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Abstract. This paper summarizes recent results on weighted polynomial approximations for functions defined
on the real semiaxis. The function may grow exponentially both at O and at +o0o. We discuss orthogonal polynomials,
polynomial inequalities, function spaces with new moduli of smoothness, estimates for the best approximation,

Gaussian rules, and Lagrange interpolation with respect to the weight w(z) = ;c'*e*”‘_a*”“ﬁ (a>0,8>1,
v 2 0).

Key words. orthogonal polynomials, weighted polynomial approximation, polynomial inequalities, Gaussian
quadrature rules, Lagrange interpolation, Pollaczeck-Laguerre exponential weights

AMS subject classifications. 41A05, 41A10, 41A17, 41A25, 65D05, 65D32

1. Introduction. This paper is a short survey on weighted polynomial approximations
of functions defined on the real semiaxis. The function may grow exponentially both at 0 and
at +00. As far as we know, this topic has received attention in the literature only recently
(see [12, 13, 14, 15, 16]). We consider weight functions of the form

(1.1) wz)=2"e® """ a>0,8>1,v>0, ze(0,+00).

=@

Even though w can be seen as a combination of a Pollaczeck-type weight e~ and a

Laguerre-type weight x’ye_’”ﬁ, one cannot investigate the problem by reducing it to a combi-
nation of a Pollaczeck-type case (on, say, [0, 1]) and a Laguerre-type case (on [1, +00)).

We are going to present the main results concerning orthogonal polynomials, polynomial
inequalities, function spaces with new moduli of smoothness, and estimates for the best
polynomial approximation with respect to the weight w. We also pay due attention to Gaussian
rules and Lagrange interpolation in weighted L?-norms. The behaviour of the related Fourier
sums and their discrete versions, the Lagrange polynomials, in the L”-norms remains an open
problem.

In the sequel ¢, C will stand for positive constants that may assume different values in each
formula, and we shall write C # C(a, b, ...) when C is independent of a, b, . . . Furthermore,
A ~ B means that if A and B are positive quantities depending on some parameters, then
there exists a positive constant C independent of these parameters such that (4/B)*! < C.
Finally, we denote by IP,,, the set of all algebraic polynomials of degree at most m. As usual N,
Z, R, will stand for the sets of all natural, integer, and real numbers, while Z* and R* denote
the sets of positive integer and positive real numbers, respectively.
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2. Orthogonal polynomials. First of all we note that the weight w defined by (1.1) can
be reduced to a weight belonging to the class F(C?+), introduced by Levin and Lubinsky
in [7, pp. 7-8], by a linear transformation. Let us recall the definition of this class for the
reader’s convenience.

Let I = (¢, d) be an interval with —oco < ¢ < 0 < d < +o0, and p : I € R be a weight
function with o = =9, Q : I € [0, +00) satisfying the following properties:

(i) @’ is continuous in I and Q(0) = 0;

(if) Q" exists and is positive in I \ {0};

(i) lim, .+ Q(z) = lim, 4~ Q(z) = o003

(iv) the function

T(z) = x € I\{0},

is quasi-decreasing in (¢, 0) and quasi-increasing in (0, d) with
T(x)>A>1, x eI\ {0};

(v) there exist C, Co > 0 and a compact subinterval J C [ such that

Q" (z) Q' (z)]

()] <y Q@) a.e. x€l)\{0},
and

Q"(z) Q' ()]

‘Q/(I)‘ECQ Q) ae. xzel\J.

Then we say that o € F(C?+).

With the previous notation, we can state the following lemma.

LEMMA 2.1 (see [16, pp. 817-818]). Letting w be the weight in (1.1), there exists a
A > 0 such that the weight w defined as

W(y) =e W ye(-A+00),
with

Qy) = —+ (y+ N7 —ylog(y +A) = A7 = N + ylog(}),

(y+A)

belongs to the class F(C?+).
Therefore, we have that w(y) = Cw(y + A), where A is the unique positive zero of

q(z) = —az™ 1 4 B2t~ —qz7 L.

We can deduce the properties of the orthogonal polynomials with respect to our weight w
from the results obtained by Levin and Lubinsky using the inverse transformation. The
Mhaskar-Rakhmanov-Saff (MRS) numbers, €, = ¢, (w) and a, = a,(w), related to

w(z) =e 1™, gla) =27+ 2" — ylog(x),

are defined by

1 ar /
S / @) g,
€

T Je, (ar —x)(z — &)
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and

1 ar /
0= 7/ ¢@) dz .
™ Je, (a‘r - .T)(.’E - ET)
PROPOSITION 2.2 (see [16, pp. 820] and [7, p. 13]). For 7 > 0, ¢, is a decreasing
function, and a is an increasing function of T, and

lim e, =0, lim a, = +o00,
T—+00 T—+00
with
1
at1/2
@.1) e~ <V aT)
i
and
2.2) ar; ~ /8

Let us denote by {py, (w) }men the sequence of orthonormal polynomials defined by
Pm(w, ) = yma™ + lower degree terms, Ym = Ym(w) >0,

and
“+ o0
/ P (W, ) (W, 2)w () AT = Oy -
0

The zeros of p,,(w) lie in the MRS interval associated with /w. Here and for the rest of
the paper, we use the notation e, = £,(y/w) and a, = a,(v/w), taking into account that, by
definition, e, (v/w) = €2-(w) and a, (v/w) = az,(w). The next proposition provides further
information concerning the distribution of these zeros.

PROPOSITION 2.3 (see [14, pp. 1656-1657] and [7, pp. 312-324]). The zeros of py,(w)
are located as

Em <X <Xy < < Ty < Qp

with
\/T %(gzi?) 2 (2a+3 1
o1 — e~ b 5mw< mm) ~m-3ER) ()
and
A — Ty ~ Ay M 2/3~m%_%

where the constants in “~” are independent of m.
The distance between two consecutive zeros Axy, = x1 — T) can be estimated by

Axy ~ U, (xg), k=1,...,m—1,

where
Am Tk

m\/(xk —&m)(am — T1)

\I]m(xk) =

and the constants in “~” are independent of k and m.
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Now, letting 6 € (0, 1) be fixed, we define two indexes j1 = j1(m) and jo = ja(m) as

2.3 ;= max {x : zp <e¢€ and z,, = min {x; : T > a .
23)  zj 1§k§m{k k< Egm} 2 1gkgm{k k> Gom )
For the sake of completeness, if {xy : zx < g} or {xf : zk > ap,, } are empty, then we
set xj, = Ty OF Tj, = T, respectively.

From Proposition 2.3, it follows that

Let

be the mth Christoffel function and
Ae(w) = A (w, x) k=1,....,m,

be the Christoffel numbers related to w.
PROPOSITION 2.4 (see [7, p. 257]). We have

Am(w,z) ~ U (2)w(z), x € |em, am) s

where VU, is given by
G T

U, (x) =
( ) m\/(a: —E&m + 57n)(a"m — T+ amm—2/3)

and the constants in “~” are independent of m.
In particular, for 0 € (0,1), we get

Am (W, ) ~ \/%Tn\/ﬂ?w(a:) , T € [Egm, Gom)] -

From the numerical point of view, in order to compute the zeros of p,, (w) and the Christof-
fel numbers, we use a procedure given in [14] (see also [18, §4.2]) and the MATHEMATICA
package OrthogonalPolynomials (cf. [3] and [19]), which is freely downloadable from
the website: http://www.mi.sanu.ac.rs/~gvm/.

For the sake of brevity we omit the description of the numerical procedures for the
computation of the zeros of p,, (w), the Christoffel numbers, and the Mhaskar-Rahmanov-Saff
numbers €,, and a,,. The interested reader can find all the details about these procedures in
[14, pp. 1676-1680] (cf. [15]).

The following estimates are crucial tools in order to study the convergence of several
approximation processes.

PROPOSITION 2.5 (see [7, pp. 325 and 360]). We have

sup [pm (w, 2)| V(@) V[ (am — 2)(z —em)| ~ 1,
z€(0,4+00)

sup [pr (w, 2)| /(@) ~m# (73 G,
)

z€ (0,400
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and

~ Az {‘/(am —z)(x —em),

1
P (w n)| /w (k)

“«

where the constants in “~" are independent of m.
PROPOSITION 2.6 (cf. [7, p. 25]). For the leading coefficient of p,,,(w), we have

L (A (e ()
Tm= o (am—i-am) P <7T eV (@m —2) (T — &) dx) (L+o(1)),

where q(z) = 3 (z7* + 2” — ylog ).

3. Polynomial inequalities. Letting w be given by (1.1), z € R, we introduce the
weight function

3.1) u(z) = 2%/ w(z), 0 eR.

In the sequel, by a slight abuse of notation, we denote by || - ||,, the quasinorm of the L?-spaces
for 0 < p < 1 defined in the usual way.

LEMMA 3.1 (see [16, p. 809]). Let 6 € R andn = m + [|d|]. For any P, € P,,, with
0 < p < oo, we have

| Prm. u”p <C||Ppn UHLP

[en,an] 2

where C # C(m, Pp,) and €, ay, are defined by (2.1) and (2.2).
On the other hand, for any s > 1, we have

||Pmu“LP(R+\[Esm,7asnl]) S Ceicm ||Pmqu 9

where

1 2x
(3.2) V= (1_25) 5o 1

and C and c are independent of m and P,,.
For the rest of the paper, let

pla) = V.

The following lemma is of independent interest and gives rise to a useful procedure for
verifying polynomial inequalities.

LEMMA 3.2 (see [16, p. 809]). For a sufficiently large m (say m > my), there exists a
polynomial Ry, € Py, with { a fixed integer, such that

R (x) ~ w(x)

and

m

| Rl ()] () < C w(z)

B

for x € [e, an), where €., = e, (W) and a,, = ap, (W) are defined by (2.1) and (2.2). The
constants in “~" and C are independent of m.
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By Lemmas 3.1 and 3.2 we reduce the problem for the polynomial inequalities related to
the weight u on (0, +00) to analogous inequalities on bounded intervals with Jacobi weights.
In fact, we get:

THEOREM 3.3 (see [16, p. 810]). Let 0 < p < oo. Then, for any P,, € P,,, we have

m
(33) 1B} pull, < € [P,
and
m
3.4 P <C Pl ,

where C # C(m, Pp,).
We want to emphasize that the presence of the algebraic factor 2° in the definition of u
allows us to iterate the Bernstein inequality (3.3) as follows:

I T m "
[P er L, <c (W) Pl |

for 1 < r € Z. Also, the factor

att Lo
m m A m +
V €ma7n V am B V a77l
in the Markoff inequality (3.4) is smaller than the one appearing in the analogous inequality
(see [17])

2
m
175 wsll, <€ (=) 1Pwwsl

with the generalized Laguerre weight wg(z) = e~ on (0, 4+00), whereas the factors of the
Bernstein inequalities for the weights v and wg are the same.

Using standard arguments, the Markoff inequality (3.4) can be deduced from the Bernstein
inequality (3.3) and the Schur inequality stated in the following theorem.

THEOREM 3.4 (see [16, p. 810]). Let 0 < p < oo. Then, for any P,, € P,,, we have

m &
1Pnul, < (S2=)" 1Pavend,
where vs(x) = 2° and C # C(m, Py,).
In analogy with the Bernstein and Markoff inequalities, we give two versions of the
Nikolskii inequality.
THEOREM 3.5 (see [16, p. 810]). Let 0 < p < q < <. Then, for any P, € P,,, we have

1_1

1 m P q
3.5 HP, 5% H <o Py,
(3.5) neer | SCL o= (| P ],
and

1_1
m P q

(3.6) ||Pmu|q§6(m> | P ull, 5

where C # C(m, Pp,).
In analogy with different weighted polynomial inequalities, the factor m//€,,a,, in the
second Nikolskii inequality is the same as the one appearing in the Markoff inequality.
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4. Function spaces, K -functionals, and moduli of smoothness. Let us now define
some function spaces related to the weight u (see [13, pp. 168-172]). By LP, 1 < p < oo, we
denote the set of all measurable functions f such that

1/p

+oo
||f||Lﬁ:=|fu||p=(/0 IfUI”(x)dx> < oo,

while, for p = oo, by a slight abuse of notation, we set

Ly =C, = {f € C%0,+00) : lim f(x)u(z) =0= lim f(:c)u(x)}

z—0*t T——+00

with the norm

[z =l full o = sup [f(z)u(z)] .

z€(0,+00)

For smoother functions we introduce the Sobolev-type spaces
wr) = {1 e Li: [0 € AC(0, +o), |f 76 uly < oo},

where 1 < p < oo, 1 < r € ZT, p(z) := /z, and AC(0, +00) denotes the set of all
absolutely continuous functions on (0, +00). We equip these spaces with the norm

1 lwz ) = I fully + 1F D ull, .

To characterize some subspaces of LZ, we introduce the following moduli of smoothness.
Let us consider the intervals

_ [p1/(a+1/2) ¢
In(e) = [h ’ hl/(ﬂ—1/2)} ’

with a and S in (3.1), h > 0 sufficiently small, and ¢ > 1 an arbitrary but fixed constant. For
any f € LP,1 <p < oo,r > 1,and t > 0 sufficiently small (say ¢ < tp), we set
T _ T
WS Oup = 5w [[Ahg (1) ull oz,

where

T

@) =SV (1) et - hple)) . ple) = V.

=0

Moreover, we introduce the following K -functional

r — : _ i, (r), r
Ky = ind {10 =gy ul, +716¢ ), }

and its main part

K AV, = su inf { —g)ull;, + 1" g M o ul ez, (o }
(st )up 0<h1:;tg€Wf(u) 1(f —g)ull (Zn (<)) g™ " ull Lo (z,, (c))

The main part of the K -functional is equivalent to the main part of the previous modulus of
smoothness as the following lemma shows.
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LEMMA 4.1 (see [13, p. 171]). Let r > 1 and 0 < t < tg for some to < 1. Then, for any
feLll 1<p< oo, wehave

Q:p(fa t)u,p ~ I?(fv tr)u,p 5

where the constants in “~" are independent of f and t.
Then we define the complete rth modulus of smoothness by

Wi, (fs Dup = QG (s ) up + inf H(f - q) u||LP(07t1/(a+1/2)]

T T IR

with ¢ > 1 a fixed constant. We emphasize that the behaviour of w ( f,t)u,p is independent
of the constant c. Moreover, the following lemma shows that this modulus of smoothness is
equivalent to the K -functional.

LEMMA 4.2 (see [13, p. 172]). Let r > 1 and 0 < t < tq for some to < 1. Then, for any
felLr 1<p<oo wehave

W;(fa t)um ~ K(f, tr)u,p )

where the constants in “~" are independent of f and t.
By means of the main part of the modulus of smoothness, for 1 < p < oo, we can define
the Zygmund-type spaces

QL(ft)u
Zg’(u):{fELﬁ:supM<oo,r>s},
>0 t*
s € RT, with the norm
b T

We remark that, in the definition of Z?(u), the main part of the rth modulus of smoothness
Q7 (ft)u,p can be replaced by the complete modulus w,(f, ). as can be deduced from
Theorem 5.1 in next section.

5. Weighted approximation and embedding theorems.

5.1. Estimates for the best weighted approximation. Let us denote by

En(Dap = jinf I/ = P)ul,

m

the error of the best polynomial approximation of a function f € L?, 1 < p < oco. The
following Jackson, weak Jackson, and Stechkin inequalities hold true.

THEOREM 5.1 (see [13, p. 173]). Forany f € LP, 1 <p < oo, andm >1r > 1, we
have

6. By <0 (1 222)
u,p

and, assuming Q,(f,t)upt~" € L'[0,1],

vV m
m 3 U)u

En(fup §C/ 74’(]; Jup dt, r<m.

0
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Finally, for any f € LF, 1 < p < oo, we get

r(p V/Om Var\" s~ () Bl
sn (o) = () () T

3

In any case C is independent of m and f.
In particular, for any f € WP (u), 1 < p < 400, we obtain

(5.3) B (F)p <€ <M> £
m

B

. c#em),

whereas, for any f € ZP(u), 1 < p < +oo, we get

(5.4) Em (f)y, <C (M)Ssup Q:ﬂo(fa‘t)u,l? ’ P>, CACmf).

m £>0 s

From (5.1), (5.2), and (5.4) we deduce the following equivalences

lim w,, (f, \/:7”) =0 &  HmE,(flup=0

u,p
and
Iull+sm Bl D g, + s (f%) En(Fuy

forl <p<ocoandr > s.
5.2. Embedding theorems. Now, using Theorem 5.1, the dyadic decomposition, the

Nikolskii inequalities (3.5) and (3.6), we can show some embedding theorems, connecting
different subspaces of L?.

THEOREM 5.2 (see [12, p. 159]). Forany f € L?, 1 < p < oo, such that
1 Qr
/ 7”’ Jup dt <
0

where n = (2a+ 2) /(2 + 1), we have

m QT fv u,p
uOO S C t1+"7/p dt?

NN (D
)|

[fullos <C {Hfup +/O tgi”;]/):p dt}

where C depends only on r.
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In the following theorem, we replace n/p by 1/p.
THEOREM 5.3 (see [12, pp. 159-160]). Forany f € L?, 1 < p < oo, such that

1 T
/ 7980(]07 Dup dt < o0,
0

t1+1/p

we have

w0 (f g

t1+1/p dt’

Em(f)cpl/Pu,oo S C/
0

am "
L QT ()
op (1) e [Ty,
1/Pu,00 0

m t1+1/p
L (7, 1),
1/p e Pup
I rule < c{lpuly + [ 20 ar}.

where C depends only on r.

From Theorem 5.3 we can easily deduce the following corollary, which is useful in several
contexts.

COROLLARY 5.4 (see [12, p. 160]). If f € LP, 1 < p < o0, is such that

/ (fa )updt<oo’
0

then f is continuous on (0, 4+00).

6. Quadrature rules and Lagrange interpolation. Here we are going to show a slight
extension of the results proved in [14] for v = 0.

. . . —a 3
6.1. Gaussian formulas. The Gaussian rule related to the weight w(z) = z7e™7 —af

can be defined by the equality
+o0

(6.1) Po—r(z)w(@) dz =Y " \p(w) Pam1 (),
0 k=1

where xj, are the zeros of p,, (w), Ax(w) are the Christoffel numbers, and (6.1) has to hold

for any polynomial Ps,,,_1 € Ps,,_1. Thus the error of the Gaussian rule for any continuous
function f is given by

+o00 m
el = [ i) de =Y wfw
k=1

Let us consider the weight
(6.2) o(z) = (1+z)°w(z), 0>0,0<a<1l.

Naturally, taking also into account Lemma 3.1, the results of Sections 3 and 4 hold with «
replaced by o. If we assume that f € C, then we can write

0 w(x
Wsclfol [ 4 an,

m

< folls Z

k=1
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and the next proposition easily follows.
PROPOSITION 6.1 (cf. [14, p. 1660]). If w/o € LY, then, for any f € C,, we have

(6.3) |€m (f)| < CEZm—l(f)gﬁoo »

where C # C(m, f).

This proposition generalizes a result due to Uspensky [20], who first proved convergence
of Gaussian rules on unbounded intervals related to Laguerre and Hermite weights (see also
[9, pp. 341-345] and [11]).

Notice that the assumption w/o € L' in Proposition 6.1 is fulfilled if = 1 and § > 1 or
if @ < 1 and ¢ is arbitrary. The error estimate (6.3) implies convergence of the Gaussian rules
for any f € C,. For a smoother function, for instance f € W, (o), by (6.3) and (5.3), we

en (D<€ (Y22 105

obtain
where C # C(m, f) and a,, ~ m'/?.

Thus, a natural question is how to establish the degree of convergence of e, (f) if the
function f is infinitely differentiable, i.e., f € C°°(R}.). We recall that Aljarrah [1, 2] showed
estimates of e, (f) related to Hermite or Freud weights for analytic functions in some domains
of the complex plane containing the quadrature nodes. For precise estimates, considering
the same class of functions and different weights, we refer to [8]. Here we consider the case
of infinitely differentiable functions on R with the condition that (f(™ ¢)(x) is uniformly
bounded with respect to m and x. We note that the derivatives of the function can increase
exponentially for x — 0 and z — +o0.

THEOREM 6.2 (cf. [14, p. 1660]). Let o be the weight in (6.2) with0 < a < 1 and
arbitrary. For any infinitely differentiable function f, if K (f) := sup,, Hf(m)UHOO < Ho00,
then we have

lem (/)| <CK (f)Tr,  lim /Ty =0.

In order to study the behaviour of the Gaussian rule in the Sobolev spaces W (w), it is
natural to investigate whether estimates of the form

64 len(NISCY I ull,  CECOmp), feWhw),

hold true. We recall that, as shown in the previous section, for the error of the best approxima-
tion,

En (Pus <CY | flouly,  C#CmT), feWi(w).
On the other hand, inequality (6.4) holds, mutatis mutandis, for Gaussian rules on bounded
intervals related to Jacobi weights. But, as for many exponential weights (see, e.g., [4, 5, 10,
11]), inequality (6.4) is false in the sense of the following theorem.

THEOREM 6.3 (cf. [14, p. 1661]). Let w(z) = 27e~* "~ o >0, 8> 1, and y > 0.
Then, for any f € Wi (w), we have

Vam
lem (f) ] < le/?’THf’gole,
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where C is independent of m and f. Moreover, for a sufficiently large m (say m > my), there
exists a function fp,, with 0 < || f; w||; < 400, and a constant C # C(m, fy,) such that

a+/Qm
em(fm)| 2 Cmt 3L 2

Nevertheless, estimates of the form (6.4) are required in different contexts. To obtain this
kind of error estimates, using also an idea from [10], we are going to modify the Gaussian
rule.

With 0 € (0, 1) fixed, we define two indexes j; = ji(m) and jo = ja(m) as in (2.3).
Then, for a sufficiently large IV, let P}, denote the following subset of all polynomials of
degree at most [V,

Py ={PePy: P(z;) =0, z; <xj, orz; > ,}.

Naturally, p,, (w) € P, for N > m, and 6 € (0, 1) arbitrary. Now, in analogy with (6.1), we
define the new Gaussian rule by means of the equality

+o00o m
Q2m—1( Z w)Q2m—1(Tk) Z)\k: )Q2m—1(zk) »

0 k=31

which holds for every Qo,n—1 € P5,,,_ 1.
Then, for any continuous function f, the “truncated” Gaussian rule is defined as

+o00
(6.5) /0 f@)yw(z)de = Z A (w w ()

k=31

whose error e, (f) is the difference between the integral and the quadrature sum.

Compared to the Gaussian rule (6.1), in the formula (6.5), the terms of the quadrature
sum corresponding to the zeros that are “close” to the MRS numbers are dropped. From the
numerical point of view, this fact has two consequences. First, it avoids overflow phenomena
(taking into account that, in general, the function f is exponentially increasing at the endpoints
of Ry). Moreover, it produces a computational saving, which is evident in the numerical
treatment of linear functional equations (see [15]).

We are now going to study the behaviour e, (f) in C, and W ! (w). We will see that the
errors e, (f) and e, (f) have essentially the same behaviour in C,, but not in W} (w) since
er, (f) satisfies (6.4), while e,,, (f) does not. The behaviour of e}, (f) in C,, is given by the
following proposition.

PROPOSITION 6.4 (cf. [14, p. 1662]). Assume that w/o € L. Then, for any f € Cy, we
get

(6.6) e () £ C{Bat (e + e NI frll }

where M = {(9%) mJ, 0 € (0,1), vis given by (3.2), C # C(m, f), and ¢ # c(m, f).
In particular, if f € W° (o), then the inequality (6.6) becomes

e (N <€ (L22) Uy -
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For smoother functions, the analogue of Theorem 6.2 is given by the following statement.
THEOREM 6.5 (cf. [14, p. 1662]). If the weight o and the function f satisfy the assumption
of Theorem 6.2, then, for any 0 < p < a(1 — 1/(28))/(a + 1/2) fixed, we get

les, (N | < Clllfolloe + K ()] T,

where lim,,, Th,™ = 0and C #C(m, f).

For functions f € Wi (w) or f € Z}(w), 1 < s € R, the following theorem states the
required estimates.

THEOREM 6.6 (cf. [14, pp. 1662-1663]). For any f € Wi (w), we have

* am —cm”
©7) 5, (1)1 < L2 g, + Cem | ol
Moreover; for any f € Z}(w), with s > 1, we get
(0799 \/E/m QT (.fv t)w,l v
68 )<y [T ZeE Ry oo ul,
0

where r > s > 1. In both cases C and c do not depend on m and f, and v is given by (3.2).
In conclusion, inequality (6.7) is the required estimate and, by (6.8), it can be generalized
as

e () < (L

) Wl c#Ctms).

for f € Z(w), s > 1. In particular, if s is an integer, recalling (6.7), the Zygmund norm can
be replaced by the Sobolev norm.
Finally, we emphasize that the previous estimate cannot be improved since, in these

function spaces, e, (f) converges to 0 with the order of the best polynomial approximation.

6.2. Lagrange interpolation in Lf/ﬁ' Here we want to apply the results in Section 6.1

to estimate the error of the Lagrange interpolation process based on the zeros of p,, (w). If
f € C°(R.), then the Lagrange polynomial interpolating f at the zeros of p,, (w) is defined
by

P (w, ) ( — xp)

Lm(w7f7 l’) = Zlk(W,iE)f(Ik), lk(w,:z:) — pm(wvx)
k=1

and we are going to study the error ||[f — L,, (w, f)] /w||, for different function classes.
Since

(6.9) L (w, ) vooll5 =3

k=1

)\k(w

w(zk

~—

(fv/w)?(zp)

~

and we are dealing with an unbounded interval, we cannot expect an analogue of the theorem
by Erdés and Turdn [6]. On the other hand, if f € Cj, with @(z) = (14 2)°\/w(x), § > 1/2,
then it is easily seen that

10 = Lon (w, £V, < CErt (faes € #Clm. f).

Nevertheless, as for the Gaussian formula, if f € W#(\/w), then L,,(w, f) has not an optimal
behaviour, i.e., an estimate of the form

1S = Lo 0, D Vlly < 22 | o], € #Com, ),
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does not hold. In order to overcome this gap, for any f € C°(R. ), we introduce the following
“truncated” Lagrange polynomial

- (w, f,x) Zlkwx

k=j1

where j; and js are given by (2.3).
Naturally, in general L, (w, P) # P for arbitrary polynomials P € P,,,_; (for example,
Ly, (w,1) # 1). But L} (w,Q) = Q forany Q € P}, _, and L (w, f) € P},_, for any
f € C°(R..). Therefore, the operator L7, (w) is a projector from CO(R+) into P,
Moreover, considering the weight

m—1-

(6.10) a(r) = (1+2)°w(x), §>0,

we can show that every function f € L% can be approximated by polynomials of P’%,. To this
aim we define

Em(f)z, = inf [I(f=P)al,, 1<p<+oo.

LEMMA 6.7 (cf. [14, p. 1664]). For any f € Lﬁ, where u is given by (6.10) and
1 <p < 400, we have

B (£ap < C{Bar (D + e | £l }

where M = {(9%) mJ, 6 € (0,1), vis given by (3.2), C # C(m, f), and ¢ # c(m, f).

As an immediate consequence of the previous lemma and equality (6.9), we get the
following:

PROPOSITION 6.8 (cf. [14, p. 1664]). For any f € Cy, with @ as (6.10), 6 > 1/2, we
have

117 = L3 o, IV, < € {Ent (Do + ¢~ 17l }

where M = {(9%) mJ, 6 € (0,1), vis given by (3.2), C # C(m, f), and ¢ # c(m, f).

We are going to study the behaviour of the sequence {L7, (w)},, in the Sobolev spaces
W2(\/w), which is interesting in different contexts. We observe that, since no results concern-
ing the sequence of the Fourier sum {S,, (w)},, are known, we cannot deduce the behaviour of
{L¥,(w)} from that of {S,, (w)},. Therefore, we need a different approach. The following
theorem describes the behaviour of the operator L}, (w) in different function spaces.

THEOREM 6.9 (cf. [14, p. 1664]). Assume f € L? and

Vo
1 Qr
6.11) /0 %dt«tm, r>1.
Then we have
(6.12)
- it v, <o (2" [ SR o iy,

where v is given by (3.2) and the constants C, c are independent of m and f.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

50 G. MASTROIANNI, G.V. MILOVANOVIC, AND I. NOTARANGELO

Note that, by Corollary 5.4, assumption (6.11) implies f € C°(R,.). The error estimate
(6.12) has interesting consequences. Firstly, if

O (fit
supMdt<—i—oo7 r>s>1/2,
>0

ie., f € Z2(\/w), then the order of convergence of the process is O ((y/@m/m)"). If, instead,
f € W2(\/w), with > 1 an integer, then we have

17 = 2 o 0Vl <€ (Y2 )
This means that the process converges with the error of the best approximation for the
considered classes of functions.
Secondly, we are now able to show the uniform boundedness of the sequence {L, (w)}
in the Sobolev spaces.
THEOREM 6.10 (cf. [14, p. 1665]). With the previous notation, for any f € W2(y/w),
r > 1, we have

sup |3 (0, s () < C M lwa(ymy -+ C#CU-

Moreover, for any f € W2 (\/w), s > r, we have

1 = Ly (w0, Dllyam <€ (\/Tf) Ullwsim . C#Cm. ).

REMARK 6.11. 1In all the estimates for e (f) and (f — LX,(w, f)), a constant
C # C(m, f) appears. We have not indicated the dependence on the parameter 6 € (0,1)

since @ is fixed. Nevertheless, it is useful to observe that C = C(0) = O ((9/(1 - 0))2). So,

it is clear that the parameter 6 cannot assume the value 0 or 1, and the “truncation” is necessary
in this sense (see [14] for more details).
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