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BLOCK-PROXIMAL METHODS WITH SPATIALLY ADAPTED
ACCELERATION*
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Abstract. We study and develop (stochastic) primal-dual block-coordinate descent methods for convex problems
based on the method due to Chambolle and Pock. Our methods have known convergence rates for the iterates and the
ergodic gap of O(1/N?) if each block is strongly convex, O(1/N) if no convexity is present, and more generally a
mixed rate O(1/N?2) + O(1/N) for strongly convex blocks if only some blocks are strongly convex. Additional
novelties of our methods include blockwise-adapted step lengths and acceleration as well as the ability to update both
the primal and dual variables randomly in blocks under a very light compatibility condition. In other words, these
variants of our methods are doubly-stochastic. We test the proposed methods on various image processing problems,
where we employ pixelwise-adapted acceleration.
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1. Introduction. We want to efficiently solve optimisation problems of the form

(Py) min G(a) + F(Ka),

arising, in particular, from image processing and inverse problems. We assume G : X — R
and F' : Y — R to be convex, proper, and lower semicontinuous on Hilbert spaces X and
Y and K € L(X;Y) to be a bounded linear operator. We are particularly interested in
block-separable functionals

(GF) G(x) =) Gj(Fx) and  F*(y) =) F/(Qu).

j=1 (=1
where F'* is the Fenchel conjugate of F'. The operators P4, ..., P,, are projections in X
with Z;”:l P; = Iand P;P, = 0if i # j. Likewise, Q1, ..., Q,, are projection operators

in Y. We assume all the component functions GG; and F; to be convex, proper, and lower
semicontinuous, and the subdifferential sum rule to hold for the expressions (GF).

Several first-order optimisation methods have been developed for (Py) without block-
separable structure, typically for both G and F' convex and K linear. Recently also some
non-convexity and non-linearity has been introduced [4, 21, 23, 37]. In applications in image
processing and data science, one of G or F' is typically non-smooth. Effective algorithms
operating directly on the primal problem (Py), or its dual, therefore tend to be a form of
classical forward-backward splitting, occasionally called iterative soft-thresholding [1, 12].

In big data optimisation, several forward-backward block-coordinate descent methods
have been developed for (P) with block-separable G. In each step, the methods update only a
random subset of blocks x; := P;x in parallel; see the review [39] and the original articles
(2,9, 11, 16, 22, 25, 28, 29, 30, 31, 42]. Typically F'is assumed smooth, and often, each G
is strongly convex. Besides parallelism, an advantage of these methods is the exploitation of
blockwise factors of smoothness and strong convexity. These can help convergence by being
better than the global factor.
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Unfortunately, primal-only and dual-only stochastic methods, as discussed above, are
rarely applicable to image processing problems. These and many other problems do not
satisfy the assumed separability and smoothness assumptions. On the other hand, an additional
Moreau-Yosida (aka. Huber, aka. Nesterov) regularisation of the problem, which would
provide the required smoothness, would alter the problem, losing the essential non-smooth
characteristics. Generally, even without the splitting of the problem into blocks and the
introduction of stochasticity, primal-only or dual-only methods can be inefficient on more
complicated problems. Proximal steps, which are typically used to deal with non-smooth
components of the problem, can in particular be as expensive as the original optimisation
problems itself. In order to make these steps cheap, the problem has to be formulated
appropriately. Such a reformulation can often be provided through primal-dual approaches.

With the Fenchel conjugate F'*, we can write (P) as

mzinmgx G(z) + (Kz,y) — F*(y).

The method of Chambolle and Pock [6, 27] is popular for this formulation. It is also called the
PDHGM (Primal-Dual Hybrid Gradient Method, Modified) in [14] and the PDPS (Primal-Dual
Proximal Splitting) in [34]. It consists of alternating proximal steps in = and y combined
with an over-relaxation step to ensure convergence. The method is closely related to the
classical ADMM and Douglas-Rachford splitting. The acronym PDHGM arises from the
earlier PDHG [43] that is convergent only in special cases [18]. These connections are
discussed in [14].

While early block-coordinate methods only worked with a primal or a dual variable,
recently stochastic primal-dual approaches based on the ADMM and the PDHGM have been
proposed [3, 15, 24, 26, 33, 40, 41]. Moreover, variants of the ADMM that deterministically
update multiple blocks in parallel and afterwards combine the results for the Lagrange mul-
tiplier update have been introduced [20]. As with the primal- or dual-only methods, these
algorithms can improve convergence by exploiting local properties of the problem. Besides
[33, 40, 41], which have restrictive smoothness and strong convexity requirements, little is
known about convergence rates.

In this paper, we will derive block-coordinate descent variants of the PDHGM with known
convergence rates: O(1/N?) if each G; is strongly convex, O(1/N) without any strong
convexity, and mixed O(1/N?) 4+ O(1/N) if some of the G; are strongly convex. These rates
apply to an ergodic duality gap and strongly convex blocks of the iterates. Our methods have
the novelty of blockwise-adapted step lengths. In the imaging applications of Section 5 we
will even employ pixelwise-adapted step lengths. Moreover, we can update random subsets of
both primal and dual blocks under a light “nesting condition” on the sampling scheme. Such
“doubly-stochastic” updates have previously been possible only in very limited settings [40].

Our present paper is based on [37] on the acceleration of the PDHGM when G is strongly
convex only on a subspace: the deterministic two-block case m = 2 and n = 1 of (GF).
Besides enabling (doubly-)stochastic updates and an arbitrary number of both primal and dual
blocks, in the present work, we derive simplified step length rules through a more careful
analysis.

The more abstract basis of our present work has been described in [35]. There we study
preconditioning of abstract proximal point methods and “testing” by suitable operators as
means of obtaining convergence rates. We recall the relevant aspects of this theory through the
course of Sections 2 and 3. In the first of these sections, we start by going through the notation
and previous research on the PDHGM in more detail. Then we develop the rough structure
of our proposed method. This will depend on several structural conditions that we introduce
in Section 2. Afterwards in Section 3 we develop convergence estimates based on technical


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK-PROXIMAL METHODS WITH SPATIALLY ADAPTED ACCELERATION 17

conditions on the various step length and testing parameters. These conditions need to be
verified through the development of explicit parameter update rules. We do this in Section 4
along with proving the claimed convergence rates (Theorem 4.5 and its corollaries). We also
present there the final detailed versions of our proposed algorithms: Algorithm 1 (doubly
stochastic) and Algorithm 2 (simplified). We finish with numerical experiments in Section 5.

2. Background and overall structure of the algorithm. To make the notation definite,
we write L(X;Y") for the space of bounded linear operators between Hilbert spaces X and Y.
The identity operator we denote by I. For T, S € £(X; X), we use T' > S to indicate that
T — S is positive semi-definite; in particular 7' > 0 means that 7" is positive semi-definite.
Also for possibly non-self-adjoint 7', we introduce the inner product and norm-like notations

(x,2)r = (Tx, 2) and lz|lr :== /{x, z)r,

the latter only defined for positive semi-definite 7. We write T' ~ T" if (z, )77 = 0 for
all z.

We denote by CQ( ) the set of convex, proper, lower semicontinuous functionals from
a Hilbert space X to R := [—00,00]. With G € C(X), F* € C(Y), and K € L(X;Y), we
then wish to solve the minimax problem

ﬁﬁﬁgGm%ﬂK%w—F(w

assuming the existence of a solution u = (7, §) that satisfies the optimality conditions
(00) —K*y € 0G(2) and KZ € OF*(9).

For the stochastic aspects of our work, we denote by (2, O,P) the probability space
consisting of the set {2 of possible realisation of a random experiment, by O a o-algebra on 2,
and by IP a probability measure on (€2, O). We denote the expectation corresponding to P by
E, the conditional probability with respect to a sub-g-algebra O’ C O by P[- |0'], and the
conditional expectation by E[ - |O’]. We refer to [32] for more details.

We also use the following non-standard notation: If O is a o-algebra on the space (2,
we denote by R(QO; V) the space of V-valued random variables A such that A : Q — V is
O-measurable.

2.1. Preconditioned proximal point methods. Testing for rates. We use the notation

u=(z,y)

to combine the primal variable x and the dual variable y into a single variable u. Following
[19, 37], the primal-dual method of Chambolle and Pock [6] (PDHGM) may then be written
in proximal point form as

(PPy) 0€ H(u™) + Li(u™t — o)

for a monotone operator H encoding the optimality conditions (OC) as 0 € H(u) and a
preconditioning or step length operator L; = LY. These are

_ |0G(z) + K*y o [t —-K*
H(u) = {8F*(y) —Km] and L; = LK Ui_+11 .

Here 7;, 0,41 > 0 are step length parameters, and w; > 0 are over-relaxation parameters.
In the basic version of the algorithm we set w; = 1, 7; = 79, and 0; = 0y, assuming
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1000||K||* < 1. Observe that we may equivalently parametrise the algorithm by 7 and
§ =1—||K|]?*r900 > 0. The method has O(1/N) rate for the ergodic duality gap, which we
will return to in Section 3.1.

If G is strongly convex with factor v > 0, we may, for ¥ € (0, |, accelerate

2.1 w; = 1/4/1+ 277, Tid1 1= TiWs, and Oit1 := 0 /wi.

This gives O(1/N?) convergence of ||z — 7| to zero. If ¥ € (0,7/2], we also obtain
O(1/N?) convergence of an ergodic duality gap.

In [37], we extended the PDHGM to partially strongly convex problems: in (GF) this
corresponded to the primal two-block and dual single-block case m = 2 and n = 1 with only
(1 assumed strongly convex. This extension was based on taking in (PP) the preconditioner

7! K~

for invertible T; = 11 ; Py + 12, P> € L(X;X) and X411 = 0,411 € L(Y;Y). After simple
rearrangements of (PP), the resulting algorithm could be written more explicitly as

(2.3a) = (I + T,0G)  (z' — T K*y"),
(2.3b) Yy = (T 4+ S 0F ) My + B K (1 + w2z — wizh)).

Since G is assumed separable, the first, primal update splits into separate updates for
= Pttt and it ;= Ppx’t!. Note that this explicit form of the algorithm does
not require 7; and 3,4 to be invertible unlike (PPy) with the choice (2.2), so this suggests
that we could develop stochastic methods that randomly choose one, two, or no primal blocks
to update.

To study convergence, it is, however, more practical to work with implicit formulations
such as (PPj). We will shortly see how this works. To make (PPy) work with non-invertible
T; and X; 41, let us reformulate it slightly. In fact, let us define

and (for the moment)

T; 0
Yit1

Wit1 = [0

2.4)
M I _TK*
[ O ST ¢ I '

With this, whether or not 7; and 3, ; are invertible, (2.3) can be written as the preconditioned
proximal point iteration

(PP) Wist Hu™) + My (u — ') 3 0.

This will be the abstract form of the algorithms that we will develop, however, with the exact
form of T; 1, ¥;4+1, and M, still to be refined.
To study the convergence of (PP), we apply to the testing framework introduced in [35, 37].

The idea is to apply (-, u'™" — ), ,, with a testing operator Z; 1 to (PP) to “test” it. Thus

(2.5) 0€ (Wit H(u™™) 4+ My (u't — o), u'™ —a) 4

i4+1°

We need Z; 1M, to be self-adjoint and positive semi-definite. This guarantees that
Zi41 M1 can be used to form the local semi-norm || - ||z,,,as,,,. Indeed, assuming for
some linear operator =, that H has the operator-relative (strong) monotonicity property

(2.6) (Hu') = H(u), v —u) 7z, ,w, ., = |lu—1u] (u,u' € X xY),

2
Zi41Ei41
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then a simple application of the Pythagoras identity

2
ZigaMip1 — 5

7 ~

_u|2

i+1 a) i+1 zl i1 Mo

) . 1
<’u’2+1 - ul7u ZigaMip1 — 5”“’ u HU’

1 ~
+ ol = alZ,

2
yields
Lot ~p2 Loivr a2 i =2
5”“ —ullz,, (Mo 1220y T 5”“ Uz S 5”“ —ullZ, My

If ZiyoM;io < Zip1 (M1 + 2E;41) for all 4, then summing over ¢ = 0,..., N — 1 gives

N-1 1

1 N ; ; 1 N
@7 §IIUN — g D §||ul+1 Ul Z s < 5l =Tl -
i=0

We therefore see that Z; 1 M; 1, measures the rates of convergence of the iterates. If our itera-
tions are stochastic, then to obtain deterministic estimates, we can simply take the expectation
in (2.7). However, to obtain estimates on a duality gap, we need to work significantly more.
We will, therefore, in the beginning of Section 3, after introducing all the relevant concepts
and finalising the setup for the present work, quote the appropriate results from [35].

2.2. Stochastic and deterministic block updates. We want to update any subset of any
number of primal and dual blocks stochastically. Compatible with the separable structure
(GF) of G and F*, we therefore construct—from individual (possibly random) step length
and testing parameters 7;;,0¢;4+1 > 0 and ¢;;,%,,41 > 0 as well as random subsets
S@) c{l,...,m}and V(i + 1) C {1,...,n}—the step length and testing operators

T, 0 | @y 0
S.a) Wi = [O Ei+1:| and Ziy1 = [O \IIHJ for
(Sb) T, .= Z Tj’in EiJrl = Z UZ,i+1Q£7
JES() LeV (i+1)
(S.C) (I)l = Z d)j,ipj? \I/i+1 = Zwé,zﬁrl@[ (7/ Z 0)
j=1 {=1

We moreover take as the preconditioner

I —pAx S . )
(Sd) Mi+1 = -1 v v for Al = I(T‘Z (I)z — \IliJrlEiJrlK with
f\IJH_lAi I
(S.e) Ti= Y 7P, S@i) c S(i),
JES()
(S.f) ii—i—l = Z Ug,i+1Qg, ‘?(’L + 1) C V(’L + 1).
L€V (i+1)

The subsets S(i) and V (i 4 1) are the indices of the blocks

(28) xj =Pz and gy = Quy
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of the variables x and y that are to be updated at iteration i.! Hence T; and Y;+1 will not be
invertible unless we update all the blocks. Clearly ®;, W, 1, T3, and X;4; are self-adjoint and
positive semi-definite with ®; and ¥, ; invertible. The subsets S (¢) and V(z + 1) indicate
those blocks of 2°+! and of 3**! that are to be updated “independently” of the other variable.
We will explain these subsets and the choice of A; in more detail in Section 2.3.

The iterate u'*! = (2*!,4**1) has to be computable based on a random sampling at
iteration ¢ and the information gathered (random variable realisations) before commencing the
iteration. For the algorithm to be realisable, it cannot depend on the future. We therefore need
to be explicit about the space of each random variable. We model the information available
just before commencing iteration i by the o-algebra O;_;. Thus O,;_1 C O,. More precisely,
O; is the smallest sub-g-algebra of O satistying for all k = 0,...,i, 5 = 1,...,m, and
{=1,...,nthat

(R.a) Tk e k+1 € R(O4; [0, 00)), Bjk> Ve k1 € R(Oj; (0, 00)),
RB)  S(k) eRO:PUL,...,m}), V(k+1) e RO:PUL....n})),

o o

(R.c) S(k) € R(O;P{L,...,m}),  V(k+1) € R(O:P{L,....n})).

Here and only here P denotes the power set. Any other variables can only be random by being
constructed from these variables. We thus deduce from (S) and (PP) that

Ty € R(Oi; L(X; X)), P € R(0;; L(X; X)), 2 e R(0;; X),
Zk-‘,—l S R(Ol,ﬁ(Y, Y))a \I/k+1 S R(Oi; E(Y, Y)), yi+1 S R(OZ, Y)

We will also need to assume the nesting conditions on sampling,

WVa) VSGE)NV(E+1) =0, V(SEH\SE)N(V(Ei+1)\V(i+1)) =0,

Wb SHUV I (V(i+1)cS6), V0E+1)UVS@E)cV(i+1),
where the set

V(i) ={te{l,....n}| QK P; # 0}

consists of the dual blocks that are “connected” by K to the primal block with index j. Vice
versa, V=1 (¥) consists of the primal blocks that are “connected” by K to the dual block with
index £. Thus (1.b) states that the independent updates (i.e., S(i) and V (i+ 1)) must propagate
from primal to dual and vice versa as non-independent updates (i.e., S(¢) and V' (i + 1)). The
condition ().a) restricts connections between primal and dual updates: the first part means
that the independently updated blocks cannot be connected and by the second part, neither
can the non-independent updates. If we use ().b) as an equality to define S(i) and V(i + 1),
then the second part of (.a) holds if V(V~1(V (i + 1))) N V(S(i)) = 0, that is, the condition
restricts second-degree connections between the independently updated blocks.

To facilitate referring to all the above structural conditions, we introduce:
ASSUMPTION 2.1 (main structural condition). We assume the structure (GF) and (S) with
the limitations (R) and (V) on randomness.

Clearly,

o, —A*
2.9) ZiyiMiy1 = [ Z}

A Wi

IThe iteration index is off-by-one for 0¢,i+1 and vy ;41 for reasons of the historical development of the
Chambolle-Pock method, when it was not written as a preconditioned proximal point method.
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is self-adjoint. We need to prove that it is positive semi-definite. We will do this in Section 4
using the functions ~, introduced next. We show afterwards in Example 2.3 that these functions
are a block structure-adapted generalisation of the simple bound K < || K||I.
DEFINITION 2.2 LetP :={Py,...,Pptand Q :={Q1,...,Qn}. Wewrite (k1,...,kn) €
K(K,P, Q) if each k¢ : [0,00)™ — [0,00) is monotone (£ = 1,...,n) and the following
hold:

(i) (Estimation) For all (zp1,...,20m) C [0,00)" and{ =1,....,n,

> Z§é2Z;/J2Q£KPjK*Qk <Y ke(zes - 2em) Qe
j=

10,k=1 (=1

(ii) (Boundedness) For some & > 0 and all (z1,. .., zm) C [0,00)™

m
Ko(21y ey 2m) < Ez,zj
j=1

(iii) (Non-degeneracy) There exists k > 0, and for all j = 1,...,m a choice of
05(5) € {1,...,n} exists such that for all (z1, ..., zm) C [0,00)™

K25 < Kee(5) (21, -+, Zm) (j=1,...,m).

The choice of « allows us to construct different algorithms. Here we consider a few
possibilities, first a simple one, and then a more optimal one.
EXAMPLE 2.3 (Worst-case x). We may estimate

n

SN 2 PQUE P KTQ < Z 7,252 QuK K" Q) < Y 7| K(*Qu.
—

Jj=14,k=1 k=1 (=1
Therefore Definition 2.2(i) and (ii) hold with & = || K ||? for the monotone choice
ke(21, ..oy zm) o= || K||? max{z1,..., zm}.

Clearly also x = % for any choice of £*(j) € {1,...,n}. This choice of x; corresponds to the
rule 7o||K||? < 1 in the PDHGM method.

EXAMPLE 2.4 (Balanced ). Take minimal x, that satisfy Definition 2.2 and the balancing
condition k¢(2.1, ..., 20m) = Kk(Zk1s- -, 26m), &,k = 1,...,n. This requires problem-
specific analysis but tends to perform well as we will see in Section 5.

2.3. Justification of the preconditioner and sampling restrictions. With M, of the
form (S.d) for any A;, the implicit method (PP) expands as
(2.10a) 0 € T,0G (™) + T,K*y' ™ + (2" — ') — &7 A (v — oY),
(2.10b)  0€ £ 0F* (y' ™) — S Ko™ — UL Ay (2™ — o) + (v — o).
This can easily be rearranged as
(2.11a) = (I + T0G) 7 (2" + & A (vt —y') — LKy,
(2.11b) Y= (I + 21 0F ) H(y + UL Ay (2™ — 2f) + By K.

This method is still not explicit as the primal and dual updates potentially depend on each other.
We will now show how the removal of this dependency leads to our choice of A; in (S.d).
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Indeed, due to the compatible block-separable structures (S) and (GF), multiplying (2.10a)
by Pj,forj =1,...,m, and (2.10b) by @, for £ =1,...,n, (2.11) can be split blockwise as

i = (I + x5y (1)75.:0G;) " (@} + P [@; A (y' T — ') = LK y'™*),
yfl (I + xv (1) (0)00,i10F) " yp + Qe[ Az — %) + By Ka'™1)).

For S(¢) and V(i + 1) to have the intended meaning that only the corresponding blocks are
updated, we need to choose A; such that

(2.12) ot =gl (j¢53@) and oyl =yp ((EV(it+1)).

Since P;T; = 0, for j & S(i), and QX1 = 0, for £ & V(i + 1), this is to say that

(2.13a) PO A (y T =yt =
(2.13b) QU LA (2" — 2" =

(7 5(7)) and
(£g V(i+1)).

Taking A; = KT} ®; would allow computing 2°*! before '™ and to satisfy (2.13a).
If we further had KT} ®; = w;V; 1%, K, then also (2.13b) would hold and (S.d) would
reproduce M;, 1 of (2.4). Symmetrically, A; = —%,;,1¥;, 1 K would make y'*! indepen-
dent of 21, Such conditions will, however, rarely be satisfiable unless, deterministically,
S(@)={1,...,m}and V(i+1) = {1,...,n}. Nevertheless, motivated by this, we designate
subsets of blocks of 2+ and y**! to be updated independently of the other variable. These
are the subsets S(z) and V(z + 1) in (S.e) and (S.f). Then picking A; as in (S.d) achieves our
objective:
LEMMA 2.5 Suppose Assumption 2.1 holds. Then (2.12) and (2.13) hold.

Proof. We already know that (2.13) implies (2.12). Using (S.d), (2.13) can be rewritten as

P @ LK — K87, i)yt —y') =0 (j € S(i)) and
QUL KTy ®; — Wiy i K] (@™ —2) = 0 (L& V(i+1)).

Clearly P; T,K* = 0 for j & S(@). Therefore the first condition holds if P; K *Zf 1 = 0 for

Jj & S(i). This is to say that j & V™ L(V (i 4 1)), which is guaranteed by (1.b). Likewise, the
second condition holds if QgKT* = 0for ¢ ¢ V(i + 1), which is also guaranteed by (V.b).
d

2.4. Overall structure of the proposed method. Defining the operators 7;- := T} — T;
and Ziﬁrl = Y41 — 2i+1, We can now rewrite (2.11) as

(2.14a) qi+1 — ‘I’;lK*ial‘Prﬂ(yiH . yi) + TfK*yi“,
(2.14b) x”l = (I +T,0G) Y(a' — T,K*y' — g'tY),
(2.140) = U KT o) (o — ') + B Kt
(2.14d) Yt = (14 S 0F ) Ny + B Kot + 21711,

Due to the first part of (V.a), Pj¢"*! = 0 and Q2T = 0 for j € S(i) and £ € V(i + 1).
The second part of (V.a) implies

THK*Qr=0 and X4, KP;, forleV(i+1)\V(i+1)andje S)\ SG).
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The first part of (V.a) and (V.b) moreover imply Ziﬁ_l@iﬂ = 341041 = \Ili_lefi*fbf
and T;-B}, = T; B}, = ®; VK*$41W441 for
75,0

0, = Z Z 9g7j7ngKPj with eg’j_’H_l = ——2 and
haryl 4 Ori+1e,i+1
jeS(i) LeV()

B; = Z Z b&j,ngKPj with bg,j7i+1 =
LeV (i4+1) JEVTI(E)

Ué,¢+1¢e,i+1
Tj,iPj,i

Letting &' := 32, ¢,y Pja'™ and g™t =37,y 1) Qex™t! we therefore obtain

.15 ¢ = O S W (5 ) + TR
: a — TL B* i+1 i+1
[Bia (5 —y") + 9],
(2.15b) A= UL KT @) (67 — o) + 5 Ki !
= ¥i1[Oia (7 — af) + &,

Introducing w*™! and v*! such that U7, ;w'™ = 2*! and ;- v*™! = ¢'™! and us-
ing (GF), we can write the method given by (2.14) and (2.15) as

(2.16a) P = (1 + T:0G0) Yo' — T,K*yY),

(2.16b) Gt = (1 4 81 0F*)~ 1(y +EZ+1KI)
(2.16¢) wt =0, (2" — 2") +

(2.16d) V= Bl (T y)ﬂ/“

(2.16¢) o= (I + TH0G) M (& — T,
(2.16f) Yyt i= (T4 S5H,0F) g + 55w ).

Due to (GF), these operations can further be split into blockwise operations with no depen-
dencies on so far uncomputed blocks. We delay making this explicitly until we are ready to
present our final Algorithms 1 and 2 towards the end of the theoretical part of the paper.

We conclude the present structural development by explicitly stating what we have proved
in the preceding paragraphs:
LEMMA 2.6 Suppose that Assumption 2.1 holds. Then (2.16) is equivalent to (PP).

3. A basic convergence estimate. Now that we have established the overall structure of
the proposed algorithms in (2.16), we need to develop rules for the step length and testing
parameters that yield a convergent method. This will require, in particular, the positive semi-
definiteness of Z; 1 M, as we recall from the discussion leading up to (2.7). Indeed, since
in general, without any strong convexity, we can only obtain gap (and weak) convergence, we
need to refine that argument.

In Sections 3.1-3.5, we will derive some quite technical conditions that the step length
parameters, testing parameters, and block selection probabilities need to satisfy. From these
basic estimates, we then develop explicit convergence rates in the next section. In the final
Section 3.6, we will also discuss permissible sampling patterns.

3.1. A bound on ergodic duality gaps. Recall the basis of the testing technique (2.5).
In the single-block case (T; = 7,1, X411 = 04411, Piv1 = @i, and V1 = i1 1),
instead of using @ € H~'(0) and the operator-relative monotonicity (2.6) to eliminate H,
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using the convexity of G and F™* we can also estimate
(Hu™),u"™ W)z, i,
3.1 > ¢ G2 — G@ﬂ + %H@H[F*(yiﬂ) - F*(@]
+oim (K y™t et = 7) — o (Kot y™t - )
= §¢+1~
With this, (2.7) can be improved to

N-1

1 ~
§||UN - UH2ZN+1MN+1 + Z
=0

~ 1. . ) 1 ~
(G + 3l =, ) < 5100 = T

We would like to develop the “preliminary gaps” §i+1 into a (Lagrangian) duality gap
G(z,y) = (G(z) + (. Kz) — F*(§)) — (G(@) + (y, KZ) — F"(y)).

The first obstacle we face are the differing factors in front of G and F'*. This suggests to impose
¢;7; = ¥;+10,41. For the PDHGM, it, however, turns out that ¢;7; = 1;0;. After taking care
of some technical details, this can be dealt with by an index realignment argument [35].

With multiple blocks, we can get a similar estimate as (3.1) with the factors ¢; ;75 ; in
front of G and vy ;410¢,;+1 in front of F;. To derive a gap estimate, the preceding discussion
suggests to impose 1;®; = 7,/ and X;4 1V, 41 = 01 or X;¥; = ;1 for some scalar 7; > 0.
This kind of coupling between the blocks will be one of the main restrictions that we are faced
with in the development of our method. In the stochastic setting, it turns out [35] that we can
relax the coupling slightly: do it in expectation. Correspondingly, we assume for some 77; > 0
either

(3221) ]E[TZ*(I),T] = ?72[ and E[\I'7;+1Zi+1} = T_]ZI (’L > 1) or
The second condition is an extension of what we saw the standard PDHGM to satisfy. The first
condition, which is off-by-one compared to the second, will, however, be the only alternative
that doubly-stochastic methods can satisfy.

A further difficulty with developing (3.1) into a gap estimate are the remaining terms

involving K. Even after rearrangements we can only get an ergodic estimate [35]. To express
such estimates, corresponding to the conditions (3.2a) and (3.2b), we introduce

N-1 N-1
(3.3) (ve=Ym and  Goni= D 7
=0 =1

and the ergodic sequences

N-1 N-1
Fx = G5B zm:w], v = GIE zzzﬂmzﬂym],
=0 1=0
N—-1 N-—1
Zon=CGNE| D Ti*cb;‘x”l], Jen =G NE D Srwry
i=1 =1

The coupling conditions (3.2a) and (3.2b) then produce two different ergodic gaps, G(Zn, Un)
and G(Z. v, Y, v ). We demonstrate this in the next theorem from [35]. It forms the basis for
our work in the remaining sections. The fundamental arguments for the proof are those that
led to (2.7), however, the gap estimate requires significant additional technical work.
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THEOREM 3.1 Suppose Assumption 2.1 (main structural condition) holds with Z; 1 M,
positive semi-definite. Write I" := E;"Zl v Pj for v; > 0 the factor of (strong) convexity of

G ;. With r= Z;nzl ~; P € L(X; X), assuming one of the following alternatives to hold, let

0, 0<I<T,
gN =3 (NG (TN, UN), 0 <T <T/2, (3.2a) holds,
ConNG(Fn, Ton), 0 <T <T/2, (3.2b) holds.
Also define
— .~ [ o 2TK*
‘—'Z+1(F) T _22i+1K O ’

Dip1(T) :=ZivaMit2 — Zip1 (i1 (D) + Mit1).

Then the iterates u' = (z°,y%) of (PP) satisfy for any i € H~1(0) the estimate

1 N -
§E[||UN — Ul Zynn] + 9N

(3.4) 1 N-1 1
Simﬂ_m@wﬁ+2:iEmMH_ammdﬁ—”MH_uw%HMH]
1=0
Proof. This is [35, Theorem 5.5] with
Aia(F) = 2l — a2, o — a2
i+1 = 9 D1 (D) 2 Zig1 M1

and the condition I = T relaxed to 0 < r < T, which is possible because if g; is strongly
convex with factor v; > 0, then it is strongly convex with any smaller non-negative factor.
Moreover, [35, Example 5.1] shows that the blockwise structure (GF), (S) has an ergodic
convexity property that produces the gaps G(Zn,yn) and G(ZT. N, Y N )- a

In the standard PDHGM we can ensure that D; 4 (f) ~ ( [35]. However, in our present
setting, we will not generally be able to enforce this, so these operators will introduce a penalty
in (3.4). A lot of our remaining work will consist of controlling this penalty. We also need to
estimate from below and show that Zy My is positive semi-definite.

3.2. Notations and assumptions. For convenience, we introduce
Tii = TjiXs)(J), Gei = 0rixv(£),
T =P € S(i) | Oi1), veip1 :=PLEV(i+1)]0;4],
50 =Pl € S() | Oical, Dripr =P EV(i+1) | O;_1].
The first two denote “effective” step lengths at iteration %, while the rest is shorthand for the

probabilities of the primal block j or the dual block ¢ being contained in the corresponding set
at iteration ¢. Recalling (S.d), we also write

m

Ai=>" " MjiQKP;  with
3.5) J=1 £eV ()

At = 05,iT3iX gy () — Yeiv160,i41X7 (141) (0)-

We require the following technical assumption, which we will verify through explicit step
length and a testing parameter update rules development in the next section. We indicate the
rough intended use of each condition in parentheses after the statement.
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ASSUMPTION 3.2 (step length parameter restrictions). We assume for each ¢ € N the fol-
lowing, with constants independent of ¢, and the same alternatives holding for each ¢:
(a) Weare given (k1,...,k,) € K(K, P, Q) (see Definition 2.2), and for some § € (0, 1),

(1= it > koA 130705 N i) (€= 1,...,m).

(This condition generalises the condition 70| K ||> < 1 for the standard PDHGM,
needed to ensure the positivity of the local metric Z; 1 M;44.)
(b) We are given 7, € R(O;_1; (0,00)) and 0, n; € R(Oi—1;[0,00)) such that

. o 1 . o L
i1 2 iy Iy =) 2 07, and - iy min(Ve e i) 2 1
J

(This is needed to annihilate the off-diagonal of D;; in the penalty term.)
(c) Either

(c-1) E[ni‘l - né‘l] = constant or (c-ii) nﬁ‘l =0and 77;',1' = Mis1-

(These are needed to ensure the coupling conditions (3.2a) or (3.2b), respectively.)
(d) The step lengths parameters satisfy

m—%‘,if1Tj,i71XS(i,1)\§(i,1)(j) . S/ -
O]

(3.6a) Tji = -y ®4,iT5, ‘ o
Frilrii ) j e s\ S,

Mi=%5,i%,i Xv v ) s
- , JEV(@E+1),
(3.6b) i1 = Vo v+,
FEVE+1)\V(i+1).

V41 (Ve ip1—reig1)’

For i = 0 we take 75, _1 := 0 and 0 ¢ := 0.

(This rule is also needed to annihilate the off-diagonal of D, ; in the penalty term.)
(e) Let-y; > 0 be the factor of (strong) convexity of G; and ¥; € [0,v;], 7 =1,...,m.

Also let «; > 0 and define

(B.72)  gji+2(;) = (E[¢j,i+1 — ¢5i(1 4 27;,7;)10i]

+ ailE[¢j,i41 — 65,4 (1 4 27;,7;)|Os]| — 5¢j,i)XS(i) (),
(3.70) hjit2(7;) = El¢jit1 — éj,i(1 4 27;,:7;)[Oi-1]

+ a7 Elgji41 — ¢.0(1 + 275,79;) | Oill.
Then for some C,, > 0 either
(3.8a) it -z < Cp (j=1,...,m) or
(3.8b) hjit2(7;) <0 and gj42(7;) <0 (j=1,...,m).

(This is needed to bound the primal components in the penalty term.)
(f) For some C > 0 either

(3.92) E[thrit2 — V04110 >0, |yit' =Gl <C, ((=1,...,n) or
(39b) E[l/)gﬂ‘_i_g — ¢g,i+1loi] = 0 (€ = 1, . ,n).

(This is needed to bound the dual components in the penalty term.)
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It is important that Assumption 3.2 is consistent with Assumption 2.1, in particular that
the step lengths generated by the former are non-negative. We will prove this in Lemma 3.5.
Before this, we state the main goal of the present section, the following specialisation of
Theorem 3.1.
PROPOSITION 3.3 Suppose Assumption 2.1 (main structural condition) and Assumption 3.2
(step length restrictions) hold. Then the iterates of (PP) satisfy for any i € H~1(0) the
estimate

(3.10) Z

] ||«T _xJ”] +gN 7||’LL _UHZOM0+22 3, N ,YJ +Z deN’
]N

where

(NG(TN,UN), case (c-1) and ¥; < v;/2 for all j,
(3.11a) N = G NG(To N, Us,N), case (c-ii) and 7; < ~y;/2 for all j,

0, otherwise,

N-1

(3.11b) d;N(%‘) = Z 5 Jit2 (%5 ZN = Z 5@ Jit20
(B.11e)  65,12(7) = 4C E[max{0, ¢;,i+2(7;)} + CzE[maX{O»hj,wz(%)}]a and
(3.11d) 07 ivo = 9CE[ e it — e it1].

Proof. We use Lemma 3.9 or Lemma 3.10 (see below) to verify one of the coupling
conditions (3.2a) or (3.2b). Then we obtain (3.4) from Theorem 3.1. Next, we use Lemmas 3.4

and 3.7 (see below) to estimate Zn 1 My41 > (°9Y §) and
m n
E[u™! — “HD i (D ™ — | 2Zi+1Mi+1] =< Z‘Sf,iu@j) + Z‘sly,z’w'
=1 =

Therefore (3.4) yields

6 _ n
DB (e = 8l3,.] + G < 20 = 3oan, + 5 Z(Z )+ 3 )

=0 =1 (=1

By Holder’s inequality it follows that

EllaY - 213, ] = > E[pynllzY — 2512 > B[l — 1] /Ele; o).
j=1 =1
The estimate (3.10) is now immediate. 0

3.3. A lower bound on the local metric.
LEMMA 3.4 Suppose that Assumption 2.1 (main structural condition) and Assumption 3.2(a)
hold. Then Zi+1Mi+1 2 (63)1 8)

Proof. Since @, 1 is self-adjoint and positive definite, using (2.9) and Cauchy’s inequality,

for any 0 € (0, 1), we deduce

o, A7) _ [6% 0
el = {—Ai ‘I’m} - [ 0 Wi -t A2 A
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We therefore require (1 — 0)W; 1 > Aiq)i_lAj, which can be expanded as

L= %eir1Qe 2> > Mejidnjit; QK PiK*Qy.
k=1

(=1 j=1¢

This follows from Definition 2.2(i) with zg ; := )\%’ ”qb]_zl 0

3.4. Bounds on the penalty terms. The structural setup (S) gives

- &, ,(D.([JFQTF) A —AY . —20.T.K*
3.12 Dip (D) = |, L7 ' BRIV ]
( ) +1( ) |:2\I/i+12i+lK + A — A Wito— Wiy
~ [‘I)H-l —&,(I + QTzf) % ] for
Aiio Vito — Wi

Aiyr = (Vi1 Bipn K — M) + (A — KT797).

LEMMA 3.5 Suppose that Assumption 2.1 (main structural condition) and Assumptions 3.2(b)
and 3.2(d) hold. Then

(3.13) E[Ai2|0;](a" —2") =0, E[A; |0y —y') =0, E[A],|0;-1] =0.

Moreover, if ¢;;,1%41 > 0 forall €N, then 7; ;,04,;41 > 0 for all i € N. In particular, As-
sumption 3.2 is consistent with Assumption 2.1 requiring 7;;,0¢ 11 > 0 and ¢;;,%e ;41 > 0
forallieN,j=1,... mandl=1,... n.

Proof. We start by claiming that

(3.14) EAe,i4110i] = Yeir160i41(1 = Xy 141y (0)) — E5475.4(1 = X g3 ()

whenever £ € V(j). Indeed, inserting (3.5) into (3.14), we see the former to be satisfied if (for
any given 7;11)

(3.15a) Bloj,i+175,i41X 4 (i41) DIO] = miser — b5,i75,:(1 = x5,y (7)) = 0 and
(B.A5b)  E[thriv200i42Xy (4 2) (O] = niv1 — Yeir160i41(1 — Xy 41y (0)) 2 0

over j = 1,....,m, £ = 1,...,n, and i > —1, taking S‘(fl) = {1,...,m} and
V(0)={1,...,n}.

We can also write (3.15a) as
(3.16) E[¢j7i+1%j,i+1X§(i+1)(j)‘oi] = Mit+1 — (bj,iTj,iXs(i)\é(i)(j) > 0.

Ifj & S3)\ S(z), since 7,41 > 0 by Assumption 3.2(b), it is clear that the inequality in
(3.16) holds. If j € S(i) \ S(i), using the corresponding case of (3.6a), we rewrite the
inequality as 7,41 > 17;/(7;,i — 7;,;). This is verified by Assumption 3.2(b). Comparing to
Assumption 3.2(d), the inequality in (3.16) now inductively verifies, as claimed, 7; ;41 > 0
for all ¢ € N provided that ¢; ; > 0 forall s € N.

To verify the equality in (3.16), let (91TF D O; be the smallest o-algebra also containing
the set {w € Q| j € S(w)(i + 1)} (now not abusing notation for random variables, with
w standing for the random realisation that we typically omit). By Assumption 3.2(d), more
precisely (3.6b) shifted from 7 to ¢ + 1, we see that ¢; ;4 17;,i41 1S O;" -measurable. Therefore,
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by standard properties of conditional expectations (see, e.g., [32])

E[E[¢),i+175i+1X541) ()]0 ]| O4]
[E[¢]71+1TJ,1+1|0 110i]
[
k

Elgji+17j,i+1X g H—l)( )10i]

(3.17)

E[11O; )j,i4175,i+1|O4]

E
E
E 71—] 1+1¢] z+1Tg 1+1|O ]

Further expanding with (3.6b) shifted from i to ¢ + 1 and using 1;+1 € R(O;; (0, 00)) from
Assumption 3.2(b), we obtain

G1s) Bl j,i4105,i417),i+11O0i] = E[niv1 — 8575, X s\ g1y (1)1 O]
. =Mit1 — 95,iT3iXs NS0y U)-

This verifies the equality in (3.16). Thus (3.15a) holds. Similarly we can verify (3.15b) and
0¢,i+1 => 0. Thus (3.14) holds, as does the non-negativity claim on the dual step lengths.
Using (V.b) and (3.14), we now observe that )y ; ; satisfies

(3.19a) Aeji=0 (j€S@E)or g V(i+1)) and
(3.19b) EAejis1]Oi = Aejir (G=1,....,m; L€ V(j)),

for 3\/[7]'77;_1,_1 = Y,i+100,i41 + Aeoji — ¢j,i75,4. Using (2.12), which follows from Lemma 2.5,
(3.13) expands as

(3.20a) E[Aej,i4110s) = Aejiisn (j € S(i), L€ V())),
(3.20D) E[M\ji+1]Oi] = Mejiit1 ((eV(i+1),jeV7'(¢), and
(3.20¢) E[Ag,j7i+1|0i_1} = E[X@7j,i+1|0i_1] (] = 1, cee,m; le V(]))
Clearly (3.19b) implies (3.20a) and (3.20b). Moreover, applying E[- |O;_1] to (3.19b) and
using standard properties of nested conditional expectations we obtain (3.20c). We have
therefore verified (3.13). 0
COROLLARY 3.6 Suppose that Assumptions 3.2(b) and 3.2(d) hold. Then
E[¢),i+17,i+1]0s] = Niv1 + nrip1 — npy  and
Eltbe,i+26¢,i+2|Oi] = N1 + Naip1 — M-
Proof. Arguing analogously to (3.17) and (3.18) with the cases j € S(i) \ S(i) and
LeV(i+1)\V(i+1) of Assumption 3.2(d), we deduce that
E[¢ji+17+1(1 = Xg(ir1)())|Oi] = 1754, and
E[tbrit260i42(1 = Xy (542)(O)|Oi] = 0y i1

Combined with (3.15) (in the proof of Lemma 3.5) these imply the claim. 0

For the next lemma we recall the coordinate notation x; and y, from (2.8).
LEMMA 3.7 Suppose Assumption 2.1 (main structural condition) and Assumption 3.2 (step
length parameter restrictions) hold. Then

m

1+1M1+1 2 : j,i+2 ’YJ +§ :62 i+20

j=1 {=1

i+1 i+1

Eflu —al, g — lutt —

where 5f,i+2ﬁj) and 5?,1‘4—2 are given in (3.11c¢) and (3.11d), respectively.
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Proof. Since u't! € R(0;; X x Y) and v' € R(O;_1; X x Y), standard nesting
properties of conditional expectations show

1+1 ~12 _ i+1 7012 7 ~12
Ellv™ =@l @) = Ellv™ =l @on T 1% = @llgp.,, @0,

(3.21) . Dt
+2(u — it — )

E[Di+1(f)|0i]]’
By Lemma 3.5, (3.13) holds. Using (3.12), we therefore expand (3.21) into

i+1 ~2 _ i+1 i ||2
Effju™" - “HD,-H(f)] =E[[Ja""" - xl||1E[¢>i+1—q>i(1+2nf)\oi]

2
E[¢1+17¢1(I+2T1F)|0171]

+ [la* = 2
F o™ = Y R wi 0 T 1Y = TR, wiy 00 ]
S R RPN

+2{@" =2t 2t = Dye,, e, (142m) 0]

+ 2y —yh Yy — DB Vis1|05]) -
By Assumption 3.2(f), E[¥; 2 — ¥;,1|O;] > 0. Standard properties of conditional expecta-
tions guarantee that E[E[U,; 10 — U, 11|O0;]|O0;—1] = E[¥; 49 — ¥, 11|O;_1]. By Lemma 3.4,
moreover, it holds that

f||u7f'+1 _

o - .
|7 vy, < 02T = s,
The use of Cauchy’s inequality for arbitrary factors «;, 5; > 0 therefore yields
i+l _ 2 it+1

Ellu ullp,,, @

= E[|a*! 2|2,

_ui|

- Hu 2Zi+1Mi+1]

,H_lfq)i (I+2Tlf)‘01]4’041“[2[4)14_17@1 (I+2T1f)‘01]|75¢>1

i 2
r — X = — =
+ ||IE[‘I>1;+1—@i(1+2TiF)|Oi,1]+ai HE[®;01—®; (I4+2T:T)|0;]]

+ (1 + ﬁi)”yi+1 - yi||I2E[\I/,;+2—\I/7;+1|Oi]
—1 i ~12
+ (]‘ + 51 )”yl - y||IE[\I/7;+2—\I/i+1|O7;_1]] .

Here we write | Z;n:1 ¢; Pyl = Z;”:l |c;|P;. Therefore, by choosing 8; = 1/2, splitting the
estimates into blocks, and using Assumptions 3.2(e) and 3.2(f), we obtain the claim. 0

It is relatively easy to satisfy Assumption 3.2(f) and to bound 53,2. 4o- To estimate
6% ;12(7;), we need to derive more involved update rules. We next construct one example.
EXAMPLE 3.8 (Random primal test updates). If (3.8a) holds, then take p; > 0, otherwise
take p; =0 (5 = 1,...,m). Set

(3.22) Gjiv1 = (1 +27;754) + 2PjW;11XS(i)(j) (j=1,...,m;i e N).

Then it is not difficult to show that ¢; ;11 € R(O;; (0, 00)) and 67, 5(7;) = 18Cyp;.

If we set p; = 0 and have just a single deterministically updated block, then (3.22) is the
standard rule (2.1) with ¢; = T;Q. The role of p; > 0 is to ensure some (slower) acceleration
on non-strongly-convex blocks with 7; = 0. This is necessary for convergence rate estimates.

The difficulty with (3.22) is that the coupling parameter 7,11 will depend on the random
realisations of S(¢) through ¢; ;1. This will require communication in a parallel implementa-
tion of the algorithm. We therefore desire to update ¢; ;11 deterministically. We delay the
introduction of an appropriate update rule to Section 4.
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3.5. Satisfying the coupling conditions. We still need to satisfy either one of the cou-
pling conditions (3.2) to obtain gap estimates.

LEMMA 3.9 Suppose that Assumption 2.1 (main structural condition), Assumptions 3.2(d),
3.2(b), and (c-1) hold. Then the coupling condition (3.2a) holds.

Proof. The condition (3.2a) holds if E[¢; i+17j,i+1] = Ti+1 = E[tbg,i+20¢,i42] for some
figr forallj = 1,...,mand £ = 1,...,n. Taking ;11 = E[n;iy1 + 77#714_1 — n#i], the
claim follows from Corollary 3.6 and Assumption 3.2 (c-i). a

The alternative coupling condition (3.2b) requires

Eloji+175i+1] = M1 = E[ei1160,i41]
for some 7;41. By Corollary 3.6, this holds when

(3.23) E[ni+1 + nim - 77#} =7 =E[n + Wii - 7757',2'71]~

It is not clear how to satisfy this simultaneously with Assumption 3.2 (c-i), so we use (c-ii).
LEMMA 3.10 Suppose that Assumption 2.1 (main structural condition), Assumptions 3.2(d)
and (c-ii) hold. Then Assumption 3.2(b) holds if and only if V(i + 1) = 0 and
V(i+1)=A{1,...,n}. When this is the case, the coupling condition (3.2b) holds, necessarily
S(i) = S(i), and

(3.24a) 70 =i/ (¢5i754) (G € S(9)),
(3.24b) Ojit1 = Nit1/Vji41 (J € V(S(3)))-

Proof. Assumption 3.2 (c-ii), i.e., 777 ; = 0and 170 ; = Ni+1 reduces Assumption 3.2(b) to
ming (Vg i+1 — Vgi41) > 1. This holds if and only hold if v ;41 = 1 and 2 ;41 = 0 for all
£ =1,...,m. This holds, as claimed, if and only if V(z +1)=0,V(i+1) ={1,...,n}
Clearly in this case ()) holds if and only if S(i) = S(7). With Assumption 3.2(b) verified,
Corollary 3.6 now rewrites (3.2b) as (3.23). This is clearly verified by nf’i =0and nii = Nit1.
Finally, (3.24) is a specialisation of Assumption 3.2(d) to the choices of (c-ii). 0

REMARK 3.11 We had to impose full dual updates to satisfy (3.2b). This is akin to most
existing primal-dual coordinate descent methods [3, 15, 33]. The algorithms in [24, 26, 40]
are more closely related to our method, however, only [40] provides convergence rates for
single-block sampling schemes under full strong convexity of both G and F*.

3.6. Sampling patterns. There are not many possible fully deterministic sampling pat-
terns allowed by (V) with Assumption 3.2. Indeed, (3.15a) reads in the deterministic setting

¢g i+177, 'L+1XS(1+1)( ) + % ZT] sz( )\s(z)( )) = Ni+1-

Since 7,41 > 0, j & S(i) \ S(i) implies j € S(i 4 1), which implies j & S(i + 1) \ S(i + 1).
Therefore, once in the independently updated set, the block j will always stay there. Due
to (V.b), if V(z + 1) # () consistently, for most K, the set S(¢) will grow. Therefore, after
a small number of iterations N, either j € S(i), fori > N, or j € S(i) = {1,...,n}.
Similar considerations hold for the dual blocks. Therefore, the way each block is updated in
deterministic methods is, after a small number of iterations, fixed. There does not, therefore,
appear to be significant improvements possible over consistently taking

S(i)y=5@)={1,...,m}, V(@+1)=0, and V(i+1)={1,...,m}

(or the converse dual-first order).
Regarding stochastic algorithms, we start with a few options for the sampling of S(7) in
Algorithm 2 with iteration-independent probabilities 7; ; = 7;.
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EXAMPLE 3.12 (Independent probabilities). If all the blocks {1,...,m} are chosen inde-
pendently, we have P({j, k} C S(i)) = mjmy for j # k, where 7; € (0, 1].
EXAMPLE 3.13 (Fixed number of random blocks). If we have a fixed number M of proces-
sors, then we may want to choose a subset S(¢) C {1,...,m} such that #S(i) = M.

The next example gives a simple way to satisfy ().a) for Algorithm 1.
EXAMPLE 3.14 (Alternating x-y and y-x steps). Let us randomly alternate between
S(i) = 0 and V(i + 1) = (0. That is, with some probability p,, we choose to take an
x-y step that omits lines 9 and 8 in Algorithm 1 and with probability 1 — p,, an y-z step that
omits the lines 7 and 10. If 7; = P[j € S|S # 0] and v, = P[¢ € V|V # (] denote the
probabilities of the rule used to sample S = S(i) and V = V(i + 1) when non-empty, then
(V) gives

Tj = PaTy, T =pa7; + (1= pa)Plj € VH(V)|V £ 0,
7 = (1 — pa) T, ve = (1 — p2)7; 4 p Pl € V(S)[S # 0).

To compute 7; and v, we thus need to know ) and the exact sampling pattern.
REMARK 3.15 Based on Example 3.14, we can derive an algorithm where the only random-
ness comes from alternating between full z-y and full y-z steps.

4. Rates of convergence. We now need to satisfy Assumption 3.2. This involves choos-
ing update rules for 7,41, nT{iH, niiﬂ, ®j,i+1, and ¢ ;1. At the same time, to obtain good
convergence rates, we need to make d (7;) and d?Z, ~ smallin (3.10). We perform these tasks
here, including stating two final versions of our algorithms, Algorithm 1 (doubly stochastic)
and Algorithm 2 (full dual updates). Specifically, in Section 4.1 we introduce and study a
deterministic alternative to the example random update rule for ¢; ;11 in Example 3.8. The
analysis of the new rule is easier, and it allows the computation of 7;, which will also be deter-
ministic, without communication in parallel implementations of our algorithms. Afterwards,
in Section 4.2 we look at possible choices for the parameters 1=, and 1+,, which are only
needed in stochastic variants of Algorithm 1. In Sections 4.3—4.6 we then give various useful
choices of 7; and 1), ; that yield concrete convergence rates.

We assume for simplicity that the sampling pattern is independent of the iteration,

“4.1) Tji =Tj > 0, Vei = Vg, Tji = Tj, and Vgi = Vg.

4.1. Deterministic primal test updates. The next lemma gives a deterministic alterna-
tive to Example 3.8. We recall that v; > 0 is the factor of (strong) convexity of G;.
LEMMA 4.1 Suppose that Assumptions 3.2(b) and 3.2(d) and also (4.1) hold and that i — ni-,i
is non-decreasing. Suppose, moreover, that either (3.8a) holds or sup;_; _,, pj = 0. Also
take 750, ¢j0 > 0, and v; > 0 such that p; +7; > 0, and set

(4.2) Gjiv1 = Qi+ 2(3mi + pj) (G=1,...,myi eN).
Then for some c; > 0 and all N > 1 it holds that
(4.32) #jn+1 € R(On-1;(0,00)),
N—1
(4.3b) E[¢;,n] = 0 + 205N +29; ) Elni,
i=0
(4.3c) Elg; n] <¢N™' (N >1).

Ify; € ¥5,v) 7 =1,...,m, satisfy
(4.3d) 27;%m: < (V5 —93)095:  (j € S(i), i €N),
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then Assumption 3.2(e) holds, and

(4.3¢) % (%) = 18p;C,N.

Finally, if n; > b; min; ¢§7if0r some p,b; > 0, then for some c; > 0 it holds that
(4.3f) 1>5,¢;N"TE[g;y] (N >4).

Proof. Since Assumption 3.2(b) guarantees that 7; € R(O;_1; (0, 00)), we deduce (4.3a)
from (4.2). In fact, ¢, ;41 is deterministic as long as 7; is deterministic.
The claim (4.3b) follows immediate from (4.2) and
N-1
4.4) GiN = bjn-1+2nN-1+ pj) = b0+ 20N + 2% > ;.
i=0
Since ¢ — 1); is non-decreasing, clearly ¢; n > 2N p; for p; := p; + ¥;m0 > 0. Then
¢;11v < ﬁ. Taking the expectation proves (4.3c).
Clearly (4.3f) holds if ¥; = 0, so assume that 7; > 0. Using the assumption
i > bjmin; ¢! and ¢;; > 2ip;, which we just proved in (4.4), we estimate

N N
bj.N > dj0+b;(2p5)F Zz‘? > ¢j,0+bj(25j)1)/ aP dx > ¢jo+p ;i (2p;)P (NPT -2).
i=1 2
Thus gb]_}v < 1/(¥,;¢; N'*P) for some ¢; > 0. Taking the expectation proves (4.3f).
It remains to prove (4.3e) and Assumption 3.2(e). Abbreviating v;; := 7; + p;n; 1 we
write ¢; i1 = ¢j,i + 25,7 Since ¢ — nT{Z- is non-decreasing, Corollary 3.6 gives

(4.5) El¢;i7,ilOica] = mi + 0y — misy 2 > mi.
Expanding the defining equation (3.7b) of h; ;1 2(7;) with the help of (4.5) we estimate
hjiva(35) = 2E[vj,imi — 7595,i75,61Oi1] + 2057 [Elysams — 705,754 Oil|
< 2(vj.0 — 3)m + 205 gami — V5.7
2(

Va7 )py + 2035 = A + 205 7m0 — A5,

Since (4.3d) implies 7; < 7, if also

(4.6) o A = 785054 < (B — A5)mis

then

4.7) Emax{0, h;i12(3;)} < 2(1+a; )p;.

We claim (4.6) to hold for

4.8 o e Jming /(3 = 5), Vil >V P5.iThi0
min; (3,751 +9) /(3 — %), i < Vit

The case ¥;m; > 7;¢;,:7j.: is clear. Otherwise, to justify the case 7;1; < Y;¢;,:7;:, We
observe that (4.6) can in this case be rewritten as ¥; ¢, ;7;.; < (a;(¥; — ;) — 7;)n. With the
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choice of «; in (4.8), we see this to hold if ¢; ;7;; < 7°rj_177i. We consider the cases j € S(z)
and j € S(i) \ S(i) separately. In the case j € S(i), this inequality is immediate from (3.6a)
in Assumption 3.2(d) and Lemma 3.5. If j € S(7) \ S(), then (3.6a) and Assumption 3.2(b)
give

¢3,it5i(m; — 75) <y <min(mgy — d)m < (my — 7y)m < (5 — 75)70 5 e

J

In the last step we have used that 7w; € (0, 1] by (4.1). This finishes verifying (4.7).
Next, we expand (3.7a), obtaining

@jiv2(35) = (2E[vs.imi — 7;05.075.61 Os) + 20| Elyj,im: — 75 05,i75,4 Ol — 005.6) xsi)(4)
= (2(vj,mi — VjPj,iTia) + 20|V — Vg7 — 665.) sy (4)
< (2014 aq)pj + 2(m — Vj65,i%5,4) + 20617m — V65,675, — 005.4) x5y (4)-

Since 7; and ¢; ;7; ; are increasing, if also

4.9) 2(35mi — Ajbj.iTia) + 20ulYni — Ajbiatial <095 (4 € S(9)),
then

(4.10) Elgj,i+2(7;)] < 2(1 4 a4)p;.

Inserting cv; from (4.8), we see (4.9) to follow from (4.3d). Finally, (4.7) and (4.10) show that
(3.8b) holds with p; = 0. Thus Assumption 3.2(e) holds. From Proposition 3.3 we find now

8% i12(73) = 8(1 + @i)p;iC +2(1 + a7 1)p;Cl.
Clearly «; defined in (4.8) is bounded above and below, so we obtain (4.3e). 0

4.2. The parameters nj_:i and nf;’ ;» We now want to satisfy Assumption 3.2 (c-i) for
doubly-stochastic methods. As it turns out, the parameters 77# and njl do not have any effect
on convergence rates. Here are a few options.

LEMMA 4.2 Assume (4.1) and that i — n; is non-decreasing with n; € R(O;_1;(0,0)).
Then Assumption 3.2(b) and (c-1) hold and both 1 — n,ﬂ‘ﬂ- and i — 77;"2- are non-decreasing if
either:

(i) (Constant rule) We take nj:i = nt and 77;-,2» = nt for constant -, nt > 0 satisfying

70 'mjin(ﬂj —#®)) =0 and - méin(w —Ug) > 1,

(ii) (Proportional rule) For some o € (0, 1) we take 7]#1‘ = nii = am; satisfying

min (7m; — ;) > « and m@in (ve — ) > .
J

Proof. Clearly both rules satisfy Assumption 3.2(b) and (c-i). That i ~— n;-; and i — 7,
are non-decreasing and belong to R(O;_1; [0, 00)) is obvious. d

4.3. Worst-case rules for n;. To verify Assumption 3.2(a) we take deterministic worst-
case bounds W;, W, , > 0 such that

411 W;:= m?XWg,j and W, ; > ﬁ';lxsﬂ(i)(j) + ﬁ[lx‘;(iJrl)(f) (i € N).

Since we assume iteration-independent probabilities (4.1), such bounds exist.
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LEMMA 4.3 Suppose Assumption 3.2(d) and (4.1) hold. With (k1,...,k,) € K(K,P, Q)
take

4.12) 7; = min 2 (1—_1 5)¢£7i+; —1 (i 2 0).
Lo Kz[(wﬂld)l}i? ... 7W€,m¢m«,i)

Then Assumption 3.2(a) holds. Moreover, we have n; € R(O;_1;(0,00)) provided that
Yir1 € R(Oi-1; (0, 00)).

Proof. Recalling the expression for Ay ;; in (3.5), Assumption 3.2(d) and (4.1) imply
Aeji < niW,,; for £ € V(j). By the monotonicity of x, (assumed in Definition 2.2),
Assumption 3.2(a) will therefore hold if

2

i
1-6

Yeit1 > “é(wz 1¢1 FERRR 7W?,m¢;ﬁi)-
This is verified by inserting 7; from (4.12). Clearly (4.12) also verifies 1; € R(O;_1; (0, 00))
when ;11 € R(O;-1; (0, 00)). o

The next lemma provides a choice of ¢; 11 € R(O;_1; (0, 00)) that also satisfies Assump-
tion 3.2(f). The resulting n; we express below in (4.13) to collect all rules in one place.
LEMMA 4.4 Let (Ki,...,k,) € K(K,P,Q) and take n; according to (4.12) with
Yoip1 = 771-2_1/1)1/)@,0 for some o > 0and p € (0,1]. If ¢;; € R(Oi-1;(0,00)),
then n;,piy1 € R(O;i-15(0,00)). If, moreover, (4.3c) holds, then Eln;] > chi? and
n; > bl min; gb?ﬂ; for some constants cy, by, > 0 independent of p.

Proof: Thatn;, Y11 € R(O;_1; (0, 00)) is clear from (4.12) and ¢; ; € R(O;—1; (0, 00)).
With %0 = ming_1, .. n e, from (4.12) also

‘ - maXy=1,..n ’{Z(Wilgbl_;a v 7W%,m¢;7jz)

Since fig j,; = 0 for £ & V(j), using Definition 2.2(ii), we get

s (=0 1
TR max, Wi ot T Y b e

for bj := (1 —6)vo/
are convex on [0, c0)

(RW?). This shows that 7; > min; b/¢¥ ;. Since x ~— 1/x and x — 29
for ¢ > 1, Jensen’s inequality gives

1 1
T E[(XC 051650 - (X b ey

]E[nz]

By an application of (4.3¢) we obtain E[r;] > cbi? for ¢, := 1/ 3" “tej. O

J=1 J

4.4. Mixed rates under partial strong convexity. We are finally ready to state our main
result and algorithms. We recall that by Lemma 2.6, (PP) is equivalent to (2.16) under the
structural conditions of Assumption 2.1. Dividing the updates of (2.16) into individual block
updates and taking the step length rules from Assumption 3.2(d), we obtain the steps of the
doubly-stochastic method Algorithm 1. If we perform full dual updates, i.e., force Assump-
tion 3.2 (c-ii) and following Lemma 3.10 taking V(i + 1) = {1, ...,n} and S(7) = S(i), we
get the simpler steps of Algorithm 2. Regarding the updates of the remaining parameters that
are not specified directly in the algorithm skeletons, we start with:
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THEOREM 4.5 Assume the block-separable structure (GF), writing v; > 0 for the factor of
(strong) convexity of G;. Let 6 € (0,1) and (K1, ..., k) € K(K, P, Q) (see Definition 2.2).
In Algorithm 1 or Algorithm 2, take
(i) ¢j0 > 0freely and ¢; ;11 = ¢;j,; + 2(7;m + p;) for some p; > 0 and 7; € [0,;]
with pj +7; > 0.
(ii) g0 > 0 freely and 1y ; == w570n?_1/pf0r some fixed p € [1/2,1].
(iii) nﬁ:i, 77;'1 > 0 (in Algorithm 1) following Lemma 4.2, and with W ; given by (4.11)

P
(4.13) 7N = min > (31_5)%02 —1 '
=1,..., n Hf(wé,quLi P 7W ¢m,z)

l,m

Letw € H™'(0), i.e., solve (OC), and suppose the following hold:
(A) SUPj_1 o pj = 007 SUD 1 iicn [+ = Z5||? < Cy for a constant Cy > 0.
(B) p = § or both supy—y__en |y — Gel* < Cy and 75- = 0 for some
jred{l,...,m}
(C) With t*(j) and k given by Definition 2.2, for some ; € [y;,v;] forallj =1,...,m,
we have the initialisation bound
~ 2%y (1-=16
e R O - J 1]
B

p
<SPk P
Y — A ) £%(3),073,0

Then

S 6EJ:YJE N . 2

S SR el — 301 + gy
(4.14) =1

- [u® = @l1Z, 0, +18Ca (30751 P3N + 34y oo (CLN*71 +4,)
- oNPH ’

when N > 4 and with the weighted gap on the ergodic variables,

G (TN, UN), Algorithm 1, 5; < v;/2 for all j,
Gp.N = CpG (T N, Us,N), Algorithm 2, 7; < v;/2 for all j,
0, otherwise.

The constants C., 0, > 0 are zero if p = 1/2 while the constants cp, ¢, > 0.

REMARK 4.6 If p = 1/2, (4.14) yields a mixed O(1/N?/2) + O(1/N'/2) convergence rate.
If p = 1, we get a mixed O(1/N?) + O(1/N) convergence rate.
REMARK 4.7 Theorem 4.5 is valid (with suitable constants) for general primal update rules
as long as (4.3) holds and i — ¢; ; is non-decreasing. This is the case for the deterministic
rule of Lemma 4.1. For the random rule of Example 3.8, the rest of the conditions hold, but we
have not been able to verify (4.3f). This has the implication that only the gap estimates hold.

Proof. We use Proposition 3.3, so we need to verify Assumptions 2.1 and 3.2. First of all,
(R) follows from the updates rules for the testing and step length parameters that only depend
on previous realisations of S(i) and V(i + 1). The rest of the conditions of Assumption 2.1
are clear from Lemma 2.6, the derivation of Algorithms 1 and 2 from (2.16), and the requisite
nesting condition ()’) within the algorithms themselves.

Regarding the requirements (a)—(f) of Assumption 3.2, we proceed as follows:

(a) The choice 9y ;41 1= 77i2 —i/p g0 in (ii) shows that (4.13) is equivalent to the formula

(4.12) for n;. Thus Lemma 4.3 verifies (a).
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Algorithm 1 Doubly-stochastic primal-dual method.

Require: K € £(X;Y), G € C(X), and F* € C(Y') with the separable structures (GF).

Require: Rules for ¢; ;, ¥y i41, 77i+1777iji+1,7]§7i+1 > 0 (Theorem 4.5, Corollary 4.8, or
4.9).

Require: Sampling patterns for S(i),S(7), V(i + 1), and V(i + 1) (« € N) subject to the
nesting condition () (p. 20) with iteration-independent probabilities (4.1); see Section 3.6.

1: Choose initial iterates z° € X and 3° € Y.
2: Initialise 75 _1,000:=0,(G=1,...,m;L=1,...,m).

3: for all © > O until a stopping criterion is satisfied do

4:  Sample S(i) C S(i) Cc {1l,...,m}and V(i+1) CV(i+1) C{l,...,n}.
5. Foreach j € S(i), compute
771'_¢j,i—1Tj,i—1Xos(i,1)\_§(i,1)(j)

and
¢j,i7rj,i

Tji =

J

ot = (I 4 7;,0G;) ! (:B} = Tji 2eev() szy@ , where Ky ;:= Q/KP;.

6: Foreach/ e V(z + 1), compute
ni*wji"’j,iX\/(?:)\x}(i)(j)
Vi it1Ve,it1

yé” =+ 047¢+18Fe*)_1 (y; + 0041 Zjev—l(g) Ke,jﬂfg») .

and

Ojit1 =

7. Foreachj € S(i) and ¢ € V(j), set

~i+1 i+l _

. j i+1 ; e Tji%5.
w(,j = og,j7i+1(5€j Jf;) + J?;»Jr with 0@7]‘7“_1 = Led

o it1¥e it
8¢ Foreachl e V(i+1)andj e V1(f), set

~i+1 .,

_ i+1 i i . L ouit1ei
Uy o =begavi (Y ) Fyp o with by = SR

Tj,iPj.i

9:  Foreachj € S(i)\ S(i), compute

1
Nz.i
@4, (T5,0—75,4)

.CU;J'_l = (I + ijian)il (.T; — Tji ZZEV(]’) szvwé:‘gl) .

10:  Foreachl € V(i+1)\ V(i+ 1) compute

L
n(r,'i

Tji = and

Ojyit1 = Vjit1(Ve,it1—Ve,it1) and
il } =1 (i _ it
Y = (I + 00, 410F)) (yz +0git1 Zje]}*l(z) Ky jwg; ) :

11: end for

(b) Itis clear that i — ¢;; and ¢ > 1)y ; are non-decreasing. Therefore (4.12) shows that
i+ 1); is non-decreasing. Moreover, Lemma 4.4 verifies that n; € R(O;_1; (0, 00)).
Algorithm 2 by construction satisfies Assumption 3.2 (c-ii) and has both V(z +1) =10
and V(i + 1) = {1,...,n}. It therefore suffices to refer to Lemma 3.10.
Algorithm 1, by its own statement, satisfies (4.1). Therefore, Lemma 4.2 shows
Assumption 3.2(b) and (c-i) and that also ¢ — 777%2' is non-decreasing.

(c) Proved together with (b) above.

(d) These choices are encoded into Algorithm 1. For Algorithm 2 we recall Lemma 3.10.
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Algorithm 2 Block-stochastic primal-dual method, primal randomisation only

Require: K € L(X;Y), G € C(X), and F* € C(Y') with the separable structures (GF).
Require: Rules for ¢ ;, ¢ i41,mi+1 € R(O;; (0,00)) (Theorem 4.5, Corollary 4.8, or 4.9).
Require: Iteration-independent (4.1) sampling pattern for the set S(i) (¢ € N); see Sec-
tion 3.6.
1: Choose initial iterates x° € X and " € Y.
2: for all © > O until a stopping criterion is satisfied do

3:  Sample S(i) C {1,...,m}.
4:  Foreachj & S(i), set x”l =z}
5. Foreachj € S(i), with 7 ; := nmj’il(éj_’il, compute

$§+1 = (I + Tj,ian)il (I; — Tji Z@EV(]’) Kijé> s where Kgﬂ- = Qngj.
6:  Foreach j € S(7) set

i
Tj,iMi+1

—i+1 i+1 % i+1 1 —
.’Ej = j7i+1(xj — iEj) + LC]- with 9j,i+1 =

7. Foreach?¢ e {1,...,n} using 0g 41 := ni+1w£_i1+1, compute

yt = (I + 00,1 0F;) 7! (y,ﬁ + 001D jev-1(p) K&jf?rl) :
8: end for

(e) We use Lemma 4.1. We have already showed Assumption 3.2(b) and (d). Moreover,
the algorithms satisfy the iteration-independent probability assumption (4.1). By
(A), either sup,; p; = 0 or (3.8a) holds. We still need to satisfy (4.3d). Using
Definition 2.2(iii) in (4.13), we estimate

. ( Ve (5),0
(4.15) n; < <mVVJ¢] z) .

By (C), therefore, either 7; = 7; = 0 or 2%;%;m; < 0(7; — Wj)dz;’f)p L. By (),
i+ ¢; 4, so this gives (4.3d). Lemma 4.1 now shows Assumption 3.2(e).

(f) If p = 1/2, by Remark 4.6, 1y ; = 1) 9. Therefore (3.9b) holds. If p # 1/2, the
same remark and (A) guarantee (3.9a).

With Assumptions 2.1 and 3.2 now verified, Proposition 3.3 provides the estimate

- 0 2
———— E[llap —Zkll]” +9n
I; 2E[¢k}v] [ k ]

1
5”“ _UHZOMo‘i'Z:2 TN +Z SN

(4.16)

where gy, dj N (ﬁj), and dg,f’ y are given in (3.11) To obtain convergence rates, we still need to
further analyse this estimate, mainly { and (. y within gx.

We start with (x and (. n. By Lemma 4.2 for Algorithm 1 and directly by Assump-
tion 3.2 (c-ii) for Algorithm 2, i +— n;; is non-decreasing (as is i ~— 7),-;). We recall the
coupling variable 7j; from (3.2). Observe that (4.3c) holds as we have verified the conditions
of Lemma 4.1 above. By Corollary 3.6 and Lemma 4.4, therefore, in both cases, (3.2a) and
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(3.2b), for some constant ¢,, > 0,
_ 1 1 .
M =Emi + 07 — n7i-1] = E[n] > i

Thus we estimate ( from (3.3) as

N-1 N-1 N-1 N-2
(N Z 7 E[n >cpZipzcg/ P dx
4.17) i=0 i=0 i=0 0
ch p+1 h p+1 p+1
> N -2 R — V =: ¢,V N > 4).
_p+1( ) —2p+1(p+1) Cp ( = )

Similarly, for some ¢, , > 0, the quantity ¢, n defined in (3.3) satisfies

cP

N-1
(4.18) Gen = > Emi] > pjl((N - 2Pt 1) > ¢, , NPT (N >4).
i=1

If p = 1/2, (ii) clearly implies dZN = E[¢pe,n — ¥r,0] = 0. Therefore, we can take
C., 6, = 0. Otherwise, since 0 < 2 — 1/p < 1, the map ¢ — t>~'/P is concave. Therefore,
using (3.11), (ii), and Jensen’s inequality, we deduce

N-1
dye = 3 OCyE[ris2 = Veint] = IC Yoo Blix{"] — Elni ")
=0
< 90, 0B[N 41]2 VP

The condition (B) provides j* € {1,...,m} with ;- = 0, so that a referral to (4.3b) shows
E[¢;+ n] = ¢j+ 0 + 2N pj«. By (4.15) for some C., §, > 0 then

1-— 5)1/14* (5),0

2p—1
4.19) ), < 9Cy1/1£,0<( - E[¢J1]> < thro(CuN?P~1 +6,).

Finally, Lemma 4.4 shows n; > b? min; gbj .» (G =1,...,m). Thus (4.3f) and (4.3e) in
Lemma 4.1 give 1/E[¢ N > 7;¢; NP+ for N > 4, and dz ~(75) = 18p;CyN. Now (4.14)

is immediate by applylng these estimates and (4.17)—(4. 19) to (4.16). a

4.5. Unaccelerated algorithm. If p; = 0and 4; =75; = Oforall j = 1,...,m, then
@;.i = ¢j,0. Consequently Lemma 4.3 gives 1; = 19. Recalling (v from (3.3), we see that
(N = Nnp. Likewise (., v from (3.3) satisfies (., = (N — 1)no. Clearly also dj ;, = 0 and
dj ~ (7;) = 0. Inserting this information into (4.16), we immediately obtain:
COROLLARY 4.8 Assume the block-separable structure (GF). Moroever, let 6 € (0,1) and
(K1,...,kn) € K(K, P, Q). In Algorithms 1 or 2, take
(i) @i = ¢j,0 for some fixed ¢;o > 0.
(ii) %be,i = a0 for some fixed 1y > 0.
(iii) n; = ng given by (4.12) and (in Algorithm 1) niji, 77;',2‘ > 0 following Lemma 4.2.
Then
(I) The iterates of Algorithm 1 satisfy G(Tn,yn) < Cong */(2N), for N > 1.
(II) The iterates of Algorithm 2 satisfy G(T. n,Yx,n) < Co/[2n0(N — 1)), for N > 2.
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4.6. Full primal strong convexity. If G is fully strongly convex, we can naturally derive
an O(1/N?) algorithm.
COROLLARY 4.9 Assume the block-separable structure (GF), assuming each Gj,
Jj = 1,...,m, strongly convex with the corresponding factor ~v; > 0. Let 6 € (0,1) and
(K1y...,kn) € K(K, P, Q). In Algorithm 1 or Algorithm 2, take

(i) ¢j0 > 0freely and ¢j ;1 := ¢j,i(1 + 27;7;,) for some fixed 7; € (0,7;).

(ii) oo > 0 freely and g ; := g .

(iii) m; according to (4.12), and (in Algorithm 1) 77#1-, 773{,1' > 0 following Lemma 4.2.
Suppose the initialisation bound in Theorem 4.5(C) holds. Then

m 0¢;9; N o~ 2~ ”uO _ aHQZOMO
Z 2 E[HJJ] _xjH] + g1,.n < T (N > 4)
j=1
for
G (TN, UN), Algorithm 1, 5; < ~;/2 for all j,
91N = ¢:1G(Ts N, Us,N), Algorithm 2, 5; < ~;/2 for all j,
0, otherwise.

The constants ¢; > 0 are provided by Lemma 4.1 while q1,q.1 > 0.

Proof. We adapt the argumentation of Theorem 4.5 for the case p = 1/2. Indeed, with
this choice, our present assumptions satisfy the conditions of that theorem:

(i) With p; = 0 this becomes the present one. Since we take 7; > 0, p; +7; > 0 as
required.

(ii) This reduces to the present one with p = 1/2.

(iii) This becomes the present one since (4.13) with p = 1/2 equals (4.12).

(A) This condition trivially holds since p; = 0 forall j = 1,...,m.

(B) This trivially holds when p = 1/2.

(C) This we have assumed.
Since C,, d. = 0 when p = 1/2, the estimate (4.14) therefore holds with the right-hand side
Co/(2N'*1/2). We need to improve this to C/(2N?) by improving the testing variable
estimates.

Indeed, the update rule (4.2) now gives

N-1 N-1
bjN = Gyt don> [ e’ > mi with ¢, := ming;o > 0.
i=0 i=0 J
Lemma 4.4 shows 7]1-2 > bmin; ¢; ; for some b. Therefore 7712\1 > QQO +by Zf\i " 1 7;. Written
in another way this says %, > 73, where

N—-1
T =bd, +by > 7 = i1 + YNt = a1 + byt -
1=0

This implies 7; > 1; > c%i for some 017 > 0; cf. the estimates for (2.1) in [6, 37]. Working
through the final estimation stage of the proof of Theorem 4.5 with p = 1/2, we can now use
in (4.17) and (4.18) the estimate 7; > c;,z' that would otherwise correspond to p = 1. In our
final result, we write the constants ¢, and c, , from the proof as q1, g.,1 > 0. a
REMARK 4.10 (Linear rates). If both G and F™* are strongly convex, then it is possible to
derive linear rates. We refer to [35] for the single-block deterministic case.

REMARK 4.11 (Variance estimates). The variance can be estimated as in [35, Remark 3.4].
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(a) True image. (b) Noisy image. (c) Blurry image. (d) Dimmed image.

FIG. 5.1. Sample images for denoising, deblurring, and undimming experiments.

TABLE 5.1
Algorithm variant name construction.
Letter: | 1st 2nd 3rd 4th
Randomisation ¢ rule n and ¥ rules K choice
A- | D: Deterministic R: Random, Lem. 3.8 | B: Bounded: p = % O: Balanc., Ex. 2.4
P: Primal only D: Determ., Lem. 4.1 | I: Increasing: p =1 | M: Max., Ex. 2.3
B: Primal & Dual | C: Constant

5. Numerical experience. We now apply several variants of the proposed algorithms
to image processing problems. We consider discretisations, as our methods are formulated
in Hilbert spaces, but the space of functions of bounded variation—where image processing
problems are typically formulated—is only a Banach space. Our specific example problems
will be TGV? denoising, TV deblurring, and TV undimming.

We present the corrupt and ground-truth images in Figure 5.1, with values in the range
[0, 255]. We use the images both at the original resolution of n; x ng = 768 x 512 and scaled
down to 192 x 128 pixels. To the noisy high-resolution test image in Figure 5.1b, we have
added Gaussian noise with a standard deviation of 29.6 (12dB). In the downscaled image, this
becomes 6.15 (25.7dB). The image in Figure 5.1c is distorted by Gaussian blur of standard
deviation 4. To avoid inverse crimes, we have added Gaussian noise of standard deviation
2.5. The dimmed image in Figure 5.1d is distorted by multiplying the image with a sinusoidal
mask y; see Figure 5.1c. Again, we have added the small amount of noise.

Besides the unaccelerated PDHGM—our examples lack strong convexity for the acceler-
ation of the basic methods—we compare our algorithms to the relaxed PDHGM of [7, 19].
In our precursor work [37], we have also compared these two algorithms to the mixed-rate
method of [8] and the adaptive PDHGM of [17]. To keep our tables and figures easily legible,
we do not include the algorithms of [37] in our evaluations. It is worth noting that even in the
two-block case, the algorithms presented in this paper will not reduce to those of that paper:
our rules for oy ; are very different from the rules for the single o; therein.

We define abbreviations of our algorithm variants in Table 5.1. We do not report the
results or apply all variants to all example problems as this would not be informative. We
demonstrate the performance of the stochastic variants on TGV? denoising only. This merely
serves as an example as our problems are not large enough to benefit from being split on a
computer cluster, where the benefits of stochastic approaches would be apparent.

To rely on Theorem 4.5 for convergence, we still need to satisfy (3.9a) and (3.8a) or take
p; = 0. The bound C in Assumption 3.2(f) is easily calculated, as in all of our example
problems the functional F'* will restrict the dual variable to lie in a ball of known size. The
primal variable, on the other hand, is not explicitly bounded. It is, however, possible to prove
data-based conservative bounds on the optimal solution; see, e.g., [36, Appendix A]. We can
therefore add an artificial bound to the problem to force all iterates to be bounded, replacing G
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by é(x) := G(x) + 0p(0,c,)(x). In practice, to avoid figuring out the exact magnitude of C,
we update it dynamically. This avoids the constraint from ever becoming active and affecting
the algorithm at all. In [36] a “pseudo duality gap” based on this idea was introduced to avoid
problems with numerically infinite duality gaps. We will also use them in our reporting: we
take the bound C; as the maximum over all iterations of all tested algorithms and report the
duality gap for the problem with G replacing G. We always report the pseudo-duality gap in
decibels 10 log;,(gap?/gap?) relative to the initial iterate.

In addition to the pseudo-duality gap, we report for each algorithm the distance to a target
solution and function value. We report the distance in decibels 10 log;,(||v* — 9]|?/|[7]?)
and the primal objective value val(xz) := G(z) + F(Kz) relative to the target as
101log,o((val(z) — val(#))?/val(£)?). The target solution Z we compute by taking one mil-
lion iterations of the PDHGM. We performed our computations with Matlab+C-MEX on a
MacBook Pro with 16GB RAM and a 2.8 GHz Intel Core i5 CPU. The initial iterates are
2 =0andy° = 0.

5.1. TGV? denoising. In this problem, we write 2 = (v, w) and y = (¢, 1), where v is
the image of interest, and take

Ga) = 5lIf ol K=y | and F0) = Gmoaies (6)+ Sao e 0.
Here «, 8 > 0 are regularisation parameters, £ is the symmetrised gradient, and the balls are
pixelwise Euclidean with the product 1I over image pixels. Since there is no further spatial
non-uniformity in this problem, it is natural to take as our projections Pixz = v, Pox = w,
Q1y = ¢, and Q2y = 1. It is then not difficult to calculate the optimal «, of Example 2.4, so
we use only the ‘xxxO’ variants of the algorithms in Table 5.1.

As the regularisation parameters (3, «), we choose (4.4, 4) for the downscaled image. For
the original image we scale these parameters by (0.252,0.2571) corresponding to the image
downscaling factor [13]. Since G is not strongly convex with respect to w, we have 7, = 0.
For v we take 47 = 1/2, corresponding to the gap versions of our convergence estimates.

We take § = 0.01, and parametrise the standard PDHGM with op = 1.9/| K| and
70 ~ 0.52/||K|| solved from 1909 = (1 — §)||K||?. These are values that typically work well.
For forward-differences discretisation of TGV? with cell width i = 1, we have || K[| < 11.4
[36]. For the ‘Relax’ method from [7], we use the same o and 7p, as well as the value
1.5 for the inertial p parameter. For the increasing-1) ‘xxIx’ variants of our algorithms, we
take py = p2 = 5, 719 = 7o, and 7o o = 379. For the bounded-1) ‘xxBx’ variants we take
p1 = p2 =5, T1,0 = Tp, and 13 o = 87p. For both methods we also take g = 1/7¢ 1. These
parametrisations force ¢19 = 1/ 7'1270 and keep the initial step length 71 ¢ for v consistent
with the basic PDHGM. This justifies our algorithm comparisons using just a single set of
parameters. We plot the step length evolution for the A-DDBO variant in Figure 5.3a.

The results for deterministic variants of our algorithm are in Table 5.2 and Figure 5.2. We
display the first 5000 iterations in a logarithmic fashion. To reduce computational overheads,
we compute the reported quantities only every 10 iterations. To reduce the effects of other
processes occasionally occupying the computer, the CPU times reported are the average
iteration_time = total_time/total_iterations, excluding time spent initialising the algorithm.

Our first observation is that the variants ‘xDxx’ based on the deterministic ¢ rule perform
better than the “random” rule “xRxx’. Presently, with no randomisation, the only difference is
the value of 7. The value 0.0105 from the initialisation bound in Theorem 4.5(C), for p = 1/2,
and the value 0.0090, for p = 1, appear to give better performance than the maximal value
71 = 0.5. Generally, the A-DDBO seems to have the best asymptotic performance, with
A-DRBO close. A-DDIO has good initial performance, although especially on the higher
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Iteration Iteration Iteration

(a) Gap: lo-res (b) Target: lo-res (c) Value: lo-res

Iteration

(f) Value: hi-res

Iteration

Iteration

(d) Gap: hi-res

(e) Target: hi-res

FIG. 5.2. TGV? denoising, deterministic variants of our algorithms with pixelwise step lengths, 5000 iterations,
high (hi-res) and low (lo-res) resolution images.

TABLE 5.2
TGV?2 denoising performance: CPU time and number of iterations (at a resolution of 10) to reach a given
duality gap, distance to target, or primal objective value.

low resolution

gap < —60dB|tgt < —60dB |val < —60dB
Method |iter time | iter time | iter time
PDHGM | 30 0.21s]100 0.72s|110 0.79s
Relax 20 0.20s| 70 0.71s| 70 0.71s
A-DRIO | 40 0.26s|230 1.55s(180 1.22s
A-DRBO| 80 0.54s(890 6.07s|500 3.41s
A-DDIO | 20 0.14s| 50 0.36s|110 0.80s
A-DDBO| 30 0.19s| 50 0.32s| 90 0.58s
high resolution

gap < —50dB | tgt < —50dB |val < —50dB

iter time| iter time| iter time

50 6.31s| 870 111.83s| 370 47.49s

40 6.93s| 580 102.89s| 250 44.25s

70 9.17s|2750 365.52s|1050 139.48s

80 10.56s| 860 114.81s| 420 56.00s

60 7.37s(2140 267.29s| 900 112.34s

60 7.85s| 600 79.67s| 340 45.09s

resolution image, the PDHGM and ‘Relax’ perform initially the best. Overall, however, the
question of the best performer seems to be a rather fair competition between ‘Relax’ and
A-DDBO.

5.2. TGV? denoising with stochastic algorithm variants. We also test stochastic vari-
ants of our algorithms based on the alternating sampling of Example 3.13 with M = 1 and,
when appropriate, Example 3.14. We take all probabilities equal to 0.5, that is p, = 7T =
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Iteration Iteration dB
(a) denoising (b) deblurring o (c) deblurring 7 colour coding

(d) deblurring 7, ¢ = 10 (e) deblurring 7, 7 = 50 (f) deblurring 7, ¢ = 100

(g) deblurring 7, ¢ = 500 (h) deblurring 7, « = 1000 (i) deblurring 7, ¢ = 5000

FIG. 5.3. Step length evolution (logarithmic from initialisation). A-DDBO TGV? denoising and A-DDIM TV
deblurring. The T plots of the latter are images in the Fourier domain, lighter colour means smaller value of T relative
to initialisation (for that specific Fourier component). Note that the images depict logarithm change, not absolute
values.

o = U1 = Vs = 0.5. In the doubly-stochastic ‘Bxxx’ variants of the algorithms, we take
n#i = 773;’1- = 0.9 - 0.5, following the proportional rule Lemma 4.2(ii).

The results are given in Figure 5.4. To conserve space, we have only included a few
descriptive algorithm variants. On the x axis, to better describe to the amount of actual work
performed by the stochastic methods, the “iteration” count refers to the expected number of
full primal-dual updates. For all the displayed stochastic variants, with the present choice of
probabilities, the expected number of full updates in each iteration is 0.75.

We run each algorithm 50 times and plot for each iteration the 90% confidence interval
according to Student’s ¢-distribution. Towards the 5000th iteration, these generally become
very narrow, indicating reliability of the random method. Overall, the full-dual-update ‘Pxxx’
variants perform better than the doubly-stochastic ‘Bxxx’ variants. In particular, A-PDBO has
a performance comparable to or even better than the PDHGM.

5.3. TV deblurring. We want to remove the blur in Figure 5.1c. We do this by taking
1 >k *
Glz) =35I = F (aFz)|?, K=V, and F*(y)=6p(0,amn(y),

where the balls are again pixelwise Euclidean and with F the discrete Fourier transform. The
factors a = (ay, . . ., a,;,) model the blurring operation in the Fourier basis.
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FIG. 5.4. TGV? denoising, stochastic variants of our algorithms: 5000 iterations, low resolution images.
Iteration number scaled by the fraction of blocks updated on average. For each iteration, 90% confidence interval
according to the t-distribution over 50 random runs.
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FI1G. 5.5. TV deblurring, deterministic variants of our algorithms with pixelwise step lengths, first 5000
iterations, high (hi-res) and low (lo-res) resolution images.

We take o = 2.55 for the high resolution image and scale this to o = 2.55 * 0.15 for
the low resolution image. We parametrise the PDHGM and ‘Relax’ algorithms exactly as
for TGV? denoising above, taking into account the estimate 8 > || K||? [5]. We take Q; = I
and P; as the projection to the jth Fourier component, so m = nin, and n = 1. Thus,
each primal Fourier component has its own step length parameter. We initialise the latter as
;0 = To/(A+ (1 — X)7;) with the componentwise factor of strong convexity v; = |a;|*. For
the bounded-v) ‘xxBx*‘ algorithm variants we take A = 0.01 and for the increasing-1) ‘xxIx’
variants A = 0.1. We illustrate the step length evolution of the variant A-DDIM in Figure 5.3.

We only experiment with deterministic algorithms as we do not expect small-scale
randomisation to be beneficial. We also use the maximal x ‘xxxM’ variants, as a more
optimal x would be difficult to compute. The results are presented in Table 5.3 and Figure 5.5.
Similarly to A-DDBO in our TGV? denoising experiments, A-DDBM performs reliably well,
indeed better than the PDHGM or ‘Relax’. However, in many cases, A-DRBM and A-DDIM
are even faster.
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TABLE 5.3
TV deblurring performance: CPU time and number of iterations (at a resolution of 10) to reach a given duality
gap, distance to target, or primal objective value.

low resolution
gap < —60dB | tgt < —60dB | val < —60dB
Method | iter time | iter time | iter time
PDHGM | 30 0.18s | 330 2.05s| 70 0.43s
Relax 20 0.11s 220 1.30s| 50 0.29s
A-DRIM | 20 0.14s | 280 2.08s| 80 0.59s
A-DRBM | 20 0.14s | 490 3.58s| 90 0.65s
A-DDIM | 20 0.14s | 170 1.25s| 70 0.51s
A-DDBM | 20 0.15s | 180 1.37s| 60 0.45s
high resolution
gap < —50dB | tgt < —40dB | val < —40dB
iter time | iter time | iter time
60 5.04s {330 28.12s|110 9.31s
50 4325|220 19.30s| 90 7.84s
30 3275280 31.41s|320 35.92s
60 6.48s 240 26.27s(220 24.07s
30 3.17s {260 28.35s|230 25.06s
50 5.56s 230 25.98s|150 16.90s

20

S a0
-100 N
N -60
NN
NERN
3 -150 o\ -80
N~
N\
SN -100
-200 U aw
Ny
- -140
10* 102 10° 10*
Iteration Iteration Iteration

(a) Gap: lo-res (b) Target: lo-res (c) Value: lo-res

Iteration Iteration Iteration

(d) Gap: hi-res (e) Target: hi-res (f) Value: hi-res

FIG. 5.6. TV undimming, deterministic variants of our algorithms with pixelwise step lengths, 5000 iterations,
high (hi-res) and low (lo-res) resolution images.

5.4. TV undimming. We take K and F'* as for TV deblurring but G(u) := || f —-u||?
for the sinusoidal dimming mask v : £ — R. Our experimental setup is also nearly the same
as for TV deblurring with the natural difference that the projections P; are no longer to the
Fourier basis but to individual image pixels. The results are presented in Figure 5.6 and
Table 5.4. They tell roughly the same story as TV deblurring with A-DDBM performing well

and reliably.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK-PROXIMAL METHODS WITH SPATIALLY ADAPTED ACCELERATION 47

TABLE 5.4
TV undimming performance: CPU time and number of iterations (at a resolution of 10) to reach a given duality
gap, distance to target, or primal objective value.

low resolution
gap < —80dB | tgt < —60dB | val < —60dB
Method | iter time | iter time | iter time
PDHGM | 70 0.18s | 200 0.51s | 120 0.30s
Relax 50 0.16s | 130 0.41s| 80 0.25s
A-DRIM | 30 0.10s | 160 0.57s| 80 0.28s
A-DRBM | 20 0.05s | 170 0.47s| 60 0.16s
A-DDIM | 30 0.08s | 110 0.30s| 60 0.16s
A-DDBM | 20 0.05s| 70 0.18s| 40 0.10s
high resolution
gap < —80dB | tgt < —60dB | val < —60dB
iter time | iter time | iter time
100 3.41s({300 10.31s|210 7.21s
70 3.03s {200 8.73s | 140 6.10s
80 3.52s|760 33.82s|640 28.48s
90 3955370 16.39s|380 16.84s
70 3.05s 580 25.57s|430 18.94s
60 2.63s (230 10.22s|200 8.88s

Conclusions. We have derived several accelerated block-proximal primal-dual methods,
both stochastic and deterministic. We have concentrated on applying them deterministically,
taking advantage of blockwise—indeed pixelwise—factors of strong convexity to obtain im-
proved performance compared to standard methods. In future work, it will be interesting to
evaluate the methods on real large scale problems to other state-of-the-art stochastic optimisa-
tion methods. Moreover, interesting questions include heuristics and other mechanisms for
optimal initialisation of the pixelwise parameters as well as combinations with over-relaxation
and inertial schemes such as the extensions of the PDHGM considered in [10, 18, 34, 38].
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