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1®-TYPE INCLUSION SET FOR EIGENVALUES OF A TENSOR*

XIAO-QIANG LEIt

Abstract. In this paper, a new g@-type eigenvalue inclusion set for tensors is given, and some inclusion relations
between this new inclusion set and other ones are presented. In addition, a new sufficient criterion for identifying
nonsingular tensors is also provided by using the new g@—type eigenvalue inclusion set. Some numerical results are
reported to show the superiority of the results.
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1. Introduction. We first recall some definitions for tensors. A = (a;,...;,, )n is called a
tensor of order m and dimension n = ny X --- X n,, over the field F if

A= (@i ) = (@i Iy s, € T = Fraxesxnm,

When F = C, A is called a complex tensor; when F = R, A is called a real tensor; when
ny =--- = n,;, =n, Ais simply called a tensor of order m and dimension n over the field F,
and we denote FI">™ by Fl™"] if there is no danger of confusion. If the entries Gy are
invariant under any permutation of their indices, then A is called a symmetric tensor.

In 2005, Qi [14] and Lim [12] independently introduced the notion of eigenvalues of ten-

tm

sors. For A = (a;,...i,, Jnx--xn € Cclmnl g = (x1,...,1,)" € C", Az™ ! is a dimension
n column vector with entries
-1 .
(Axm )7’: Z Aoty Lig = " Lipy s i€ N = {1,,71}

(7;2)~-7i'm)€Nm'_1
If there exists a nonzero vector © = (21, ...,7,)" € C" and a number A € C such that
~1 -1
Ax™= 1 = \glm =1,

then A is called an eigenvalue of .4 and z is called an eigenvector of A corresponding to A,
where

=1 = (IT_l, cormT T
Let o(A) denote the set of all eigenvalues of A, and p(A) = max{|A| : A € o(A)} be the
spectral radius of A. A complex tensor A is called nonsingular if 0 & o(.A), otherwise it is
called singular.
In recent years, the spectral theory of tensors has attracted much attention [7]. Although
the eigenvalues of tensors have many applications in numerical multilinear algebra [13, 18, 19],
their computation is, like most tensor problems, NP-hard [4]. Hence efficient algorithms to
(approximately) locate all eigenvalues of a given tensor have become increasingly important.
In 2005, Qi [14] gave a GerSgorin-type eigenvalue inclusion set for a real symmetric

tensor A = (a;,...;,,) in the following form:

o(A) CT(A) = | Tu(A),
i€EN
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where

Fl(.A) = {Z eC: |Z - ai...i| < R,(Dl)}, D; = Nm_l\{(i, o ,i)},

R1<E) = Z |aij2..4jm|, VE Q Nmil.

(j21-~~,jm)eE

This result also holds for A € Cl™] [10, 18]. In 2014, Li et al. [10] and in 2016, Li et al. [9]
gave two variations of Brauer-type eigenvalue inclusion sets for a tensor A = (a;,...;,, ) as
follows:

o(A) € @(A) € K(A) CT'(A),
where

oA = |J @i,

(i,j)EN XN,
®;(A) ={z € C: (|2 — @il — Ri(S))|2 — a;..;] < Ri(N[""")R;(D;)},
S’Z:{(]27"7]m)€Nm71 :Ze{j27'7j77l}#{z}}7

kA= U Ky,
(4,)EN X N;
Kij(A) ={z € C: (|z — as.il = Ri(Dyj))|z — aj..5| < |ag...;|R;(Dj)},
Djj = Di\{(j,-.-.7)},  Ni=N\{i}.

In 2017, Sang et al. [15] gave another variation of Brauer-type eigenvalue inclusion sets for a
tensor A = (aj,...;,, )

o(A) CQ(A) CK(A) CT(A),
where

o) = |J oM,

(i,j)ENXN;
QZJ(A) = {Z S C: (‘Z — azz| — Ri(Dz\wz)NZ — aj...j\ S Rl(wl)R](Dj)},
wi={(k,....,k) € N" 1 k€ N;}.

In addition, several other eigenvalue inclusion sets for tensors were derived in [2, 6, 7, 8, 10,
11, 15], and relations between some of them were given.

In this paper, we introduce a new eigenvalue inclusion set, }'IJ(.A), for a tensor .A. More-
over, the inclusion relation between J®(.A) and other eigenvalue inclusion sets is discussed.
As an application, a new criterion for identifying nonsingular tensors [14, 17] is provided. In
order to show the superiority of the new results, numerical examples are given in Section 3.

2. A new }®-type eigenvalue inclusion set for tensors. In this section, we first establish
a new J®-type eigenvalue inclusion set for tensors, then point out some relations between
several eigenvalue inclusion sets including the J®-type one, followed up with a new sufficient
condition for a tensor to be nonsingular.
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The main theorem of this section reads as follows:
THEOREM 2.1. Let A = (a;,...;,, ) € C"™™ with m,n > 2. Then

A @A) = ] ®,A),
(i,j)ENXN;
where
P, (A) = (A)U ‘5F i(A),

@
{z €T (|2 — api] — Ri(DAT)) (|2 — aj.os] — Ry(D\A)

< Ri(Fij)Rj(Aij)},
°Tji(A) = {z € C: |z — aj..5| < R;(D;\Aij)},
Lij = Ni X 75, Dij = (L U (N; x 8)\{(J, -+, 5) 1,
17 g Nim—2’ 572]‘ g Nim—Z’
Li ={(j2,- - jm) € N" L i€ {jo, oy gm}}y, Ni= N\{i},
1B (A) = J(A) UT(A),
wA) = J @4, TA= | °TuM.

(4,j)EN X N; (4,J)EN X N;

Proof. Let A € o(A) and v = (x1,...,7,)" € C"\{0} be an associated eigenvector,

namely,
2.1) Azt = Nzl

Let |z, | > |zu,| > -+ > |2y, | Then [z, | # 0.
From (2.1), we have

()‘ - a’lh‘“/ﬂ)lelil = Z Apriz-imTiz " Tipy,

(6250 vstm ) ED g g

+ Z Apyigeim Lig *** Tipy s
(ig ..... Z'»m)GD,Ll\F“l“2
hence,
‘)‘_am-"uluxm‘m_l < Z ‘aﬂliQ'“im||xi2|...|xim‘
(iQ,...,im,)GF,‘,l,iz

+ > |pinein | Tia| - - |23, |

(325 ym ) €D \T g g
< Z ‘a;t1i2~-im||$uz‘m71

(1250 vstm ) €L g g
+ Z |aM1i2"'im
(4250 vstm )EDuy \T g g
= Ry Ty o) [, |M71 + Ry (D \U iy i) |20 |m717

|m—1

x#l


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

g{)—TYPE INCLUSION SET FOR EIGENVALUES OF A TENSOR 265

which is equivalent to

2.2) (|>‘ - a#l"'#1| - Rll«l (DHI \FM1M2))|xu1 |m—1 < Rﬂl (Fﬂluz)lm#a'm_l-
If [2,,| = 0, then [A — ay, ..y | — Ry (D, \Lpy i) < 0as |z, | > 0, and it is obvious that

A€ 3®piia (A) = 3811y (A) U Ty (A) C J8(A) = J@(A) UT(A).

If |z,,| > 0, then from (2.1), we obtain

(2.3) (1A = Qpgeoopia | = Ruz(Duz\Au1uz))|xuz|m_l < Ry (D )Ty |m_1~

If (A = Qpyeoopin| = Bpo (D \D iy n) < 0, then X € °T ;. (A) C J®(A). If, on the other
hand, [A — apy.cpn| — Rpuy (Dys \ Ay pp) > 0, by multiplying (2.2) with (2.3), we get

(I = @y | = Ry (D \T iy i) X
<|/\ - aﬂz"'uz‘ - R;LQ (DIQ\AMULQ)) |:CIL1 |m*1‘xﬂ2 |m71
< Ry, (FM1#2)RM2 (AN1H2)|$M2‘m_1|$M |m—1.

Note that |z, |™ |z, |™ ! > 0. Then

(A = apyepin | = Ry (Dyy \L iy 1n)) (1A = @i | = Ry (D \A iy 1))
< Ry (T o) By (A ) -

This implies A € J®,,,,,,(A) C J®(A). Therefore, 0(A) C JP(A). O

REMARK 2.2. (i) The set ]®(.A) in Theorem 2.1 is called a J®-region of A or a (v, §)-
doubly diagonally inclusion set ((vy, §)-DDIS) of .A.
(i) If 6;; = N""*for all (i,5) € N x N, then }®,;(A) = 1®;;(A) due to the fact that

Aij = (L U(Ni x 6:)\ (s -, )} = Dy,
which implies
This means
°Tji(A) = {aj..;} C J®i;(A).

In this case, we denote J®(A), J®,;(A) by "®(A), "@;,(A), respectively.
(iii) If 7;; = N;""* forall (4, 5) € N x N;, we denote J®(A), 1®;;(A) by 5 (A), 5, (A),
respectively.
(v) If v = N/"2.6;; = N/" 2 forall (i,5) € N x N;, we denote J®(A), 1®,;(A) by
D(A), ®;;(A), respectively.
(v) If m = 2, noting that

Lij=N; xvi;=N; =D;, A= (L; U(N; x6;;)\{(J,....5)} = N; = Dy,
then the set J®(.A) reduces to the Brauer set of matrices; see [1].

From Theorem 2.1, several corollaries follow. As shown below, the inclusion sets ®(.A)
in [9, Theorem 2.1], T'(A) in [7, 10, 14, 18], ©(A) in Corollary 2.5 below, and (.A) in
[15, Theorem 2.1] can be viewed as results of the application of Theorem 2.1 for special cases.
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COROLLARY 2.3 ([9, Theorem 2.11). Let A = (a;,...;,, ) € CI™™ with m,n > 2. Then

o(A) CP(A) = U D, (A),
(i,j)EN X N;
where
®i;(A) = {z € C: (|2 — ai.i| = Ri(S))|z — aj..;| < Ri(N]""")R;(D;)},
Si = {2, s dm) EN™ i€ Lo, ... dm) # {i}}.

Proof. Let ~y;; = N2 0ij = N™2forall (i,j) € N x N;. From Theorem 2.1, the

conclusion follows easily. 0

COROLLARY 2.4 ([7, 10, 14, 18]). Let A = (a;,..;,,) € C™™ withm > 2,n > 1.
Then

o(A) CT(A) = [ Ti(A),

ieN
where

Fl(.A) = {Z eC: |Z — ai...i| < Rl(Dl)}

Proof. If n = 1, the conclusion is obviously correct. Now, assume n > 1. Let vy;; = ( for
all (4,5) € N x N;. From Theorem 2.1, we have

(Iz = aii| = Ri(D3))(|z — a;..5] = R;(Dj\Ag;)) <0, ie.,
|z — a;..j| < R;(D;\Ag).

Then

3@ (A) =Ti(A) U{z € C: |z —a;..;] < Rj(D;\Ayj)},
that is,

WB(A) =T(A). O

COROLLARY 2.5. Let A = (aj,...;,,) € C™™ withm,n > 2. Then

sA)co) =] i),
(i,j)eNXN,;
where

0i;(A) ={z € C: (|2 — ai...il| = Ri(Di\0:))|z — aj..;| < Ri(0;)R;(D;)},
0; = N; x {(k,...,k) € N" 2 : k€ N;}.

Proof. Let Yij = {(k/’, .. ,k) e N 2. ke Ni},éij = Nim72 for all (Z,]) € N x N;.
From Theorem 2.1, we have

(|Z - a12| - Rz(Dz\ez)) |Z - aj...j| S RZ(GZ)R](D]), or,

|z —aj..;] <0, or equivalently, Z=a,..j.
Then
5®ij(A) = 0i5(A) U{a;.;} = 045(A),
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that is,

WB(A) =0(A4). O

COROLLARY 2.6 ([15, Theorem 2.1]). Let A = (a;,..;,,) € Clmnd with m,n > 2. Then
sAcoa = |J 90,
(1,7)EN X N;
where

Qij(A) = {2 € C: (]2 — a;..i| = Ri(Di\wi))|z — aj..;| < Ri(wi)R;(D;)},
wi={(k,....,k) € N" 1 k€ N;}.

?

Proof. Let';; = w;, 05 = N™2 for all (i,7) € N x N;. From Theorem 2.1, we have

(Iz = aii| = Ri(Di\wi)) |2 — aj...;| < Ri(wi) R;(Dj),  or,
|z —aj..;| <0, orequivalently, z=aj..;.

Then

1®5(A) = Qi (A) U{a;.;} = Qi;(A),
that is,

WB(A)=Q(A). O

The next proposition shows that the eigenvalue inclusion sets J®(.A) in Theorem 2.1 and
I'(A) [10, 14, 18] in Corollary 2.4 have an inclusion relationship.
PROPOSITION 2.7. Let A = (a;,...;,,) € C™™ with m,n > 2. Then

i@ij(A) CTi(A)UT;(A).
Hence,
P(A) CT(A).
Proof. Let z € J®;;(A) = 1®;;(A) U°T;;(A). Then z satisfies

(Iz = aii| = Ri(Di\l'ij))(|2 — aj...j| — Rj(Dj\Ai;)) < Ri(Tij)R;j(Aqj), or
|z — aj...;| < Rj(Dj\Aij).

o If |Z — aj~~-j| S Rj(Dj\Aij)’ then z € FJ(A)

o If |Z — aj...j| > Rj (DJ\A”), then z € }(I)” (.A)

o If R;(I';;)Rj(Ai;) = 0, then |z — a;...;| — R;(D;\TI';;) <0, consequently, z € I';(A).
Now, assume that R;(I';;)R;(A;;) > 0.

o If |Z - ai...i\ < Ri(Di\Fij), then z € Fz(.A)

o If |z — aj..;| > R;(D;\I';;), then, from z € ]®;;(.A), we have

|2 = aiil = Ri(D\Ly) |2 — aj.5] = Bj(Dj\Ay) _ |

2.4
@9 Ri(Ti5) Rj(Aqj) -
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Hence, from (2.4), we obtain

|Z — (li...il — Rz(Dz\sz) <1 or |Z — aj...j\ — Rj(Dj\Aij) <1
R;i(Tij) - R;(Agj) -

namely, z € T';(A) UT;(A). Thus, }®,;(A) C T';(A) UT';(A). Hence, J®(A) C T'(A). The
proof is completed. 0

To compare the sets ®(A) [9, Theorem 2.1] in Corollary 2.3, J®(A), I®(A), [ ®;,(A)
in Theorem 2.1, ©(A) in Corollary 2.5, 2(A) [15, Theorem 2.1] in Corollary 2.6, IC(.A) in
[10, Theorem 2.1], and T'(.A) [10, 14, 18] in Corollary 2.4, we need the following lemma
provided in [9].

LEMMA 2.8 ([9, Lemmas 2.2 and 2.3]). Let a,b,c > 0, and d > 0.

O Ifﬁ < 1, then

a—(b—|—c)<a—b< a
d “c+d T bt+c+d

an Ifb+c+d > 1, then

a—(b—|—c)>a—b> a
d “c+d T bt+c+d

Now, a comparison of J, g ®(A) and 72 ®(A) is established as follows.
PROPOSITION 2.9, LetA ai,..i,,) € C™withm,n > 2,

(i,
leg = N; x ’Yilja Azlj = (L; U(N; x 5 ))\{( s d)b ’Yilj - Nz‘m_Qv 5i1j - Nim_Qa
T2 = Nix 22, AL = (LU (N x )N 9)) 23 € NP2, 68 € NP2,
F}J oI, AL DTy, and A} DT3,
forall (i,5) € N x N;. Then forall (i,5) € N x N,
1P (A) C 145 (A) U L1®5i(A).

Hence,

Thus,

Proof. Let z € g:q)ij (A). Then either
25 (2= aiil = Ri(DATi)) (|2 — aj.. 5] = Rj(D\A)) < Ri(T3;) Ri(A})
or
|z — aj..;| < Rj(D\AL),

is fulfilled. . R
oIf z € °Tj;i(A), then z € J,®;;(A).
o If 2 & 9T (A), then = € 1, ®;;(A).
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o If R;(T};)R;(Aj;) = 0, then by z ¢ S'Ti(A), Tj; 2 T35, and (2.5), we obtain

17°

(Iz = ai..il| = Ri(DAT3)) (|2 — aj..5| — Rj(D;\AL)) <0 < Ri(T3)R;(A),

which implies that 2 € :;qu)ij (A).
o If R;(T'};)R;(Aj;) > 0, then from (2.5), we obtain

|2 = aj..il = Ri(D\T};) |2 — aj...;| = Rj(D;\A})
Ri(T'}) R;(A})

(2.6) <1,

which implies

Z— j..q| — Ri(Di\lej)

2.7 <1,
Ri(Ty;)
or
2.8) z —aj..j| — Rj(D;\AJ) ~1

Rj (Ailj)

Leta = |z — aj.i|,b = Ry(D;i\T'}),c = Ry(TL\T'%) and d = R;(T'%)). If (2.7) holds, then

when d > 0, we obtain from (2.6), z ¢ 51Fﬁ(./4), ng D Ffj, and Lemma 2.8.(I) that

|2 = aj..il = Ri(Di\T3;) |2 — aj...;| = Rj(D;\A})

S 17
Ri(rgj) R; (A}j)

which implies that z € Zf ®,;(A). When d = 0, from (2.7), we easily obtain that
|2 = ai...i] — Ri(D:\T';;) < R;y(T'3;) = 0.
Thus,
(Iz = ai..il = Ri(D\T3)) (|2 — aj..j| — Rj(D;\A})) <0 < Ri(TF)R;(A),
which also implies z € gf(bij(A). If (2.7) does not hold, namely,

|z — aj..i] — Ri(Di\ng)

>1
1 )
Ri(rij)

then (2.8) holds. When R;(I';) > 0, we obtain from (2.6), A}, D T}

1Al 2 T3, and
Lemma 2.8 (I), (II) that

jir
|2 = ai.il = Ri(D\A}) |2 — aj.. 5| = Rj(D;\T'%;)

<1
Ri(Af;) R;(T%)

This means that z € }12@]','(./4). When R;(T'%;) = 0, from (2.8), we easily obtain
|2 = aj..;| = R;(D;\I'},) < R;(T5;) = 0.

olfz € 51F¢j(./4), then z € gfq)]Z(A)
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oIf z & 9'T;;(A), then
(Iz = aj.5| = Rj(D\T3)) (12 — ai.il = Ri(D\AJ;)) <0 < Ri(T5)Ri(A,),

which also implies z € gf@ji(A).

Therefore,
1 2 2
61(I)ZJ (A) € gl@lj(A) U gl(I)JZ(A)
Hence,
1 2
L®(A) CLP(A).
Thus,

From the above result, and the selection of +;;, d;; in the proofs of Corollaries 2.3, 2.5, 2.6,
and 2.4, we obtain

B(A) C O(A) € Q(A) C T(A).
From [15, Theorem 2.2], we have
QA) CK(A).
From [10, Theorem 2.3], we get
K(A) CT(A). 0
REMARK 2.10. From Proposition 2.9, we have
B(A) C®(A), Yy SN2 V(i,5) € N x N;.

Based on Theorem 2.1, we can easily establish the following criterion to discern nonsin-
gular tensors.
COROLLARY 2.11. Let A = (a;,...;,, ) € CI™" withm,n > 2. Ifforall (i, j) € Nx N,

(lai...i] = Ri(Di\I'iz))(|aj...;| = B;(Dj\Aiz)) > Ri(T'ij) R;(Aij)
and
|aj...;] > R;(Dj\Ag)

are fulfilled, then A is nonsingular, i.e., 0 & o(A).
Proof. Let A be singular. Then 0 € o(.A). From Theorem 2.1, we have

0€J®(A) = J0(A) U°T(A).
Then there exists (i1, pt2) € N x N, such that

(g pun | = By (Dpy \U iy in)) (@i oopin | = By (D \ Ay i)
S Rﬂl (F#1H2)RH2 (Aﬂlﬂfz)
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or

[@piyeopin] < Ry (Dpiy \ Ay 1)

which is a contradiction. So, A is nonsingular. The proof is completed. a

REMARK 2.12. The tensor in Corollary 2.11 is called a J®-tensor or a (v, §)-doubly
strictly diagonally dominant ((-y, §)-DSDD) tensor, and the conditions are called J®-conditions
or (y, §)-doubly strictly diagonally dominant ((+y, §)-DSDD) conditions. The nonstrict condi-
tions are called J®,-conditions or (7, §)-doubly diagonally dominant ((-y, §)-DDD) conditions,
and the tensor which satisfy the nonstrict conditions is called a J®-tensor or a (vy, §)-doubly
diagonally dominant ((y, 4)-DDD) tensor.

3. Numerical examples. In this section, in order to demonstrate the superiority of Theo-
rem 2.1 and Proposition 2.9, in particular ©(.A) in Corollary 2.5 and ®(.A) in Corollary 2.3,
we present two numerical examples.

EXAMPLE 3.1. Consider the tensor A; = (a;,iyi5i,) € CI*4 with

a1444 = 8, 2333 = i, azooe = 2, azzzz = 4i, as111 = 1, a1233 = 3, a1234 = 4,

and all other entries a;, i,i5:, = 0. By using Mathematica, the set ©(.A;) and the set (A, ) are
displayed in Figure 3.1. By noting that (+5, —5) € Q(A1)\O (A1), we know that ©(A;) is a
proper subset of €2(A;). Thus, ©(.A; ) provides more precise information about the location
of the eigenvalues of .A; than (A;) does.

EXAMPLE 3.2. Consider the tensor Az = (a;,iyi5:,) € C[*% with

ai111 =i, a1200 = 1, a1444 = 8, az333 = i, azzzz = 2i, as333 = 1, agqqqa = 4,

a1233 = 2, a1234 = 3,

and a;,4,i5:, = 0 otherwise. By using Mathematica, the set ®(Az) and the set O(A;) are
displayed in Figure 3.2. By noting that (0,5) € ©(A2)\®(A2), we know that (A,) is a
proper subset of O(As). Thus, ®(.As) provides a tighter bound for the eigenvalues of A5 than
O(Az) does.
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