried out in MATLAB R2015a on a computer with an Intel Core i-3 processor and
3.89 GBytes of RAM. The computations are done with about 15 significant decimal digits. In
all the experiments, the initial block vector V' is generated randomly with uniformly distributed
entries in the interval [0, 1]. The parameter € in Algorithm 2 is set to 10~7 unless specified

otherwise.

—©6— Extended global Lanczos Kg‘” " —6— Extended global Lanczos K;m.m

—O— Standard global Lanczos Kgm

—O— Standard global Lanczos Kgm

m+1,m
&
m+1,m

Relative error ¢
Relative error ¢

t 15 2 25 3 35 4 45 5 55 6 1t 15 2 25 3 35 4 45 5 55
Iterations (m) Iterations (m)

FIG. 4.1. Convergence of the extended global Lanczos method and the (standard) global Lanczos when

approximating trace(VT (A=6 4 AP)V') (right plot) and trace(VT (B~6 4 B5)V) (left plot).

EXAMPLE 4.1. The purpose of this example is to illustrate the degree of exactness of (3.2)
(4m — 1 moments are matched) shown in Theorem 3.5. Consider the symmetric positive
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TABLE 4.1
Example 4.2: The symmetric matrix A € R™*™ has eigenvalues distributed in the interval [10~1,10%] and a
random orthogonal eigenvector matrix. The block size is s = 6.

Extended global Lanczos, subspace K;”“’m Standard global Lanczos K7

f(@) (m+1,m) Error Time (sec) m Error SF
e ” (25,24) 2.2 x 1077 1.4 470 | 8.1 x 107° 17.3
VT (59,58) 9.2 x 1077 39 599 | 9.9 x 1077 8.7
z1/4 (49,48) 8.9 x 1077 3.0 607 | 9.1 x 107 19.0
In(x) (77,76) 9.5 x 1077 7.9 612 | 1.7 x 1073 7.1
e Ve (19,18) 2.3 x 1077 0.6 607 | 5.7 x 107° 61.0
r4 3,2) 1.6 x 1071 0.2 308 | 7.8 x 1073 76.3
TABLE 4.2
Example 4.3: The matrix A € R™*™ is a discretized negative Laplacian with n = 10000. Block size is s = 20.
(@) Extended global Lanczos K’g”“’m Standard global Lanczos K7*
(m+1,m) Error Time (sec) | m Error SF
e (5.4) 1.1 x 1077 1.7 143 | 9.4 x 1077 | 383
NG 9,8) 9.4 x 1077 4.1 67 | 8.2 x 1077 34
/4 (9,8) 3.0 x 1077 4.1 84 |95 x 1077 6.2
In(x) (9,8) 5.6 x 1077 3.6 73 | 8.7 x 1077 5.1
e VE 4.,3) 3.0 x 1077 1.6 105 | 9.4 x 1077 | 28.0
r? (3.2) 1.5 x 10713 0.9 11199 x 1077 | 40.0

definite tridiagonal matrix A = tridiag(—1,2,—1) € R™*™ and the symmetric positive
definite Toeplitz B = [b; ;]7,, where b; ; = 1/(1 + |i — j|) with n = 1000. We choose
a block size s = 6 and f(z) to be the Laurent polynomial p(x) = 26 + x°. Figure 4.1
shows that the approximation of trace(VTp(A)V') determined by the extended global Lanczos
method is the exact value of (1.1) after m = 3 iterations, up to round-off errors, in agreement
with the theory. The standard global Lanczos requires many more steps to give an accurate
approximation of the expression (1.1).

In the following three examples, we compare the performance of Algorithm 2 with the
performance of the standard global Lanczos algorithm. The speedup factor shows the ratio of
execution times for these methods, i.e., SF := timegstandard /tiMeextended-

EXAMPLE 4.2. Let A € R™*™ with n = 1000 be a symmetric positive definite matrix,
whose eigenvalues are log-uniformly distributed in the interval [10~1, 105]. The block size is
s = 6. Results for several functions f are reported in Table 4.1.

EXAMPLE 4.3. The matrix A is the discretization of the negative Laplacian L4 (u) =
—Ugy — Uy, on the unit square [0, 1]? with homogeneous Dirichlet boundary conditions.
The number of inner grid points in each coordinate direction is 100. A discretization by the
standard 5-point stencil gives a symmetric positive definite matrix A € R™*" with n = 10000.
The block size is chosen to be s = 20. Computed results are shown in Table 4.2.

EXAMPLE 4.4. Let A = n’tridiag(—1,2, —1) € R™*" with n = 50000. The block size
is set to s = 50. Table 4.3 reports the performance of the methods. A dash °-’ signifies that
the maximum allowed number of iterations I, is reached before the stopping criterion is
satisfied.

5. Conclusion. This paper describes an extended global Lanczos method for the ap-
proximation of bilinear forms of the form trace(VT f(A)V). An F-orthonormal basis of
block vectors for extended Krylov subspaces is computed by short recurrence formulas. The
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TABLE 4.3
Example 4.4: the matrix A € R™"*™ s positive definite tridiagonal with n = 50000. Block size is s = 50.
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() Extended global Lanczos Kg”'l*m Standard global Lanczos K7*
(m+1,m) Error Time (sec) | m | Error SF

e ® 4,3) 2.5 x 1078 6.0 - - -

NG 9.8) 8.1 x 1074 21.9 - - -

x4 (10,9) 9.1 x 107° 24.5 - - -

In(x) (19,18) 9.9 x 107° 65.4 - - -

e VT (4.3) 3.1 x 1077 6.1 - - -

x4 (3,2) 4.0 x 1078 3.7 - - -

numerical results show the extended global Lanczos method to require fewer iterations than
the (standard) global Lanczos method. Timings show the former method to be faster than the
latter for the functions and matrices considered in Examples 4.2—4.4. The extended global
Lanczos method is particularly attractive to use when linear systems of equations with the
matrix A can be solved efficiently.
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