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TOPOLOGICAL DERIVATIVE FOR
THE NONLINEAR MAGNETOSTATIC PROBLEM*

SAMUEL AMSTUTZ! AND PETER GANGL?

Abstract. The topological derivative represents the sensitivity of a domain-dependent functional with respect
to a local perturbation of the domain and is a valuable tool in topology optimization. Motivated by an application
from electrical engineering, we derive the topological derivative for an optimization problem which is constrained by
the quasilinear equation of two-dimensional magnetostatics. Here, the main ingredient is to establish a sufficiently
fast decay of the variation of the direct state at scale 1 as |x| — oco. In order to apply the method in a bi-directional
topology optimization algorithm, we derive both the sensitivity for introducing air inside ferromagnetic material and
the sensitivity for introducing material inside an air region. We explicitly compute the arising polarization matrices
and introduce a way to efficiently evaluate the obtained formulas. Finally, we employ the derived formulas in a
level-set based topology optimization algorithm and apply it to the design optimization of an electric motor.
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1. Introduction. The goal of this paper is the rigorous derivation of the topological
derivative for a shape optimization problem constrained by the quasilinear partial differential
equation (PDE) of two-dimensional magnetostatics. This study is motivated by a concrete
application from electrical engineering, namely the problem of determining an optimal design
for an electric motor. More precisely, we are interested in finding a distribution of ferromag-
netic material in a design region of an electric motor such that the motor performs as well as
possible with respect to a given cost functional 7. In [20] the same problem was addressed
by means of a shape optimization method based on shape sensitivity analysis. In order to
allow for a change of the topology in the course of the optimization process, it is beneficial
to include topological sensitivity information of the objective function into the optimization
procedure.

The topological derivative of a domain-dependent shape functional 7 = [J () indicates
whether a perturbation of the domain (i.e., an introduction of a hole) around a spatial point zq
would lead to an increase or decrease of the objective functional. The idea of the topological
derivative was first introduced for the compliance functional in linear elasticity in [17, 33]
in the framework of the bubble method, where classical shape optimization methods are
combined with the repeated introduction of holes (so-called “bubbles”) at optimal positions.
The mathematical concept of the topological derivative was rigorously introduced in [34];
see also [21] for the case of linear elasticity. Given an open set 2 C R?, with d the space
dimension, and a fixed bounded, smooth domain w containing the origin, the topological
derivative of a shape functional J = [J(2) at a spatial point z is defined as the quantity
G(zp) satisfying a topological asymptotic expansion of the form

(1.1) T(Qe) = T () = f(e) G(xo) + o(f(e)),

where Q. = Q \ w., with w, = z¢ 4 € w, denotes the perturbed domain and f is a positive
first-order correction function that vanishes with ¢ — 0. We remark that in the case where
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J depends on the domain €. via the solution of a boundary value problem on 2., boundary
conditions also have to be specified on the boundary of the hole, i.e., on dw,. Then the choice
of the boundary conditions on this boundary has a great influence on the resulting formula for
the topological derivative G. In [34], the authors introduced the topological derivative concept
with f(e) being the volume of the ball of radius ¢ in R¢, whereas in [27] the form (1.1) was
used which also allowed to deal with Dirichlet boundary conditions on the boundary of the
hole; see also [15, 30].

Topological asymptotic expansions of the form (1.1) have been derived for many different
problems constrained by linear PDEs. We refer the interested reader to [4, 5, 10, 11, 12, 14,
16, 28] as well as the monograph [30]. Besides the field of shape and topology optimization,
topological derivatives are also used in applications from mathematical imaging such as image
segmentation [24] or electric impedance tomography [25] or other geometric inverse problems
such as the detection of obstacles, of cracks, or of impurities of a material; see, e.g., [16, 22]
and the references therein.

In the context of magnetostatics, introducing a hole into a domain does not correspond to
excluding this hole from the computational domain but rather corresponds to the presence of
an inclusion of a different material, namely air. Thus, in this scenario, both the perturbed and
the unperturbed configurations live on the same domain {2, and only the material coefficient
of the underlying PDE constraint is perturbed. Let u. and u( denote the solutions to the
perturbed and unperturbed state equation and 7. and 7, the objective functionals defined on
the perturbed and unperturbed configurations, respectively. Then the asymptotic expansion
corresponding to (1.1) reads

1.2) Te(ue) = Jo(uo) = f(e) G(xo) + o(f(€)),

where, again, the function f is positive and tends to zero with e. The quantity G(xg) is
then sometimes referred to as the configurational derivative of the shape functional J at the
point xg; see [30]. This sensitivity is analyzed for a class of linear PDE constraints in [5]. We
remark that in the limit case where the material coefficient inside the inclusion tends to zero,
the classical topological derivative defined by (1.1) with homogeneous Neumann boundary
conditions on the boundary of the hole is recovered; see [30, Remark 5.3]. In our case, the
function f in (1.2) will be given by f(¢) = £ with d = 2 the space dimension. Under a
slight abuse of notation, we will refer to the configurational derivative defined by (1.2) as the
topological derivative.

In this paper, we derive the topological derivative for a design optimization problem that
is constrained by the quasilinear equation of two-dimensional magnetostatics. As opposed
to the linear case, only a few problems constrained by nonlinear PDEs have been studied in
the literature. We mention the paper [29], where the topological derivative is estimated for
the p-Poisson problem, and the papers [6, 26] for the topological asymptotic expansion in the
case of a semilinear elliptic PDE constraint. In the recent work [9], which is based on [13], the
authors have considered a class of quasilinear PDEs and rigorously derived the topological
derivative according to (1.2), which consists of two terms: a first term that resembles the
topological derivative in the linear case and a second term which accounts for the nonlinearity
of the problem.

The quasilinear PDE we consider in this paper does not exactly fit into the framework
of [13]. However, it is very similar, and we will follow the steps taken there in order to derive
the topological derivative for the electromagnetic shape optimization problem described in
Section 2.

Large parts of this paper are following the lines of [9, 13]. Here, we want to give a brief
overview over the main differences to the results obtained there. The main technical difference
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of the considered problems can be seen from the definition of the perturbed operator 7 . given
in Section 3.3. In this paper, we consider the perturbation of a nonlinear subdomain by an
inclusion of linear material or the other way around,

W  inwg,
T(W) inD\ we,

T(W) inwe,

T (2, W) =
(@, W) { wW  inD\w.,

TE(Q) (xv W) = {

with a nonlinear operator T' : R2 — R?, whereas in [9, 13], the authors consider the same
nonlinear function multiplied by a different constant factor inside and outside the inclusion. In
our notation, this would correspond to

Y1 To (W) in we,

Te(z W) = {WOTG(W) in D\ we,

where a different operator 7}, is used (a regularized version of the p-Laplace operator). On the
one hand, many of the steps taken for the derivation of the topological derivative can be used
analogously in our context. The function space setting and the majority of the estimations
even simplify here since all involved quantities are defined in the Hilbert spaces H' (D) and
H(IR?) rather than in the Sobolev space W1?(D) or the corresponding weighted Sobolev
space over R2. On the other hand, especially the proof of Theorem 4.11, which is based on
Propositions 4.8 and 4.9, requires some additional effort.

Furthermore, the work presented in this paper extends the results of [9, 13] into several
directions. Our work is motivated by a concrete application from electrical engineering.
Therefore, our focus is not only on the rigorous theoretical derivation of the correct formula
for the topological derivative but also on the practical applicability of this formula. In order
to be able to use the derived formula for computational shape and topology optimization, we
have to consider the following additional aspects:

e We compute both sensitivities Gf " (see Section 4) and G*" 7 (see Section 5) in
order to be able to apply a bi-directional optimization algorithms which is capable
of both introducing and removing ferromagnetic material. Note that in [9, 13], the
derivation of the topological derivative in the reverse scenario cannot be achieved by
simply exchanging the values for g and v, since the result that corresponds to our
Theorem 4.11 assumes that v; < vp.

e We derive explicit formulas for the matrices M, M@ see (6.10) and (6.11).

e Itis a priori not clear how the new term J> defined in (4.29) and the corresponding
term of G* 7 in (5.2), which account for the nonlinearity of the problem, can
be computed numerically in an efficient way. In Section 7, we show a way to
efficiently evaluate these terms by precomputing values in an off-line stage and using
interpolation during the optimization process.

The rest of this paper is organized as follows: In Section 2, we introduce the problem from
electrical engineering that serves as a motivation for our study. We collect some mathematical
preliminaries of our problem in Section 3 before deriving the topological asymptotic expansion
for two different cases in Sections 4 and 5. In Section 4 we consider the case where an inclusion
of air is introduced into a domain of ferromagnetic material, whereas Section 5 deals with
the reverse scenario. In Section 6, we derive the explicit formulas of the matrices M, M3
appearing in the final formulas, and in Section 7, the numerical evaluation of the derived
formulas is considered. Finally, we illustrate the application of an optimization algorithm
based on the topological derivative to our model problem in Section 8.

2. Problem description. We consider the design optimization of an electric motor which
consists of various components as depicted in Figure 2.1. Let D C R? denote the whole
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computational domain, and let Q}ef be the ferromagnetic reference domain, which is the brown

area in the left picture of Figure 2.1. We denote its complement by Q7%/  i.e., ¢/ = D\Q;ef .
This subdomain also contains the coil areas 2., the magnet areas {2,,,,, as well as the thin air
gap region {2, between the rotor and the stator of the motor. Let Q4 c Q;ef denote the design
subdomain, which is the union of the highlighted regions in the right picture of Figure 2.1. We
are interested in the optimal distribution of ferromagnetic material and air regions in Q% and
denote the subdomain of Q¢ that is currently occupied with ferromagnetic material by €2 (the
unknown set). For any given configuration of ferromagnetic material inside Q¢, the set of all

points that are occupied with ferromagnetic material is then given by

@.1) Q= (Qjﬁf \W) ua.

Then, introducing Q,;, = D \ Q, we always have that D = Q7 U Qg;-.

Our goal is to find a set Q C Q¢ such that a given domain-dependent shape functional 7
is minimized. In the case of electric motors, this objective function 7 is generally supported
only in the air gap Q, C ij?’f . Therefore, a perturbation of the material coefficient inside the
design domain Q¢ will not directly affect the functional, and we assume that the functional
for the perturbed and the unperturbed configuration coincide, i.e., J. = Jy = J in the
expansion (1.2). The functional depends on the configuration of the design subdomain Q¢ via
the solution u of the state equation, J = J (u).

The optimization problem we consider reads as follows:

22 i
22) min, J (v)
subject to —div(vg(z, |Vu|)Vu) = F  in D,
23) u=0 ondD,
' [ul =0 onTy,

[voVu-n] =0 onTy,

where A denotes a set of admissible shapes, T' o= 0N t denotes the interface between
ferromagnetic subdomains and air regions, and [-] denotes the jump across the interface. Here,
the magnetic reluctivity v depends on the ferromagnetic subdomain 2y C D, which is
related to the design variable €2 by (2.1) and is defined as

va(z,|Vul)
2.4 = xa, () (|Vul) + X (7) Y0
= (Xapery0a(®) + X () P(Vu) + (Xpyorer (2) + Xama (@) o,

where x g denotes the characteristic function of a set S and €2, and ()¢ are defined as above.
Furthermore, vy = 107 /(47) = const > 0 denotes the reluctivity of air, and 7 is a nonlinear
function, which, due to physical properties, satisfies the following assumption (cf. [31]):

ASSUMPTION 2.1. The function v : Rg — Rg is continuously differentiable, and there
exists v > 0 such that we have for all s € R,
(2.5a) v < 0(s) < w,
(2.5b) v < (9(s)s) < wp.

The right-hand side F' € H~!(D) comprises the sources given by the permanent magnets
and by the electric current induced in the coil regions of the motor; see Figure 2.1. For
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FIG. 2.1. Left: Computational domain representing an electric motor with different subdomains. Right: Zoom
on the upper left quarter with the design regions Q@ highlighted.

n € HY(D), itis defined as

(2.6) wm%:/AP<Vn+LnM7
D

where J, represents the third component of the electric current that is impressed in the coils
and vanishes outside the coil areas, and M+ = (—M,, M;)7 is the perpendicular of the
permanent magnetization M = (Mj, M)T in the magnets, which likewise vanishes outside
the magnet areas. The PDE constraint (2.3) can be rewritten in operator form as

2.7) Ag(u) = F

with the operator A : Hi (D) — H~'(D) defined by

(2.8) (Aq(u),n) = /D vo(z, |Vu|)Vu - Vndx

foru,n € H} (D) and F as in (2.6). Existence and uniqueness of a solution to the boundary
value problem (2.7) can be shown by the theorem of Zarantonello [35, Thm. 25.B.] since
properties (2.5a) and (2.5b) yield strong monotonicity and Lipschitz continuity of the operator
Aq; see, e.g., [18, 23, 31].

3. Preliminaries. We aim at solving the problem (2.2)—(2.3) by means of the topological
derivative introduced in (1.2). It is important to note that the topological derivative for
introducing air in ferromagnetic material is different from that for introducing ferromagnetic
material in a domain of air. Therefore, we distinguish between the following two cases:

1. Case I: An inclusion of air is introduced inside an area that is occupied by ferromag-
netic material; see Figure 4.1.
2. Case II: An inclusion of ferromagnetic material is introduced inside an area that is
occupied by air; see Figure 5.1.
In order to distinguish these two sensitivities, we denote the topological derivative in Case I
by Gf7%" and in Case Il by G*"—7_ It is important to have access to both these sensitivities
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for employing bidirectional optimization algorithms that are capable of both introducing and
removing material at the most favorable positions. In [5, 19] it is shown that in the case of a
linear state equation (2.3), the two sensitivities G/ %" and G*"~/ differ only by a constant
factor. In the case introduced in Section 2, however, where the nonlinear material behavior
of ferromagnetic material is accounted for, the two topological derivatives must be derived
individually. We will rigorously derive G779 for Case I in Section 4 and comment on
Case II in Section 5.

Throughout this paper, for the sake of a more compact presentation, we will drop the
differential dz in the volume integrals whenever there is no danger of confusion.

3.1. Notation. For sake of better readability, we introduce the operator 7' : R? — R?
together with its Jacobian,

G.1) T(W) = o W)W,
(3.2) DT(W) = p(WhI+ ZE W e w W £ (0,0)7,
o(IW) 1 W =(0,0)",

where W € R2, I denotes the identity matrix in R2, and ® the outer product between two
column vectors, a ® b := a b, for a,b € R2. Note that DT is continuous also in W = 0. Let
further

(33 Ta(z, W) :=va(z, W)W = xa,(z) T(W) + xp\o, (z) oW
= (X0 (@) + xa(@)) TOV) + (Xpygrer (2) + Xaa (@) ) v,
such that (Aq(u),n) = [, Ta(z, Vu) - Vi for u,n € Hy(D), and note that
DTq(x, W) = xa,(z) DT(W) + xp\a, (z) vol.
The Fréchet derivative of the operator Aq : H} (D) — H~1(D) is then given by
Aq + Hy (D) — L(Hy(D), H™ (D)),
(A (w)w,n) = /D DTq(z,Vu)Vw - Vn,

where u,w,n € HY(D). For W = (wy,ws)" € R2, W # (0,0)7, let 6y be the angle
between W and the z;-axis such that W = |W|(cos 6y, sin 0y ), and denote by Ry, the
counter-clockwise rotation matrix around an angle Oy, i.e.,

R, — cosfy, —sinfy,
w = | sinfy  cosOy |-
Denoting A1 (|W]) := 2(|W]) and Ao (|W]) := o(|W]) + &' (|W])|W|, it holds that
_ A2(|[W1) 0 T
(3.4) DT (W) = Ry, [ 0 ) Ry,

for all W € R?. Note that DT (W) is symmetric.
For V,W € R?, we introduce the operator

3.5) Sw (V) :=T(W + V) — T(W) — DT(W)V.

Note that in the case of a linear state equation (2.3), the operator 7 is linear, and thus Sy, (V')
vanishes for all V, W € R2. The operator defined in (3.5) can be seen as a characterization of
the nonlinearity of the problem.
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3.2. Simplified model problem. In order to alleviate some calculations, we introduce a
simplified model of the PDE constraint (2.3). The model we introduce here is meant for Case 1.
The analogous simplified model for Case II will be introduced at the beginning of Section 5.

The simplification consists in the fact that in the unperturbed configuration, we assume
the material coefficient v to be homogeneous in the entire bounded domain D. In the notation
of Section 2, we assume that Q;ef = D and in the unperturbed case {2 = Q%. Then the
unperturbed state equation (2.3) simplifies to

(3.6) findug € H}(D) such that / T(Vug) -V = (F,n), Vne Hi(D),
D

as can be seen from the definitions of the operator A (2.8) and the reluctivity function
v (2.4) as well as the definition of the operator 7" (3.1). Here, ' € H~1(D) is as in (2.6)
and represents the sources due to the electric currents in the coil areas of the motor and the
permanent magnetization in the magnets.

We will assume this simplified setting for the rest of this section and derive the formula
for the topological derivative under these assumptions.

REMARK 3.1. The reason why we have to make this simplification will become clear in
the proofs of Proposition 4.13 and Lemma 4.21. We remark that the topological derivative
denotes the sensitivity of the objective function with respect to a perturbation inside an
inclusion whose radius tends to zero. Therefore, the material coefficients “far away” from the
point of perturbation, e.g., outside the design subdomain Q¢ when the point of perturbation
is inside ¢, should not influence the formula for the sensitivity, and it is justified to use the
same formula also for the realistic setting introduced in Section 2. Note that for all numerical
computations, the realistic state equation (2.3) was solved.

3.3. Perturbed state equation. We are interested in the sensitivity of the objective
functional 7 with respect to a local perturbation of the material coefficient around a fixed
point x in the design subdomain Q7. For that purpose, we introduce a perturbed version of
the simplified state equation (3.6).

Let supp(F) denote the support of the distribution F € H~!(D). We assume that
supp(F) is compactly contained in D, supp(F) CC D, and that the design subdomain Q¢ is
open and compactly contained in D \ supp(F),

Q% cc D\ supp(F).

Let x( be a fixed point in Q7. Let furthermore w C R2 be a bounded open domain with
C?-boundary which contains the origin, and let w. = x¢ + € w represent the inclusion of
different material in the physical domain. For simplicity and without loss of generality, we
assume that 2o = (0,0) ". Furthermore, let 0 < p < R and \ € (0, 1] such that

Aw CC B(0,p) C B(0,R) CcC D \ supp(F).

Note that such a choice of \, p, R is always possible if 5 € Q°.

Recall the notation introduced in Section 2. In the perturbed configuration, the inclusion
w, of radius ¢ is occupied by air. Therefore, we have 2 = 0d \ we, and, according to (2.1),
Qf = Q;ef \ Q49U Q = D\ w, is the set of points occupied by ferromagnetic material; see
Figure 4.1. Here we used that in the simplified setting introduced in Section 3.2, Q}ef =D.
We define the operator

3.7 Te(z, W) := XD\w. (2)T(W) + Xe. (2)r0 W,
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fore > 0,z € D, and W € R? with its Jacobian given by
DT (2, W) = Xpres. (2)DT(W) + X (2)01.
Note that given the special setting introduced above, T:(z, W) = Tqay,,_(x, W) according to

(3.3). Thus, in the simplified setting introduced in Section 3.2, the perturbed state equation
reads

(3.8) findu. € HY(D) such that T.(z,Vu.)-Vn = (F,n), Vne& Hi(D).
0 I

For e > 0 and w. = xg + cw as in Section 3.3, we define

(3.9 Siv (2, V) = XD\w. (z)Sw (V).

Moreover, for ¢ > 0, we define the scaled version of the domain D as
D/e ={y = z/e|lx € D}.

3.4. Expansion of the cost functional. We assume that the functional to be minimized
is of the following form:
ASSUMPTION 3.2. For € > 0 small enough, let J : H}(D) — R be such that

(3.10) T (ue) = T (uo) + (G, ue —up) + 5562 + R(e),
where
1. G denotes a bounded linear form on H} (D);
2. 05 €R;
3. the remainder R(<) is of the form
(3.11) R(e) =0 </ IV (ue — uO)2>
D\ B(0,ae™)

Sor a given & > 0 and a given 7 € (0,1).

3.5. Requirements. In addition to Assumption 2.1, we have to make further assump-
tions on the nonlinear function © representing the magnetic reluctivity in the ferromagnetic
subdomains.

ASSUMPTION 3.3. We assume that the nonlinear magnetic reluctivity function v satisfies
the following assumptions:

1. U € C3(RY).
2. There exists ¢ > 0 such that LAO]] < cforall s > 0.

S

3. There exist non-negative constants ¢y, cs, ¢ , &' such that it holds

(3.12) |(0(s)s)" | <é1, Vs >0,
(3.13) (0(s)s)" | <&,  Vs>0,
(3.14) |7/ (s)] < ¢, Vs > 0,
(3.15) 0"(s)| <&, V¥s>0
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FIG. 3.1. (a) The magnetic reluctivity of the ferromagnetic subdomain U on a semilogarithmic scale. (b) Zoom
of the reluctivity D. (c) First derivative of the magnetic reluctivity 0. (d) Zoom of the first derivative of the magnetic
reluctivity 0.

ASSUMPTION 3.4. Let 6, := inf (0'(s)s)/D(s). We assume that
s>0

dp > max {(55‘1,55‘2},

where 65" = —1/3 and 5> = —% with k1 = (v — vp) /1.

Note that the first assumption implies that  is Lipschitz continuous on [0, 00), and we
denote the Lipschitz constant by L;. Due to physical properties, the reluctivity function o is
once continuously differentiable. However, in our asymptotic analysis, we will make use of
derivatives of order up to three and thus assume 7 € C*(R{"). This assumption is realistic in
practice since the function # is not known explicitly but only approximated from measured
data by smooth functions; see [32]. The second point of Assumption 3.3 does not automatically
follow from physical properties, but it is satisfied for the (realistic) set of data we used for all
of the numerical computations; see Figure 3.1. Note that the second point of Assumption 3.3
implies that #'(0) = 0.

Assumption 3.4 is needed to show Propositions 4.8 and 4.9, which will then yield the
asymptotic behavior of the variation of the direct state at scale 1; see Theorem 4.11. Due to
the large contrast between the maximum and minimum value of the magnetic reluctivity (see
Figure 3.1(a)), the value of 65‘2 < 0 1is very close to zero. This means that in order for ¥ to
fulfill Assumption 3.4, the function © would have to be almost monotone. This would rule
out a large class of reluctivity functions including the data used in the numerical experiments
of this paper where 0, = —0.3091. However, we remark that Assumption 3.4 is only a
sufficient condition for the result of Theorem 4.11, and it may very well be possible to show
the result with weaker assumptions on d;. The relaxation of Assumption 3.4 is subject of
future investigation.

In Section 3.6, we will make use of the following estimates:

LEMMA 3.5. Let Assumption 3.3 hold. Then there exist constants cy4, cs such that for all
© € R?, the following estimates hold:

(3.16) 42" (Dl + 127 (leDl el < ea,
(D]

G.17) " (leDl el + 912" ()] + HT <c

Proof. Estimate (3.16) can be easily seen using (3.12) and (3.14):

A2 (e DI+ 127 (oDl el = 412" (e D] + 127 () ¢! |

< 4P (leD| + 127 () Il + 20" (I))] + 217" (|eo])]
< &4 468 =: cq4.
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Similarly, from (3.13) and (3.15), it follows that

7" () |l |
(1)) o] + 32" (|| + 312" ()]
&5 + 38",

12" (el |l
<
<

which yields estimate (3.17) with ¢5 := é5+12¢"” +12¢ by means of (3.15) and Assumption 3.3
item 2. 0

3.6. Properties. Given the physical properties of Assumption 2.1 as well as the addi-
tional requirements of Section 3.5, we can show the relations of Lemmas 3.6 and 3.7, which
we will make use of throughout the next section.

LEMMA 3.6. Let Assumption 2.1 hold. Then, for the mapping T : R? — R? given
in (3.1), the following properties hold:

1. Forall ¢ € R?, we have that

vlel <[T(#)| < wolel.

2. There exist 0 < ¢; < ¢ such that

(3.18) alpl? <9 DT(e) <@lpl?,  Vo,9 € R
3. There exists co > 0 such that

(3.19) (T(p+9) =T(0) ¥ Z o, Vo, v € R%.
4. There exists a Lipschitz constant c3 > 0 such that

(3.20) T(o+9) ~T(@)l <eslyl, Vo, 9 €R™.

Proof. 1. By definition of the operator 7" (3.1) and property (2.5a), we have

vlel <[T(@)] = o(leDlel < volel.

2. Let o = (1, p2) " € R2. The eigenvalues of the 2 x 2 matrix DT'(¢) (3.2) are given
by A1 = 2(Je|), A2 = P(Je|) + P'(J¢|)|e|- Properties (2.5a) and (2.5b) yield the claimed
result with ¢; = v and ¢; = 1.

3. Property (3.19) can be shown in the same way. It holds that

1
(T(p+ )~ T(g) ¢ = / $TDT(p + 1) dt > ¢, ]2,

which yields that (3.19) holds with ¢z = ¢;.
4. In a similar way, we obtain (3.20) with c3 = 1,

|T(@+w)—T(<P)|=‘ / DT<¢+w>wdt‘s [ e+ wplar

1
< / max {1 (0 + 1), Aol + ) }oldt < volo.
0

Here, we used the notation A1 (W), A2(W) for the two eigenvalues of the matrix DT'(WW)
given in (3.2) as well as (2.5a) and (2.5b). 0
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LEMMA 3.7. Let Assumption 3.3 hold. Then the mapping given in (3.1), T : R? — R2,
W — D(|W|)W has the following properties:
1. T € C3(R?).
2. For the constant ¢4 > 0 in (3.16), it holds that

(B.21)  [Sp(tha) = Sp(W1) < caltpa — Pnl(Jen] + [9al),  Ve,01,¢2 € RZ,
3. For the constant cs > 0 in (3.17), it holds that
1S, () = S (V)] < cslp2 — @nl[Y?, Ve, 0,9 € R?.

Proof. 1. We consider the first, second, and third derivative of T
o Recall the Jacobian of the mapping 7' given in (3.2),

el + 2 @)y o #(0,0)7,
DT = lel
P {ﬁWI)w ©=(0,00T,
for ¢ € R2, and note that DT is continuous also in ¢ = 0 due to
lim D7) - DO < tim (16006 - 20001+ |“ 1 (o0 0]
< lim ([(2(|e]) = 2(0)] [&] + [ (leD) el [¥]]) = 0

[p|—0

because of (3.14) and the continuity of o.
e For DT, we get for all ¢ # 0 and all b, € R?,

*T () (1, m) =ﬁ/((|f) (p@n+(e-NI+n®e)vY

]
o2 (2 _ 2t

o] ol

> (- M(p@p)p.

At the point ¢ = 0, the Fréchet derivative of DT is given by D2T'(0)(¢), 1) = 0. This can be

seen as follows:
IDT(n)() - DT(O)(¥) — 0| _ .~ |2(nl) —2(0 )

it “n i o) (57 ) ¥

<217/ (0)l] = 0

nl—0 |n] In|—0

since 7/(0) = 0 due to Assumption 3.3 item 2. Thus, we have, D?T'(0)(¢), 7) = 0. Also here,
we can see the continuity in ¢ = 0 as, for any ¢, € R, it holds that

lim [D*T(¢) (1, 1) — D*T(0) (¢, n)|

[¢|—0

=tm, (702 (Fone (1Gn) 1r0e 5 (5 0) (5218))
el (505 )| =o

where we used that /|| is a unit vector and, again, that '(0) = 0 due to Assumption 3.3
item 2 as well as (3.15).
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o By differentiating (3.22), we obtain for all ¢, ), 7, £ € R? with ¢ # 0 that
(3.23)
3 oy el , , ,
T()(,n, &) = o \” (Il p-Elle- MY+ (p-v)n+ (-0l

|l
n ”’f;*”') (€6 + (€ 9 + (&~ n)é]

o (a"<|so|> - ”l('“f')) (€ M)(e- D)o+ (0 )(E D)o+ (1)@ V)e]

el 2 (el) L ()
+< PP P Ter TP

)(«: &) m)(e- V).

We show that under Assumption 3.3 item 2, the Fréchet derivative of DT at the point ¢ = 0
is given by

(3.24) D*T(0)(¢,n,€) = v"(0) (€ @0+ (&I +1@E) Y.
Exploiting that D>T(0) (), ) = 0, we get
o IDAT(E)(. ) — DAT(0)(w.n) - DUT(O0)( . )

|El-0 A €]
=dm, |7 (g e+ Gy +no g ) v
+ (e - D) 5 s o S
o (et g orene )|

Noting that under Assumption 3.3 item 2, we have 2'(0) = 0 and thus

lim »/(2)/t = lim (/(¢) —+/(0))/(t = 0) = »"(0),

t—0

we observe that the above expression vanishes, which proves the form (3.24). The continuity
of D3T' () (1, n, &) is clear for ¢ # 0 and can be seen for the point ¢ = 0 noting that
L}ir% V'(t)/t = v""(0) which finishes the proof of statement | of Lemma 3.7.

—

2. We follow the lines of the proof of [13, Proposition 4.1.3(7), p. 73]: since ' € c3 (RQ),
we can apply the fundamental theorem of calculus and get

Se(2) = Sp (1) =T (o +v2) = T(p + 1) — DT () (Y2 — 1)
- / DT+ vn + t( — 1)) — DT(@)] (s — 1)dt

— /0 /0 D?T(p + s[(1 — )1 + tha]) (1 — t)aby + taha, o — py)dt ds.

From (3.22), it follows that

D7) ()| < 317Dl l('“f')wuwu |+(' ('|“§')+'”2T§'>)¢|3|¢| i

(3.25) = (47 (leDI+ 12" (1Dl ) [#] In].
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The estimate (3.25) together with the requirement (3.16) yields that
S (1h2) = i (¥1)]

1 1

< [ [ DT 5[0 00+ )] 101 = ) + b vz s
0 0

< ca|(1 =)y + thal|tpe — 1| < callhr]| + [h2]) [ — 9.

3. Since T is three times continuously differentiable, we get by the fundamental theorem
of calculus that

|SLP2(’(/}) - SLPl (¢)|
=[T(p2 + 1) = T(p2) = DT (p2)t) — (T'(p1 + ) — T(p1) — DT(p1)¥) |

/ (DT (5 + 1) — DT(ip2)) t dit — /
0 0

(DT(1 + ) — DT (1)) wdt‘

1 1 1 1
DQT(<p2+stz/J)(w,tw)dsdt—/ / DQT(¢1+stw)(w,t1p)dsdt‘
0 0 0
1 1
< [ [ 10T+ st t) = DT (1 4500, 10) dsa
0 0
1 1 1
§/0 /0/0t\D?’T(cpl+st¢+r(902—g01))(z/),1/1,g02—<p1)|drdsdt.

From (3.23), it is seen that

DT () (4, .| <6‘<A”(Is0) )\ 9P |5|+3' f'f"w €

U} | g

| (\wl)l
(| (el + 915" o + 127150 )|w| el

Denoting <p§7s =@+ sty +r(ps— 1) for0 <r st <1, weget

; ‘ (A'"ww ~ 30 (|l) +

1 1 1
1S (1) — S ()] < / / / |D3T<w¢,s><w,w,g02—sa1>|drdsdt

LIl .

T’
< c5¥)? |2 — o1,

5" (Ir, s Dl er | + 912" (I DI + 12 ¢1|drdsdt

where we used (3.17), which holds under Assumption 3.3. This concludes the proof of
Lemma 3.7 0

REMARK 3.8. It is easy to see that the statements of Lemma 3.6 and Lemma 3.7 also
hold for the z-dependent operators 7., DT introduced in (3.7) and the operator S¢ defined
in (3.9) for each point in their domain of definition with the same constants.

REMARK 3.9. Note that relation (3.21) implies that

(3.26) 1S, (V)] < calt].
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3.7. Weighted Sobolev spaces. In order to analyze the asymptotic behavior of the
variation of the direct and adjoint state at scale 1 in Sections 4.1 and 4.2, we need to define
an appropriate function space. We follow the presentation given in [13]. For more details on
weighted Sobolev spaces, we refer the reader to [3].

Let the weight function w : R? — R be defined as

1
(1+ |z[2)!/2(log(2 + |x]))

w(z) =

Note that w € L?*(R?) and w(z) > 0 for all € R? with

inf w(x) =0 and supw(z) < co.
zeR? zER?

For all open O C RR?, the space of distributions in O is denoted by D’(0). We define the
weighted Sobolev space

HY(O) :={u e D'(0):wue L*0),Vu e L*(0)}
together with the inner product
(u, V)3 0y = (Wu,wv) 20y + (Vu, V) 12(0, u,v € HY(O),
and the norm
1
w4 o) = (u,u)%w(o), u € HY(O).

The following result is shown in [13].

LEMMA 3.10. The space H"(O) endowed with the inner product (-,-)3w (o) is a
separable Hilbert space.

We define the weighted quotient Sobolev space

H(R?) := H"(R?)/r,
where we factor out the constants and equip it with the quotient norm

[dllpesy = inf i+ mllpee sy, [u] € HRD),

where @ € H*(R?) is any element of the class [u]. We note that 7(RR?) is a Hilbert space
because H* (R?) is a Hilbert space and R is a closed subspace. For the space H(R?), we can
state the following Poincaré inequality, which is proved in [13]:

LEMMA 3.11. There exists cp > 0 such that

lulllzeey < cpllVillpzgey, V] € H(R?),

where i € H¥ (R?) is any element of the class [u].
For all [u] € H(R?), let @ € H(R?) denote any element of the class [u]. We endow
H(R?) with the semi-norm

I[u]l(rey = IVl L2 (R2)-

The following corollary follows directly from Lemma 3.11.
COROLLARY 3.12. The semi-norm |[-]|y(r2) is a norm and is equivalent to the norm

(3¢ (r2) in H(R?).
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4. Topological asymptotic expansion: Case I. In this section, we derive the topological
asymptotic expansion (1.2) for the introduction of an inclusion of air, which has linear material
behavior, inside the ferromagnetic material, which behaves nonlinearly. For the reader’s
convenience, we moved all longer, technical proofs of this section to Section 4.4.

By Assumption 3.2, the expansion (1.2) reduces to showing that

(G ue —ug) = €2 G(z0) + 0(c?) and  R(e) = o(e?)

with the remainder R(¢) of the form (3.11), where we chose f(g) = 2. In order to show
these relations, we investigate in detail the difference u. — ug, called the variation of the direct
state. After rescaling, we introduce an approximation of this variation which is independent
of the small parameter . This approximation, which we denote by H, is the solution to a
transmission problem on the entire plane R? and is an element of a weighted Sobolev space
as introduced in Section 3.7. We establish relations between this approximation H and the
variation u. — ug on the domain D. An important ingredient for this is to show that H satisfies
a sufficiently fast decay towards infinity, meaning that this approximation to the difference
between the perturbed and unperturbed state is small “far away” from the inclusion. This
result, which is rather technical, is obtained in Theorem 4.11. All of these steps are shown in
detail in Section 4.1.

Similar results are needed for the variation of the adjoint state p. — pg, which is approxi-
mated by the e-independent function K. Again, a sufficiently fast decay of K towards infinity
is important. We remark that also in the case of a nonlinear state equation, the boundary value
problem defining the adjoint state is always linear. Therefore, the treatment of the variation of
the adjoint state is less technical. These steps are carried out in Section 4.2.

Given the relations of Sections 4.1 and 4.2, a topological asymptotic expansion of the
form (1.2) is shown in Section 4.3.

4.1. Variation of the direct state.

4.1.1. Regularity assumptions. In order to perform the asymptotic analysis for the
derivation of the topological derivative, we need some regularity of the solution to the un-
perturbed state problem (3.6) in a neighborhood of the point of the perturbation zo € Q<.
Henceforth, we make the following assumption:

ASSUMPTION 4.1. There exists B > 0 such that

uplge € CHP(QY).

REMARK 4.2. In the case of the model problem introduced in Section 2, the right-hand
side is a distribution F' € H~1(D), which is, however, only supported outside the design area.
Therefore, the assumption that the solution wug is smooth in the design area is reasonable.

4.1.2. Step 1: the variation u. — ug. Subtracting the perturbed problem (3.6) from the
unperturbed problem (3.8) and defining . := u. — ug, we get the boundary value problem
defining the variation of the direct state at scale ¢:

find 4. € H}(D) : / (Te(x, Vug + Vi) — To(x, Vug)) - Vn
D
“.1)
= —/ (vo — o(|Vug|))Vug - Vi, Vn € H} (D).
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Xo

FIG. 4.1. Left: Unperturbed configuration for Case I, D = Sy. Right: Perturbed configuration for Case I,
D=0;Uws

4.1.3. Step 2: the approximation of the variation u. — uo. We approximate prob-
lem (4.1) by the same boundary value problem where we replace the function Vug by its value
at the point of interest x, i.e., we replace Vug by the constant Uy := Vug(z). Note that this
point evaluation makes sense due to Assumptions 4.1. Denoting the solution to the arising
boundary value problem by h., we get

find h. € H} (D) : / (T (2, Uy + Vhe) = Te(z,Up)) - Vi
(4.2) b

_ _/ (o — D([U))Uo - Vi, Vi € HY(D).

The relation between the solutions to the boundary value problems (4.1) and (4.2) will be
investigated in Proposition 4.14.

4.1.4. Step 3: the change of scale. Next, we make another approximation to the bound-
ary value problem (4.2). First, we perform a change of scale, i.e., we go from the domain D
with the inclusion w, of size ¢ to the much larger domain D /e with the inclusion w of unit size,
e.g.,w = B(0,1). In a second step we approximate this scaled version of (4.2) by sending the
boundary of the “very large” domain D /¢ to infinity. This yields a transmission problem on
the plane R? which is independent of .

We introduce the e-independent operators corresponding to (3.7) and (3.9) at scale 1,

T(l‘, W)= X]RQ\w(x)T(W) + Xuw ()0 W,
(4.3) Sw(z, V) = xre\o(2)Sw (V),
forz € R? and V, W € R? with T'and S given in (3.1) and (3.5), respectively, and note that
DT (z, W) = Xr2\w () DT(W) 4 xw ()10l

REMARK 4.3. Again, the statements of Lemma 3.6 and Lemma 3.7 also hold for the
x-dependent operators T, DT, S for each point in their domain of definition with the same
constants.

With this notation, we arrive at the nonlinear transmission problem on R? defining H, the
variation of the direct state at scale 1:

find H € H(R?) : /

g (T(x, Uo + VH) — T(x, UO)) V)
(4.4)

:—/@O—ﬁqUoD)Uo-Vm Vi) € H(R?).
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Next, we show existence and uniqueness of a solution to (4.4) using [35, Thm. 25.B.]
which was shown by Zarantonello in 1960.

PROPOSITION 4.4. Let Assumption 2.1 hold. Then there exists a unique solution
H € H(R?) to the problem (4.4).

Proof. We apply the theorem of Zarantonello [35, Thm. 25.B.] to the problem (4.4)
rewritten in the form

find H € H(R?) suchthat AH =1L,

where the operator A : H(R?) — #H(R?)* and the right-hand side L € #H(R?)* are defined
by
(An,n2) T(2,Uo + Vi) — T, UO)) - Vg,

(©(|Uo]) — v0) Uy - Vi,

g\\

for ny,m2,n € H(R?). We verify the strong monotonicity and Lipschitz continuity of the
operator A.
Property (3.19) together with Remark 4.3 gives

(A — Ana,m — o) = / (T(x» Uo + V) — T(z, U + Vﬂz)) (Vi — Vi)
R2
> ¢ /Rz [Vin = Vnal* = eo||[ Vin = Vi 72 2

The Poincaré inequality of Lemma 3.11 yields the strong monotonicity property in #(R?).
For the Lipschitz condition, we get by property (3.20) together with Remark 4.3,
Cauchy’s inequality, and the norm equivalence of Corollary 3.12 that

| An1 — Anall3(r2)- [(Any — Ana,n)|

sup ———
n;é0||77HH(R2)
1

up———
n;éo||77HH(R2)

1
c3 supi/ [V — V| [Vn]
n¢o||77||H(JR2) R2

/ (T(z, Uo+ V) — T(z, Uy —|—772)> -Vn‘
RZ

IN

AN

C3 sup

7“771 - 772”7{ R2 ||77HH R2
177é0||77||7-L(R2) (®) (%)

= c3lm — m2llpr2)-

Therefore, the theorem of Zarantonello [35, Thm. 25.B.] yields the existence of a unique
solution H € H(R?) to the variational problem (4.4) since L € H(R?)*. d

REMARK 4.5. We note that for Uy = (0,0)", problems (4.2) and (4.4) only admit
the trivial solution which yields that VH, Vh. are identical zero and also Sy, (VH) and
S, (Vhe) vanish. In this case, many computations simplify significantly. For the rest of this
section, we exclude the trivial case and assume that Uy # (0,0) .

4.1.5. Step 4: the asymptotic behavior of the variations of the direct state. In this
section, we investigate the asymptotic behavior of the solution H to the problem (4.4) as ||
goes to infinity.
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For H € H(R?) the solution to (4.4), H € H*(RR?) a given element of the class H, and
€ > 0, we define the function H, : D — R by

(4.5) H.(z) :=eH(e 'z), axeD.

Note that when one is only interested in the gradient of H., the specific choice of H in the
class H does not matter. Noting that

w = inf w (E) >0,
xeD £
it is easy to see that H € H*(R?) implies H. € H'(D). We can show some preliminary
estimates that we will make use of in later estimations.
LEMMA 4.6. Let Assumption 2.1 and Assumption 4.1 hold. Then

IViclZopy = OE®),  IVhelliapy = O(?),  IIVH:|[72p) = O(€?).

This proof is following the lines of [9, 13] and can be found in [18].

In order to show the estimate (4.13) in Section 4.1.6, we need that there exists a represen-
tative H of the solution H to (4.4) which satisfies a sufficiently fast decay for || — co. For
that purpose, let the nonlinear operator @ : H(R?) — H(IR?)* be defined by

@nom)i= [ | [Ple,Uo+ Vi) = (o, Uo)| - T
(4.6) W

+ [ o= 20Ul o T
Note that for H the solution of (4.4), we have that
4.7 (QH,n) =0 for all n € H(R?).

In the following, we show that there exist a supersolution R; satisfying (Q Ry,n) >0
and a subsolution Ry such that (Q Rz, 7n) < 0 for all test functions 7 in a subset of H(R?),
both of which satisfy a sufficient decay at infinity. Then we make use of a comparison
principle to show that there exists a representative H of the solution H of (4.7) which satisfies
Ra(z) < H(z) < Ry(x) almost everywhere and conclude that / must have the same decay
at infinity as Ry and R».

For this purpose, we first introduce a coordinate system that is aligned with the fixed
vector Up. Since we have excluded the trivial case where Uy = (0, O)T (see Remark 4.5),
we can introduce the unit vector e; = Uy/|Up| and the orthonormal basis (ey, e5) of R2.
We denote (x1,x2) the system of coordinates in this basis and introduce the half space
R% := {z € R? : Uy - = > 0}. We first show that there exists a representative H of the
solution H to (4.4) that is odd with respect to the first coordinate.

LEMMA 4.7. Let H € H(R?) be the unique solution to the operator equation QH = 0
with @ defined in (4.6), and assume that w is symmetric with respect to the line
{x € R? : Uy -x = 0}. Then there exists an element H of the class H such that for
all (z1,74) € R?,

H(—xl, CCQ) = —H(;El, CEQ).

In particular, H(0, z5) = 0 for all 25 € R.
A proof of Lemma 4.7 can be found in Section 4.4 on page 193.
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Lemma 4.7 allows us to investigate the asymptotic behavior of H only in the half plane R%r.
However, Lemma 4.7 is based on the assumption that w is symmetric with respect to the line
{z € R? : Uy - x = 0}. In order to fulfill this assumption for any given Uy € R?, we will
from now on restrict ourselves to the case where w = B(0, 1).

PROPOSITION 4.8. Let w = B(0, 1), and let Assumption 3.4 hold. Then there exists
o > landk € (0,1] such that the function Ry € H(R?) N L>(R?) defined by

. —0 2
8) Ri(2) = k(U - z)|x] x € R?\ w,
k(U - x) T € w,
satisfies
4.9) (QRi,m) >0,  VneH(R?): supp(n) CRY, n>0ae.,

for the operator () defined in (4.6).

The proof of Proposition 4.8 is very technical and can be found on page 194.

Next, we provide a subsolution R satisfying (Q Rz, 7) < 0 for all n from the same set
of test functions.

PROPOSITION 4.9. Let w = B(0, 1), and let Assumption 3.4 hold. Then there exists
o > 1 such that the function Ry € H(R?) N L>°(R?) defined by

(4.10) Ra(z) = {ZEZE glxl—o z i EQ \ w,
with
k= ﬁ € (~1,0)
satisfies
4.11) (Q Ra,m) <0, vn € H(R?) : supp(n) C R3,n > 0ae.,

for the operator () defined in (4.6).

The technical proof of Proposition 4.9 can be found in Section 4.4 on page 200.

Now we can show that there exists an element H of the class H, where H € H(R?) is
the solution to (4.4), which has the same asymptotic behavior as R; and R, defined in (4.8)
and (4.10), respectively, by means of a comparison principle.

PROPOSITION 4.10. Let w = B(0,1), and let Assumption 3.4 hold. Let Ry be the
supersolution defined in Proposition 4.8, Ro the subsolution defined in Proposition 4.9, and
H € H(R?) the unique solution to the operator equation QH = 0 with Q defined in (4.6).
Then there exists an element H of the class H such that

Ro(z) < H(x) < Ry(x), Vz € R ae.

Proposition 4.10 can be proved by an adaptation of the proof in [9, 13], which can be found
in [18].

Finally, collecting the results of Propositions 4.8, 4.9, and 4.10, we can state the following
result:

THEOREM 4.11. Let w = B(0, 1), let Assumption 3.4 hold, and let H € H(R?) be the
unique solution to the operator equation QH = 0 with Q) defined in (4.6). Then there exists
an element H of the class H € H(R?) and T > 0 such that

(4.12) I:I(y) =0 (|y\77) as |y| — oc.
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REMARK 4.12. As R; and Rj are both in L>(R?), we also have that H € L™ (R?).
From now on, the function H. is defined by choosing /' = H in (4.5), where H is as in
Theorem 4.11, i.e., H.(x) := eH (¢ 1z) forx € D.

4.1.6. Estimates for the variations of the direct state. Exploiting the asymptotic be-
havior of Theorem 4.11, the following estimates can be obtained:
PROPOSITION 4.13. Let w = B(0,1), and let Assumptions 2.1, 3.4, and 4.1 hold. Then

(4.13) IVhe = VH||7:(py = o(?),

Va > 0vr € (0,1) : / Vhe|? = o(22),
D\B(0,ae™)
/ |VUQ — U()HV]’Lng = 0(52),
D

/ |Vhe — VH_|(|Vhe| + |VH.|) = o(e?).
D

Proposition 4.13 can be shown in a similar way as it was done in [9, 13]; see [18] for an
adaptation to our case.

Note that in the proof of (4.13), the structure of the simplified setting introduced in
Section 3.2 is exploited.

PROPOSITION 4.14. Let w = B(0,1), and let Assumptions 2.1, 3.4, and 4.1 hold. Then

IViie — Vhe||72(p) = o(e?),

/ Viie = Vhe|(|Vie| + [Vhe]) = o(?),
D

(4.14) Va > 0Vr € (0,1) : / |Viie|? = o(e?).

D\B(0,ae™)
The proof of this proposition is following the lines of [9, 13], too, and is adapted to our case
in [18].

4.2. Variation of the adjoint state. For ¢ > 0, we introduce the perturbed adjoint
equation to the PDE-constrained optimization problem (2.2)—(2.3) in the simplified setting of
Section 3.2,

(4.15)  findp. € Hy(D) : / DT:(z, Vuo)Vpe - Vg = —(G,n),  Vn € H3(D),
D

where 7 is given in (3.7) and G fulfills Assumption 3.2 together with the objective function 7.
Note that DT is a symmetric matrix. For ¢ = 0 we get the unperturbed adjoint equation,

@16 fndpy € HY(D): [ DIT(Vuo)Vpo-Vn = ~(G) Ve HY(D).
D

where we used that DTy (x, Vug) = DT (Vug) according to the definition of 7% in (3.7). For

€ > 0, we call p. the perturbed adjoint state and po the unperturbed adjoint state. Note that we

use the same right-hand side GG independently of the parameter € > 0.

4.2.1. Regularity assumptions. Similarly to Assumption 4.1, we also need the un-
perturbed adjoint state py to be sufficiently regular in a neighborhood of the point of the
perturbation 2y € Q9. We assume the following:

ASSUMPTION 4.15. There exists B > 0 such that

Polaa € CI’B(Qd)~
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REMARK 4.16. In our case, the right-hand side of the adjoint equation (4.16) is a
distribution G € H~'(D) satisfying an expansion of the form (3.10). However, since we
assume that .7 is not supported in Q<, G is not supported in ¢, and thus the assumption that
po is smooth in ¢ is reasonable.

4.2.2. Step 1: the variation p. — po. We proceed in an analogous way as in Sec-
tion 4.1.2. Subtracting (4.16) from (4.15), we get the boundary value problem defining the
variation of the adjoint state at scale €, p. := p. — po:

find p. € Hj(D) :

“.17) / DT.(z,Vuo)Vp:-Vn = —/ (vo I — DT (Vug))Vpo-Vn, Vne€ Hy(D).
D we

4.2.3. Step 2: the approximation of the variation p. — pg. Analogously to Sec-
tion 4.1.3, we approximate the boundary value problem (4.17) by the same boundary value
problem where the functions Vug, Vpg are replaced by their values at the point z,
Uy = Vug(zg) and Py := Vpg(xo), respectively. Again, note that this point evaluation
makes sense due to Assumptions 4.1 and 4.15. We denote the solution to the arising boundary
value problem by k.:

find k. € H}(D) :

(4.18) / DT (x,Up)Vke - V) = —/ (voI —DT(Up))Py - Vn, ¥ne H&(D).
D We

4.2.4. Step 3: the change of scale. Also here, we proceed analogously to the case of

the variation of the direct state presented in Section 4.1.4. We perform a change of scale and

then approximate the boundary value problem (4.18) by sending the outer boundary to infinity,
which yields the linear transmission problem

find K € H(R?) :
(4.19) / DT (z,Up)VK -V = —/(Vo[ —DT(Uy))Py - Vi, V€ H(R?).
R2

Note that (4.19) is independent of €.

It is straightforward to establish the well-posedness of problem (4.19):

LEMMA 4.17. Let Assumption 2.1 hold. Then there exists a unique solution K € H(R?)
to problem (4.19).

Proof. We show existence and uniqueness of a solution H € H(RR?) to (4.19) by the
lemma of Lax-Milgram. The coercivity and boundedness of the left-hand side of (4.19) can
be shown by exploiting (3.18) together with Remark 4.3, the physical properties (2.5), and
the norm equivalence of Corollary 3.12. The right-hand side of (4.19) is obviously a bounded
linear functional on 7 (R?). O

REMARK 4.18. We remark that for Py = (0,0) T, the problems (4.18) and (4.19)
only admit the trivial solution such that VK, Vk. are identical zero. In this case, many
computations simplify significantly. For the rest of this work, we exclude the trivial case and
assume that Py # (0,0) 7.

4.2.5. Step 4: the asymptotic behavior of the variations of the adjoint state. Let the
function K € H(RR?) be the unique solution in H(RR?) to (4.19), and let K € H* (R?) denote
a given element of the class K. For e > 0, let K. : D — R be defined by

(4.20) K.(z) :=eK(e ).
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As in the case of the variation of the direct state, making the change of scale backwards, it
follows from K € H(R?) that K. € H'(D) since

inf w (f) > 0.
xeD g

LEMMA 4.19. Let Assumptions 2.1, 3.3, 4.1, and 4.15. Then it holds that
IViellZ2py = O(?), IVke|Z2(py = O(e?), IVK|72(py = O(e?).

This proof is following the lines of [9, 13] and can be found in [18].

Next, we show an asymptotic behavior of an element of the class K € H(R?) similar
to (4.12).

PROPOSITION 4.20. Let Assumption 2.1 hold, and let K € H(R?) be the unique solution

to (4.19) according to Lemma 4.17. Then there exists an element K of the class K such that
4.21) K(y)=0(yl™") asly| — oo

This proposition can be shown in a standard way (see, e.g., [1, 9, 13]), and the proof for our
setting can be found in [18].

Let, from now on, the function K. (4.20) be defined by choosing K = K where K is
the element of the class K € ’H(RQ), which satisfies the asymptotic behavior (4.21). Here,
K € H(R?) is the unique solution to (4.19) according to Lemma 4.17.

LEMMA 4.21. Let Assumption 2.1 hold. Then it holds that

|Vke = VK |72(p) = o(e®)  and

Va > 0vr € (0,1) : / V|2 = o(e?).
D\B(0,ae™)

This proof is an adaptation of [9, 13] which can be found in [18].
LEMMA 4.22. Let Assumptions 2.1, 3.3, 4.1, and 4.15 be satisfied. Then it holds that

IVBe = Vkel[Z2(p) = 0(e?).
This proof is following the lines of [9, 13] and is adapted to our case in [18].

4.3. Topological asymptotic expansion. Recall Assumption 3.2. By estimate (4.14), it
follows that

(4.22) R(g) = o(¢?).

We have a closer look at the term <C~¥ , Ue). Testing the adjoint equation (4.15) for e > 0 with
1 = u. and exploiting the symmetry of DT, we get

(G, 1) = —/ DT.(z, Vug) Viie - Vpe
D
=— / DT.(x, Vug) Vi - Vpe +/ (Te(z,Vug + Vi) — T (z, Vug)) - Vpe
D

D

+ / (vo — (| Vuol)) Vo - Ve,
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where we added the left- and right-hand sides of (4.1) tested with 7 = p.. According to the
definition of the operator S€ in (3.9), we get

G = [ o= 2wV o+ [ 88,05 V.
Noting that p. = pg + p., and defining

ie) = [ 0= 21w} Vo - (T -+ Vi),

i) = [ St (@ V) - (Vi + Vi),
together with (4.22), we get from (3.10) that

(4.23) Te(ue) — To(ug) =j1(€) + ja(e) + 8,2 + o(<?).

Note that the operator S, represents the nonlinearity of the problem. Therefore, the term ja
vanishes in the linear case where the nonlinear function # is replaced by a constant ;.
In Sections 4.3.1 and 4.3.2 we will show that there exist numbers J;, J5 such that

ji(e) =e*Ji +o(e®) and jo(e) = €2 Jp + o(e?).

Comparing expansion (4.23) with (1.2) this will yield the final formula for the topological
derivative,

G(CL'()) = J1 + J2 + (5,]

in Theorem 4.30.

4.3.1. Expansion of the linear term j; (¢). Following the approximation steps 2 and 3
of Sections 4.2.3 and 4.2.4, respectively, we define

J1() = (vo — (|TR)) / Uo- (Po+ V),

We

4.24) Ty = (vo — #(|U6]) / Uo - (Py+ VE).

w

LEMMA 4.23. Let Assumption 2.1 hold. Then it holds that
(4.25) J1(e) — 2 J1 = o(£?).

This proof is following the lines of [9, 13] and is adapted to our case in [18].
LEMMA 4.24. Let Assumptions 2.1, 3.3, 4.1, and 4.15 hold. Then it holds that

(4.26) j1(e) = jile) = o(e?).

This proof is following the lines of [9, 13] and is adapted to our case in [18].
Considering (4.24), it follows from the linearity of equation (4.19) that the mapping

Py (vg — ﬁ(\U0|))/ (Py+ VK)

w
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is linear from R? to R2. It only depends on the set w and on the positive definite matrix DT'(Uyp).
Hence, there exists a matrix

M = M(w,DT(Uy)) € R**?
such that

(vo — B(|TR))) / (Py+ VE) = MP,.

w

This matrix M is related to the concept of polarization matrices; see, e.g., [2]. Eventually, it
follows that

(4.27) Ji=U, MP,.

In Section 6.1, an explicit formula for the matrix M = M (w, DT (Uy)) will be derived.
Summing up the estimates (4.25) and (4.26) as well as (4.27), we get the following result:

COROLLARY 4.25. Let Assumptions 2.1, 3.3, 4.1, and 4.15 hold. Then there exists a
matrix M = M(w,DT(Uyp)) € R**? such that

(4.28) ji(e) =2 Uy M Py + o(?).

4.3.2. Expansion of the nonlinear term j2(¢). According to the approximation steps
taken for the variations of the direct and adjoint state in Sections 4.1.3, 4.1.4 as well as 4.2.3
and 4.2.4, we define

Ja(e) :== / S, (x, Vhe) - (Py + Vk.),
D

(4.29) Jo:= [ Sy,(z,VH)- (P + VK).
R2

Note that under Assumption 3.3, both 52 (¢) and J are well defined due to the growth
condition (3.26).

LEMMA 4.26. Let w = B(0,1), and let Assumptions 2.1, 3.3, 3.4, and 4.1 hold. Then it
holds that

Ja(e) — €20y = o(£?).
This proof is following the lines of [9, 13] and is adapted to our case in [18].

LEMMA 4.27. Let w = B(0, 1), and let Assumptions 2.1, 3.4, 4.1, and 4.15 be satisfied.
Then it holds that

/ [Vpo — Bol|Vhe|* = o(e?).
D

This proof can be found in [9, 13, 18].
LEMMA 4.28. Let w = B(0,1), and let Assumptions 2.1, 3.3, 3.4, 4.1, and 4.15 be
satisfied. Then it holds that

J2(€) = ja(e) = o(e?).
This proof is following the lines of [9, 13] and is adapted to our case in [18].
Eventually, combining Lemma 4.26 and Lemma 4.28, we get the following result:
COROLLARY 4.29. Let w = B(0, 1), and let Assumptions 2.1, 3.3, 3.4, 4.1, and 4.15 be
satisfied. Then we have

(4.30) Jale) = €2 ( Sy, (x, VH) - (Py + VK)) + o(e?).

R2
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4.3.3. The main result. Finally, combining (4.23) with (4.28) and (4.30), we get the
main result of this paper, i.e., the topological derivative for the introduction of linear material
(air) inside a region of nonlinear (ferromagnetic) material according to (1.2). We recall the
notation needed for stating the result of Theorem 4.30:

e 1 € Q% denotes the point around which we perturb the material coefficient;
e uy € H}(D) is the unperturbed direct state, i.e., the solution to problem (3.6) and

Uo = VUO(JJQ);
e pyg € H 6 (D) is the unperturbed adjoint state, i.e., the solution to problem (4.16) and
Py = Vpo(o);

o M = M(w,DT'(Up)) denotes the matrix defined in (6.10), where w represents the
shape of the inclusion and D7’ is the Jacobian of T" defined in (3.1);

e H € H(R?) denotes the variation of the direct state at scale 1, i.e., the solution
to (4.4);

e K € H(R?) denotes the variation of the adjoint state at scale 1, i.e., the solution
to (4.19);

e S is defined in 4.3);

e (; is defined according to (3.10).

THEOREM 4.30. Assume that

o w = B(0,1) the unit disk in R?;

e the ferromagnetic material is such that Assumptions 2.1, 3.3, and 3.4 are satisfied;

e the functional J. satisfies Assumption 3.2;

o the unperturbed direct state uq satisfies Assumption 4.1, i.e., ug € C*P for some
8 >0; i

e the unperturbed direct state po satisfies Assumption 4.15, i.e., py € CYP for some
8> 0.

Then the topological derivative for introducing air inside ferromagnetic material reads

(4.31) GI=9" () =Uy M Py + / Sy, (@, VH) - (Py+ VK) + 6.
R2

REMARK 4.31. The proof of Theorem 4.30 is valid only under the assumption that
w = B(0,1). This is mainly due to the fact that the proof of Proposition 4.10 uses Lemma 4.7
which exploits the symmetry of w with respect to the line {Uj - = = 0}. Since we need to make
sure that this condition is satisfied for any possible Uy, we have to assume that w is a disk in
the sequel. Thus, the condition w = B(0, 1) could be relaxed to arbitrarily-shaped inclusions
with C2-boundary if an asymptotic behavior of the form (4.12) can be guaranteed otherwise.
Note that the proof of the asymptotic behavior of K in (4.21) is independent of the shape of w.
The second place where the shape of the inclusion influences the topological derivative is in
the formula for the matrix M (w, DT'(Up)). Here, an extension to ellipse-shaped inclusions is
possible.

4.4. Proofs. Proof of Lemma 4.7. Let H be the unique solution to QH = 0 with Q
defined in (4.6) and H a representative of the class H. Consider the transformation

d(x1,x0) := (—x1,22) with
J =Vo(r1,12) = {_01 ﬂ =J " and |det]|=1,

and define the function H° € H(R?) by

H®(w1,22) == —H(—w1,22) = —(H 0 ¢) ().
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We show that also Q H® = 0. Thanks to the symmetry of w with respect to the line
{x € R? : Uy -z = 0}, we have ¢"*(R? \ w) = R? \ w and ¢~ (w) = w. Thus, we
get

@) = [ [0 (Vo T W) = (U] - T ()

o,
R2\w

o (|vo+ 07TV, 1)) (Vo + 0T, ()

— 0 (|Uo|) Uo | - J~ TV (y)dy,

where H® = H%o¢ and i}* = °o¢. By definition of H® and due to the fact that (¢o¢)(z) = z,

we have that H® = —H. Since the basis was chosen such that e; = Uy /|Up| and e5 = ef-, it
holds that

Upg+J~ TVH() 0+8 Ay

Vo + I TV, H )| = [Us + Y, ()]
(UO + J*TvyﬁS(y)) LTIV () = (Uo +V,H (y)) - Vy (7)),
Uy - J_Tvyﬁs(y) =Uo-Vy (=1°(y))-

|Uo| — dm( —H(y)) ]

Using these relations, we conclude that
(Q H*,n)
= / [ (|Uo + Vol w)]) (Uo + Yy H(w)) = 7 (Uol) Vo] -V, (—7°() dy
R2\w

+ [ [0 (04 V1) = (U] - 9, (=i )
= (QH. ).
Since —7* € H(R?) for ® € H(R?), (4.7) yields (QH, —7*) = 0, and therefore
(QH®,n*) =0  foralln® € H(R?).

Thus, it follows from the uniqueness of a solution H € ’H(Rz) to (4.4) established in Proposi-
tion 4.4 that also H® is a representative of H, and therefore H* (1, x5) = H(x1,25) + C for
all (z1,22) € R? where C is a constant. Restricted to the line {x € R? : x; = 0}, this yields
that —2H (0,z9) = C for all z5 € R. Thus, choosing the representative H in such a way that
H(0,0) = 0 yields that C' = 0 and thus H* = H, which yields

H(—Il, CL‘Q) = —FI(Q’Jl, .’52)

for all (z1,22) € R2. 0
Proof of Proposition 4.8. This proof follows the ideas of [9, 13] but requires some
different calculations. Let & € (0, 1] be defined depending on the lower bound 6, > —1/3
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from Assumption 3.4 as
1 1 1 1
(4.32) k= {2<_59(1+s)—3> -3 <619§_g7
1

for some ¢ > 0. Furthermore, let & be defined as
7 := min{og, 01,02} > 1,
where o and o are given by

oo =2,

(4.33) o =1+ L

—F €(1,2),
V0+E/‘U0|\/g ( )

with v and ¢ given by (2.5) and (3.14), respectively, and o is defined as the unique solution
in (1,2) to the equation f(t) = 0, with f defined in (4.47) in the case where ¢, < 0 and
09 := 2 else. We show that property (4.9) holds for k£ chosen according to (4.32) and any
fixed o satisfying

(4.34) o€ (1,7).

Let us first compute the first and second derivatives of the function R; given in (4.8). We
use the notation 7 = |z| and e, = z/|z|. For z € R? \ &, we have

Rl (I) =k (UO : ‘T)T70-7
(4.35) VR, ({,C) P = kr=? (UO - U(UO : er)er) 2

DR (o)) =kr = (<07 [r(Ca - 0) = Co )1 (o 9)] (er o)
“o(l e |rlo -0~ (o 0) (o 0) )
o kr T W)Uy~ o(Uy - €)fer - 9))

where we used that

V(e -m) =V (ﬁﬂ") - # (len e ">|i|)

for n € R2. For ¢ = ¢ we get

DR, () (. 0) = 0 k72 ( (U @)er @) + Un - 2)(er - )2
(U)o 9) + (U 2) (o)

—r(er @) (Uo - ¢) +r(er - 9)?o(Us - er) )

(4.36) = Uk:r_”_2((a +2)(Up - x)(er - 0)? — 2(z - ) (Up - ) — (Ug - ) (0 - gp))


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

196 S. AMSTUTZ AND P. GANGL

In particular, we obtain
2
ARy () = > D>Ri(z)(eie;)
i=1

= Jkr”2((0 +2)(Up-x) —2(Up - x) — 2(Up - x))
4.37) = —okr 73Uy x)(2 - 0),

where e; denotes the unit vector in Cartesian coordinates in direction x;.
Integration by parts yields

<Q Ry, 77> = <th Ry, 77> + <thns Ry, 77> + <Qezt Ry, 7)>
with

(Qint R1,m) 12/—V0AR1 7,

w

<Qt7'ans Rla 77> ::/{9 [_’9(|UO + (VRl)C‘Lt|)(UO + (VRl)ext) + VO(UO + (VRl)int)] ‘n,

Qent R i= [ v (31U + TR (o + TR)

where n denotes the unit normal vector pointing out of w.
Thus, we have that (Q Ry,n) > 0 for all y € H(R?) with supp(n) C R? such thatn > 0
almost everywhere, if (and only if) the following three conditions are satisfied:

(4.38) —19AR; >0, Vxew: Uy-z >0,

— (|00 + (VR1)eat])(Uo + (VR1)eat)
(4.39) Fuo(Up + (VRl)mt)} ‘>0, Vredw: Up-a>0,
(4.40) —div (2(|Uo + VR1|)(Ug + VR1)) 20, Vz e R*\w: Uy -z > 0.

1. The first condition (4.38) is satisfied by definition as R is linear inside w, and thus
ARl =0inw.
2. Next, we investigate the transmission condition (4.39). For x € 0w, we have

(VR1)ine = k Uy,
and by means of formula (4.35),
(VR1)ext =k (Up — o(Up - 7))
because r = || = 1. Using that
(Up+ (VR1)int) - n=(1+k)(Uy-x) >0,
(=(VR1)ewt + (VR1)int) - n=0k Uy -z) >0,
because n(x) = x for x € dw. Exploiting the physical property (2.5a), we get
(=2(JUop + (VR ext])(Uo + (VR1)ext) + vo(Up + (VR1)int)) - 1
> (=0(|Uo+(VR1)ext|)(Uo+(VR1)ewt) +0(|Uo + (VR1) eat]) (Uo + (VR1)int)) -1

(|0 + (VR1)eat|) (= (VR ewt + (VR1)int) - 10
>vok(Uy-z) >0,
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for all z € dw with (U - ) > 0.
3. Now we consider the exterior condition (4.40). Let (r, #) denote the polar coordinates
of z in the coordinate system aligned with Uj such that
Uo

T
cosf = — - —.
|z |Uo|

We further introduce ¢ = (7, 0) := Uy + (VR ).t and the auxiliary variables

a=ar)  =okr,
do = do(r) =1+kr 7,

(4.41) dy = dy(r) =14+kr7(1-o0) =dy — g,

(4.42) dy = do(r,0) :=1+kr °(1—occos?0) =dy— qcos?6,

s=s(r,0) :=sin’0d3,
c=c(r,0) :=cos?d?,
d= d(’f’, 0) 2:d1 d2.
Note that all of these symbols are actually functions of 7 and possibly 6. For better presentation,
we drop these dependencies for the rest of the proof. It can be seen that
er @ =|Uy|cosfdy,
z-¢=(Uy-x)d,
Uo - ¢ = |Uol* da,
(4.43) |G = |Uo* (s +¢).
Note that dy and d; are positive because of 0 < og = 2, k € (0,1], and r > 1. This

implies that || > 0 since both sin 6 and cos # cannot vanish at the same time. These relations,
together with (4.36) and (4.37), yield that

—div (¢(|Uo + VR1])(Uo + VRy)) = —div (2(|¢]) @)

_ (ﬁ(@DARl L7 'ff')Dle(@,@)

ok (Uy ) (ﬁ<|¢|><a 9yt ﬁ'<|¢|>;||Uo|2f<r,e>)
with
(4.44) f(r,0)=(c+1)c—2d—s.

Thus, condition (4.40) is satisfied if
o~ oo 1
(4.45) (@) (e —2) + V'(l@\)@onPf(?“, ) <0
forall z € R?\ @ with Uy -z > 0, i.e., for all (r,0) with 7 > 1, cos @ € (0, 1). We distinguish
three different cases:
Case 0: The spatial coordinates (r, #) are such that #’(|@|) = 0:
Condition (4.45) is satisfied since o is smaller than og = 2 due to (4.34) and since 7(|@|) > 0

by the physical property (2.5a).
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Case 1: The spatial coordinates (r, #) are such that 2’(|@|) > 0:
We insert (4.43) and (4.44) into the left-hand side of (4.45) and get

(120 - 2) +ﬁ’(|¢|)|%|\Uol2f(n 0)
= o0 2) +17/(|€5|)|U0|\/1—((U+ 1)e - 2d - s)
e - 5)

2130 —2) + (o T e

I /\

Vite

2 — 2) + (BT <“ﬁ \/%)
2(0) (o — 2) + (BT ("< cts) +s>

o(1g)(o = 2) + ' (18])|Uol(0 = 1)Ve +

IN

where we used that
—2d=—2dydy < —2d? < —2d3cos?0 = —2c.
So, (4.45) holds if o satisfies

e -2+ 7 (18)Uol(o — 1)+ 5 <0
o (016D + 7' (PDIVIVEF5) < 20(12]) + ' (DITolVe T 5
oo < 208D+ P(BDIblVEFs _ | (1) |
o(I2) + 7 (@DTolveTs o+ (2DITolVe+ s

Since o € (1,01) with oy defined in (4.33), the above inequality is satisfied because

2(¢) v v
20 + 7 (&) Tolve T s = 203D + 2 (#DTolVe T s = vo+ 2 [TolV5

where we used property (2.5a) as well as the facts that 0 < 2(|@|) by assumption, 2/ (|p]) < &
by 3.14),and 0 < ¢ < 1,0 < s < (1 + k)2 < 4foro € (1,2) and k € (0, 1) noting that
r > 1. Thus, choosing ¢ according to (4.34), condition (4.40) is satisfied at the points where
'(lgl) > 0.

Case 2: The spatial coordinates (7, #) are such that 2’(|@|) < 0:

Case 2a: f(r,0) > 0: Condition (4.45) is satisfied since 0 < g¢ = 2 due to (4.34)
because both summands are non-positive.

Case 2b: f(r,0) < 0:
In this case, we must show that the positive contribution of the second summand on the left-
hand side of (4.45) is compensated by the negative first term. This is possible if Assumption 3.4
holds.

We introduce g(r, 0) := (|Uo|?/||?) f(r,6) such that condition (4.45) can be rewritten

as

(1¢)(e —2) + ' (Ig))I @l g(r, ) <0,

and we find a lower bound g for g(r, 0),

g <g(r,8) <0, Vr > 1, 96( gg)
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Then, since 2’(|@|) < 0, it holds that

(121 (e —2) + &' (1gDI@l g(r, 0) < 2(|3]) (0 —2) + 2 (|2]) |8 g,

and (4.45) follows if the right-hand side of the given estimate is non-positive. The condition
that the right-hand side of the above expression is non-positive is equivalent to the condition

v(eDlel o 2o

o (=

Let us now investigate the expression g(r, #) and find a bound g from below. Using (4.43)
and (4.44), we have

(0+1)cos?0df —2d,dy —sin®0d3 _ g1
d? sin 20 + d2 cos 20 g2

g(r, 9) =

Rewriting the nominator g; in terms of dy using (4.41) and (4.42), we get

g1 = (o + 1)cos 20(d3 — 2qdo + ¢*) — 2(d% — qdo — qcos *0dy + q*cos ?0) — sin 20d3
= d%((0 +2)cos 20 — 3) + 2dg q(1 — ocos 20) + ¢*cos 20(o — 1).

Similarly, we get for the denominator go,
go = d3sin?0 + d? cos 20 = d% — 2 dy gcos 20 + q*cos 20.

Note that g5 is positive, and therefore g; must be negative by the assumption of Case 2b.
Together, we get

g1 d3((o +2)cos 0 — 3) +2dp q(1 — ocos *f) + g*cos *f(0 — 1)

g2 d? — 2dy qcos 20 + g>cos 20
1
—_% + — (dg((a + 2)cos 20 — 2) + 2dy q(1 — cos?0(1 + o)) + q2c05290)
g2 92
1
=1+ — (cos?0 [d}(c +2) —2(1 +0)doq+ ¢°c] — 2do(do — q)).

g2
Note that for » > 1 and o > 1, we have

0<r°<1 and 0<cos?0<1,
and thus, for o € (1,0¢) and k € (0, 1],
1<dog<1+k, 0<qg<ok, ad 0<1l—-k(c—-1)<dy—qg=d; <1

Hence, we can see that
dg(o +2) = (1 +0)do2q + ¢°0 = (do — ¢)* + (Vo do—v/09)* + (do + q)(do—q) > O,
and we can estimate

g Zeld-q) | 204k

92 92 92
For the denominator gs, it can be seen that
go = d3sin?0 + d? cos 20 > sin 20 + (1 — k(o — 1))? cos %0

=1+4cos?0((1—k(c—1)>=1)>1+ (1 —k(oc—1))>—1) = (1 — k(o — 1))
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because (1 — k(o — 1)) =1 < 0duetoo < 09 = 2 and k € (0, 1], and thus

g L 20+k) (k1)) +2(1+k)
90 = 2 e I—ko-1)2

s

Note that g depends on o and k. For ¢ € (1,2), we define

(2—1)(1—k(t—1))?
(I—k(t—1))2+2(1+k)

(4.47) ft) :=—

and note that f(co) = (2 — o)/g. If now o satisfies that

s . V(s)s
flo) = }sgfo v(s)
then (4.46) is satisfied, which yields (4.45) and therefore (4.40) in Case 2b.
If 0, is non-negative, this is satisfied because f(t) < 0 for any ¢ € (1, 2) since k € (0, 1],
and (4.46) and thus also (4.40) hold because o < o5 = 2 in this case.
In the case where J; is negative, recall that §; > —1/3 by Assumption 3.4, so we have
—1/3 < 6, < 0. In (4.32), we defined k in such a way that

F1) = —1/(3+2k) = 65(1 +¢) < J5.

= 5177

Since f (1) < dp, f (2) = 0 > §;, and since it can be seen that f is continuous and increasing
in the interval (1, 2), there exists a unique o5 € (1, 2) such that f(o2) = d;, and it holds that
f(t) < 6, forall t € (1,05). Thus, if o € (1,05), the inequality (4.46) is satisfied, which
yields (4.45) and thus (4.40).

Hence, choosing ¢ and k according to (4.34) and (4.32), respectively, yields the statement
of Proposition 4.8. a

Proof of Proposition 4.9. The proof is similar to that of Proposition 4.8. Again, we define
G as

6 :=min{G9, 61,62} > 1,

where 6 and 61 are given by

14
+— = ¢
vo + &|Us|V/5

with the constant ¢’ defined in (3.14). If the bound ¢, from Assumption 3.4 is non-negative,
then we define 65 := 2. Otherwise, if 6, < 0, let

(172)a

) — L0
k(t) = vo+u(t—1)
i (2 = 1) (1 + k(t))?
(4.48) fOt) = (1+ k()2 + 201+ k() (1 — 1))’
iy 2—t)(1 + k(t))?
(4.49) F) (1+ k()2 + (1+ k() (1 —t))2

be mappings from [1, 2] to R. Note that for j € {i,ii} we have that f()(2) = 0 and

_ (1+ k(1)) _ Fdi Fi) 1y — _ (1+ k(1))? _sRe _ 5
(1+k(1)2+1 W <20 (14 k(1))2+2 0" <0 <0,
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w1th (532 deﬁned in Assumption 3.4. It can be seen that f ) and f f i) are continuous. Moreover,

f fa) and f (D) gre monotonically increasing in the interval (1, 2) which can be seen as follows:
Note that

(f(i))’(l) _ (22(21:::1)2 >0 and
FOyn =D i),

(2¢(g+t—1)+1)3

with ¢ = yo/u > 1. Thus, it holds that (f(i))’(t) > 0 forall t € (1,2). For £ we get
(fI) () = =4 > 0forall t € (1,2).
Thus, for j € {i,ii}, there exists a unique solution in (1, 2) to the equation f()(t) = §,

which we denote by 0'(]) for j € {i,ii}. In this case we define 55 := min{&él)7 c}én)}.

We show that property (4.11) holds for any fixed o satisfying

(4.50) o e (1,5).
Similarly to the proof of Proposition 4.8, we have to verify the three conditions

(4.51) —vARy; <0, Ve ew: Uy-xz >0,
- ZA/(|U0 + (VR2>extD(UO + (VR2)ewt)

(4.52) +V0(U0 + (VRQ)Znt) -n <0, Veeow: Uy -z > 0,
(4.53) —div (0(|Uy + VRs|)(Up + VRy)) <0, Ve eR*\@: Uy-a >0,

where n denotes the unit normal vector pointing out of w.

1. As in the proof of Proposition 4.8, it is easily seen that the first condition (4.51) is
trivially satisfied as R is linear inside w.

2. Next we consider the transmission condition (4.52). Exploiting that for x € Jw with
w = B(0, 1), the outward unit vector n is equal to  and |z| = r = 1 and noting the formulas
for the gradient of Ry inside and outside the inclusion w,

(VRQ)int = k(]o7 (VRQ)QM =kr ¢ (U() - O'(U() . €T)€T) y
we obtain

(=2(|Uo +(VR2)ext|)(Uo + (VR2)ext) + 10(Uo + (VR2)int)) - 1
= (=2(|Uo + VRacpe|) (1 + k(1 = 7)) + vo(1 + k)) (Uo - )
< (~v(1+Ek(1-0))+vo(1+k))(Up- )
_(_, oY ’ ov 2) =0,
—( v )+ 1o )> (Up-x)=0

vo+v(oc—1) vo+v(oc—1

In the estimation, we used that 1 + k(1 — o) > O since k € (—1,0) and o > 1.
3. For the exterior condition (4.53), we need to verify that

—div (2(|Uy + VR2|)(Ug + VRy)) <0, Vz e RE\@w: Uy -z > 0.
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Again, let (r, 0) denote the polar coordinates of « in the coordinate system aligned with Uy

such that
xT U 0

cosf = — - ——.
|z |Uo|

As before, for better readability, we introduce the symbols

d=4q(r) =kor™?

lo=do(r) =1+kre,

dy=di(r) =1+kr °(1—-o0) =dy — 4§,

dy = dy(r,0) =1+kr (1 —ocos20) =dy— Gcos?0,
§=35(r,0) :=sin’0d2,

(
¢=eé(r,0) :=cos?6d2,
CZ = CZ(T, 0) 22621 dAQ,
and drop the dependencies on 7 and §. Note that due to & < 0, the symbols introduced above are
not the same as the corresponding symbols used in the proof of Proposition 4.8. Analogously

to the proof of Proposition 4.8, we use the notation ¢ = ¢(r, 0) := Uy + (VR2)eqs and get
the relations

€T~QZZ|U0|COSQ(21, (,C'(,Z:(Uo-l‘)dh
U ¢ = |Us|? da, 162 = [Uo|? (5 +&).
Again, we can deduce

—div (9(|Uo + VR2|)(Uy + VRy))

= - (ﬁ(lél)ARz + ’9'(%';)1)232@@)
— ok~ 20 o) (P18 - 2)+ V()15 PR ),

with the function f defined as
f(?“, 9) :(0' + 1)@ — 2621 dAg —S.

Thus, since k < 0, it suffices to show that

=00 7(r,0) <0
|l

forall z € R? \ @ with Uy - > 0, i.e., for all (r,0) with r > 1, cos @ € (0,1). Again, we
distinguish three different cases:

Case 0: 7/ (|¢]) = 0:
The estimate (4.54) obviously holds for o < & = 2 since (|@|) > 0 by the physical property
(2.52).

Case I: V' (|]) > 0:
Also for k € (—1,0) and o > 1, it holds that —2d < —2¢since d; > 0 and

(4.54) 2(|2) (0 —2) + 7/ (18])

do=1+kr 7 —okr “cos2f > (1+ kr*”)coszé —okr %cos 20 = cos 29ci1,
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because > 1. Thus, we can perform the analogous estimations as in the proof of Proposi-
tion 4.8. Using that for o € (1,2) and k € (—1,0), we have

0<é<(1-k)P*<4, 0<5<1, and 0<V5+é< V5,

we again conclude that (4.54) and thus (4.53) hold since o < &1 due to (4.50).

Case 2: 7/ (|¢]) < 0:

Case 2a: f(r,0) > 0: The estimate (4.54) holds for any o € (1,2) because both
summands are non-positive.

Case 2b: f (r,0) < 0: Analogously to the proof of Proposition 4.8, we can introduce

_ TP ; 1
- ‘QZ|2 f(r,H)f §+éf(7’,0>7

9@ (r,0) :

and rewrite condition (4.54) as

(@) (o —2) + 2 (12)|#lg® (r,6) < 0.

As above, we have to find a lower bound for the expression

0O (r,0) = (o +1)cos20d? — 2d, dy — sin 20 d? . ﬁ
7 dZ sin20 + d3 cos 20 g$?’

which satisfies condition (4.46). The manipulations of the terms g?) and g§2) are analogous

to the proof of Proposition 4.8, and we arrive at the corresponding expression

()

9 g4 L [cos2e (dg(a+2) —2(1+a)ciog+q2a) — 2dy(dy —(y)}
(2) (2)
) p)
= —1+ 5 [c0s20 ((do — @) + (Vo do = Vo @) + (do + @) (do — )
92
~2dy (do — ﬁ)} .

Similarly as before, we estimate this expression from below such that we can extract a
condition on o > 1 that is sufficient for (4.54). For the estimation, we use that for r > 1,
o € (1,69),and k € (—1,0), we have

<0, 1+k<dy <1,

v—d=d <14+k(1—0), 1+k(l+0)<do+¢<1.

IN
2

>

ok
1

IN

Note that for the denominator g§2), we have
gég) = d?sin 20 + d? cos 20 > (1 + k)%sin 20 + cos 20
(4.55) =cos?0 (1— (1+k)*) + (1 +k)>> (1+k)>

For the estimation of g§2) / géQ) , we need to distinguish two more cases:

Case 2b(i): The spatial coordinates (r, §) are such that do + q>0:

In this case, recalling that géz) > 0 since —1 < k < 0, we can estimate the above expression
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from below by dropping the positive cosine term, and taking into account (4.55), we get

g9 o | _2do(d—q@) | 20+k(1-0)

A>T g

g5 95" 95"
L, 20+k(A-0) (4K -20+k0-0) )
- (R (T4 )2 o

Case 2b(ii): The spatial coordinates (r, ) are such that do + q <0
In this case, we get the estimate

& . c0s20(do + 4)(do — @) = 2do (do — )
o> -1+
®) o)
92 92
sy ot Do —d) —2do(do—q) _ | —(do—9)"
(2) (2)
92 92
s g UHk(1=0)  —(0+K)°—(A+k(=0)* _ i),
- g5 B (14 k)2 g

Recall that ¢ and k are fixed numbers only depending on the given data v, vy and J;, and
on |Uy|. Note that k(o) = k and for j € {i, ii}, it holds that f(j)(o) =(2—0)/gY forj €
{i,ii} with f M and f (1) defined in (4.48) and (4.49), respectively. Due to the monotonicity of
f(i) and f(ii), we see that in the case where §, < 0, the condition o < 09 = min{«fg(i), cfg(ii)}
implies f(j)(a) < & for j € {i,ii}. Thus, for o € (1,6%) and j € {i,ii}, we get

2—0 2-0

e (1) 121
2 < 2= fU(g) <y < —

which is equivalent to (4.54) and thus (4.53). If §; is non-negative, then the inequalities above
hold for all o € (1,2) since fU) is increasing in (1, 2) and f()(2) = 0.

Again, the overall statement of Proposition 4.9 follows because o € (1, min{&q, &1, d2}).

d

5. Topological asymptotic expansion: Case II. In a similar way to Section 4, it is
possible to derive the topological derivative also in the case when we perturb a domain of
linear material by an inclusion of nonlinear material; see Figure 5.1. Since here the material
outside the inclusion behaves linearly, the result corresponding to Theorem 4.11 about the
asymptotic behavior of the variation of the direct state at scale 1 simplifies significantly. The
behavior at infinity can be treated in the same way as it was done for the variation of the
adjoint state at scale 1 in Proposition 4.20. The rest of the derivation is analogous to Section 4;
see [18] for more details.

5.1. The main result in Case II. Here, we only state the main result in Case II, i.e., the
topological derivative for the introduction of nonlinear (ferromagnetic) material inside a region
of linear material (air) according to the definition in (1.2). We introduce the notation to be
used in the statement of Theorem 5.1:

o 1z € O denotes the point around which we perturb the material coefficient;

. uéZ) € H}(D) is the unperturbed direct state, i.e., the solution to

find u® € HY(D) : / vV -V = (Fn),  VYne HY(D),
D
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Xo

FI1G. 5.1. Left: Unperturbed configuration for Case Il. Right: Perturbed configuration for Case II.

and UY = VP (z0);
p(()Q) € H}(D) is the unperturbed adjoint state, i.e., the solution to

find p((f) € H&(D) : / VOVp((f) -Vn = —(é,n), Vn € H&(D),
D

with G according to (3.10), and Péz) = fof)(xo);

M = MP)(w, DT(Uéz))) denotes the matrix defined in (6.11), where w repre-
sents the shape of the inclusion and DT is the Jacobian of T" defined in (3.1);

H® ¢ H(Rz) denotes the variation of the direct state at scale 1, i.e., the solution to

find H® e #(R?) : / wH® . v+ / (TUP +VH®) - TWU)) - vy
R2\w w

— [0 - oY V. e HED)

K®) ¢ H(R?) denotes the variation of the adjoint state at scale 1, i.e., the solution to

.1)

find K € 1(R?) : / v VE® . v+ / DT(UF)VE® - vy
R2\w w

- / (vl ~ DTWUP )PP -V, vy e HR?);

0 is defined according to (3.10).

THEOREM 5.1. Assume that

(5.2)

w = B(0,1) the unit disk in R?;

the ferromagnetic material is such that Assumptions 2.1 and 3.3 are satisfied;
the functional J. satisfies Assumption 3.2;

the unperturbed direct state u(()2) satisfies uéQ) € CYP for some B > 0;

the unperturbed direct state péQ) satisfies péz) e CLp for some B > 0.

Then the topological derivative for introducing air inside ferromagnetic material reads

GO (30) =(UP)T MO P0(2)—|—/SUéz)(w,VH(z))-(P52)+VK(2))+5J~

6. Polarization matrices. In this section we present a way to explicitly compute the

matrices M and M) arising in the first terms of the topological derivatives (4.31) and (5.2),
respectively, based on the notion of anisotropic polarization tensors [2, Sect. 4.12].
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Let w be the unit ball, w = B(0, 1), and let the conductivities in w and in R? \ @ be
denoted by the symmetric and positive definite 2 x 2 matrices Aand A, respectively. We
further assume that the matrix A — A is either positive definite or negative definite.

From [2, Def. 4.29] we obtain the first-order anisotropic polarization tensor in two
dimensions

(6.1) P(A, A; OJ) = (Pij)i,j:LQa
where, for i, j € {1,2},
(6.2) Pij = /(A — A)ej - VO;(A, A w),
and 6;(A, A;w) is the solution to the transmission problem
V- (AVE;) =0 in R?\ @,
V- (AV;) =0 inw,
63) 0i|7~_ Oi| ¢ = x4 on Jw,
n-AVO;|- —n- AVY;|; =n - Ae; on dw,
1
0; — ————1In||A" 22 / 0;(y)d —0 as |z| — oo.
o Jaeid) I I'). 6iw)doy) ]

For the case where A = I and w is an ellipse which is aligned with the coordinate system,
an explicit formula for the polarization matrix is available:

PROPOSITION 6.1 ([2], Proposition 4.31). If w is an ellipse whose semi-axes are aligned
with the x1- and xs-axes and are of length a and b, respectively, then the first-order APT,
P(I, A;w), takes the form

. . 1 -
(6.4) P, Aw) = |w| (I+(A—I)(2I—C)> (A-1),

with the matrix
a—2b 1 0
C=—— .
2a+b) [0 —1]

P, A;w) =2lw|(A+ 1)~ YA -1).

In particular, if w is a disk, then

Furthermore, we will use the following relation:
LEMMA 6.2 ([2], Lemma 4.30). For any unitary transformation R, the following holds:

P(A,A;w) = RP(RTAR,RTAR; R™'w)R".

In order to apply Proposition 6.1 to the case of an anisotropic background conductivity A,
we need to perform a change of variables such that the background conductivity A becomes
the identity. We can show the following relation:

LEMMA 6.3. Let w be bounded with smooth boundary, A, A € R2*2 positive definite,
symmetric and such that A — A is either positive definite or negative definite. Let the
polarization matrix P(A, A; w) be defined by (6.1), (6.2), and (6.3). Then it holds that

(6.5) P(A, A;w) = det(AY?) (AY2)T P(I, A7V2AA~Y2 A=V20) AY2,
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Proof. We only give a sketch of the proof here and refer the reader to [18] for more details.
The idea of the proof is to consider (6.3) in a weak form by noting that for Py = (py,p2) "

2
(6.6) 0(A, A;w; Py) = Zpi 0:(A, A;w) = K(A, A;w; Py) 4 xw(Po - 2),
i=1

where K (A, A; w; P,) is the solution to the transmission problem
find K € H(R?) such that

AVK -Vnd +/AVK-V d
©6.7) /W\w ndy ndy

w

:—/(A—A)Po-Vndy, v € H(R?).

The coordinate transformation z = A'/2y yields that
0(A, A;w; Po)(Al/Qy) = 0(1, A" Y2AAY2 A2, A2 P)(y),

and therefore,

PTP(A, diw) Uy :/ ((A— A)U0) - Vab(A, Ao Py)() da

w

= det(AV2)P) (AY2)T P(I,A~Y2AA™Y2; A7Y20) AY20,

for Py, Uy € R2. 0

REMARK 6.4. The polarization tensor (6.1) is well-known to be symmetric; see, e.g., [2].
The symmetry of P(A, A; w) for symmetric matrices A, A can also be seen from (6.5) noting
that the matrix (6.4) is symmetric.

6.1. Case I. Now we are in the position to derive the polarization matrix P(A, A; w)
with A = DT'(Up) as defined in (3.4) and A = v I, which we will later use to rewrite the first
term of the topological derivative J; in (4.24). Recall the representation of DT'(Up) in (3.4),
ie.,

6.8) DT(Uy) = R [M 0 ] RT
0 M\
with )\1 = )\1(‘U0|) = ﬁ(onD and /\2 = /\2(|UOD = lA/(|U0|) + 13/(|U0|)|U0| Using
Lemma 6.3, Proposition 6.1, and Lemma 6.2, we get the following result:
PROPOSITION 6.5. Let w = B(0, 1) be the unit disk in R%, and let Assumption 2.1 hold.
Then we get

()\2+\/m)(1/0*)‘2)

0
. _ vo+vV A1 A T
©9) P(DT(UO)’ VOI’W) B |W| R ’ 0 o (>‘1+\/)\1)\2)(V07)\1) R
vo+v A1 A2

Proof. The result follows by an application of Lemma 6.3, Proposition 6.1, and Lemma 6.2.
Note that due to (2.5) which follows from Assumption 2.1, it holds that A\;y > 0, Ay > 0,
vg — A1 > 0, and vy — Ay > 0, and therefore, A and A — Aare positive definite. For details
of the proof, we refer the reader to [18]. 0

Now we finally obtain an explicit form of the matrix M in (4.28).
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THEOREM 6.6. Let w = B(0, 1), and let Assumptions 2.1, 3.2, 3.3, 3.4, 4.1, and 4.15
hold. Then the matrix M = M(w,DT(Uy)) in the topological derivative (4.31) reads

pYERVAYEYY 0
(6.10) M = (vo — M)|w| R ”0“0*”2 v | B
vo+v A1 A2

where \1, Ay and R are given according to (6.8).

Proof. We start out from the definition of J; = J;(Up, Py) in (4.24). Note that (4.19)
is the same as (6.7) with A = DT'(Up), A = vy, and e; replaced by P,. Therefore, K
appearing in (4.24) equals K (DT (Uy), vol;w; Py) according to (6.7). By (6.6) and (6.2), we
get

Jl(U07P0)

:(Uo—)\l)Uo-/P0+VK

= (l/() - Al)UJ(VQI - DT(UQ))_l / (1/0[ - ])’I’(Uv()))(VH(])T‘((]o)7 V()I;w; Po))

w

= (vo — A\)Uy (voI —DT(Up)) ™t P(DT(Uy), vol;w)" Py,

where P(DT(Uy), vol;w) is given in (6.9). Thus, exploiting the symmetry of the matrix
P(DT(Uy), vol;w) according to Remark 6.4, we finally get (4.27) with the matrix

M = (v = M) (wI = DT(Uo))” ' P(DT(Uo), vol;w)

A2+vV A1 A 0
= (vo — A)lw| R | o7 O/\l/\2 aavay | B D
vo+vV A1 A2

In the linear case, where Ao = A1 > 0, it holds that (vg — A1) (vol — DT(Up)) ™t =1,
and we obtain

Vo — A1

(DT (Uo), vol;w) = 2 |w| L TN

which coincides with the well-known formula derived in, e.g., [5]. Thus, here, unlike in the
nonlinear case, the matrix appearing in the topological derivative is actually the polarization
matrix according to [2].

REMARK 6.7. Finally, we remark that the explicit form of the matrix M satisfying
relation (4.27) can also be obtained directly without exploiting Proposition 6.1 in the following
way: starting out from the transmission problem defining K in (6.7), after a coordinate
transformation 2 = DT (Up)"/?y, we can compute the solution K explicitly by a special
ansatz similarly to [2, Proposition 4.6]. Noting that as by the coordinate transformation the
circular inclusion w becomes an ellipse w, we make an ansatz in elliptic coordinates. For that
purpose, let R € R and (r,¢) € R{ x [0, 27] be such that z;(r, p) = Rcospcoshr and
(7, ) = Rsinpsinhr. For i = 1,2 we make the ansatz

a1Rcospcoshr inw, agRsinpsinhr inQ,

K, (’I’, 30) = { KEQ(Tv 90) = {

bie~"cos p inR?\ @, bae"sin ¢ inR?\ @,
for the transformed version of problem (6.7) involving the unit vector e;, and we choose the
constants a;, b; such that K, is continuous and satisfies the correct interface jump condition
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on Jw, which are incorporated into the variational formulation for ¢ = 1,2. For a given
P, € R?, the solution K to (4.19) is then obtained as a linear combination of K., and K,,.
Plugging in this explicit solution K into (4.27), the matrix M can be identified. In particular,
the behavior of K as |z| — oo, cf. (4.21), can be seen from this explicit formula.

6.2. Case IlL. In this case, we compute the polarization matrix P (A, A; w) with A = ol

and A = DT(UO(Q)). Again, using Lemma 6.3, Proposition 6.1, and Lemma 6.2, we obtain the
following result:

PROPOSITION 6.8. Let w = B(0, 1) be the unit disk in R?, and let Assumption 2.1 hold.
Then we have

A2—vp
P(vol, DT(U?):w) = 2Jw|wg R | A2t RT,

A1—vo
A1+vo

where Ay = ﬁ(\UéQ) ), Ag = l)(\UéQ) ) + 17’(|U(§2)|)\U52)\ and R denotes the rotation matrix
around the angle between U02) and the x-axis such that

U
0

U® =R [

Proof. This case is simpler since here the material coefficient outside the inclusion is
proportional to the identity matrix. Therefore, the inclusion remains a disk even after the
corresponding coordinate transformation. The result follows by an application of Lemma 6.3
and Proposition 6.1 noting that DT(UéQ)) is positive definite and DT’ (U(EZ)) — ol is negative
definite due to Assumption 2.1. a

In the same way as in Case I, we obtain an explicit formula for the matrix M(?) in the
topological derivative (5.2).

THEOREM 6.9. Let w = B(0, 1), and let Assumptions 2.1, 3.2, 3.3, 3.4, 4.1, and 4.15

hold. Then the matrix M?) = M®)(w, DT(Uéz))) in the topological derivative (5.2) reads

A1—vp
(6.11) M@ = 2wy R | A2 two RT,

/\1—I/0
A1+vo

where \1, Ay and R are as in Proposition 6.8.

REMARK 6.10. Similarly to Remark 6.7, also here we can compute the solution to the
transmission problem (5.1) explicitly by making a special ansatz. Unlike in Case I, here
the conductivity matrix outside the inclusion is a scaled identity matrix A = 11, and the
circular inclusion w does not become an ellipse. Therefore, the solution can be obtained by
the following ansatz:

KO)( ) o® gy in w, KO ) a$? x, inw,
aMETIE N _m R \w, e T T 0P o, inR?\ @

2.2 2, .2
zritz; T{t+T;

As above, the constants aZ@ s bgz) must be chosen such that the interface conditions are satisfied,

and the matrix M2 can be identified.

7. Computational aspects. In order to make use of the formulas (4.31) and (5.2) in
applications of shape and topology optimization, an efficient method to evaluate these formulas
for every point x in the design region of the computational domain is of utter importance.
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For the rest of this section, we restrict our presentation to Case I noting that analogous results
hold true for Case II.

In particular, the evaluation of the second term .J5 in (4.31) seems to be computationally
very costly as it involves the solutions H and K to the transmission problems (4.4) and (4.19),
respectively. Both of these problems are defined on the unbounded domain R? and depend on
Uy = Vug(xp), i.e., the gradient of the unperturbed direct state ug evaluated at the point of
interest xg. In addition, problem (4.19) also depends on Py = Vpg(x¢), i.e., the gradient of
the unperturbed adjoint state pg at point . Recall the second term J> defined in (4.29),

(7.1) Jo = Ja(wo) = J2(Uo, Po) = /

g Su, (x, VH(Uy)) - (Py + VK (Uo, Py)),

where S is defined in (4.3), H = H (Uy) is the solution to problem (4.4), and K = K (Uy, Pp)
the solution to (4.19). At first glance, this means that for each point 2y € ¢ where one wants
to evaluate the term Jo, one has to solve the problems (4.4) and (4.19) in order to get the value
for Js. Topology optimization algorithms which are based on topological sensitivities usually
require the values of these sensitivities at all points of the design domain ¢ simultaneously,
which would, of course, result in extremely inefficient optimization algorithms. This enormous
computational effort can be reduced with the help of the following observations.

LEMMA 7.1. Let Uy, Py € R? and let R € R?*2 be an orthogonal matrix. Let
H(Uy) € H(R?) be the solution to (4.4) and K (Uy, Py) the solution to (4.19) for given Uy,
Py. Let further Jo = Jo(Uy, Py) be defined by (7.1). Then the following properties hold:

1. Jy is linear in the second argument, i.e., for all a,b € R and Uy, P, Py € R?,

(7.2) Jo(Uo,a Py 4+ bPs) = a Jo(Uy, Py) + b J2(Up, Pz).
2. Lety = Rux. For the solution H = H(Uy) to (4.4), we have

(7.3) RV, H(Uy)(y) = VH(R" Up) ().
3. Lety = Ru. For the solution K = K (Uy, Py) to (4.19), we have

(7.4) R"V,K(Uy, Po)(y) = VK(R Uy, R" Py)(x).
4. It holds that

(7.5) J2(R"Up, RT Py) = J2(Uy, Py).

Proof. 1. It can easily be seen from (4.19) that K depends linearly on F.
2. For z € R?, let H(Up)(Rx) be the solution to problem (4.4) after a coordinate
transformation. Define H (Up)(x) := H(Up)(y(x)), = € R?, with y(x) = Rx. Then we have

VyH(Uo)(y) = R~ "V H(Us)(x) = RV H (Uo)(x)

since R is orthogonal. Similarly, for a test function 1 and = € R?, we define 7j(x) := n(y(z))
and get

Vyn(y) = RVij(z).

For the left-hand side of the transmission problem (4.4) we obtain
[, (7000 + 9, 0) = T(0.00)) - V() dy

(7.6) = /R (T(x, R"Uy+ V. H(x)) — T(z, RTUO)) - Van(x)dz,
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where we used that Rw = w, RTR = I, |RTUy| = |Up|, and that |detR| = 1. Similarly, we
get for the right-hand side of (4.4) that

(7.7) —/ (vo = 2(|Uol)) Uo-Vyn(y)dy = —/ (vo — 2(|[R"Uol)) RTU - Vij(x)dz.

w

On the other hand, consider the transmission problem obtained by replacing Uy in (4.4) by
R" Uy, and denote its solution by H(R ' Up). We note that the left- and right-hand sides are
equal to (7.6) and (7.7), respectively. Thus, it follows from the uniqueness of a solution in
H(R?) to (4.4) (where Uy is replaced by R ' Up) stated in Proposition 4.4 that the solution
of the original problem after a coordinate transformation y = Rz equals the solution to the
problem in the original coordinates with the vector Uy rotated by an application of RT in
H(R?), ie.,

(7.8) H(Uo)(Rx) = H(R'Up)(x)
for all z € R2. From (7.8), it follows that
V. (H(R"Uo)(x)) = V. (H(Us)(Rx)) = RTV,H(Uo)(y),

which finishes the proof of statement 2.

3. Statement 3 is shown in an analogous way by comparing the left- and right-hand sides
of the transmission problem (4.19) at first after the coordinate transformation y = R x and
secondly after replacing Uy and Py by RTUyand RT Py, respectively. Note that

DT (x,R"Uy) = R"DT(x,Uy)R and DT(R"Uy) = R"DT(Up)R.
4. Note that for V, W € R2, T defined in (3.1) and S defined in (3.5), we have
T(R"W)=R'"T(W), DI(R"W)=R'DT(W)R, Sgry(R'W)=R"Sy,(W).
Then it follows by (7.3) and (7.4) and the fact that |detR| = 1 that
Jo(R"Uy, RT Py)
= /RQ\ Srruy(VaH(R Up)(2)) - (R" Py + V. K(R Uy, R" Py)(x)) d

= [ S RS H W ) - (R P+ BT, K (U P ) dy

= Jo, T S (VuH o) () - BT (Po + ¥y K (Uo, Po) ()

= J2(Uo, Pp). a

By means of properties 1 and 4 of Lemma 7.1, it is possible to efficiently evaluate .J,
by first precomputing values in an offline stage and then looking them up and interpolating
between them during the optimization procedure. Let ¢ := |Up|, s := | Py, e; the unit vector
in x;-direction, for ¢ = 1, 2, and # and ¢ the angles between Uj and e; and between P, and
e1, respectively, i.e.,

UO = tR061 and PO = 5R<p61,
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where R, denotes the counter-clockwise rotation matrix around an angle a, i.e.,

__|cosa —sina
“ 7 |sina cosa

Then, by (7.5) and (7.2), we have

JQ(U(), Po) = J2<t Roel, S Rg,el) = Jg(t €1,S Rtpfgel)
= Jo(t ey, scos(p — O)er + ssin(yp — O)es)
(7.9) = scos(yp — 0)Ja(ter,er) + ssin(p — 0)Ja(teq, e2).

Thus, by precomputing the values of Jo(t e1, ¢;), for i = 1,2, for a typical range of values of
t = |Up| = |Vu(zo)| = |B(xo)|, where B denotes the magnetic flux density, the values of
the term Js can be efficiently approximated for any Uy and P, by interpolation without the
need to solve a nonlinear problem for every evaluation.

7.1. Numerical experiments. For given Uy, Py € R?, we compute approximate solu-
tions Hj, and K}, to the elements H (Uy) € H(Up) and K (U, Py) € K (Uy, Py) that satisfy
the asymptotic behaviors (4.12) and (4.21), respectively, by the finite element method. We
approximate problems (4.4) and (4.19), which are defined on the plane R?, by restricting the
computational domains to a circular domain of radius 1000 which is centered at the origin
where the inclusion w is the unit disk w = B(0, 1). We use homogeneous Dirichlet boundary
conditions for both problems. This approximation is justified by the asymptotic behavior of the
solutions H and K derived in (4.12) and (4.21), respectively; see also the explicit expression
for K given in Remarks 6.7 and 6.10. We use piece-wise linear finite elements on a triangular
mesh. Figure 7.1 displays the obtained solutions for Hj, ~ H(Up), Ky 10 ~ K (Up, (1,0)7),
and K, 01 =~ K(Up, (0,1)7) with Uy = (0.1,0) ". Note that for Py = (p1,p2) ", an approxi-
mation to K (Uy, P) is given by the linear combination p1 K 10 + p2 K 01. The difference
between the numerical approximation K}, o; and the analytical formula for K (Up, (0,1)T)
can be seen from the last picture in Figure 7.1. We observed that the difference between
the exact values and the approximated values with Dirichlet conditions is rather small and
decreases when further refining the mesh.

Next, we compute and compare the terms J; and J; appearing in the topological deriva-
tive (4.31). The quantities J; and J> depend on Uy = t Rge; and Py = s R e, and thus have
in two space dimensions four degrees of freedom. Both J; and J5 are linear in the second
argument Py, thus we can neglect s = |Py| as a scaling of Py will result in the same scaling
of J; and J,. Furthermore, in terms of the angles 6, ¢, both J; and J5 only depend on the
difference ¢ — 6. For Js this can be seen from (7.9), and for J; this can be seen from (4.27)
and (6.10). Thus, we can visualize .JJ; and Js in dependence of the two degrees of freedom
|Up| and ¢ — 6. Figures 7.2 and 7.3 display J; and J in Case I and Case II in dependence on
these two degrees of freedom. Note that they are of a similar magnitude for certain values of
Uo| = [B(xo)|-

8. Application to the topology optimization of an electric motor. Finally, we employ
the topological derivative derived in (4.31) and (5.2) to the model design optimization problem
introduced in (2.2)—(2.3) in Section 2.

8.1. Objective function. The electric motor depicted in Figure 2.1 consists of a fixed
outer part (the stator) and a rotating inner part (the rotor) which are separated by a thin air
gap. We introduce an objective function whose minimization corresponds to finding a design,
where the rotor rotates smoothly with little mechanical vibration and noise. For that purpose,
we consider the radial component of the magnetic flux density B on a circular curve I'y C €},
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Hior Uo-(01,)n Case!

H for U0=(0.1,0) in Case |

. B8 FE =

- 4 004

2 002

K for U0=(0.1,0) and PO=(1,0) in Case | K for U0=(0.1,0) and P0=(0,1) in Case |

FI1G. 7.1. Hp, Kp, 10, and Ky, o1 for Up = (0.1, 0)T and the difference between the numerical approximation
K},,01 and the exact K (Uy, (0, 1)) in Case I.

Ju(Uy. By) in Case I: G/ air Jo(Uy, By) in Case I: G/ air

x10° x10°

Ji(Us, Py)
Lo N
Jo(Uo, Po)

T 4
200 — 3

[Uo] = [B(wo)] [Uo] = [B(wo)]

FIG.7.2. J1 (Uo, Po) and Jo (U(), Po) in Case I.

in the air gap which is generated only by the permanent magnets, i.e., J, = 0. The goal is to
find the optimal distribution of ferromagnetic material in the design domains such that this
radial component is as close as possible to a given smooth curve in an L? sense; see Figure 8.1
(right) for the initial and desired curve as well as the curve for the final design. Thus, noting
that B = B(u) = curl((0,0,u) "), the objective function reads

j(u):/ |B(u)-n—Bd|2ds:/ |Vu -7 — Bgl|*ds,
FO 1—‘O

where n and 7 denote the outer unit normal vector and the tangential vector, respectively. Note
that 7 is well defined for u the solution to (2.3), which is smooth in the air gap 2, D I'y.
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J1(Up, Py) in Case TI: Grir=1 Jy(Us, Py) in Case TI: Goir-1

S S
3000 < 3000 =
200 3 200 S 3
100 2 100 2
p ~— 1 ) ~— 1
0= 0 . - 0o .
[Usl = B(0)| [Us| = B(0)|

FI1G. 7.3. Jl(Uo, Po) and JQ(UQ, Po) in Case II.

8.2. Algorithm. We apply the level set algorithm introduced in [8], which is based on
the topological derivative. This is in contrast to the level set method for shape optimization,
where the evolution of the interface is usually guided by shape sensitivity information and
generally lacks a nucleation mechanism. We give a short overview of the algorithm and refer
to the references [7, 8] for a more detailed description.

Recall the notation of Section 2. In particular, recall that the variable set {2 was defined
as that subset of Q¢ which is currently occupied with ferromagnetic material. The current
design is represented by means of a level set function v : Q% — R which is positive in the
ferromagnetic subdomain and negative in the air subdomain. The zero level set of 1 represents
the interface between the two subdomains. Thus, we have

Y(z) >0e e, Y(z) <0z e\ Q, P(r) =0 x € .

The evolution of this level set function is guided by the generalized topological derivative,
which, for a given design represented by 1/, is defined in the following way:

_ Gf%air(x)’ = 97
8.1 G = , _
@D v(®) {—Galﬂf(x), ze i\ Q.

Note that the topological derivative is only defined in the interior of 2 and in the interior of
Q4\ Q, but not on | the interface. The algorithm is based on the following observation: if for
allz € QU (Q4\ Q) it holds that

() = cGy(x)

for a constant ¢ > 0, then a small topological perturbation (introduction of an inclusion of air
inside ferromagnetic material or vice versa) will always increase the objective function.
This observation motivates the following algorithm:
ALGORITHM 8.1. Initialization: Choose v with ||[1o|| = 1, compute J (1) and G,
and set k = 0. ~
Gy

(i) Set 0, = arccos (wk, 7") and
|G

_ 1 X . éwk
Vpy1 = i (Sln((1 Kk)Ok) i + sin(rkr0) ém“) ;

where ki, = max{1,1/2,1/4,...} such that J (Yr4+1) < T (k).
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(ii) Compute é¢k+1 according to (8.1).
(iii) IfC;’,/,kJrl = 41 then stop, else set k < k + 1 and go to (ii).

Here, we identified the domain 2 with the level set function v representing {2 and wrote
J () instead of J(€2). Note that each evaluation of the objective function J requires the
solution of the state equation (2.3) and each evaluation of the generalized topological derivative
C:'w additionally requires the adjoint state p, i.e., the solution to (4.16). Here, the norms and
the inner product are to be understood in the space L?(£2%). More details on the algorithm and
its implementation can be found in [7, 8].

8.3. Numerical results. Figure 8.1 displays the initial geometry of one out of eight
design subdomains (left) and the radial component of the magnetic flux density for the initial
and final design (right). Figure 8.2 displays the final design obtained after 375 iterations of
Algorithm 8.1 together with the magnetic flux density caused by the permanent magnets. The
objective value was reduced from 7.6011 x 10~% to 2.0412 x 10~%. In order to preserve the
symmetry of the designs, we chose a slightly more conservative step size and started with
K = 1/10 rather than x5, = 1 in Algorithm 8.1.

FIG. 8.1. Left: Initial design. Right: Radial component of the magnetic flux density in the air gap for the initial
and final design and the desired curve.

-0.025 -0.02 -0.015 -0.01 -0.005 0 0005 00l 0015 002 0.025

FIG. 8.2. Final design after 375 iterations when applying Algorithm 8.1, which uses the topological derivatives
(4.31) and (5.2), to the problem (2.2)—(2.3).
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0.025 -0.02 -0.015 -0.01 -0.005 0005 001 0015 002 0.025

FIG. 8.3. Final design after 332 iterations when applying Algorithm 8.1 to the problem (2.2)—(2.3) using only
the first term J1 in the topological derivatives (4.31) and (5.2) and disregarding Js.

05

B, for final design using J, + Ja| |

B, for final design using Jy + J»
.......... B, for final design using J,

++ B, for final design using J;

0.4

FIG. 8.4. Comparison of the radial component of the magnetic flux density for the optimized results when using
the full topological derivatives J1 + J2 (4.31) and (5.2) and when neglecting the second term Ja.

‘We mention that when the second term .J; in the topological derivative is neglected, the
optimization algorithm still yields a similar optimized design. Figure 8.3 displays the final
design obtained after 332 iterations of Algorithm 8.1 with the same step size xj, as before
when only using the first term J; in the topological derivatives (4.31) and (5.2), and Figure 8.4
displays a comparison of the radial component of the magnetic flux density in the air gap. In
this case, the objective value was reduced from 7.6011 x 10~ to 2.0822 x 10~4, which is a
slightly larger value than in the case of the full topological derivative J; + J5 (2.0412x10™%).
Thus, the algorithm terminates prematurely, however, the difference in design and objective
value does not seem to be very large.

Conclusion. We derived the topological derivative for an optimization problem from
electromagnetics which is constrained by the quasilinear partial differential equation of two-
dimensional magnetostatics. We proved the formula for the topological derivative in the case
where linear material (air) is introduced inside nonlinear (ferromagnetic) material and stated
the corresponding formula for the reverse scenario. The key ingredient in the first case was to
show a sufficiently fast decay of the variation of the direct state at scale 1 as || — oo. The
topological derivative consists of two terms. The first term resembles the formula for the case
of a linear state equation and includes a polarization matrix, which we computed explicitly.
The second term is hard to evaluate in practice. We presented a way to efficiently compute
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the term approximately which can be used in a topology optimization algorithm. Finally we
applied a level set algorithm which is based on the topological derivative to the optimization
of an electric motor.
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