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Abstract. Multiple Hermite polynomials are an extension of the classical Hermite polynomials for which

orthogonality conditions are imposed with respect to 7 > 1 normal (Gaussian) weights w;(z) = e*”2+ €T
with different means ¢;/2, 1 < j < r. These polynomials have a number of properties such as a Rodrigues
formula, recurrence relations (connecting polynomials with nearest neighbor multi-indices), a differential equation,
etc. The asymptotic distribution of the (scaled) zeros is investigated, and an interesting new feature is observed:
depending on the distance between the ¢;, 1 < j < r, the zeros may accumulate on s disjoint intervals, where
1 < s < r. We will use the zeros of these multiple Hermite polynomials to approximate integrals of the form

oo
/ f(z) exp(—z? + ¢jz) do simultaneously for 1 < j < 7 for the case r = 3 and the situation when the zeros
— 00

accumulate on three disjoint intervals. We also give some properties of the corresponding quadrature weights.

Key words. multiple Hermite polynomials, simultaneous Gauss quadrature, zero distribution, quadrature
coefficients
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1. Simultaneous Gauss quadrature. Let wy, ..., w, be r > 1 weight functions on R
and f : R — R. Simultaneous quadrature is a numerical method to approximate r integrals

/ f@w;(@)de,  1<j<r
R

by sums

N

SNy

k=1

at the same N points {z; n,1 < k < N} but with weights {\Y},,1 < k < N} which
depend on j. This was described by Borges [3] in 1994 but was origfnally suggested by Aurel
Angelescu [1] in 1918, whose work seems to have gone unnoticed. The past few decades, it
became clear that this is closely related to multiple orthogonal polynomials in a similar way as
Gaussian quadrature is related to orthogonal polynomials. The motivation in [3] involved a
color signal f, which can be transmitted using three colors: red-green-blue (RGB). For this
we need the amount of R-G-B in f given by

/ Z f@yn@)ds, [ O; f@uo@ds, [ O; F (s (z) de.

A natural question is whether this can be calculated with N function evaluations and a
maximum degree of accuracy. If we choose n points for each integral and then use Gaussian
quadrature, then this would require 3n function evaluations for a degree of accuracy of 2n — 1.
A better choice is to choose the zeros of the multiple orthogonal polynomials P, ,, ,, for the
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weights (wg, we, wp) and then use interpolatory quadrature. This again requires 3n function
evaluations, but the degree of accuracy is increased to 4n — 1. We will call this method based
on the zeros of multiple orthogonal polynomials the simultaneous Gaussian quadrature method.
Some interesting research problems for simultaneous Gaussian quadrature are:

e To find the multiple orthogonal polynomials when the weights w1, . .., w, are given.
e To study the location and computation of the zeros of the multiple orthogonal poly-
nomials.

e To study the behavior and computation of the weights )\,(f }v

e To investigate the convergence of the quadrature rules.

Part of this research has already been started in [4, 5, 8, 9, 13], but there is still a lot to be done
in this field.

2. Multiple orthogonal polynomials. Let us introduce multiple orthogonal polynomi-
als.

DEFINITION 2.1. Let 1, . . ., i be 1 positive measures on R, and let i = (nq,...,n,)
be a multi-index in N". The (type 1I) multiple orthogonal polynomial Py is the monic polyno-
mial of degree |7i| = ny + ng + - - - + n,. that satisfies the orthogonality conditions

/kaﬁ(x) du;(z) =0, 0<k<n;—1,

for1 <j<r.

Such a monic polynomial may not exist or may not be unique. One needs conditions on
(the moments of) the measures (1, . . ., t-). Two important cases have been introduced for
which all the multiple orthogonal polynomials exist and are unique. The measures (g1, . . ., f4y)
are an Angelesco system if supp(y;) C A, where the A; are intervals which are pairwise
disjoint: A; N A; = () whenever ¢ # j.

THEOREM 2.2 (Angelesco). For an Angelesco system the multiple orthogonal polynomi-
als exist for every multi-index 7. Furthermore, Py has n; simple zeros in each interval A ;.

For a proof, see [10, Chapter 4, Proposition 3.3] or [6, Theorem 23.1.3]. The behavior of
the quadrature weights for simultaneous Gaussian quadrature is known for this case (see [10,
Chapter 4, Proposition 3.5], [8, Theorem 1.1]):

THEOREM 2.3. The quadrature weights /\ECJZL are positive for the n; zeros on A;. The
remaining quadrature weights have alternating sign with those for the zeros closest to the

interval A; being positive.

Another important case is when the measures form an AT-system. The weight functions

(w1, ..., w,) are an algebraic Chebyshev system (AT-system) on [a, b] if
2 ni—1 2,2 ng—1
W1, TW1, T5W, ..., T 1 "Wy, We, TWa, W, ..., 22 "W, ...,
Wy, TWy, T2W,, . .., 2" L,
are a Chebyshev system on [a, b] for every (nq,...,n,) € N".

THEOREM 2.4. For an AT-system the multiple orthogonal polynomials exist for every
multi-index (ny, ..., n,). Furthermore, Py has |7i| simple zeros on the interval [a, b].

For a proof, see [10, Chapter 4, Corollary of Theorem 4.3] or [6, Theorem 23.1.4].
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3. Multiple Hermite polynomials. We will consider the weight functions

2 .
wj(z) = e TG z €R,
with real parameters ci,...,c; such that ¢; # c; whenever i # j. These weights are
proportional to normal weights with means at ¢;/2 and variance 0? = % They form an

AT-system, and the corresponding multiple orthogonal polynomials are known as multiple
Hermite polynomials Hz. They can be obtained by using the Rodrigues formula

r n

e * Hz(z) = (—1)'5‘2_”7‘ He_cj't—dd; eI €_m27
i
j=1

from which one can find the explicit expression

Ha(a) = (—1)lFlg—1 Z Z ( )( T>CT1—k1,..CQT- ()FH g ()

k1=0

see [6, Section 23.5]. Multiple orthogonal polynomials satisfy a system of recurrence relations
connecting the nearest neighbors. For multiple Hermite polynomials one has

wHy(z) = Haye, (v )+ = H( Zn] - 1<k<r

where ¢; = (1,0,0,...,0),é = (0,1,0,...,0),...,¢&. = (0,0,...,0,1). They also have
interesting differential relations such as r raising operators

/
(e Hr gy (@) = —2¢7"*9"Hg(a), 1< <,

and a lowering operator

= Z TLjHﬁ_gj (l’)
j=1

see [6, Equations (23.8.5)—(23.8.6)]. Combining these raising operators and the lowering
operator gives a differential equation of order r + 1,

11 2; | PHa(x) = =2 (> n; [[ D; | Hal=),
j=1

i=1 i
where
d 2_ .. —x%4c;
D:d—, D;=¢" "9%De™* T49% = D 4 (—2x + ¢;)1.
x
From now on we deal with the case » = 3 and weights ¢; = —c,co =0,¢c3 = ¢:

7$2761 2

wi(r) =TT, up(a) =€, w(x) = e " O
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3.1. Zeros. Letxy 3, < ... < Z3p 3y, be the zeros of H,, ;, ,,. First we will show that for
¢ large enough, the zeros of H,, , ,, lie on three disjoint intervals around —c/2, 0, and ¢/2.

PROPOSITION 3.1. For c sufficiently large (e.g., ¢ > 4v/4n + 1) the zeros of H,, , , are
in three disjoint intervals I, U Iy U I3, where

h=[-5 - VIS +Vin+1|, L= [-VInF1Vin+1],
1?,:{;—\/47” ,g—&—\/éln—&—l},

and each interval contains n simple zeros.

Proof. Suppose 1, T2, . .., Ty, are the sign changes of H,, ,, ,, on I3 and that m < n. Let
Tm(z) = (x —x1)(z — 22) - - - (. — xp,). Then H,, , ,(z)7,, (x) does not change sign on Is.
By the multiple orthogonality one has

(3.1 / Hop oo ()T ()™ 7% da = 0.

Suppose that H,, ,, n,(2)m, () is positive on I3. Then by the infinite-finite range inequalities
(see, e.g., [7, Chapter 4, Theorem 4.1], where we take Q(x) = x2 — cx, p=1,t=4n+1so
that A; = I3), one has

/ |Hn,n,n(fr)7rm(x)|e_””2+“ dr < / Hn,nyn(x)ﬂ—m(l.)e—wz-‘rca: di
R\ /3 I
so that

/ Hn,n,n(w)ﬂm($)€_$2+cx dx > —/ Hn,n,n(x)ﬂm(l‘)e_xQ—’_cx dx

R\ I3 Is
and
/ Hnnn( )Wm(fﬂ)e @?tcx dx
/ Hy o, n(2) T (2)e™" “tew dx —|—/ H, ., n( m(m)e—ﬁz-&-cm dz > 0,
R\I3

which is in contradiction with (3.1). This means that our assumption that m < n is false, and
hence m > n. We can repeat the reasoning for I, and I, and since H,, , ,,, is a polynomial
of degree 3n, we must conclude that each interval contains n zeros of H,, ,, ,,, which are all
simple. Clearly the three intervals are disjoint when ¢ > 4+/4n + 1. a

This result shows that for large ¢, the multiple Hermite polynomials behave very much
like an Angelesco system, i.e., multiple orthogonal polynomials for which the orthogonality
conditions are on disjoint intervals. Some results for simultaneous Gauss quadrature for
Angelesco systems were proved earlier in [10, Chapter 4, Propositions 3.4 and 3.5] and [8]. In
this paper we will show that similar results are true for multiple Hermite polynomials when ¢
is large.

The intervals I, I, I3 are in fact a bit too large because they were obtained by using the
infinite-finite range inequalities for one weight only and not for the three weights simultane-
ously. In order to study the zeros in more detail, we will take the parameter c proportional to
/n and scale the zeros by a factor y/n as well. This amounts to investigating the polynomials
H,, . (y/nz) with ¢ = y/né. In order to find for which values of ¢ the zeros are accumulating
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on three disjoint intervals as n — oo, we investigate the asymptotic distribution of the zeros.
Our main theorem in this section is

THEOREM 3.2. There exists a c* > 0 such that for the zeros of Hy, 5, n, with ¢ = \/né one
has

where v is a probability density supported on three intervals [—b, —a] U [—d,d] U [a, ]
(0 < d < a<b)whené> c*, and v is supported on one interval [—b, b] when ¢ < c¢*. The
numerical value is ¢* = 4.10938818.

Such a phase transition when the zeros cluster on one interval when the parameters are
close together or on two intervals when the parameters are far apart was first observed and
proved for » = 2 by Bleher and Kuijlaars [2].

FIG. 3.1. The weight functions and the zeros of H10,10,10 for ¢ = 15 (left) and c = 5 (right).

Proof. The differential equation for y = Hy, n () becomes
y"" — 62y + (1222 — 2 — 6)y" +[-8z% + (2¢* + 12)z]y’
= —2n[3y" — 12xy' + (122 — ¢* — 6)y].

The scaling amounts to studying zeros of H,, ,, ,(v/nx), and these are multiple orthogonal
polynomials for the weight functions

n(z?+éx) —na? —n(x?—éx)
s .

wi(x) =e” wa(x) =e , ws(x) =e

Consider the rational function

6.(2) = - Hnn(V12) 15 :/dun(sc)
Vn Hyopon(v/nz) (et L

where 1, is the discrete measure with mass 1/n at each scaled zero z; 3, /+/n:

7

W
\

8
x)
o
:

Z—X

3n

1
T LN
i=1
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The sequence (S, )nen is a family of analytic functions which is uniformly bounded on every
compact subset of C \ R, hence by Montel’s theorem there exists a subsequence (.S, )i that
converges uniformly on compact subsets of C \ R to an analytic function S, and also its
derivatives converge uniformly on these compact subsets:

Sy, — S, Sy, — S, Sp. — S, Sy — 8"

Since each S, is a Stieltjes transform of a positive measure (with total mass 3), the limit is of

the form
S(z) = 3/ dplz) dz

zZ—XT

with 1 a probability measure on R that describes the asymptotic distribution of the scaled
zeros, and /i, converges weakly to the measure 31 for the chosen subsequence. This function
S may depend on the selected subsequence (), but we will show that every convergent
subsequence has the same limit .S. Observe that

H;I,,n,n(\/ﬁz) = \/ESan,nm(\/ﬁz)a

from which we can find

H';Ll,n,n(\/ﬁz) = (51/’7, + nSZ)Hn,n,n(\/ﬁz)a

. (V712) = =81+ 308,8, 4 02 S Hy (V).

HI, (Vniz) = %(s;;/ + NS Sy + 3n(SL)? + 6n2S2S! + nPSY) Hy o n(Vi02).

Put this into the differential equation (with x = /nz and ¢ = y/né). Then as n = ny — oo
one finds

(32) S* =625+ (1222 — &% +6)S% + (=823 + 2672 — 242)5 + 2(122* — &%) = 0.

This is an algebraic equation of order 4, and hence it has four solutions S(1), S(2), (3, S4)-
A careful analysis of these solutions and equation (3.2) near infinity shows that for z — oo,

3 1 R

1
S(3)(Z)ZQZ+O( ), 5(4)(2):22’76+O(

z

).

ISR S

We are therefore interested in S(1)(2) since it gives the required Stieltjes transform

dp(x)
S =5(z) =3 | ——=dx.
0@ =56 =3 [ 1 ds
The algebraic equation is independent of the selected subsequence, which implies that every
subsequence (.S, ) has the same limit, which in turn implies that the full sequence (S, ),
converges to this limit S. The measure p can be retrieved by using the Stieltjes-Perron
inversion theorem

b S(x —ie) — S(x + ie
pa,0) + gulla)) + () = tig o [ HEEESEEE g,
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If 1 has no mass points, then the density v of x4 is given by

1 S(x—ie) — S(x + i)
U(m)_%el—lg(r)l—i- 3 '

Hence the support of the density v is given by the set on R where S has a jump discontinuity.
This can be analyzed by investigating the discriminant of the algebraic expression

256¢%25 — 128¢%(¢* + 18¢% — 18)2*
(3.3) + 1662(¢® + 1265 + 240¢* — 1008¢% + 432) 22
—32¢%(¢* 4+ 4¢ + 6)%(* — 4¢ + 6)2.

This is a polynomial of degree 6 in the variable z. The support of v is where this poly-
nomial is negative. There is a phase transition from one interval to three intervals when
the z-polynomial (3.3) has two double roots. This happens when the discriminant of the

e=8
00 4000
3000
200
2000
1
1000

100 6 4 2 q 2 4 6
1000
-200
2000
-300

FIG. 3.2. The polynomial (3.3) for ¢ = 2 (left), ¢ = ¢* (middle), and ¢ = 8 (right).

z-polynomial (3.3) is zero:
27
(% — 46 +6)7(6* +2)(¢* + 46+ 6)*(¢" — ¢ — 54¢* = 54)° = 0.

The only positive real zero is the positive real root of

&b — %7&4 —54¢% —54 =0,

and this is ¢* = 4.10938818. a

Observe that the phase transition c¢* is at a smaller value than the one suggested by
Proposition 3.1, which would give the value 8. As mentioned before, this is because in
Proposition 3.1 we used the infinite-finite range inequalities for one single weight and not for
the three weights simultaneously.

4. Some potential theory. From now one we assume that ¢ > ¢* = 4.10938818. The
Stieltjes transform of the asymptotic zero distribution is

e R = =

The measures v1, Vo, /3 are unit measures that are minimizing the expression

3 3
ZZC”I iy [ JrZ/ x) dp;(x

=1 j=1
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over all unit measures j1, o, 43 supported on R, with

. 1 1/2 1)2
I = [ o8 g @), C =)= |z 1172

and
Vi(z) = 2% + éx, Va(x) = 22, Va(z) = 2* — éx.

This is the vector equilibrium problem for an Angelesco system [10, Chapter 5, Section 6].
Define the logarithmic potential

Uz p) = /log ﬁ du(y).

The variational conditions for this vector equilibrium problem are

4.1) 2U (z;v1) + Uz o) + Uz vz) + Vi(z) = 44, x € [—b, —al,
4.2) 2U (z;v1) + U(x;va) + Uz vs) + Vi(x) > 44, x € R\ [-b, —da],
4.3) U(z;vr) 42U (z5v2) + U(x;v3) + Va(x) = £a, z € [—d,d],

(4.4) U(z;vr) 42U (z;v2) + Uz vg) + Va(z) > Lo, z e R\ [-d,d],
4.5) U(z;vr) + Uz va) + 2U (x5 v3) + Va(x) = €3, x € [a,b],

(4.6) U(z;v1) + Uz va) + 2U (x5 v3) + Va(x) > €3, x € R\ [a,b],

where /1, ¢, {5 are constants (Lagrange multipliers). As an example, we have plotted these
functions in Figure 4.1 for ¢ = 6. The measures v, v2, v3 give the asymptotic distribution of

100 100 1

-8 6 -+ -2 2 4 6 8 -8 -6 -4 -2 0 2 4 6 8§ -8 -6 -+ -2 D\z_j_/s
/g 7 ¥

FIG. 4.1. 2U(z;v1) + U(z;v2) + U(z;v3) + Vi(z) (left), U(x;vr) + 2U (x5 v2) + Uz v3) + Va(x)
(middle), U(z;v1) + U(z;v2) + 2U (z; v3) + Va(x) (right).

the (scaled) zeros of H,, ,, , on the intervals [—b, —a), [—d, d], and [a, D], respectively. They
are absolutely continuous, and their densities can be found from the jumps of an algebraic
function & on the real line. The function ¢ satisfies the algebraic equation

€ — 22663 + (6 — e1)E? 4+ 2¢8%26 — 28% = 0,
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which has four solutions &1, &2, £3, €4, which behave near infinity as
3 1 .1 1
§1(2) =22 — -+ O(—), §2(2) = —¢+ -+ O0(=
z z z
£5(2) = 2 +0() a() =+~ + O
2) =~ = 2)=¢+ =~
3 2 =) 4 2
The densities v, v4, V4 are given by

Vi (z) = (&)1 (x) — (€2) () /

27 ’ V2($) =

(€4)+(z) — (&a)-(2)

211

vg(z) = —
The relation between the algebraic function S from (3.2) is given by

g=2,_ 2% | 2
Y N

The Stieltjes transforms of 11, v, v3 are related to the solutions of (3.2) by

Siy(2) = /*“ dvy(x) + /dd dvo(x) n /ab dus(x)’ Si(2) = 22 — /d dz/g(aC)7

_y 22— z—x z—x 42—z
N ~*dvi(2) . b dus(x)
S(g)(Z)=2Z+C—/_b Y — 1 5(4)(2):22—0—/a PR

5. The quadrature weights. Recall that for polynomials f of degree < 4n — 1

(5.1) / fz)e @ o) gy — Z)\k o f (@k3n)
(5.2) / fl@)e ™" do = Z M F (@rsm)
(5.3) / Fx)e ™# =e) gy — Z)\k anf (Th.3n)

Here zy 3, are the zeros of H,, . n(z) = pn(z)gn(z)r,(z), where p, has its zeros on
[~b, —al], ¢, on [—d,d], and r,, on [a,b]. Take f(x) = mon_1(x)qn(x)r,(z) with 7o, _1
of degree < 2n — 1. Then (5.1) gives

/ 7r2n—1(x)Qn(x)Tn(m)ein(x%réw) de = Z )\l(ﬂ i)%n%z(xk)rn(xk)ﬂhz 1(:1"16)
e k=1

This is the Gaussian quadrature formula for the weight function g, (x)r, (:c)e_"(””2+6$) with
quadrature nodes at the zeros of p,,. So we have
LEMMA 5.1. The first n quadrature weights for the first integral (5.1) are

A](c%?),nqn(xk,dn)rn(mk,3n) = )\k,n(Qnrn dﬂl)a 1 S k S n,

where i,y (qnrn duy) are the usual Christoffel numbers of Gaussian quadrature for the
weight g (2)pn(z)e~"(# +¢2) on R,
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For the middle n quadrature weights and the last n quadrature weights, we have a
weaker statement. By taking f(z) = m,_1(2)p2 (z)r, (z) with 7, of degree < n — 1, the
quadrature formula (5.1) gives

o) 2n
JAR el ) DIP Y R A LRERERTEN)
> k=n+1

This is not a Gaussian quadrature rule but the Lagrange interpolatory rule for the weight
function pi(:z:)rn(as)e*"(zz*é“’) with quadrature nodes at the zeros of ¢,,. So now we have
the result:

LEMMA 5.2. The middle n quadrature weights for the first integral are

1
/\,(c,;npi(xk,sn)m(wk,g,n) =wkn(gn), n+1<k<2n,

where wy, »,(qr,) are the quadrature weights for the Lagrange interpolatory quadrature at the
zeros of q,, and the weight function p2 (x)r, (x)e*"(ﬁ*é"”).
In a similar way, we take f(x) = 7, _1(2)p2 (2)q,(x) with 7,,_; of degree < n — 1 so

that (5.1) becomes

3n

/ 1 (2P (2)gn (@) F D dr = 3~ AN P2 (w4 gn ()T ().
—00 k=2n-+1

We then have:
LEMMA 5.3. The last n quadrature weights for the first integral are

/\gg{%np%(xk,?m)Qn(xk,Sn) = Wk (Tn), 2n+1 <k < 3n,

where wy, ,(1y,) are the quadrature weights for the Lagrange interpolatory quadrature at the

zeros of v, and the weight function p2 (x)qy (z)e "= +ew),

Of course similar results are true for the quadrature weights )\,(f;n for the second inte-

gral (5.2) and the quadrature weights Af’;n for the third integral (5.3).

The weight function g, (J;)rn(at)e_”(“%ré”) is not a positive weight on the whole real line,
but it is positive on [—b, —a] since the zeros of ¢,, and r,, are on [—d, d] and [a, b], respectively,
at least when n is large. We can prove the following result.

THEOREM 5.4. Let ¢ be sufficiently large." For the quadrature weights of the first
integral (5.1), one has

ML, >0, 1<k<n,
and
sign )\,(Clén = (—1)k—nF1 n+1<k<3n.

Proof. For the first n weights we use f(x) = p2 (2)gn (@), () /(x — Tk 3,)% in (5.1) to
find (we write x, = xj 3,)

oo

2
Pr(Z —n(z?4-éx
(@ an)? _(xz)zqn(a:)rn(a:)e (@ +en) g,

)\l(cl,;n[p;z(xk)]ZQn(xk)Tn(.I‘k) = /

¢ > 8 certainly works, but we conjecture that ¢ > ¢* is sufficient.
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Clearly [p], (2x)])%qn(zk)rn(zx) > 0 since x € [—b, —a] and the zeros of g, and r,, are
on [—d,d] and [a, b], respectively. So we need to prove that the integral is positive. Let
I = -5 —\/4+1/n,—% + \/4+1/n]. Then by Proposition 3.1 all the zeros of p,, are
in I, and hence [—b, —a| C I;. If ¢ is large enough, then g,,7,, is positive on I, and by the
infinite-finite range inequality (see Proposition 3.1)

2 2
pn(x) 7n(a:2+6:r) / pn(x) 7n(w2+é;1;)
—————|gn(x)ry(x)|e dx > ———gn(x)rp(x)e dx,
\/R\Il (x_mk)g‘q ( ) ( )‘ n (x—l‘k)zq ( ) ( )

so that

o] 2
Pp T —n(z?+éx

2 2
_ / pn<$)qn(x)7";(m) e—n(a:Z-‘réx) dx +/ pn(.’lf)qn<$)’l";(l’) e—n(w2+éx) dr > 0.
I, (v — ) R\ I, (x — )

For the middle n quadrature weights we use Lemma 5.2. Clearly p?(z;) > 0 and
sign 7, (x) = (—1)™ since all the zeros of 7, are on the interval [a, b] and z), € [—d, d] for
n + 1 < k < 2n. Furthermore for the Lagrange quadrature nodes one has

w [T e@) s (e e gy

where sign ¢/, (1) = (—1)*72". Observe that for a large enough parameter ¢ one obtains
sign g, (z)/(x — x) = (=1)""! on I since all the zeros of ¢, are on [—d,d] and also
sign r,,(x) = (—1)™ on I; since all the zeros of r,, are on [a, b]. By the infinite-finite range
inequality one has

[ @)t e < — [ e (a)e 4 o
R

\11 |£L’—(Ek| " LT Tk

so that

OO n\T —n(z?+éx
/ MZ’Z(@%(@B (@+e2) o < 0.

This gives sign )\,(Clz))m = (=1)k="*! for n + 1 < k < 2n. In a similar way one finds the sign

of /\,(::)m for 2n + 1 < k < 3n by using Lemma 5.3. O

For the quadrature weights )\l(f;n one has a similar result, which we state without proof.

THEOREM 5.5. Let ¢ be sufficiently large. For the quadrature weights of the second
integral (5.2) one has

A >0, m4l1<k<2n

k,3n ’ — — ’

and
sign )\f;n = {

Observe that the quadrature weights for the nodes outside [—d, d] are alternating, but the
weights for the nodes closest to [—d, d] are positive.
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PR - * KT EHAE KK K KK EAE AN K K

F1G. 5.1. The quadrature weights /\,(Cléofnr the first integral (¢ = 4.7434).

For the quadrature nodes )\fgn one has the following result:
THEOREM 5.6. Let ¢ be sufficiently large. For the quadrature weights of the third
integral (5.3) one has

AL, >0,  2n+1<k<3n,
and
sign )\,(f;n = (—1)*, 1<k <2n.

Having positive quadrature weights is a nice property, as is well known for Gaussian
quadrature. The alternating quadrature weights are not so nice, but we can show that they are
exponentially small.

THEOREM 5.7. Suppose ¢ is sufficiently large (see the footnote in Theorem 5.4). For the
positive quadrature weights one has

1/n
(5.4) lim sup ()\](cl’;n) < e Vil@),

n—o0

whenever x, — x € (—b, —a). For the quadrature weights with alternating sign, it holds that

(5.5) lim sup |/\§€17;n|1/” <exp (2U(z;v1) + U(x;va) + U(x;vg) — 4q)
n—oo
whenever xj, 3, — x € (—d,d) U (a,b).

Proof. Let z € (—b,—a). We use Lemma 5.1 to see that )\,(Cl,%nqn(xk)rn(xk) = Aens
where )\ ,, are the Gaussian quadrature weights for the weight function gy, ()7, (z)e~""1(*),
We can use the Chebyshev-Markov-Stieltjes inequalities [12, Section 3.41] for the Gaussian
quadrature weights to find

Th41

Nt < [ an@ira(z)e ™ do

Tk—1
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By the mean value theorem, we have
Thk+1 2. "
/ Gn (@)1 (2)e ") do = (2411 — 2po1)qn (&) (En)e ™V E),
Trp_1
for some &, € (z—1,Zk+1). Then, since zy41 — z—1 < b — a, we find
1/n
lim sup ()\’(Cl);m) < 67V1(1:)
n— 00

whenever z, — x € (—b, —a) since
Jim Jgn ()| V" = exp(=U(x;02)) = lim |gn(&n)"",
and

lim_ [ (i)™ = exp(~Ua;v3)) = lim_ [ ()]

n— oo

Let z € (—d, d). We use Lemma 5.2 to find

(1) _ 1 / CL’) 2 2V (2 efn(a:QJréw) dx

Lo~ et [ 2
For the polynomials p,, and r,, one has

. 1/n _ - ) . _ _ )

Jim [py(2)["/" = exp(=U(ziv1)),  lim |r(2)| = exp(=U(x;v3))
uniformly in z € [—d, d], which already gives
1
lim ——————— = exp(2U(z; 1) + Ul(w; u3)).

n=o0 p7 (k) |rn ()|

For the integral we use the infinite-finite range inequality (see Proposition 3.1) to find

§2/ ‘QH( )| AN ( )|rn( )|e—n(a:2+éac) dr.

—n(w2+é;ﬂ) d
P (@), (x)e x .
’/ T — 1k (@)ra(2) 1 | — ]

For ¢ sufficiently large the intervals Iy, [—d, d], and [a, b] are disjoint, hence for z € I; and
xy € [—d,d] we have |x — x| > dist(I1, [—d, d]) = ;. We thus obtain

n — O 2 _ ~
‘/ DAL 2 o () dw’ <5 [ @ @@l da.
T — Tk o Jp,
Observe that the integrand is
P2(@)|an (@)1 (@)™ = exp(—n (20 (z:04) + Ui va) + Ul va) + Vi(2)) ).

and as n — oo, the nth root thus converges to exp(—¢;) when x € [—b, —a] or to a value
less than or equal to exp(—¢1) when x ¢ [—b, —a]. We thus have (see the third Corollary [10,
p. 199] for an Angelesco system)

1/n
2 .

s (2 [ @ @l @l ) < et
1

n— oo
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The behavior of the nth root of |¢/,(x)| is more difficult because we evaluate ¢/, at a
point in (—d, d), which is in the support of v, where the zeros of ¢,, are dense. Clearly ¢/,
has n — 1 zeros between the zeros of ¢,,, and the asymptotic distribution of the zeros of ¢/, is
the same as that of g,,, hence |g/, (z)|'/™ converges to exp(—U (z;v2)) whenever z ¢ [—d, d].
When x;, — = € (—d, d) one can use the principle of descent [11, Theorem 6.8 in Chapter I]
to find

(5.6) limsup |¢, (zx) "™ < exp(~U(z;12)), x € (—d,d).
n—oo

To prove the inequality in the other direction, we look at the quadrature weights A;f;n for the
second integral (5.2) corresponding to the nodes on [—d, d] (the zeros of ¢,,). These nodes are
positive and related to the Gaussian quadrature nodes for the orthogonal polynomials with the
weight function p,, (z)r, (m)e*m”Q; see Theorem 5.5. The result corresponding to (5.4) is

5@ )1/" < Vel

lim sup ( b.3n
n—oo ’

On the other hand, by taking f(z) = p,(2)¢2(2)rn(z)/(x — x3)? in (5.2), we see that the
. 2) .
quadrature weight A;”;  satisfies

oo 2
/\(2) (T (T ! T 2 :/ pn(x)qn(x)rn(w) e—nxz dx.
k,Bnp ( k) ( k)[qn( k)] e (QZ - Ik)z
Observe that the sign of 7, (x) on [—d, d] is (—1)™. Hence by the infinite-finite range inequali-

ties, one finds

)G (2)rp(x) . 2
Rl B

where |r,| < 1. On I we have that |z — x| < o, where 05 is the length of I5, hence

n 1+T” —na?
(1" N3P (@) () [ ()P = — / [P (@) 12 ()l () [ dr,
2 2

from which we find
9 1+4+mr, 1

2
gy (z)|* > — 1 (@)[62 ()| ()" da
! % Ag%dpn(xk)?“n(ﬂck)l I "

By taking the nth root and by using the same reasoning as before, we thus find

lirginf ¢, (k) |2/ > exp(Va(x) + Ulw;vr) + Ulz;vg) — L2).

Since z € (—d, d), it follows from (4.3) that the right-hand side is exp(—2U (z;v2)). Com-
bined with (5.6) we then have

1/n e—U(w;ug)

. / _
Jim g, (zx)[ " =
whenever z, — z € (—d, d). Combining all these results gives (5.5) for xy, 3, — = € (—d, d).
The proof for xy, 3, — = € (a, b) is obtained similarly using Lemma 5.3. a

The results corresponding to the quadrature weights for the second integral (5.2) and the
third integral (5.3) are as follows:
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THEOREM 5.8. Suppose ¢ is sufficiently large (see the footnote of Theorem 5.4). For the
positive quadrature weights one has

1/n
lim sup ()\fin) < e V2@
n— oo

whenever x, — x € (—d, d). For the quadrature weights with alternating sign, it holds that
lim sup |/\,(€2’:),m|1/" <exp (U(z;v1) +2U(z;v2) + U(x;vz) — £a)
n—oo

whenever i, 3, — « € (—b,—a) U (a, b).
THEOREM 5.9. Suppose ¢ is sufficiently large (see the footnote of Theorem 5.4). For the
positive quadrature weights one has

1/n
lim sup ()\,(f’%”) <e V3@
n—00 ’

whenever x, — x € (a,b). For the quadrature weights with alternating sign, it holds that

lim sup |/\,(j:)m|1/" <exp (U(z;v1) + U(x;ve) +2U (x;v3) — £3)

n— oo

whenever xj, 3, — ¢ € (=b,—a) U (—d, d).

(a) U (y; ,,{100)) (b) U (y; u§100)) (©) U (y;z/émo))

FIG. 5.2. The potentials U (x; 1), U(x; v2), U(x; v3) approximated by using the zeros of H100,100,100-

All the upper bounds in Theorems 5.7-5.9 depend on the logarithmic potentials U (x; v ),
U(z;v2),U(x;v3), and in particular on the linear combination of them that appears in the
variational conditions (4.1)—(4.6). Observe that by combining (4.3) with (5.5) we find

lim sup \/\,(i%n\l/" < e V2(@) exp(le — U(z;ve) — € + U(z;11))

n—oo

whenever z, — z € (—d, d), and by using (4.5) we find

lim sup \A,S;n Un < o=Val2) exp(ls — U(z;vs) — € + U(z; 1))
n—oo
whenever z, — x € (a,b). Hence, on (—d, d) the quadrature weights are bounded from
above by e~ "2(*) times a factor which is small since £y — U(z; ) — £1 + U(z;11) < 0 on
[—d, d]. On (a, b) the quadrature weights are bounded by e~"3(*) times an even smaller factor
since ¢3 = ¢ (by symmetry) and U (z;v3) > U(x;v2) > U(z; 1) for z € (a,b); see Figure
5.2. This makes the alternating quadrature weights exponentially small.
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TABLE 6.1
The quadrature weights )\](:;0 for the first integral (¢ = 4.7434).

k ko k Ao

1 6.887653865 10~ 16 | —5.203778435 107

2 4.384111578 10~ 17 1.650403141 10~7

3 0.359198303 10—3 18 | —3.822820686 10~8

4 0.814961761 102 19 5.890634594 10~°

5 0.683650066 10~ 20 | —4.840551012 10~10
6 0.2410330694 21 1.105332527 10~ 11
7 0.3725933960 22 | —7.562667367 10~ 12
8 0.2452710131 23 3.793214538 10~ 12
9 0.604113561 10~* 24 | —1.400104912 10~12
10 | 0.380909885 102 25 3.767415857 10~ 13
11 6.755525278 106 26 | —7.193039657 10~ 14
12 | —5.189883715 10~6 27 0.260146442 10~ 1°
13 3.848392520 106 28 | —7.331498520 10~16
14 | —2.434636570 10~6 29 2.977117925 10~ 17
15 1.261797315 106 30 | —3.903292274 1019

6. Numerical example. In Table 6.1 and Figure 5.1 we give the quadrature weights
/\,(31)377 for the zeros of Hyg 19,10 With ¢ = 15, which after scaling by v/10 corresponds to
¢ = 4.7434. This clearly shows that the first 10 weights are positive and the remaining 20
weights are alternating in sign and very small in absolute value. The zeros and the quadrature
weights behave in a similar way as for an Angelesco system (see [8]) when ¢ is sufficiently
large. Our scaling and the use of the weight functions

w1(I) _ e—n(z2+éx)’ wQ(x) — e_nﬁ’ wg(x) _ e—n(rz—éc)z)7

means that we are using the densities of normal distributions with means —¢/2, 0, ¢/2 and
variance 02 = 1/2n. In such case we can ignore the alternating weights and only use the

positive quadrature weights {)\g;n : 1 < k < n} to approximate the first integral (5.1). In
a similar way, when we approximate the second integral (5.2) we can ignore the alternating
weights and only use the positive weights {)\,(62;” :n+1 <k < 2n}, and for approximating

the third integral, one can only use {Ag’;n :2n+1 <k <3n}.
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