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PERTURBATION ANALYSIS FOR PALINDROMIC AND
ANTI-PALINDROMIC NONLINEAR EIGENVALUE PROBLEMS*

SK. SAFIQUE AHMADT

Abstract. A structured backward error analysis for an approximate eigenpair of structured nonlinear matrix
equations with T-palindromic, H-palindromic, T-anti-palindromic, and H-anti-palindromic structures is conducted.
We construct a minimal structured perturbation in the Frobenius norm such that an approximate eigenpair becomes an
exact eigenpair of an appropriately perturbed nonlinear matrix equation. The present work shows that our general
framework extends existing results in the literature on the perturbation theory of matrix polynomials.
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1. Introduction. We consider the perturbation analysis of eigenvalue problems of the
form

(1.1 > M;fi(e,s) |z =0,
§=0
for some nonzero vector x € C™. Here, M; € C"*", for j = 0,1,...,m, and f;(c,s) are

scalar-valued functions with (¢, s) € C? \ {(0,0)}. The pair (c, s) is called an eigenvalue
of Z;”:O M; f;, and z is the corresponding eigenvector. For the sake of convenience, we
write (1.1) as

(1.2) (M ® fle,s))x = ZMjfj(c, s)|z=0, where
j=0

M = (M, ..., M,,) € (C™*m)m+! and
f(C,S) = (fO(Ca S)afl(cvs)v x '7fm(ca 8)) eCmtl

The components f;(c, s) are rational functions, where (c, s) is defined on the Riemann sphere
R := {(c,s) € C%\ {(0,0)} : |c|* + |s|> = 1}. Even though the perturbation theory for
a non-homogeneous setup for matrix polynomials is well investigated [2], no literature is
available for nonlinear eigenvalue problems of the form (1.2). However, in recent years
nonlinear eigenvalue problems, more specifically palindromic eigenvalue problems, have
found application in various areas of science and engineering [16]. An illustrative example is
the vibration of fast trains [16].

The vibration of fast trains leads to a palindromic quadratic eigenvalue problem which
is given as (\2AT + \C + A)x = 0, where A,C = CT € C"*™. In general most of the
eigenvalues of the quadratic eigenvalue problems are of the form

1
(M (@) + Mofw) + 3 Ma )Ty =0,
where My(w), M (w) are large and sparse complex matrices depending on w such that M7 (w)
is highly rank deficient and Mj(w) is complex symmetric; see [6, 16]. The scarcity of work
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on the nonlinear eigenvalue problem has motivated us to take up this study on the perturbation
analysis for nonlinear matrix equations.

The present work deals with the palindromic rational eigenvalue problem in the homo-
geneous framework. The homogeneous framework helps to study the problem (1.2) in the
presence of the eigenvalues 0 and oo in linear/nonlinear palindromic rational eigenvalue prob-
lems. Our framework can be applied as long as there is no pole of the rational functions f;(c, s)
in equation (1.2). A nonlinear eigenvalue problem of the form (1.2) can be converted into a
linear eigenvalue problem by the usual linearization approaches; see, e.g., [9, 10, 11, 16, 17].
However, we have not adopted this approach due to the presence of rounding errors. Bounds
for the structured backward errors are given by Li et al. in [15] for non-homogeneous palin-
dromic matrix polynomials. In this article, efforts have been made to introduce the exact
formula for the backward error such that an approximate eigenpair becomes an exact eigenpair
of an appropriately perturbed nonlinear matrix equation of the form (1.2).

In this paper, we study the perturbation analysis for the eigenvalues and eigenvectors
of matrix polynomials of degree m. A backward error analysis for perturbed nonlinear
eigenvalue problems has been developed in [6, 7, 8, 15] and the references therein. We
discuss the homogeneous framework for the construction of the nearest perturbed palindromic
nonlinear matrix equation such that an approximate eigenpair becomes an exact eigenpair of an
appropriately perturbed palindromic problem with rational coefficients. This study extends the
previous work on nonlinear eigenvalue problems with symmetric, skew-symmetric, Hermitian,
and skew-Hermitian coefficients; see [6]. Due to the presence of the eigenvalues 0 and oo
in palindromic nonlinear eigenvalue problems, we deal with the problem in a homogeneous
framework of the form (1.2), which may contains both 0 and oo as eigenvalues. In contrast to
the previous work [3, 2], here we consider the homogeneous form (1.2), where eigenvalues
are represented as pairs (¢, s) € R, and ¢ # 0 corresponds to finite eigenvalues A = s/c,
while (0, 1) corresponds to the eigenvalue at co. This leads to the delay differential equation
that generates a nonlinear matrix equation, which is further converted into palindromic/anti-
palindromic nonlinear eigenvalue problems depending on the coefficient matrices; see [16].
See [12, 13, 14] for a nonlinear eigenvalue problem that occurs in the investigation of a delay
differential equation that is converted into a quadratic matrix equation. However, due to
rounding errors we avoid this transformation, so we find the results for the case of nonlinear
eigenvalue problems and then treat the polynomial eigenvalue problem as a special case. The
present results are compared with available results. The highlights of this work are as follows:

1. Formulae are developed for the nearest perturbations of nonlinear matrix equations of
T-palindromic/T-anti-palindromic-type such that an approximate eigenpair becomes
an exact eigenpair of appropriately perturbed T-palindromic/T-anti-palindromic
nonlinear matrix equations. The above construction is also valid for the case of
T-palindromic/T -anti-palindromic matrix polynomials.

2. Formulae are developed for the nearest perturbations of nonlinear matrix equa-
tions of type (1.2) having H -palindromic/ H -anti-palindromic structure such that
an approximate eigenpair becomes an exact eigenpair of appropriately perturbed
H -palindromic/ H-anti-palindromic-structured nonlinear eigenvalue problems of
type (1.2). The above construction is also valid for the case of H-palindromic/H -
anti-palindromic polynomials. If (A, u) = (=1, 1), (1, —1) for the H-palindromic
case and (A, ) = (1,1), (=1, —1) for the H-anti-palindromic case, then the struc-
tured backward error with respect to the 2-norm is equal to /2 times the unstructured
backward error for the case of the Frobenius norm of matrices. Also note that this is
the same for the T'-palindromic/T -anti-palindromic matrix polynomial case.
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The organization of the paper is as follows: Section 2 introduces notation and preliminaries.
In Section 3, minimum structured perturbations of T'-palindromic and T'-anti-palindromic
eigenvalue problems are derived, and the relations between the structured backward error
and the unstructured backward error are discussed. In addition to that, minimum structured
perturbation of H-palindromic and H -anti-palindromic eigenvalue problems for nonlinear
matrix equations are derived, and the relationship between the structured backward error
and the unstructured backward error are presented. In Section 4, formulae for the case
of polynomial matrix equations and comparisons with known results in the literature are
discussed. In Section 5, we discuss structured and unstructured pseudospectra for nonlinear
matrix equations. Finally, Section 6 illustrates the pseudospectra associated with the above
problems.

2. Preliminaries. We use the following notation: let w € R™ be a nonnegative vector,
and for z € C™, we define the weighted norm |||, 2 = ||[wiz1, wazs, .. ., W Zm] T |2,
where || ||2 denotes the Euclidean norm in C™. If w is strictly positive, then this defines
a norm/seminorm. For a nonnegative vector w € R™, we define the inverse of w via
wt = [witwy . wint) T, where wy ! = 0 if w; = 0. For A € C™*™, we define
A as the conjugate transpose of A and A” as the transpose of A. I is an identity matrix.
For € C™ with "z = 1, we define P, = I — zz™. The spectral and Frobenius norm

on C™*™ are defined by ||A||2 := mnax | Az||2 and ||A||p := (traceA™ A)'/? respectively.
z||=1

Define the partial gradient V; || z||,,,2 of a map C™ \ {0} — R, z > ||z||«,2 to be the gradient
of the map C\ {0} = R, 2; > [|[z1, .., 2m]T ||w,2 with the variables z;(1 < j < n,j # i)
fixed as constants. The gradient of the map C™ \ {0} — R, z — ||z||,,2, is then defined as

V(2llw2) = [Villzllwz, Vall 2wz - -, Vinll2llw,2] T € C™.

Let M ® f(e,s) = Z;n:l file,s)M;, M; € C"*". Define

rev(MT @ f) = M ® f(s,c), and M*®f:ijM;, € {T,H}.
j=1

We use the symbol + as an abbreviation for the transpose 7" in the real case and the transpose
T or conjugate transpose * in the complex case. For M = [My, My, ..., M,]*, define the
norm of M with respect to the weight vector w = [wq, w1, . . ., w,]|T,w; > 0, as

1Mo,z = 1(Mo, My, ..., Mi)llw2 = (wil| Mol + - -+ w, || Ma )72,

The following choices are considered in this paper:

1. The choice f; = ~J encodes the non-homogeneous polynomial case fi(v) = ~I.

2. The choice f; = M ™77 encodes the homogeneous polynomial case f;(\, ).

3. The choice f; = f;(\) encodes the non-homogeneous case with general functions

i
4. The choice f; = f;(A, ) encodes the homogeneous case with general functions f;.
Under this assumption, a given eigenvalue (A, i) or (y) can be expressed by functions

fi(A\, ) or f;(7y), respectively, in a uniform way. Thus, we have the following structured
matrix equation of the form (1.2) that generalizes the case of matrix polynomial given in [16]:

’ x-palindromic ‘ rev(M ® f) = M*® forM; = M,

by |

’ x-anti-palindromic ‘ rev(M ® f) = —M*® for M; = —M}, ‘
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Moreover, we often use the product notation as described in [6] in the following way:
(M@ fle,s))xz=0, (M f(A)z=0,

respectively, with tuples of matrices M := (Mg, My, ..., M,,) € (C**™)™*+! and functions

f(ca 8) = (fO(Ca S)a fl(cv 8)7 sy fm(cv 5)) € C™*or f()‘) = (fO()‘)v fl()‘)v ) fm()‘))
€ C™*1 respectively. The smallest perturbations AM with respect to the 2-norm and the
Frobenius norm such that

m

(M+AM)® flz= (> (M;+AM,)f; | z=0.
j=0

leads to the backward errors, which are defined as follows:
DEFINITION 2.1. Let M € M5 ,,(C" ™). Then the backward error of the matrix
equation (1.1) is given by

nw o(fyz, M) ==min {|AM ||z : AM € MS L(C) : det((M + AM) ® f) =0} .
The backward error for the unstructured M € M, 1(C™*™) is given by
Nw,2(f, 2, M) :=min { |AM |2 : AM € M, 1 (C™*™) : det((M +AM) ® f) =0} .

For a given approximate eigenpair ((, 1), ) or (y,z) of M ® f, a minimal perturbation
AM € (C™*™)m+1 with respect to the Frobenius norm can be determined such that it becomes
an exact eigenpair of (M + AM) ® f. This follows from the following proposition.

PROPOSITION 2.2 ([6, Theorem 2.2]). Let M € M, +1(C"*™) be of the form (1.2). Let
f; be sufficiently smooth functions. For a given approximate eigenvalue (X, p) or (), set

Hw,2(f) = ||[w1f1a s 7wmfm]TH2 :

Then the backward error, i.e., the size of the smallest perturbation that makes (A, j1) or (7y) an
eigenvalue of the perturbed problem satisfies

o I el _ [(Mef)~'!
a1 H, 19(f) H, -1 5(f)

Nw2(f,z, M) =

DEFINITION 2.3. Let M € M,,+1(C™*™). Consider a nonlinear matrix equation of
the form (1.2). Then the structured and unstructured e-pseudospectrum with respect to the
Frobenius norm are given by

A2, (M) ={peC™™ nS,(Y,x,M)<e}, MeM;,  (C"), and
Aew {w € C7'+1 Nw,2 ¢,I M S } M e Mm+1((cn><n)’
respectively.

2.1. Some properties of partial gradients. In this section, some properties of the func-
tions H,, 2 and G, » are derived which are required for the subsequent development in our
theory. First, we provide the following proposition from [4, 5, 8]:

PROPOSITION 2.4. Consider the following map H, o : C*\ {0} — R given by

Hyo(2) = |[21,- -, 20]" ||lw,2- Then Hy, 2 is differentiable on C", and the partial gradient
satisfies V jHy, 2(2) = Jij, 1 < j < n. Furthermore,
Hy2(2)

™ V;H, L (2) m
B T w;?|ViHy2(2)]? = 1.
= 7 Hyz(2) Z 5|V iHy 2(2)]

Jj=1


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ON PALINDROMIC AND ANTI-PALINDROMIC NONLINEAR EIGENVALUE PROBLEMS 155

Consider the nonnegative vector w = [wy, Wa, . .., Wy,] € R™, where w,, = wy,—;. Let
Hyz = [|[20, 215+ s 2m] w2 = () w3]2]*)/?, and let
@.1) wyyt = 2 F “‘;m‘jz"l‘j o=+l

Similar to Proposition 2.4, the following function G, 2, is needed for the perturbation theory
of palindromic structures. Define

Guo:C™\ {0} =R

(2.2) (jrwa(ye) = [[(woyg, w1yi, - - - s WY ) |lw,2,

where y© := (y§, y5, ..., ¥5,) € C™! and the y¢ are defined in equation (2.1). Now we state
the following result with the above setup.
PROPOSITION 2.5. Let

Hyo(2) = ||[z1,- s zn]THwQ7 and wiys = (wjzj + €Wm—jZm—j;)/2,
where w; = Wy,—j, for 0 < j < m, e = £1. Consider

Guo:C™\ {0} - R

y© = (oY, w1yt - -+, WY llw,2-
w2ys
Then G, 2 is differentiable and V ; G, 2(y°) = % Furthermore,
€ € ,w72
€
m ( ) m
—2 2
Z a0 - 1 and lej VG () = 1
= =

Proof. The proof follows from Proposition 2.4. a
PROPOSITION 2.6. Consider y € C™*1\ {0} and w € R™TL. For e = =£1, let

gw,2(y€) = ||(w0y6a wlyiv v 7wmyfn)‘

m VjGwQ
—c =1,

where Hy, o = |[(wo fo, .., wm fm )| fi = £ (A, ) has no poles, and y§ = (f; +€fm—;)/2,
fi€Cji=0,1,...,m.

Proof. We have that y§ = (f; + €fm—;)/2,0 < j <m.

Case I(a): let m be even and € = +1. Then we have following identity:

m Vjng m w?? a f“ €
. € — . 7177 e U]2 yO + m 2+ . e + w% __Jm
= f] (E'w,Z ;f] (gw,2)2 O(gwa)g (fO f )/ 2 m(gw,2)2
e % 2Iy |2
+"'+wfrzﬁ(fm+f0 Z L
e :0
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Case I(b): Let m be even and € = —1. Then we can write
m VjG 2 m w2yt e
p w, Y 9 yO
; = g e = fo= fu)/2
jgo J g’w,Z =0 J (gw,Z) 0 (§w2)2 ( )/

+...+w72nijﬁ(fj — fm—j)/2

(9111,2)2
—_— m 21,,€12
2 yfn wj|y_]|
+ +wp, (Gw 2)2 (f fO)/ § : (Gw2)2
e Jj=0 "¢’

Case II: For m odd with y§ = (f; + €fm—;)/2, f; € C, we have the following expressions:
Case Il(a): Let m be odd and € = +1:

m V.G m 27 m 21,.€|2
b =Yl =3
= Gue I (Gu2l 5 (Gu)?
Case II(b): Let m be odd and ¢ = —1:
m  V;G m 27€ mo 2|2
; iw,2 _3y, wiys Z ws |y _ 0
3=0 Ce;w’Q 3=0 (Cj“”Q)Q j=0 (Ce;“”Q)z

3. Backward errors for the palindromic rational eigenvalue problem. In this section
we discuss the perturbation analysis of T'-palindromic/T -anti-palindromic and H-palindromic/
H-anti-palindromic problems. In our construction, we find a lots of similarities in the perturba-
tion analysis when we move from palindromic problems to anti-palindromic structures. We use
the function (€}w72(y€) as defined in equation (2.2), where 3 := (y§, 95, . ..,yS,) € C™HL.

For e = 1, we derive the perturbation for the symmetric case, and when e = —1 we derive
the perturbation for the anti-palindromic case. Throughout the paper we use Zij defined as
follows:

2
VjGw*HQ(yE) (Gw*1 2(y6))2’ J 2 ’ ’
(31) Zjew = 675 — € 2’ .
] (€;Wl’2(y ) L ye = dizfm=s o
(Gur o) 7 2 !
where G, 2(y)) = [[(woys, wiyf, - wimthn) w2 ¥° = (U5 45 -1 9im) € C™F', and

f: (f07f17'-~afm) e CcmtL,

With this result, we now derive the perturbation formula for the case of T-palindromic
and T'-anti-palindromic problems. Our derivation gives a perturbation of the T-palindromic
problem when € = 1 and a perturbation of T-anti-palindromic problem for ¢ = —1. For a
perturbation for homogeneous structures, we use the notation ((A, ), x), and similarly, for
non-homogeneous structures we use (v, z). Here ((\, pt), ) is an approximate eigenpair of
equation (1.2), and (v, «) is an approximate eigenpair of equation (1.2) for s = 1.

THEOREM 3.1. Let M € M (C™*™) be a T-palindromic/T-anti-palindromic rational
eigenvalue problem of the form (1.2). Let ((\, ), x) or (v,x) be an approximate eigen-
pair of (1.2). Construct 7 = (19,...,7m) € C" 7, = f;(\,p) or 7; = f;(7). Set


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

ON PALINDROMIC AND ANTI-PALINDROMIC NONLINEAR EIGENVALUE PROBLEMS 157

k=—-(M®T)x, Zy, asin (3.1), and Py = I — 't (x € C"). Then we have

2||k)|2 — |27 k|? )
0> (1,2, M) = M7 (A, ) is not a pole of f;.
’ g w—1,2
Introduce the perturbation matrices, for j = 1,2,...,m,

AM; = E;IjEkamH + GE;/[m,j Plga™ + ijjfkTPw, vj.
Then there exists M @ [ = Z;nzl [iAM; such that (M + AM) ® T = 0.
Proof. Consider

AT _ 77T T |%5 a4 - ) - ) . - T
AM; =U" AM;U = [ _ » b =€am—j, aj; = €am—jm—j, Xm—j = €X],

bj Xj

such that A/Z—W\»,_n/_j = GZVZWJ»T(O < j < m), where U = [z Ui is a unitary matrix.
Since (M + AM) ® 1)z = 0, it follows that (M ® 7 + AM ® 7)x = 0, and hence
k = (AM ® 7)x. Now we construct a unitary matrix U which has x as its first column, i.e.,
U= [z Ui| € C"". Then U(AM ® 7)UH =TUT(AM @ 7)UHU = AM ® 7, and
hence U(AM @ 7) Uz = (AM ® 1)z = k, which implies

'a:Tk]

A N/ H, _ 1Ty _
(AM@n)U%x=U k__UlTk:

Then we have

agoTo + a1171 + -+ Amm T | _ |27k
boto +boTi + 4+ bt | |UTk|”

From the previous equation we may conclude the following equality:

i (1j +€tm—y)
2

ajj

= _ [ka} |

o (75 €Tmy) Uik
Z 2 J
§=0
Then we have
22 wibj + €Y St bm—j = Uk,
=0 j=0 m=J
and
m T m T .
(32) 7j’w/a‘7/—|—6 m—J Win—j Gm—j.m—j :ka’
ZQU}' 37,3 Z:Omefj m—j3j%m—j3,m—j
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Using the least-squares method, the minimum-norm solutions are given by

VjGw—l)Q v]’G‘w—l)Q
bj=——"UTk, and aj;=-—"— 2Tk
gw*1,2 gw*1,2

Since we have b; = €a,—;, it follows that

—[Zy 2Tk €Zy, (UTK)T
AM; =U |ZM m—g U1 UH,
! Za, Uik Dj,;

where

AM,,—; = eAMjT, and

AM; = Zy 72" ke + €Z g, T Py + Z oy, Pl k' + T Dy UT

Choosing D;; = 0 we obtain
AM; = ijjijka + €Zn,, Tk Py + Z g, Pl k™.
Now,
(M+AM)®71)r = —k+ ZTj [7;4jfka:rH + e?jwjfkTPm + Zjv[j Pliaf| o
3=0
_ |7¢ =T, 7¢ pH
= k4 [ZMjasx k+ Zy, P k}
§=0
= k+zaTk+ (I —z2T)k =0.
Thus, the backward error is given by

2|3 — |=" k2

nE,F(T7$7M) = mAM”li),F = Q2
w—1,2

> lAM;)? =
=0

Similar to the previous theorem we derive formulae for the H-palindromic and H-anti-
palindromic cases. With the approximate eigenpairs we construct 7 € C™+1.

THEOREM 3.2. Let M € M,,11(C™*™) be a H-palindromic/H-anti-palindromic struc-
ture of the form (1.2). Let (\, ), x) or (v, ) be an approximate eigenpair of (1.2). Construct
7= (70, Tm) € C™" where 7; = f;(\,p) or 7 = fi(7). Let k = —(M @ )z, 2,
asin (3.1), and P, = I — xx™ . Introduce the perturbation matrices

AM; = Z;/[jfok:xH + 6711m,jpfk$H + ZVIJ-EI“HP“”
and if 7; € C, introduce
AM; = ﬁjflt;me + GZRLYHJ.QTICHP@* + ZJEWJ-PmHka’
-1, -1

where 3 = wiw,

Then there exists AM € M, (C**") such that (M + AM) ® 7)x = 0. The backward
error is given by
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21kl12 — |zH k|2
% P
w12
US,F(Tava) = P
| 85 (||% k
S|Af BB e
\ i=0 g w—1,2
In this theorem, ¢; is a component of a vector ¢, where
. R(Y5)
R(xk) . 2 9 T+ €Tm—j
_ + — 0 m € _ J J —
=t [%Hk)] - wih T | fih) Sy | =g =L
250 ZBm

Proof. Case I: Let 7; € R, then the proof follows from the previous Theorem 3.1.
Case II: If 7; € C. Then from (3.2) we have

m m

Z w]a” Z

j= o =0

H
wm]amjmj k.

Hence, the identity

m

Win—jw;R(2;) + €wjwm—; R(Tm—;)
Z 2(w; i 3 H
=0 Withm=j _ [R(="k)
i w;S(75) + €Wwm—; S (Tm—j) S(z"k)
s
= 2(w;wm—;) "
shows that
i Ti + €Tm—j) " BR(yS)
Z@T%i H Z Jﬁ_ = aj;
i=0 g _ P‘f(l‘ 2 B PR _ [R(="k)
(15 +ETm ) Sk — . S(5) - [S@ETR))
Zﬁa : ; aj; > B 57 ajj
=0 !
where y§ = (7; + €7 —;)/2. This implies
[ Boaoo |
R(y5) R(y5) : (o H
(3.3) [ T C | = R@TR),
L Xm Amm |
[ Boaoo 1
S(w6) S(ym) N
(3.4) [ T : | =Sk,
_ﬁmamm_
Combining equation (3.3) and equation (3.4), we get
%(96) %(yfn) 600,00
2<50 2fm o | [RGETE)
S(y5) S(¥Ym) : ~[SETE)]

260 e 25m Bmamm
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Solving the above equation with the least-squares method, we obtain the following:

Bodoo . R(ys) R(yy,)
Rz k) 28 253
_ 7t _ — 0 m
=T [%(ka)] =1 where 1= TG0y 3(5m)
Bmdmm 260 T Qﬁm
Thus, we have
Zye (UHRH
an; =7 |G A WWERT
ZM Uik D;;
Since aj; = Gm—jm—j, it follows that AM,,_; = eAMJH, where 5, = wjwy,,—; and
ﬁ_ = w; 1wm j»forj=0,1,...,m. Hence,

AM; = B; ' 5ea + 2y, k" Py + Z)y PFka™ + ULD;;U L.
Choosing D;; = 0 yields
AM; = ﬁ;ltExxH + 67M,‘;L,j zk" P, + ij PHpaH
Now we can show that the above perturbation AM; satisfy the following equation:
(M +AM)®T)x

:—k—&-ZAmJ [ Mty +6Z]w’ kaPac—&—?j\/[ijka}x
:—k+ZT][ tac—i—ZMPHk} —k‘—l—ZTJ B ltjx + (I —za™)k

= ZTjﬁ{ltljx + Zzj(JcHAMja:) =0.
j=0

J=0

Now this AM; yields the perturbation for the backward error which is given by

m

7’}572(T7$,M) = Z

E

2(|1k)13 — |="k[?)
G2w*172 .

€

a

REMARK 3.3. Note that t; = €ty,—; for an H-anti-palindromic structure. Thus, we

have AM; = eAMg_j. Also it should be noted that when 8; = 0, then B;l = 0, and
this implies w; = w,,—; = 0. Hence there is no perturbation in the coefficient matrices
Aj and A,,_; when 3; = 0. For *-palindromic and *-anti-palindromic matrix equations of
the form (1.1), this gives rise to a relation between the structured backward error and the
unstructured backward error under certain condition which are stated in the next corollaries.
COROLLARY 3.4. Let M € M,,1+1(C™"*™) be x-palindromic of the form (1.1) with
Gu-127#0,Hy-19#0at (A p) € C*\ {0} orary € C.
o IfR(7jTm—;) > 0, then 9“’71’2 > %Huﬁgg and US,F(Tv x, M) <2ny o1, 2, M).
o IfR(7jTm—j) <0, then cjw—1,2 < %Hw—lz and US7F(T, x, M) >2ny o(7, 2, M).
COROLLARY 3.5. Let M € My, +1(C"*™) be x-anti-palindromic of the form (1.1) with
Gu-19#0,Hy-19#0at (A p) € C?*\ {0} oratvy e C.
o IfR(7jTm—;) <0, then (walg > S=H 1 5 and 0y o (7,2, M) <21y o(7, 2, M).

V2
o IfR(7jTim—j;) >0, then G-1 5 < L H,-1 5 and 7)371;(7',1, M)>2nyo(T, 2, M).

V2
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TABLE 4.1
Eigenvalues and eigenvectors of palindromic matrix polynomial of the form (4.1).
S Eigenvalues Eigenpair
T-palindromic | ((\ 1), (1 1) | (0 ), 9.), (11, 1), 7. 7)
H-palindromic | ((\p), (7, %) | (\ ), y,2), (7, X), 2, y)
T-anti-palindromic | (A ), (1)) | (A ),y @), (N, 7.7)
H-anti-palindromic | (A,p), (7, N) | (O p2), g, ), (7, X), 2, y)

4. Backward errors for palindromic polynomial eigenvalue problems. Now we de-
rive the formulae for the case of homogeneous matrix polynomials. For this we consider

fi= c¢™ =I5l j=0,1,...,m,in equation (1.2) and obtain
4.1 M@ f(e,s) =Y ™ IsIM; = M(c,s).
3=0

Now we discuss the simpler case. Consider the matrix polynomial of the form (4.1). A
special case of Theorem 3.1 can be derived for homogeneous matrix polynomials. We get the
following results.

THEOREM 4.1. Let M € My, +1(C™*"™) be a T-palindromic/T-anti-palindromic matrix
polynomials of the form (4.1). Let k = —M(\, p)x, Zyy, asin (3.1), and Py = I — 't
Then we have

A" £ —1, YV odd m, x =T,e =+1,
if ¢ A"u™#£1,Yoddm, x=-T,e=—1,
YV (N, p) witheven m, * = €T, e = +1,
AT ™ = =1, m-odd, x =T, e = +1,
ATu™ =1, modd, x =T, e =—1,

2|[k|3 — |=Tk(?

G2w*172
€

nS;,F()":U’?va) =
V210 2(As p, 2, M) tf{

<2no(A e, M) if  RA™) =0, x=€T,e==£1,V m.
Introduce the perturbation matrices

ZyszaTkat! + eZye  Plka™ + 73, kTP,
ATu™ £ =1, Y odd m, x=T,e =+1,
if ¢ A"u™#1,Yoddm, x=—-T,e=—1,
YV (A, ) witheven m, x = €T, e = +1,

. ATy = =1, m-odd, x =T,e = +1,
i
ATu™ =1, modd, x =T, e =—1,

AM; = { eZ5;, PTkal" + Z5, Tk P,

wajfka‘xH +€eZy,_, Plkat + Zf\/[jfk‘TPw
if RA™W™) =0, x=¢cT,e=+£1.

Then there exists AM such that (M (XA, ) + AM (X, p))z = 0.
Proof. The first part of the proof follows from the previous theorem. When m is odd, we
have the following two cases:
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Case A: (A, u) = (1,-1), (-1, 1) for a T-palindromic structure.
Case B: (\, ) = (1,1), (-1, —1) for a T-anti-palindromic structure.
Hence the minimum-norm solution of Z;’;O fiaj; = 2Tk is aj; = 0. Similarly for
>ito fibj = U{ k. Then we have for j = 0,1,...,m,
€ T1.\H
0 €z, ](Ul k)

AMJZU -7

H
Z5, ULk D;; v

and AM; = EZ]E\/LnikaTP:L‘ + 2y, PT'kaz™ | and the backward error is given by

%]

= \/Enw72()‘7,u7x7M)' O
Hyor s

775)7F()‘HU/7$7M) = \/5

COROLLARY 4.2. For a T-palindromic/T-anti-palindromic matrix pencil we have the
following relations

2||k[|3 — |27 k|2
G2w*1,2
S _
nva()\7M’x’ M) - < 277w,2(A7/J/7x7 M) lf m()\/’l’) = 0’

Ap=—1, x=T, e=+1,
20w oAy, M) ’ ’
V2 2w, M) if =1 x=-Te=—1.

M #£ =1, x=T,e=+1,
A #E L, x=-Te=—1,

Consider the matrix polynomial of the form M ® f(\) = 7" M M;. A special case of
Theorem 4.1 can be derived for non-homogeneous matrix polynomials. We get the following

results:
THEOREM 4.3. Let M € M,,,11(C™*™) be a T-palindromic/T -anti-palindromic matrix

polynomial of the form (4.1) with A = 1. Let k = — M (u)z, Zf\/[j given in equation (3.1), and
let P, = I — zx™. Then we have

m 71,\7 dd 5 :Ta :+17
2kl | KE ) 7 e = e
SRS S AL Yeddm, s = —Toe= -1,
. o wTh2 Y wwitheven m,
,I‘,M = ] m
Tar Ut MY=3 <o o(ua M) i R =0,

i umr=—-1,Voddm, x=T,e=+41,
i
pm=1,Yodd m, x=—-T,e=—1.

V21,2 (1w, M)

with the perturbation matrices

Z, @ ket + eZy, TKT Py + Zyy Pk
pm £ =1, YVoddm, x=T,e =+1,
if ¢ um#1,YVoddm, x=-T,e=—1,
AM; := Y pwitheven m,
+25y,, Tk Py + Z5, TP k!
lf{ pm=—-1,Yoddm, x=T,e =+1,
7

m=1Voddm, x=-Te=—1.
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Proof. The proof follows by substituting f; = A’ in Theorem 3.1. 0
COROLLARY 4.4. For a matrix pencil we have the following relations

2|[k(13 — [Tk po mF L r=Te=+1
o L 1 2 il B
G2w_1,2 12 7& 1, x=-Te=-1,

7751,F(:”7x7M) =N <2nyolp,z, M) if R =0,

=-1, x=Te=+1
lf{'u y ¥ ) € +7

20 s, M
V2 2l ) p=1 x=-Te=—1.

Proof. The proof follows from the previous theorem. 0

Now we can discuss a simpler case. Consider the matrix polynomial of the form (4.1).
We derive results similar to Theorem 3.2.

THEOREM 4.5. Let L € My, 41 (C"*™) be a H-palindromic/H -anti-palindromic matrix
polynomial. Let k = —M(\, p)x, waj be given in equation (3.1), and P, = I — xx™ . Then
we have

A £ —1, ¥V odd m, x = H,e = +1,
if § A"u™ #£1,V oddm,x=H,e=—1,
Y (A, 1) witheven m,

A"u™ = —1, m-odd, x = H,e = +1,
ATu™ =1, modd, x = H,e = —1,
< 277w72()\7/i>337M) lf %()\m/’tm> = 07 v m, * = H,€ = i17

2||k[13 — |="k[?
sz*1,2

77,LSU7F(A,'M,ZE7M) =

ﬁnw,Q()‘auava) lf{

with the perturbation matrices

Zy @ kat + eZy,  PHEkat + 7, ZkH P,
. . Amy™ £ —1, ¥V odd m, x = H e = 41,
if ¢ A"u™#1,Yoddm,x=H,e=—1,
Y (A, p) witheven m,
AM, = eZ]‘V[ijka + Zj/[mijkaPw
. AMp™ = —1, m-odd, * = H,e = +1,
U { ATu™ =1, modd, x = H,e = —1,

Zsy, (k)T + ez, Plka™ + Z5, Tk P,
if  RA™W™) =0, Vm,*=H,e==1.

Proof. The proof follows from the previous theorem by substituting f; = A ™7, When
m is odd, we have the following two cases:

Case A: (\, 1) = (—1,1), (1, —1) for an H-palindromic structure.

Case B: (\, ) = (1,1), (=1, —1) for an H-anti-palindromic structure.

In all the two cases we have 27k = 0, when m is odd. Hence the minimum-norm solution
of Y21 fiaj; = xMkis a;j; = 0. Similarly, we have 7", f;b; = U{"k. Then we have for
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j = 0) 17 . )m
77 0 EZ;/Im,,v(UlHk')H H
AM; =U Zjewj UlHk’ lj)j,j U and

AM; = eZyy, T Py + Z5, P ka',

and the backward error is given by

US,F()HN?I?M) = \@Hik‘l = \/iﬂw,z(%%%M)- ]
w12

We see that the backward error of M for homogeneous matrix polynomials with H-palin-
dromic and H-anti-palindromic structures are exactly equal to /2 times the unstructured
backward error when an approximate eigenpair becomes an exact eigenpair of a suitable
minimal perturbed polynomial.

REMARK 4.6. Considering the matrix polynomial of the form M ® f(\) = > ) M M;;,
the special cases of Theorem 4.5 can be derived for the case of non-homogeneous matrix
polynomials.

4.1. The relation between G,,—1 , and H,,—1 5. Consider the matrix polynomial
M(c,s) = Y7, ¢?s™ I M. Let i = m/2 + 1 when m is even and 7 = (m + 1)/2
when m is odd. Then consider

Gy 2(y) = |[(20y0, 191, - - - s ¥m—1)Yem—1)) |l a2,

€

where w; = Wp—;,Y; = fj + €fm—j,7 = 0,1,2,...,m — 1, and define the functions
a;fj = wjfj + ewm—jfm—j. Note that when m is even, we define a,,, )2 = w,, 2 and
Yms2 = fmy2, where f; = M p™ . For a T-palindromic/H-palindromic structure, the

structured backward error is half as large as the unstructured backward error for all m when

R(f;fm—;) = 0, and similarly, for a T-palindromic/H-palindromic structure, the structured
backward error is two times larger than the unstructured backward error for all m when

§R(fjfm—j) S 0.
COROLLARY 4.7. Let M € M,,+1(C"*™) be a T-palindromic/H -palindromic matrix
polynomial of the form (1.1). Let (A, 1) # (1,—1),(—1,1), and let ¢ = +1.
o IfR(fjfm—j) =0,
then Cjw—lz > %Hw—lg and nEJ’F()\,/VL,x, M) < 2ny2(A, pyx, M).
hd IféR(fjfm—j) <0,

then gw*1,2 < %walﬂ and ng,F()\v,uv'ra M) > 27]11),2()‘7#3 'TvM)

Proof. The proof follows from Theorem 3.1 and Theorem 3.2. O

For T-anti-palindromic/H -anti-palindromic structures, the structured backward error is
half as large as the unstructured backward error for all m when R( fj?m_ j) < 0, and similarly,
for T'-anti-palindromic/H-anti-palindromic structures, the structured backward error is two
times larger than the unstructured backward error for all m when R(f; f,,,_ ;) =>0.

COROLLARY 4.8. Let M € My, 1(C™*™) be a T-anti-palindromic/H -anti-palindromic
matrix polynomial of the form (4.1). Let m be odd with (A, ) # (1,1),(—=1,—1), and let

€ = —1. Then we have the following:

b If%(fjfm—j) <0,
then Cjwflg > %qug and ng,F()\, w,x, M) < 21y 2(N, 1z, M).
o IfR(fjfm—j) >0,

then G,—1 5 < %walg and nfj A,y M) > 20 0(\, p, x, M).
2 ,

Proof. The proof follows from Theorem 3.1 and Theorem 3.2. 0
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TABLE 4.2
For a palindromic structure, where ¢ = +1.

m (A, 1) R(fifmey) | *={T,H}, e =+1
odd | # (1,-1),(-=1,1) | >0 AS (M) C Agea(M)
odd # (17_1)5(_1a1) <0 AZGQ(M) CAS (M)
even | V (A, p) >0 AP 5 (M) C Asea(M)
even | V (X, ) <0 Azea(M) C AZ (M)

TABLE 4.3

For an anti-palindromic structure, where ¢ = —1.

m | RUiTmy) | = {T H}, e = 1
odd #(Ll)a(_la_l) <0 AS ( ) CAQ&Q(M)
odd #(171)7(_17_1) >0 A26 2( ) CAS (M)
even | ¥V (A, p) <0 AEF( ) € Age2(M)
even | ¥V (A, p) >0 Ase2(M) C AS w(M)

5. Structured versus unstructured pseudospectra. Let M @ f = 377 f;M.
f=1fo,fise s fm] €C™HL M = [My, My, ..., M,,] € (C**™)™+1 Then we define
the pseudospectra and structured pseudospectra of M ® f as follows for the Frobenius norm
of a matrix:

Ae,w(M) = {f S Cm+1 . det((M + AM) X f) = O7 AM € Mm+1 ((Can)}’
ASw(M) = {f (S (Cm+1 : det((M —+ AM) [24) f) = 0, AM € M1§1+1(Cn><n)}

PROPOSITION 5.1. Let M € My, 41(C™*") be of the form M @ [ = 377", f;M;. Then

Aew(M)={feC™ : AM €S :nj (f,x,M) < €}, l={2,F},
A2 (M) ={feC™ : AM € Mys1(C™), o (f, 2, M) < €}, 1=1{2,F}.

Substituting f; = ¢?s™~7 in Proposition 5.1, we get the desired result for homogeneous
matrix polynomials. For T'-palindromic/anti-palindromic structures, the e-pseudospectrum of
M in the Frobenius norm is /2 times the pseudospectrum of M in the spectral norm when
w=(1,1,...,1)and (A, ) = (1, F1).

COROLLARY 5.2. Let M € M,,1(C"*™) be a T-palindromic/T-anti-palindromic
matrix polynomial M (c, s) = Z;’;O ¢ s™IM;. For (A, p) = (1,F1) and when m is odd,
we have

AS (M) = A 5, ,(M).

Proof. The proof follows from Theorem 4.1. g

COROLLARY 5.3. Let M € M,,11(C"*™) be a T-palindromic/T-anti-palindromic
matrix polynomial M(c,s) = Y™ c/s™ T M. For (A, p) = (1,1), (A, p) = (=1,-1)
with m-even, we have

AZ p(M) C A 55 (M).


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

166 S.S. AHMAD

Proof. The proof follows from Theorem 4.1. 0

COROLLARY 5.4. Let M € M,,1(C"*™) be a T-palindromic/T-anti-palindromic
matrix polynomial of the form M (c, s) = Z;nzo ¢ s™IM;. Let (\, 1) = (1, F1). Then for
even m, we get

AZp(M) C Ay, (M).

Proof. The proof follows from Theorem 4.1. |

COROLLARY 5.5. Let M € M,,11(C™"*™) be a T-palindromic/T-anti-palindromic
matrix polynomial of the form M (c,s) = >_1, I s™TIM;. Let (A, ) # (1, F1), (A, p) #
(1,£1) ¥V m. Then

(a) for a T-palindromic structure, we have AS’F(M) C A5 o(M).

(b) For aT-anti-palindromic structure, we have A s o(M) C AEF(M).

Proof. The proof follows from Theorem 4.1. O

EXAMPLE 5.6. Consider the rational eigenvalue problem in homogeneous form

CS

(51) CM2>y:O7 g1 = 12,

(SMO + cM; +

018

S

where (¢, s) \ {0}. Let f = [fo, f1, fo]" such that fo = s, fi = ¢, f = ———. Then (5.1)
o158 —c
becomes (M ® f)y = 0, where M = [My, My, My] € (C"*™)3.

(a) Let the coefficient matrices of (5.1) have a T-palindromic structure, with My = MQT ,
M, = M{', where

1 2 3 1 1—i 1+i

My= |24i 242 7T4i|, M=|1—i 242 2+i]|,
| 3 240 63 1+i 2+4i 6-—3i
1 2+i 3

My= |2 242 2+i
3 7T+i 63

We choose here z = [z /N3 —i/V3 1/ \/3] " asan approximate eigenvector corresponding
to an approximate eigenvalue (\, ) € C2 \ {(0,0)} of M ® f such that (M ® v)x ~ 0,

A
where 1= [, 1, Yol o = by = Aty = =
norm perturbation AM := [AMy, AM;, AMs] € (C3*3)3 in the Frobenius norm such that
(M + AM) ® )z = 0, and the corresponding backward errors for different values of
(A, 1) € C2\ {(0,0)} are given by

. Then there exists a minimal-

(A, 1) S n2(, z, M) | nP(,z, M)
(1,2) T-palindromic | 8.1604 10.9467
(3,5) T-palindromic | 7.9795 10.6687
(4,14 5¢) | T-palindromic | 7.4073 10.0112
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(b) Let the coefficient matrices of (5.1) be H-palindromic with My = MH, M; = M,
where

1 2 3 11— 1+
My= 244 242 7+4i|, M=|1+i 2 2+i|,
3 240 6-3i 1—i 2—4i 6
1 2—i 3
My= |2 2-2i 2—i
3 T—i 6+3i

Letz = [i/V3 —i/V3 1/ \/§]T be an approximate eigenvector corresponding to an
approximate eigenvalue (\, ) € C2\ {(0,0)} of M ® f thatis M ® 1)z ~ 0. Then there
exists AM = [AMy, AM;, AMs] € (C3*2)3 such that (M + AM) ® 1)z = 0, and the
corresponding backward errors for different values of (\, ) are as follows:

(Aa:u’) S 772(1/)7%M) n%‘(¢axaM)
(1,2 — 1) H-palindromic | 5.5175 83.4494
(3,5 — 4i) | H-palindromic | 5.2493 87.7947

6. Conclusion. In this work, we have extended the construction of structured backward
errors for a polynomial eigenvalue problem to general nonlinear eigenvalue problems. A
systematic framework for the construction of appropriately structured backward errors is
discussed for the classes of T-palindromic, T-anti-palindromic, H-palindromic, and H -
anti-palindromic problems. The resulting minimal perturbation is unique in the case of
the Frobenius norm and has infinitely many solutions for the matrix 2-norm. Using these
results, we have determined structured pseudospectra and have compared these results with the
backward errors of the unstructured backward errors of the nonlinear eigenvalue problem. The
results are similar to the previous work in this direction [1, 2] but for different structures that
have not been discussed before. The relations between structured and unstructured backward
errors and pseudospectra have been derived. This work can be extended to more than one
specified eigenpairs, which will be discussed in our future research work.
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