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BERNSTEIN FRACTAL APPROXIMATION AND FRACTAL FULL
MUNTZ THEOREMS*
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Abstract. Fractal interpolation functions defined by means of suitable Iterated Function Systems provide a new
framework for the approximation of continuous functions defined on a compact real interval. Convergence is one of the
desirable properties of a good approximant. The goal of the present paper is to develop fractal approximants, namely
Bernstein a-fractal functions, which converge to the given continuous function even if the magnitude of the scaling
factors does not approach zero. We use Bernstein a-fractal functions to construct the sequence of Bernstein Miintz
fractal polynomials that converges to either f € C(I) or f € LP(I),1 < p < oo. This gives a fractal analogue of
the full Miintz theorems in the aforementioned function spaces. For a given sequence { f (x)}52 ; of continuous
functions that converges uniformly to a function f € C(I), we develop a double sequence {{ i @)}2, }20:1
of Bernstein a-fractal functions that converges uniformly to f. By establishing suitable conditions on the scaling
factors, we solve a constrained approximation problem of Bernstein c-fractal Miintz polynomials. We also study the
convergence of Bernstein fractal Chebyshev series.

Key words. Bernstein polynomials, fractal approximation, convergence, full Miintz theorems, Chebyshev series,
box dimension.
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1. Introduction. Fractal interpolation and approximation methods are more versatile
than traditional nonrecursive approximation methods. Over the last three decades, researchers’
interest in fractal functions has steadily grown [1, 3,4, 5,6, 7, 8,9, 18, 19, 29, 31]. It seems
unsuitable to use traditional approximants to approximate non-smooth functions. In contrast
to traditional methods, the fractal approach provides smooth or non-smooth approximants
depending on the nature of the function to be approximated. The theory of Iterated Function
System (IFS) and the Read-Bajraktarevi¢ operator defined on suitable function spaces are the
building blocks of fractal approximants. The fractal dimension is an index that quantifies the
irregularity/fractality of the fractal approximant.

Given a continuous function f defined on a real compact interval, Barnsley in [1] and
Navascués et al. in [18, 19] have identified the suitable IFS to construct a continuous fractal
function f that approximates the function f. All the existing fractal approximants, such as
those studied in [16, 17, 18, 19, 20, 21, 22, 23, 24], converge to the given continuous function
f provided that the magnitude of the corresponding scaling factors approaches zero. In this
paper we develop a sequence of Bernstein a-fractal functions that converges uniformly to f
even when the magnitude of the scaling factors does not approach zero. We use the Bernstein
polynomials of f as base functions to build the Bernstein a-fractal functions. The convergence
of Bernstein a-fractal functions to f follows from the convergence of Bernstein polynomials
of fto f.

Miintz [14] introduced Miintz polynomials in 1914. By including more general sequences
of exponents than just those treated by Miintz, Szdsz proved the original Miintz theorem
in [28]. The classical Miintz theorem was only stated for increasing sequences of nonnegative
real numbers. A general result that deals with arbitrary sequences of exponents is referred
to as the full Miintz theorem. From Miintz’s and Szdsz’s theorems it is clear that the origin
plays a very important role in these results, and extending them to spaces of functions defined
away from the origin was a nontrivial task. Schwartz [26] proved a full Miintz theorem for
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the space L?[a, b] of square-integrable functions. Schwartz also characterized the density of
the Miintz space in Cla, b] for 0 ¢ [a, b] and conjectured a necessary and sufficient condition
for the density of the space of Miintz polynomials in C[0, 1] with general sequences of real
numbers. A few years later Siegel [27] generalized Szasz’s theorem and proved Schwartz’s
conjecture by using complex variable techniques. Borwein and Erdélyi [2] largely contributed
to research on the full Miintz theorem. The full Miintz theorem [2] establishes the condition
on the sequence {);}32, of real numbers so that the Miintz space Span{z* : j € N}
is dense in C[0,1], where Span{z*i : j € N} denotes the collection of all finite linear
combinations of the continuous functions 2*7, j € N. The full Miintz theorem [2] of C[0, 1]
includes Miintz’s second theorem [10] of C|[0, 1]. Similarly, the classical full Miintz theorem
of LP[0,1],1 < p < oo, includes Miintz’s first theorem [10] of L2[0, 1].

Navascués and Chand [22] studied the fractal version of Miintz’s first and second theorems
by assuming that the magnitude of the corresponding scaling factors tends to zero. In this
paper we provide the fractal analogues of the classical full Miintz theorems without imposing
any condition on the scaling factors.

Miintz polynomials play a vital role in economics [25] and statistics [12]. In this article,
for a given function f € C(I), we construct a sequence {f%(x)}°2; of Bernstein a-fractal
functions that converges uniformly to f with respect to the supremum norm or the LP-norm.
We use Bernstein a-fractal functions to study the density of fractal Miintz polynomials in
L?[0,1],1 < p < oo, and C[0, 1]. To define Bernstein a-fractal Miintz polynomials of
x* € LP[0,1] and 2 ¢ C[0, 1], we use the density of C[0,1] in L?[0, 1]. Under suitable
hypotheses, we prove that (J;_, Span{ff, : j € N} is dense in C[0, 1] and L?[0, 1] if
Span{f; : j € N} is, where ' 1s the Bernstein a-fractal function of f;. For two given
continuous Miintz polynomials ® and ¥ such that ® > W, obtaining a fractal approximant of
 that is greater than W constitutes the constrained approximation problem. We address this
problem in the present paper. We also study the convergence of a fractal version of Chebyshev
series. Overall, this article can also be viewed as an attempt to blend fractal functions and
Bernstein polynomials in order to establish a Bernstein-type fractal approximation.

2. Rudiments of fractal approximation theory. To make this paper self-contained, we
shall briefly recall here the development of fractal interpolation and approximation.

2.1. Basics of fractal interpolation. Let (X, d) be a complete metric space and H(X)
be the class of all non-empty compact subsets of X. The set H (X) is a complete metric space
with respect to the Hausdorff metric A [1]. Let there be N — 1 contraction maps w; : X — X,
i€Ny_1={1,2,...,N—1}. ThenZ = {X; w;, ¢ € Ny_1} is called an Iterated Function
System (IFS). If the map w; is a contraction with contraction factor s;, for all ¢ € Ny _1, then
they induce a set-valued function W : H(X) — H(X), W(E) = Uf\;—ll w;(E) which is
a contraction on H (X) with a contraction factor s = max{s; : ¢ € Ny_; }. By the Banach
fixed point theorem there exists a unique set A € H (X)) which is invariant with respect to
W,ie., A=W(A). Theset A € H(X) is called the attractor of the IFS Z. If Z is suitably
defined, then A represents the graph of a Fractal Interpolation Function (FIF) based on the
following Proposition 2.1. Before stating the result, we recall some notation.

Letx; < 29 < -+ < xny—1 < ay for (N > 2) be a partition of the closed interval
I =[z1,zy],and let y1,ys, ..., yn be a collection of real numbers. Let L; forall ¢ € Ny_;
be homeomorphisms from I to I; = [z;, ;1] such that

(21) Ll(l‘l) =T; and Lz(l‘N) = Tj41-

Let then K be a large enough compact subset of R. Let F; be a function from [ x K to K,
which is continuous in the z-direction and contractive in the y-direction with a contractive
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factor |o;| < Kk < 1 such that

(2.2) Fi(xi,y1) =vi, Fi(xn,yn) = Yit1, fori € Ny_;.

We define the mappings w; : I x K — I; x K fori € Ny_; asw;(x,y) = (Li(z), Fi(x,y)),
for (z,y) € I x K.

PROPOSITION 2.1 ([1]). For the given IFS {I x K;w;,i € Ny_1}, there exists a unique
compact set A C R? such that W(A) = A. In addition, there exists a unique continuous
Sunction f which satisfies f(x;) = y; foralli € Ny = {1,2,..., N}, and A is the graph of
f on I. The above function f is called a FIF associated with the IFS {I x K;w;, € Ny_1}.

We now recall the functional equation of f. Let

G ={g:1 — Rcontinuous | g(x1) =1, g(zn) = yn}-

We define a metric p on G as p(h, g) = max{|h(z) — g(z)| : = € I} for h,g € G. Then
(G, p) is a complete metric space. We define the Read-Bajraktarevié operator T on (G, p) by

(2.3) Tg(z) = Fi(L; ' (x),g0 L (z)), for x € I.

Using the properties of L; and (2.1) and (2.2), it can be verified that T'g is continuous on
the intervals I;, for ¢ € Ny _1, at the points zs, ..., xy_1. Also it is easy to see that T"is a
contraction map on the complete metric space (G, p), i.e., p(Tg,Th) < |&|op(g, h), where
|aloo = max{|a;| : ¢ € Ny_1} < 1. Therefore, by the Banach fixed point theorem, T’
possesses a unique fixed point f* on G, i.e., (T f*)(z) = f*(x) for all z € I. From (2.3) it
follows that the FIF f* satisfies the functional equation f*(x) = F;(L; ' (z), f* o L; *(x)),
for € I; and for i € Ny_;. In the present constructions of FIFs, L;(x) and F;(x,y) are

defined as
w;i(w,y) = [Ff(lfg)/)} - {ajyii—;ﬁiﬂ)} 7

where a; = ‘;;1 T"Lll,b = l”“‘f;““ |a;] < k < 1, and the ¢;, for i € Ny _1, are suitable

continuous real-valued functlons deﬁned on I and such that (2.2) is satisfied.

2.2. a-fractal function. Barnsley [1] observed that the concept of FIFs can be used
to define a class of fractal functions associated with a given real-valued continuous func-
tion f defined on I = [z1,xy]. Later, Navascués [19, 21] studied fractal approximations
in detail. For a given f € C(I), consider a partition A = {x1,z2,...,zn} of I satisfy-
ing x1 < 22 < --- <z, a continuous function b : I — R that fulfills b(z1) = f(x1),
b(xn) = f(zn),and b # f, and (N — 1) real numbers «;, for i € Ny_q, such that |o;| < 1.
Define an IFS through the maps

Li(z) = a;x + b,  Fi(x,y) = awy + f(Li(x)) — a;b(x), fori € Ny_1.

The corresponding FIF, denoted by fR , = f©, is referred to as a-fractal function or fractal
approximation for f with respect to a sc’aling vector « = (a1, a, ..., an_1), a base function
b, and a partition A. Here the set of data points is {(xi, f(xl)) 11 € NN}. The function f¢
is the fixed point of the Read-Bajraktarevi¢ (RB) operator T : C¢(I) — C¢(I) defined by

(T*g)x = aig(L; ' (2)) + f(x) — a;b(L; ' (z)), x € l;, 1€ Ny_q,

where Cy(I) = {g € C(I) : g(x1) = f(z1), g(zn) = f(xn)}. Consequently, the f*-fractal
function corresponding to f satisfies the equation

24 f(x) = fY(L; Y(2)) + f(x) — a;b (L_l(m)), rel;, i€ Ny_y.
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The fractal dimension (box dimension or Hausdorff dimension) of the function f depends on
the choice of the scaling vector ov. Nasim Akhtar et al. [15] derived the box dimension of the
graph of a-fractal functions by assuming suitable conditions on the original function f and
the base function b. The following result provides the details.

PROPOSITION 2.2. Let f € C(I) and b : I — R be Lipschitz functions withb(z1) = f(x1),
b(xn) = f(xn). Let A = {x1,x9,...,xN} be a partition of I with x1 < x9 < -+ < zp,
and let « = (a1, Qa, ..., an—1). If the data points (x;, f(x;)), for i € Ny, are not collinear,
then the graph G of the a-fractal function f® has box dimension

e { Dif UL el > 1,
dimzg = ;

1 otherwise,
where D is the solution on?;l laglaP ™t = 1.

The following proposition provides sufficient conditions for the set of points of non-
differentiability of f* to be dense in I. Its proof follows from [18, Lemma 5.1] and [18,
Theorem 5.2] and is therefore omitted.

PROPOSITION 2.3. Let f,b € C*(I). Let A = {x1,22,...,2N} be a partition of
I = [z, zy] satisfying x1 < o < --- < xp, and let @ = (a1, a, ..., an_1). If f'(z) and
b (x) respectively do not agree with f(xn) — f(x1) and N(b(zn) — b(x1)) in a nonempty
open subinterval of 1, and Zii;l |cv;| > 1, then the set of points of non-differentiability of f*
is dense in I.

3. Bernstein a-fractal approximation. In this section, for f € C(I), we develop a
sequence of Bernstein a-fractal functions that converges uniformly to f for every scaling
vector a.

From (2.4), the following bound for the uniform error in the process of a-fractal approxi-
mation can be easily deduced:

a _ |atf oo _
6 e

From (3.1) it follows that for a fixed base function b and a partition A, the «-fractal function
f< converges uniformly to f € C([) if |a|oc — 0. To obtain the convergence of f* towards f

for every scaling vector o, we choose the base function b as the Bernstein polynomial B,,( f, )
of f,ie,forallz € I,n € N,

b= Bu(fia) = — En: (Z) (& — 21)*(zy — 2)" "k f (xl + k(”n_ml)) .

(oy = 21)" (=

It is easy to verify that B,,(f,z1) = f(z1), Bn(f,zn) = f(xy) for all n € N. Then, for
every n € N, the corresponding a-fractal function f* = f< is called Bernstein a-fractal
function of order n of f € C(I), and

(32 fo(x) = aifO (LN (x)) + f(x) — i Bn(f, L7 (2)), x€l;, ieNy_.

From the construction of fractal functions (see the previous section), it can be verified that for
every n € N, the Bernstein a-fractal function f& of f € C(I) is obtained via the IFS defined
by

I, = {I X Kv (Li(x)aFn,i(way))v 1€ NN—1}7
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where F,, ;(z,y) = a;y + f(L;i(z)) — a; By (f, z). From (3.2) it follows that for any given
f € C(I) there exists a sequence { f(x)}52; of Bernstein a-fractal functions. The following
theorem addresses the convergence of the sequence { f%(x)}22 ; towards f € C(I).

THEOREM 3.1. Let C(I) be endowed with the uniform norm || - ||. Let the parti-
tion A = {x1,29,...,xn} of [ = [z1,zN] satisfy x1 < zgy < -+ < xp, and let
a = (a,a9,...,ay_1) € (=1,1)N=L Then, for every scaling vector a, the sequence

{Z,,}22, of IFSs determines a sequence { f(x)}°, of Bernstein a-fractal functions that
converges uniformly to f on I with respect to the uniform norm.
Proof. From (3.2), it follows

1157 = flloo < leloollf = Bu(fs Moo < oo (I1f5 = flloo + [ f = Bulf;)lloo)-

Hence we obtain

(33) 1 = Flloe < %15~ B0 )

T 11— ol

From classical approximation theory [11], we obtain that || f — By, (f,)||ec < 3wys(n=1/2).
Using this inequality in (3.3), we get

3|00 _
(34 15 Flloo < 5l s (n1/2)

(1 —lafe)

Since f is uniformly continuous on /, the modulus of continuity wy (n=Y2) = 0asn — oo.
Hence, from (3.4) we can see that the sequence { /% (z)}22 ; of Bernstein a-fractal functions
converges uniformly to f. a

The next theorem discusses sufficient conditions which ensure that the box dimension of
each Bernstein a-fractal function in the sequence { f5(x)}22, is greater than one.

THEOREM 3.2. Let f € C(I) be a Lipschitz function. Let A = {x1,29,..., 2N} be a
partition of I = [z, x| satisfying ©1 < x2 < --- < zn, and let &« = (a1, Qa,...,any_1) €
(-1, 1)N-1, Ifo\;l |cw;| > 1 and the data points (x;, f(x;)), for i € Ny, are not collinear,
then there exists a sequence {f%(x)}>2, of Bernstein a-fractal functions that converges
uniformly to f on I and whose box dimension is greater than one.

Proof. For every n € N, let B, (f, z) be the Bernstein polynomial of f. Since B, (f, z)
is continuously differentiable, it is Lipschitz. From Proposition 2.2 it then follows that for
every n € N, the box dimension dimg” of the graph G,, of the Bernstein a-fractal function
fo is greater than one and is the solution to

N-1

.G
> gl ™ T =1,
=1

The result then follows from Theorem 3.1. 0
The proof of the following theorem follows from Proposition 2.3 and Theorem 3.1.
THEOREM 3.3. Let f € C*(I). Let A = {x1, 72, ..., 2N} be a partition of I = [x1, 2 N]
satisfying x1 < o < -+ < xp, and let « = (a1, @2, ...,an—_1). Suppose that f'(x) and

B! (f,x) do not respectively agree with f(xn)— f(x1) and N(b(xn) —b(x1)) in a nonempty
open subinterval of I. If all Bernstein a-fractal functions in the sequence {f%(x)}22, are
obtained with the same choice of scaling factors «;, for i € Ny_1, such that Zii}l || > 1,
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then all the Bernstein a-fractal functions are non-differentiable in a dense subset of I, and the
sequence { f%(x)}22, converges uniformly to f.

REMARK 3.4. For a prescribed continuous function f, the proposed Bernstein fractal
approximation provides a way of constructing a sequence of a-fractal functions that converges
to f and has a specified box dimension.

REMARK 3.5. In the construction of fractal interpolants and approximants, the selection
of the “base function” is an important task. For instance, using a single base function,
Barnsley [1] and Navascués and Sebastidn [24], respectively, constructed CO-FIFs and C"-FIFs
(polynomial FIFs). By using a finite sequence of base functions, Viswanathan and Chand [29]
developed shape-preserving smooth rational FIFs with shape parameters. From [29] and the
results in the present paper, one can show that a finite sequence of base functions is suitable
for the construction of shape-preserving fractal splines, whereas the sequence of Bernstein
polynomials is to be preferred for the construction of a-fractal functions that converge to the
original function f for any choice of the scaling factors.

THEOREM 3.6. Let { f,,(2)}52, be a sequence of continuous functions on I that con-
verges uniformly to a function f. Let A = {x1,22,...,xN} be a partition of I satisfying
T < 19 < - < ap, and let o = (a1, 9,...,ax_1) € (=1,1)N~L. Suppose that
L; : I — I, i € Ny_1 are affine maps L;(x) = a;x + b; satisfying L;(x1) = x; and
Li(xn) = x411, and let Fll)i(x,y) = a;y + fn(Li(z)) — ;Bi(fn,x), fori € Ny_1 and
foralln,l € N. For every n,l € N, let [, be a-fractal function determined by the IFS
Il,l ={I x K, (L;(x), F);l’i(:m y)), © € Ny_1}. Then, for every scaling vector «, the
double sequence {{Il7l}[°il}?:1 of IFSs determine a double sequence {{f(x)}72, 72, of
Bernstein a-fractal functions that converges uniformly to f.

Proof. If a = (0,0,...,0), then it follows that £, = f,,, for all n € N, and thus the
sequence { f, }°2 ; converges to f. Consider now a non-zero scaling vector. Since { f,,(z)}22 ;
is a sequence of continuous functions on I converging uniformly to a function f, for a given €
there exists /N; € N such that

(3.5) IIfn—fHoo<§ vn > Nj.

From standard results in approximation theory, we can see that for each n € N, there exists a
sequence {B;(fn,x)};2, of Bernstein polynomials that converges uniformly to f,,. Therefore,
for a given € > 0 there exists Ny € N such that

(1 = [elo)

€
. —_— > .
(3.6) HBl(frw ) fn”oo < 2‘a|00 VI > Ny

Since fy;, for n,l € N, is the a-fractal function determined by the IFS I:w it satisfies the
following functional equation:

S1(@) = i fe (L7 (@) + fule) — i Bi(fo, L7 (2), @ €1, i € Ny_y.

Hence, we get the following inequality:

a |t oo _ )
(3.7 I fry = fallo < mﬂfn Bi(fas Moo

Using (3.6) in (3.7), we obtain

(3:8) 12 =fallow <5 VU2 N,


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BERNSTEIN FRACTAL APPROXIMATION AND FRACTAL FULL MUNTZ THEOREMS 7

and from (3.5), (3.8) and the triangular inequality it follows that

1550 = Flloo < s = Fulloo + 1fn = Flloe-
For a given € > 0, we then get
If5s = fllo <€ Vln =N =max{N;, N>},

and thus the conclusion lim f%, = f. 0
n,l—oo 7’

REMARK 3.7. From Theorem 3.6 it follows that if there exists a sequence of continuous
functions that converges to f € C(I), then by taking different values for the scaling factors we
can construct an infinite number of sequences of Bernstein a-fractal functions that converge to
fec().

THEOREM 3.8. Let C(I) be endowed with the uniform norm || - || oo For every n € N, the
a-operator F : C(I) — C(I) defined by F2(f) = f& is linear and bounded.

Proof. The linearity of F, follows from [16, 29] . From (3.3), we get

o] o

I3l = M3 loe < 1l =M = Bl

Flloos

where I is the identity operator and || - || o+ is the operator norm induced by || - ||o. From
classical approximation theory, it follows that || Iy — By, (-, *)||ccx — 0 as n — oo, hence F2
is bounded. a

3.1. Examples. In this section, we provide numerical examples to corroborate our
findings. For this purpose, let f(z) = sin(wz) + cos(wx) for z € [0,1]. The graph of
the function f(x) = sin(wz) + cos(nz),z € [0,1], is given in Figure 3.1(a). The Bern-
stein a-fractal functions in Figures 3.1(b)—(f) are generated with respect to the partition
A = {0,0.1111,0.2222,0.3333, 0.4444, 0.5556, 0.6667,0.7778,0.8889, 1}. The Bernstein
a-fractal functions f$, f¢, and f3; in Figures 3.1(b)—(d) are generated at the third iteration
with the choice of the scaling factors a; = 0.8, for i € Ny. Since f(z) = sin(nz) + cos(nz)
and the Bernstein polynomial B, (f, z) are Lipschitz, the fractal dimension (box dimension)
of the Bernstein a-fractal functions f5', f¢, and fs5; is computed using Proposition 2.2 and
equals 1.8984 in all three cases. From Theorem 3.1 it follows that the Bernstein a-fractal
function fg provides a better approximation for sin(wx) + cos(wz),z € [0, 1], than those
obtained by f$' and f¢. By observing Figures 3.1(b)—(d), one may wonder why the fractal
functions f$, f&, and fs5 do not display the same sort of irregularity despite having the same
fractal dimension. This is due to the following reason: the a-fractal functions f§' and f¢
exhibit irregularity at all scales whereas the a-fractal function f§ exhibits irregularity at small
scales only. Small scales of irregularity of the a-fractal function f35; can be observed from
Figure 3.1(e), where we display a zoom-in of a part of f5;. From the discussion above and
Theorem 3.3, we conclude that even if the scaling factors «; for ¢ € Ny _ are chosen such that
the condition Zf\:l la;| > 1 is satisfied, for large n € N, the Bernstein ao-fractal function
f2 may not exhibit irregularity on large scales, but they can certainly do so on small scales. If
the scaling factors «;, for ¢ € Ny _1, are chosen such that the condition Zf\;l la;| > 1is
satisfied, then for sufficiently large n, f2 provides a good non-differentiable approximation
to the original function. Values of the uniform norms || B, (f,) — flleo and ||/ — fllcos
for n = 3,7,26, 141, estimated by using 7290 points in [0, 1] that are generated at the third
iteration, are given in Table 3.1. From Table 3.1 one can observe that for large n € N, both
the Bernstein polynomial and the Bernstein a-fractal function f;¥ provide almost the same
approximation for the given function. However, the box dimension makes the difference
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2 2
15 1.5
1 1
0.5 0.5
0 0
-0.5 -0.5
1 1
15 1.5
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
(©): f¢ with a; = 0.8, 7 € No. (d): f5g with a; = 0.8, 7 € Ng.
35
13 s
25
1.25 2
1.5
1.2
1
1.15 0.5
0 \
14 |
-0.5
L 8
0 0.2 0.4 0.6 0.8 1

(f): The a-fractal function (2.4) with ai; = 0.8, 7 € Ng

. 3 &)
(€): Zoom-in on part of f. and the base function b(z) = 1 — 2z, z € [0, 1].

FIG. 3.1. Bernstein a-fractal approximants of sin(nzx) + cos(wz),z € [0, 1].

between the Bernstein polynomial and the Bernstein a-fractal function. For a given function,
if one needs an approximant whose box dimension is greater than one, then our Bernstein
a-fractal function can be chosen. The a-fractal function f with o; = 0.8, for ¢ € Ny, and
a base function b(x) = 1 — 2z, = € [0, 1], generated at the third iteration are displayed in
Figure 3.1(f). Here, || f* — f|lco = 4.4720.
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TABLE 3.1
Error in Bernstein approximation and Bernstein fractal approximation for sin(wz) + cos(wz),z € [0, 1].

Error in Bernstein approximation | Error in Bernstein a-fractal approximation

1B3(f;-) = flloo = 2.4142 178 = flloo = 3.2299
[B7(f,) = [lloc = 2.4142 172 = flloo = 2.7980
[ Ba6(f,) = flloo = 2.4142 5 = flloo = 2.5200
[Bra1(f,") = flleo = 2.4142 1781 = flloo = 2.4341

4. Bernstein o-fractal full Miintz theorems. In this section, we introduce Bernstein

a-fractal Miintz polynomials and the fractal version of “full Miintz theorems” in the spaces
1

TN
C[0,1] and LP[0,1], for 1 < p < oo. For f € LP(I), let || f|lzr = (/ |f(x)\pdx)p,
for 1 < p < oco. Next we define the a-operator on LP(I). Since C(I) is dense in Lr(I),
1 <p < oo, forevery f € LP(I) there exists a sequence {gx ()}, in C(I) that converges
to f. We can hence define the a-operator F : LP(I) — LP(I) as follows:

. Fo(f)=fc  V¥neN iffec()nLr(I),
Fo(f) = { lim F2(ge) = lim (gn)5 i £ € LP(D) and f ¢ C(1),

where (g)%(x) = Aozi(gk)g(L_l(m)) + gx(x) — @;Bn(gk, L1 (x)),x € I;;i € Ny_q. Tt
can be shown that F is linear and bounded using similar arguments to those used to prove
Theorem 3.8. Let A = {\;}32, be a sequence of distinct real numbers. The collection

{z? xr2 ... x*m} is called a finite Miintz system. The linear space

m

IT,,(A) = Span{z*, 22 ... a*n} = chxAj g eER
j=1

is called a finite Miintz space. The set II(A) = (J;7_, IL,,(A) = Span{z?*,z?2,...} is
called the infinite Miintz space pertaining to A. Therefore, a Miintz polynomial p in TI(A) takes
the form p(z) = Zle cjzti x € [0,1],¢; € R.Let A = {@1,2,..., 2y} be a partition
of I = [0,1] satisfying 0 = 21 < 22 < -+- < ay = l,and @ = (a1, 0Q2,...,an-1) €
(—1,1)N~1 be a scaling vector. Based on the partition A, the linearity, and the definition of
.7:"5‘, we obtain that

k
Frpx) =po(z) = > ;Fa(x™),  z€l0,1], ¢; €R, VneN,
j=1

where
. ]:7?(3;%.7‘) — (xkj)g if A\; >0,
(4.1) Fp@V) =4 1, Fo(hy) = lim (k)2 if —1/p< X <0,
k—o0 k—oc0

(hi)2(z) = a;(hg)2(L™Y(z)) + hi(z) — a;Bp(hg, L7 (z)), * € I;,i € Ny_1, and
{hy}22, is the sequence in C[0, 1] that converges to %7 for —1/p < A; < 0. It is worthwhile
to mention that 2 € LP[0,1]if —1/p < \; < 0. Since {7, j = 1,2,...,m} is a linearly
independent set, it follows that { F%(2*/), j = 1,2,...,m} is also a linearly independent set,
and hence it forms a basis for the fractal Miintz space

I, ,(A) = Span{Fg (2M), 2 (2), ., Fa@)h = { Y e Fa @) s ¢ € R},
j=1
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THEOREM 4.1 (Fractal version of the full Miintz theorem in C[0, 1]). Let the partition
A = {z1,x0,...,xn} of I = [0,1] satisfy 0 = 1 < z3 < -+ < zy = 1, and let
a = (a,ag,...,an_1) € (=1,1)N=1 be a scaling vector. Suppose that it isa
sequence of distinct and positive real numbers. Then, for every scaling vector o, the set
UoZ, Span{1, (z*)2, (2*2)%, ..., } is dense in C|0, 1] with respect to the supremum norm if
)\ .

Z;‘;l peas, 47 = oo.
Proof. Let f € C[0, 1] and € > 0 be given. From the classical full Miintz theorem [2] in
C[0, 1], we obtain that Span{1, z*1, z*2, ... }isdense in C[0, 1] with respect to the supremum
. 00 Aj
norm if » .7, T«JH
Hence, there exists a Miintz polynomial ) = Z;‘:l d;z*i,d; € R, such that

= oo, where {\;}32, is a sequence of distinct and positive real numbers.

4.2) If = Qllo < g.

From (4.1), we get
R I
FrQ=@Qn =3 di(a¥);,  VneN
j=1
Now from @ — Q5 = >4, d;j(z% — (2%9)%) it follows that
m
(4.3) 1Q = Qlloo < D ld;lll2 = (@)oo

Jj=1

Using Theorem 3.1, one can observe that the sequence {(z/)%}°° ; converges uniformly to

x*i foreach j = 1,2, ..., u. Hence, for given € > 0, there exists n; € N such that
€
(4.4) [(22)2 — 2 || o < Yo >n;, j=1,2,..., 1
n oo QN‘dj| J
Using (4.4) in (4.3), we get
€ .

Finally, combining (4.2) and (4.5) via the triangular inequality

1f = @Qhlle <IIf = Qllo + 1@ = Q7llec  Vn = max{n;,j=1,2,...,u},

we get || f — Q% ||oo < eforalln > max{n;,j =1,2,...,u}. Hence, there exists a sequence
{Q%}5, of Bernstein a-Miintz polynomials that converges uniformly to f € CJ[0, 1] and
hence [ J)—, Span{1, (z*1)%, (z*2)%, ..., } is dense in C[0, 1] with respect to the supremum
norm.

The next Theorem 4.2 and Theorem 4.3 can be proved with arguments similar to those of
Theorem 4.1.

THEOREM 4.2 (Fractal version of Miintz’ second theorem in C[0, 1]). Let the partition
A = {xy,29,...;xn} of I = [0,1] satisfy 0 = 21 < 23 < -+- < xy = 1, and let
a = (ay,ag,...,ay-1) € (=1,1)N"1 be a scaling vector. Suppose that {\;}32, is a
sequence of distinct real numbers satisfying 1 < \; — oo. Then, for every scaling vector a,
the set | Jo—, Span{1, (z*)%, (272)2,.. .} is dense in C|0, 1] with respect to the supremum
norm if Y 22 A7t = oc.
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THEOREM 4.3. Let the partition A = {x1,22,...,xn5} of I = [0,1] satisfy
O=xy<a9<-- <y =1,andlet a = (a1,00,...,an_1) € (—=1,1)N=1 be a scal-
ing vector. If Span{f; : j € N} is dense in C|0, 1], then, for every scaling vector «, the set
Un— Span{fy, : j € N} also is.

THEOREM 4.4 (Fractal version of the full Miintz theorem in L?[0,1],1 < p < 00). Let
the partition A = {x1,22,...,onx} of I =[0,1] satisfy 0 = a1 < x3 < ..., <2y =1, and
leta = (a1,aa,...,an_1) € (=1,1)N=1 be a scaling vector. Suppose that {/\j}‘;‘;l isa
sequence of distinct real numbers greater than —1/p. Then, for every scaling vector «, the
set |, Span{F%(z), Fo(x?),. ..} is dense in LP[0, 1] with respect to the LP-norm if
ST+ Dy + 12 1) o0

Proof. Let f € LP[0, 1], and let € > 0 be given. From the classical full Miintz theorem

[2] in LP[0, 1], we obtain that Span{z**, 2?2, ...} is dense in LP[0, 1] if
— A + 1
PN W s el
_]:1

where {);}22; is a sequence of distinct real numbers greater than ’71. Hence, there exists a
Miintz polynomial Q € Span{z**,z*2 ...} such that

(46) If = Qllse < 5.

Next, using (4.1), we get F2(Q) = Q2 for all n € N.
Following the same steps as in the proof of Theorem 4.1 yields

o €
@7 1Q — @nlles <
Finally, combining (4.6) with (4.7) via the triangular inequality gives

If = Qalle < IIf = Qlls +1Q — Q7 lloo;

and hence we get ||f — Q%||c < €. That is, there exists a double sequence {Q%}5
of Bernstein o- Muntz polynomlals which converges to f € LP[0, 1], and hence the space
U2, Span {F&(z?), F&(z*?), ..., } is dense in LP[0, 1]. a

The next theorem can be proved with arguments similar to those of the previous theorem.

THEOREM 4.5 (Fractal version of Miintz’ first theorem in LP[0, 1]). Let the partition
A = {z1,x0,...,xn} of I = [0,1] satisfy 0 = 1 < x93 < -+ < zy = 1, and let
a = (a,02,...,an-1) € (=1,1)N1 be a scaling vector. Suppose that {\;}5, is a
sequence of distinct and positive real numbers satisfying —1/2 < X\j — oo. Then, for
every scaling vector «, the set | J, Span{}'a( 1), Fo(x*2), ...} is dense in LP[0, 1] with
respect to the supremum norm if Z =1 Aj = oo

In the next theorem, we investigate the constrained approximation problem of Miintz
polynomials using the result of [30].

THEOREM 4.6. Let ® and ¥ be continuous Miintz polynomials on [0,1] such that
O(x) > VU (z) forallx € [0,1). Let A = {x1,x2,...,2N} be a partition of [0, 1] satisfying
0=z1 <22 <:-- <y = 1. Forn € N, let % be the Bernstein a-fractal function of
® corresponding to the IFS T,,. For eachn € N, ®%(z) > U(x) for all z € [0, 1], and the
sequence {®}°° , of Bernstein a-Miintz polynomials converges uniformly to ® if the scaling
factors are such that

Ogai<min{ 1€ Ny_1,
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where M, (®) = ma;(Bn(il), x), m(®—U,3) = miIIl((I) —U)(Li(x)), and m(¥) = mirll\I/(x).
TE S re
Proof. Since ®(z) > U(x) forall z € [0, 1] and B,,(®, z) interpolates ¢ at 21 and z v, it
is easy to verify that M, (®) —m(¥) > 0and m(P — ¥,4) > 0forall i € Ny_;. From (3.2),
we notice that the Bernstein a-fractal function ®, obeys the following functional equation:

O (Li(2)) = ;P8 () + P(Li(2)) — 0 Bp (P, x), xel, i e Ny_y.

For each n € N this yields the values of ®% at (N — 1)P*2 + 1 distinct points in I at the
(p + 1)st iteration by using the values of ®% at (N — 1)PT! + 1 distinct points in I computed
at the p-th iteration. Since ®(x) > W(x) for all x € I, it is straightforward to see that
D% (z;) = ®(x;) > ¥(x;) for i € Ny_;. Therefore, to prove ®%(z) > W(z) forall z € I,
it is enough to show that ®% () > ¥(x) for x € I implies that @& (L;(x)) > U(L;(x)) for
x € I and for all i € Ny_;. Assume that ®%(x) > ¥(x) for z € I. We have to show that

(4.8) ;O (z) + ®(Li(x)) — 0y Bp (P, 2) — ¥(Li(z)) > 0, xel.

Since ; > 0, ¢ € Ny _1, from the definitions of M,,(®) and m (), it is easy to show that
;@5 (2) + P(Li(2)) — ;B (P, x) — U(Li(x)) > a; (m(¥) — M (®)) +m(P — W, i).
From (4.8), we can then infer that o; < % ensures (4.8) and thus the conclusion.

ad

5. Bernstein a-fractal Chebyshev series. In this section, we establish the fractal ana-
logue of the Chebyshev series.
We consider C[—1, 1] equipped with the inner product

2 (1 1
,q) = — r)g(r) —=dx.
o)== [ @)=
The Chebyshev system {T‘j/(g) ,Th(z), Ta(x), . .. }, where

To(z) =1, T (z) = =z, Tht1(x) = 22T, (2) — Theq (2), n>2

is orthonormal with respect to the aforementioned inner product. The Chebyshev series of
f € C[—1,1] is given by

f(x)wgdjTj(x), where dJ:% /_ 11 f(x)Tj(x)ﬁdx.

Let us define the Chebyshev sum of order m as

S (x) = ZdjTj(x), Ve e [-1,1].

Now, we define the operator Uy, : C[—1,1] — Span { TO\/%C) JTh (), To (), . .. } as

Un(f)(x) = Sp(x), Vo € [-1,1].
We obtain from [13] that

CKlogm
(5.1) U f — flloo < =8
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Let A = {x1,22,...,2y} beapartition of [-1, 1] with —1 =21 < 29 < --- < zy = 1. Let
U2 ,, = F2 o U,, be an operator such that US . (f) = FX (U (f)) = (Un(f))%. Now,

m,n m,n

m

Ui (F) = Un(Dlloe < D s I1F(T5) = Tyl oo
j=0
Using the definition of F (T) in the previous equation, we obtain
(5.2) s (F) = U (Flloo < D151 1(T5)5s = Tlloo-
j=0

Using Theorem 3.1, one can observe that the sequence {(7})% } 72, converges uniformly to
T foreach j = 1,2,...,m. Hence, for given € > 0, there exists n; € N such that

€

G @GR =Tl < 5oy

Yn>mn; j=0,1,2,...,m.

Using (5.3) in (5.2), we get
G4 UL L) = Un(Pllos < g ¥n >max{n; :j =0,1,2,...,m}.
Finally, using (5.1) and (5.4) in the triangular inequality

10U () = flloe S NUG 2 () = Unm flloo + 1Umf = fllo

we get [|[US |, (f) — flloo <€+ %. This proves the following theorem.
THEOREM 5.1. Let f € C[—1, 1]. Then for every scaling vector «, the fractal Chebyshev
series of f converges uniformly to f as m — oo and n — oo, where m,n € N.

6. Conclusion. In this paper, using Bernstein polynomials and the theory of a-fractal
functions as major components, we have presented the Bernstein a-fractal functions as a tool
to approximate univariate continuous functions defined on a real compact interval. In our
approach, the convergence of Bernstein a-fractal functions does not require any condition
on the scaling factors. For the sequence { f,,(x)}52; of continuous functions that converges
uniformly to a continuous function f, we have identified the double sequence {{I;rl [ Sl St
of IFSs so that the corresponding double sequence {{f,;(z)}i2; }n2; of a-fractal functions
converges to f. We have also studied the approximation properties of Bernstein a-fractal
functions in the space of continuous functions and LP-spaces. The results are based on the
analysis of the norm estimates for the associated a-operator ', which maps a function f to
its n-th Bernstein a-fractal function f. These estimates are applied to the particular case of
Miintz polynomials to obtain the fractal analogue of (i) the full Miintz theorems and (ii) Miintz’
first and second theorems in the space of continuous functions and LP spaces. Without
imposing any condition on the scaling factors, we proved that | J -, Span{ &, J € N}is
dense in the space of continuous functions and in L? if Span{f; : j € N} is dense in the
above function spaces. We have solved the constrained approximation problem of Miintz

polynomials. Finally, we have developed the Bernstein a-fractal Chebyshev series.
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