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BOULIGAND-LEVENBERG-MARQUARDT ITERATION FOR
A NON-SMOOTH ILL-POSED INVERSE PROBLEM*

CHRISTIAN CLASONT AND VU HUU NHU'

Abstract. In this paper, we consider a modified Levenberg-Marquardt method for solving an ill-posed inverse
problem where the forward mapping is not Gateaux differentiable. By relaxing the standard assumptions for the
classical smooth setting, we derive asymptotic stability estimates which are then used to prove convergence of the
proposed method. This method can be applied to an inverse source problem for a non-smooth semilinear elliptic PDE
where a Bouligand subdifferential can be used in place of the non-existing Fréchet derivative, and we show that the
corresponding Bouligand-Levenberg-Marquardt iteration is an iterative regularization scheme. Numerical examples
illustrate the advantage over the corresponding Bouligand-Landweber iteration.

Key words. inverse problem, iterative regularization, Levenberg-Marquardt method, non-smooth equation

AMS subject classifications. 49K20, 49K40, 90C31

1. Introduction. We consider an inverse problem of the form
(1.1 F(u) =14°,

where F' : D(F) C U — Y is a non-smooth (i.e., not necessarily Gateaux differentiable)
nonlinear operator between Hilbert spaces and the available data 3/° are some approximations
of the corresponding true data y' := F(u'). Furthermore, D(F') denotes the domain of F and
u' is the unknown true solution that needs to be reconstructed.

A typical example of problem (1.1) is the case where U = Y := L?(Q) and F is the
solution operator of the non-smooth semilinear elliptic equation

1.2) —Ay+max(0,y) =u inQ, y € Hy (),

with u € L2(f2) and a bounded domain 2 C R%, d € {2,3}. In this case, F is not
Gateaux differentiable at u! if the set of z € Q such that y(z) = 0 has positive measure;
see [3, Prop. 3.4]. Moreover, F' is completely continuous (see [3, Lem. 3.2]), and (1.1) is
therefore ill-posed in the sense that the solution to (1.1) does not depend continuously on
the data. A stable solution of (1.1) thus needs regularization techniques. Here we consider
iterative regularization techniques, which construct a sequence {ufl} of approximations to
and ensure stability by early stopping at an iteration index N (4, %) chosen, e.g., according to
Morozov’s discrepancy principle; see, e.g., [4, 15]. Iterative methods have the advantage over
variational methods such as Tikhonov regularization that the selection of the regularization
parameter (in this case, the stopping index) is part of the method and does not have to be
performed by, e.g., checking a sequence of candidates or using additional information on the
smoothness of the forward operator that is often not available. An iterative regularization
method for (1.2) of Landweber type (which can be interpreted as a generalized gradient
descent) was proposed and analyzed in [3]. However, like any first-order scheme, it usually
requires a large number of iterations to satisfy the discrepancy principle, especially for small
noise. This motivates considering iterative regularization methods of Newton type.

Recall that the Newton method for the smooth version of (1.1) with a continuously Fréchet
differentiable operator F’ reads as

/(6 8 5y _ ,0 0
F (un)(un+1 - un) =Yy — F(un)7
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where F'(u) : U — Y denotes the Giteaux derivative of F' at u € D(F'). However, if (1.1)
is ill-posed, then this equation is in general ill-posed as well and needs to be regularized.
Applying Tikhonov regularization leads to the Levenberg-Marquardt method

(1.3)  wdy = argmin, e pep | F'(ud)(u—ul) —y° = Fud)[§ + omllu— ud||7;
or, equivalently,

(4) b =+ (ol + F/(h) F () F'(uh)" (4 = F(uh)

where a,, > 0 is the Tikhonov parameter. For a linear operator, this method coincides with
the non-stationary iterated Tikhonov method studied in, e.g., [1, 7]. As noted above, for noisy
data the iteration has to be terminated at a stopping index Ns := N (J,4°) < oc in order to be
stable. Assuming that ||y® — y'||y < 6 and that the Tikhonov parameters c, are chosen via a
Morozov discrepancy principle, in [6] the regularization property uf% — ulas § — 0as well
as the logarithmic estimate

(L.5) Ns = O (1+ |log(d)[),
is shown provided that
(1.6)  ||F(u1) = F(uz) = F'(uz)(ur = ua)|ly < cllur — wallol|F(u1) = F(us)|ly

for all uy,us € By (u', p) and for some constants ¢, p > 0. In [8], the regularization property
as well as the logarithmic estimate (1.5) of the Levenberg-Marquardt method was verified
under the a priori choice

.7 an = agr”, n=0,1,...,

with g > 0 and 7 € (0, 1) and under the assumption that for any u;,us € By (u', p), there
exists a bounded linear operator Q(u1,uz2) : Y — Y satisfying

(1.8) F'(ur) = Q(ur,uz) F'(ug) and [T — Q(u1,us)l|lyy < Lllur — uzl|ly

for some constant L > 0. It is noted that the convergence analysis in [6, 8] requires the
stability of the method, that is, it holds that

ul = uy, as § =0 forall n < N(8,1°)

with § small enough, where u,‘fL and u,, are generated by the method corresponding to the noisy
(6 > 0) and the noise-free (6 = 0) situations, respectively. The continuity of the derivative F’
(or more specifically, of the linear operator at the right-hand side of (1.4)) with respect to u is
therefore essential.

The purpose of this work is to present a modified Levenberg-Marquardt method for
solving (1.1) in the spirit of [3, 24], where we replace the—possibly nonexistent—Fréchet
derivative F’(u) in (1.4) by another suitable bounded linear operator GG,,. Our main aim
is to show the regularization property of the proposed algorithm under the choice (1.7) of
Tikhonov parameters and conditions that relax (1.6) and (1.8). We also prove the logarithmic
estimate (1.5) of the stopping index. However, unlike the situation in [6, 8], we lack the
continuity of the mapping D(F) 5> u — G, € L(U,Y"). To overcome this essential difficulty,
we shall combine a technique from [8] with the approach in [3] to prove asymptotic stability
estimates of the iterates u’ ; see Section 2.3 and Proposition 2.19 in place of the missing

n’
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stability of the method. The proposed method is then applied to a non-smooth ill-posed inverse
problem where the forward operator is the solution mapping of (1.2). In this case, the operator
G, can be taken from the Bouligand subdifferential of the forward mapping and explicitly
characterized by the solution of a suitable linearized PDE; see Proposition 3.1 below. We refer
to this special case of the modified Levenberg-Marquardt method as Bouligand-Levenberg-
Marquardt iteration.

Let us briefly comment on related literature. Newton-type methods and in particular the
Levenberg-Marquardt method for approximately solving smooth nonlinear ill-posed problems
have been extensively investigated in Hilbert spaces; see, e.g., [4, 6, 15, 18, 21, 22, 23, 25]
and the references therein. More recently, inverse problems in Banach spaces have attracted
increasing attention, and corresponding iterative regularization methods of Newton type have
been developed, e.g., in [9, 10, 12, 13, 14, 16, 19, 20]. Considering (1.3) in Banach spaces
(in particular, L' or the space of functions of bounded variation) or including additional
constraints can lead to non-smooth optimization problems; however, none of the works so far
has focused on inverse problems for non-smooth forward operators.

Organization. This paper is organized as follows. After briefly summarizing basic
notation, we present the convergence analysis of the modified Levenberg-Marquardt method
in Section 2: Section 2.1 is devoted to its well-posedness and the logarithmic estimate of
the stopping index Ns; in Section 2.2, we prove its convergence in the noise-free case; in
Section 2.3 we verify its asymptotic stability estimates, which are crucial for the proof of
the regularization property of the iterative method in Section 2.4. Section 3 introduces an
application of the modified Levenberg-Marquardt method to the non-smooth ill-posed inverse
source problem for (1.2). Finally, some numerical examples are provided in Section 4.

Notation. For a Hilbert space X, we denote by (-, ) x and || - || x, respectively, the inner
product and the norm on X. For a given z belonging to a Banach space Z and p > 0, by
Bz(z,p) and Bz(z, p) we denote, respectively, the open and closed balls in Z of radius p
centered at z. For each measurable function « on €2 and a subset 7' C R, the notation {u € T'}
stands for the sets of almost every = €  at which u(z) € T. Similarly, given measurable
functions u,v on 2 and subsets 77,75 C R, we denote the set of a.e. x € €2 such that
u(z) € Ty and v(z) € Ty by {u € Ty,v € T }. For a measurable set S in R%, we write | S|
for the d-dimensional Lebesgue measure of S and denote by x s the characteristic function
of the set S, i.e., xs(s) = 1if s € S and xs(s) = 0if s ¢ S. The adjoint operator, the
null space, and the range of a linear operator G will be denoted by G*, N (G), and R(G),
respectively. Finally, we denote by (X)) and IL(X,Y") the set of all bounded linear operators
from a Hilbert space X to itself and from X to another Hilbert space Y, respectively.

2. A modified Levenberg-Marquardt method. Let U and Y be real Hilbert spaces
and F' a non-smooth mapping from U to Y with its domain D(F') C U. We consider the
non-smooth ill-posed problem

@.1) F(u) =y,
where the noisy data 3° satisfy
ly* = y'lly <6

with y" € R(F). From now on, let u' be an arbitrary but fixed solution of (2.1) corresponding
to the exact data y'. For a given number p > 0, we denote by S p(uT) the set of all solutions in
By (uf, p) of (2.1) corresponding to the exact data, that is,

Sp(ul) = {u* € D(F) : Fu*) =y, Ju” — uf |l < p} .
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Throughout this work, we make the following assumptions on F':

(A1) There exists a constant py > 0 such that By (uf, pg) € D(F). Furthermore, there
exists a family of bounded linear operators {G.,, : v € By(uf,p)} c L(U,Y)
such that for all p € (0, po] and u, @ in By (uf, p), the generalized tangential cone
condition

(GTCO) [F (@) = F(u) = Gu(a = u)|ly <nlp)l[F (@) — F(u)lly
holds for some non-decreasing function 7 : (0, pg] — (0, 00) satisfying

(2.2) 1o :=n(po) < 1.

Moreover, for any pair uy, us € By (ul, po), there exists a bounded linear operator
Q(u1,uz2) € L(Y) such that

(2'3) Gu1 = Q(ula UZ)GUQ
and that for all p € (0, po],
2.4) 11— Q(u,@)|lLy) < K(p)  forallu,@ € By(ul,p)

and for some non-negative and non-decreasing function « on the interval (0, po] with
Ko = K(po)-
(A2) The operator G, : U — Y is compact.
We will furthermore require that x(p) and 7(p) can be made sufficiently small by choosing
p small enough; we will make this more precise during the analysis in this section. In
Section 3.2, we will verify that this is possible for the Bouligand-Levenberg-Marquardt
method applied to the non-smooth PDE (1.2).
REMARK 2.1. If (GTCC) is valid, then for all p € (0, po] and u, & € By (ul, p), it holds

that
@3 IF(@) = Fw) = Gui = w)lly < {20 [Guli— )l
and
@6) IF(@) = Flly < == IGula— v,

where the last inequality leads to continuity of F' at u and hence on By (u', p). Moreover, if
(2.4) holds, then it holds that

2.7 1Q (w1, u2)llLiyy < Ko+ 1

for all uy,ug € EU(UT, po). In addition, if Assumptions (A1) and (A2) are satisfied, then all
of the Assumptions (A1) and (A2) are fulfilled with F' and G,, replaced, respectively, by tF’
and tG,, for some positive number ¢ small enough.

We shall consider the modified Levenberg-Marquardt method defined as

-1
(2.8) ul g =ud + (anI + G5 G"‘i) w5 (y‘S - F(ufl)) , n=0,1,...,

where 1§ := ug and {a, } is given by

2.9 an, = agr”, n=20,1,...
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for some constants «g > 0 and r € (0,1). We will assume that g is chosen such that

(2.10) Gt lLwy) < g’

Note that according to Remark 2.1, this condition can be enforced for any oy > 0 by scaling
the problem (1.1) as well as GG, accordingly.
The iteration is terminated via the discrepancy principle

Q1D [y = Flud,)lly <70 <|ly’ = F(u)[ly ~ forall0 <n < Ng,

where 7 > 1 is a given number. Here N; := N(6,%°) stands for the stopping index of the
iterative method.

By {u,}, we denote the sequence of iterates defined by (2.8) corresponding to the noise-
free case (6 = 0), i.e

212)  tpg1 =t + (anl + G5 Gu) T GL (yh = F(u,)),  n=0,1,...

For the ease of exposition, from now on, we use the notations

el i=ul —ul, G =Gy, AS =G GY, B := GG,
en = Up —ul, G =Gy, A, = GG, B, :=G,G:,
Gy = Gyt A= GGy, B := G:Gy.

REMARK 2.2. If F'is smooth and if G,, = F”(u), then (2.8) coincides with the classical
Levenberg-Marquardt method; see, e.g., [6, 8, 15, 25].

2.1. Well-posedness. We first show the well-posedness of the proposed iterative method
as well as the logarithmic estimate of the stopping index Ns.

The first lemma gives a useful tool to estimate the difference between the iterates.

LEMMA 2.3 (cf. [8, Lem. 2]). Assume that (2.3) and (2.4) are fulfilled. Let p € (0, po).
For any u,v € By (u',p), let A, = G:G, and A, := G}G,. Then for any a > 0, the
following identities hold

(al + Ay) " = (al + A) 7" = (ol + A,) ' G5 Ry (u,v)
and
(ol + Au) G — (el + A) ' Gy = (ol + A,) ' GiSa(u,v),
where Ry (u,v) : U =Y and S, (u,v) : Y — Y are bounded linear operators satisfying
(2.13) IR, )|l wyy <@ 20(p)  and  |[Sa(u,0) gy < 36(p)-
Proof. The proof is analogous to that in [8]. We see from (2.3) that

(al +Ay)"" = (al + A) 7"

v(GU—G) (G — GG (o + A,) ™"
“HGHQ,u) = DGy + Go(I = Qu,0)")G ><aI+A )t
(Qu,u) = I) + (I = Q(u,v)*)) G (al + Ay) ™
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with
Ro(u,v) == ((Q(v,u) = I) + (I — Q(u,v)")) G (e + Ay) ™"

Easily, (2.4) and Lemma A.4 ensure that R, (u, v) satisfies the first inequality in (2.13). On
the other hand, using (2.3) and the above representation yields

(al + Ay) " GE — (ol + A,) ' G
= (al+A,) (G =G+ |(al + A) " = (al + A) M G
= (al + A) "G5 (Qu,v)* —I) + (al + Ay) " G5 Ro(u, v)G:
= (al + Ay) " G5 Sq(u,v)
with
S (u,v) == Q(u, v)* — I + Ro(u,v)G",
= Q(u,v)" = I+ ((Qv,u) = I) + (I = Q(u,v)")) (al + B,) ™" B,

and B, := G,G%. From the definition of S,, (2.4) and Lemma A.3 lead to the second
inequality in (2.13). a
To simplify the notation in the following proofs, we introduce the constants

(2.14)
_ L . _ 1 _ T _ 1

co.—\/;, cl.—l \/;, 62.—\/;(17\/;), C3-—1_r7 64'_1—r’
as well as
(2.15) Ko(r,v) := - Ki(r,v) := 1

. o\”, = \/774 (TV—I/Q — 1)) 1\ r (TV_1/2 — 1)

forO0 <v < %

Let now Ns € N be such that

5\ .
(2.16) ay, < <> < Qup, forall 0 < n < Ny,
e Yolleollr
for a constant
> 200
T A=) — )

with 7 > 79 > 1. We can now prove a logarithmic estimate for Ny, which will later be used to
obtain the corresponding estimate for the actual stopping index Nj.
LEMMA 2.4. Let Ns be defined by (2.16). Then it holds that

N5 = O(1 + | log(8))).

Proof. From (2.16) and (2.9), we conclude that

5 2 ;
() < agr¥o1,
70||60||U
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which, together with the fact that 0 < r < 1, directly gives
Ns <1+ 2log, 6 —2log, (yolleollv) — log, g

and hence the desired estimate. 0

We now show a uniform bound for the iterates and the error by, if necessary, further
restricting the radius p of the neighborhood of u!.

LEMMA 2.5 (cf. [8, Lem. 4]). Let {a,} be defined by (2.9) and (2.10). Assume that
Assumption (A1) holds. Assume further that there exists a positive constant p1 < pq such that

Co

co
143 < —
T —710( + 3ro)n(p1) < 55’

(e + 3)(p1) + 2 (14 Bro)(pn) < 1.

26(p1) +
2.17)

—To

Let p € (0, p1] be arbitrary, and let ug € U be such that (2 + c17y0)|leollu < p. Then it holds
that
(i) ub, € By (ut, p);

(ii) llepllo < (24 c1vo) leollr < pr

(i) |Gyl lly < (co+ 2¢270) [leolvon?
forall0 <n < Ny, where the constants c¢;, i = 0,1, 2, are given by (2.14).

Proof. 1t is sufficient to show (ii) and (iii) by induction on n with0 < n < N(;. Obviously,
(ii) and (iii) are fulfilled with n = 0. Now for any fixed 0 <[ < Ny, we assume that (ii) and
(iii) hold true for all 0 < n < [. We shall prove these assertions for n = [ + 1. To this end, we
set forany 0 <m <

(2.18) 2 = Fl) -yt —GSel..

Moreover, we see from (2.8) and the identity I = a(al + T)~! + (al + T)~'T that

) ) T
Cm41 = Umy1 — U

= b+ (and +AL) GO (v — F(uf,)
= (T 4+ A3) €0 4 (D + A3) T AD €D
+ (nd +A%) G (4~ F(u))
= o (I + Afn)f1 ed, + (oI + Afn)f1 GO (y° — F(ul,) + Go.ed)
= ct (o] +A8) €S (] + A3) TGO (40 —yt 20,
which together with Lemma 2.3 gives

efn—&-l = Qm (OémI + A)_l [I + G;Rchn (ufm uT)] 6(7sn
+ (oI + A)_1 G} [I + Sa,, (ufn, uT)} (y5 —yf = zfn) )
Consequently, it holds that

(2.19) e i1 = am (amI +A) e + (anl + A) ' Giwd,

with

(2.20) wfn = amRa,, (ufn,uf)efn + [I + Sa,, (ufn,uT)] (y‘s —yf = zfn) .
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The definition of wfn and the estimates (2.13) imply that
lwpally < m(p)agZllenllo + (1+3(p) (64 |20, lly) -

Furthermore, (GTCC) and (2.6) give

@.21) 1,0 < 222 jcyed, I
— 7o
We thus have
5 1/2 n(p) 5
(2.22) [w),lly < w(p)ar?lled,llo + (14 3k(p)) 6+ — [Giemlly ) -

By telescoping (2.19), we obtain

l l
(2.23) e, = H (amI + A) e+ Z apt ] e (T + 47 G,

m=0 m=0 j=m

and thus

!
(224) Gie),, = H am (I + B)~ GTeo + Z o, H a; (o] + B)"' Bu?,,

m=0 j=m

where we have used that G; (al + A= (al+B)! G. Applying Lemmas A.3 and A 4
to (2.23) and using (2.22) yields

—1/2

l l
1
& - - 1)
letsally < lleollv + 5 doat >t [[wp, Iy
j=m

m=0

—1/2

l l
1 -1 -1
<ol +5 3 ot | 205
m=0 j=m
< rprailello + -+ 30 (5 + 22 Giedl )|

We now use the induction hypothesis to deduce that

l ~1/2
lefiallo < leollr + 5 3" 07 [ 30| sloadf? @ v leollo
l l -1/2
+ % da [ Dot
m=0 j=m
[0+ 30000 (3 7220 (o + 2e0) ol |
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From the choice of Nj, it holds that § < ’}/0||€0HU04%2 forall 0 < m < [ < Nj. The above
estimates and Lemma A.1 imply that

—-1/2
. /

l
1 _
le?eallo < lleolle + 3 Yoan P Y k(p) (24 c170) lleollu

m=0 j=m

—-1/2
. /

ST PO

m=0 Jj=

=m
X 1+3m ('yo

(co + 2cm>)} leolls

1
<lleollv + §Cl||6o||U

[0 24 v+ (130060 (0 + 22 o+ 220 |

= leollo |1+ 2 Hy(p) + Z70(1 + Ha(p))}

2 2
with

) 1= 26lp) + (1 35D 2 (o) = e+ 30n(0) + 2212 1+ )

Combining this with the monotonic growth of «, 7 on (0, po], the fact that co/(2¢2) < 2/c;,
and (2.17) yields

(2.25) lef sl < lleolle (2 + e170) -
On the other hand, (2.24) along with Lemmas A.4 and A.3 gives

—1/2 —1
/ l

l
1 _ _
IGelally e > ot leollv + Z a1 Dt wdlly
7=0 j=m

From this, Lemma A.1, and (2.22), the induction hypothesis and the choice of Nj satisfying
(2.16) lead to

Gl lly

l

!
1 —
2000‘z+1||€0”U+||€0HUZa 1/2 Za

m=0 j=m

x {n(p)(? + e170) + (1 + 3x(p) (70 + _pno co+ 262’)/0)>:|

\ /\

IN

1/2
leollwer s

x {;CO + e [H(P)@ +c170) + (14 35(p)) (70 + {22 (co+ 262%)” }
|

1 —mno

1
< ||€O||U0411J¢21 {280 + coH1(p) + cav0 (1 + Ha(p))
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From this, the monotonic growth of ,7 on (0, pg], and (2.17), we have that

1/2
1G eIy < (o + 2¢270) [leol|ven??,

which together with (2.25) implies that (ii) and (iii) are fulfilled with n = [ + 1. 0

By a similar argument for {u,, } defined by (2.12), we obtain the following result:

LEMMA 2.6 (cf. [8, Lem. 5]). Let {a,} be defined by (2.9) and (2.10). Assume that
Assumption (Al) and the first condition in (2.17) hold. Then, for any uy € U such that
2|leoll < p with p € (0, p1], it holds that

(i) un € By(u', p);

(ii) [lenllv < 2lleollv < ps

(iii) ||Gienlly < colleofvar/?
foralln > 0.

The next lemma is a crucial tool in our analysis to prove the well-posedness of the method
as well as the asymptotic stability estimates.

LEMMA 2.7. Assume that all assumptions in Lemma 2.5 are satisfied. Then

5
(226) udq —Uny1 = an (o] + A7 Wl —uy) + Zsﬁf) forall 0 <n < Nj,
i=1

where
(2.27) s = (I +A)1 G, i=1,...,5,

with some fff) €Y satisfying
4
e® Iy < 1) (0l leallo + k2l - wnlo
i=1

T Grenlly + G (uf — un>||y)

and
(2.29) g =0 —y)+&9  with €Dy < Li(p)s
for

230 Li(p) = max {3n(p), (1 3w (24 122 ) ), L) )

— o 1T —mno
Proof. For any m € N, we define

(2.31) Zm = F(um) — yt — Gem.
We thus obtain from (2.8), (2.12), (2.18), and (2.31) that

ufz-i—l — Un+41
— i+ (T + A3) TGO (1 — F(ud)) — (anl + An) "1 G2 (vt = Fl(un))
— Uy + (o + Ai)71 G2 (y5 —yt =2 — Giei)

+ (anl + A,) 1 GF (20 + Gren)
=u’ —u, + (ol + 142)_1 G2 (y5 - yT) — (oI + A‘,SZ)_1 G222

 (anl + An) " Grzn + [(and + A) ™ Apen — (and + A7) Aded]

6
U,
o
U,
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Furthermore, using the identity (ol +T)"'T = I — a(ad +T)~! gives

(and + An) "  Apen — (and + A%) 7" A%ed

— (and + An) " Ap(up —ud) + [(anl + AT A, — (oI + A3 A;ﬂ e
= (@l + A) 7 Al = 1) + an [(@nl + An) " = (@l + A) 7| (uh = )

an [(and +40) 7" = (anl + 4) 7] eh
and thus
(and + An) " Apen — (anl + A%) 7 A%ed
= (anl + A) " Alup —ud) + an [(anz + A= (anl + A)” } (WS — up)
+an [(anl + AT = (o + An)*l} en.

Defining

s = q, {(anl—i—Ai) — (an I+ A) 1} (Ul — uy),

e

Qan [(anI—F Afb) —(an I+ Ap)~ 1] s

s = [(anl + A0) 7' Gy = (ol +45) 7 GI] 2,
524) = (anI + A‘fl)i1 G2 (2, — 2°),

s = (and + A3) GO (50— y)

yields (2.26). We now verify (2.27), (2.28), and (2.29). To this end, we use Lemma 2.3 and
obtain that

s = o, (and + A) 7 GiRa, (ud, ul) (ud, — uy),
and so (2.27) holds for i = 1 with
¢ = anRa, (ud, ul)(ud, — uy).

Note that ud , u,, € B(uf, p) according to Lemmas 2.5 and 2.6. We thus deduce from (2.13)
that

(232) €My < w(p)ar/?|ul, — unlu-
Similarly, we obtain
’512) = Qp [I+ San (Un,’U,T)] an( un)e'ru
'EL3) = [I+ San Un, U )] un)zna
2.33) o,
[I+ San( n7 )] (Z )
O [+ S (D] (4 — 1)

and (2.27) then follows. Obviously, (2.29) is verified with &y, e, Sq, (uS,uf)(y® —y). It
remains to prove the estimate (2.28). First, it is easy to see from (2.13) and the definition

of €2 in (2.33) that
(2.34) 1€y < (1+36(p))r(p) s/ *lenllu-
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As aresult of (GTCC), we have
n(p)

lznlly < ||GT€n||Y7

1-—

which together with (2.13) and the definition of fn yields

_ 3x(p)n(p >(1+3“(p>)||GTenIIY

(2.35) &1l =

Furthermore, we can conclude from the definitions of 25 and z,,, (GTCC), (2.3), and (2.4) that
25 = zally < 1F(un) = F(up) = Go(un — up)ly + [[(Gn = G )enllY

e
<2 ; 1Gn (= u$)lly + 1Qtn, ') = Qud, uh) v |Genlly

2O Q116 — )

Qs ) — Qe u) e | Grenlly
< ”_(pg (14 k()G — )y + 26(0) | Grenlly-

IN

This, the definition of 5,(14), and (2.13) therefore imply that
1+ k(p)
1—mno

From this, (2.32), (2.34), (2.35), and the monotonic growth of  on (0, po], we obtain (2.28).
O

Iy < (1+ 3r(p)) (PG (un — up)lly + 26(p)[|Gienlly | -

LEMMA 2.8. Let all assumptions of Lemma 2.7 be satisfied. Then it holds that

1 0
2.36 - < Zes(1+L
(2.36)  lupyy — wally < 203( + Li(p)) N
o) . z —1/2
L,
+ 9 Z o, Z a Om
m=0 j=m
and
@37 (1Gi(upyy —wig1) —y° +y'lly <5 (1+caLa(p))
! l -t
+ Li(p) Z a,! Z ot om
m=0 j=m

forall 0 <1 < N with L1(p) defined as (2.30) and
Om = avly{QHem”U + a717{2||ufn —unllu + [|Gremlly + ”GT(ufn — um)|ly-

Proof. Telescoping (2.26) and (2.27) gives

l l
(238) ey~ = Y ot T ag o+ )7 Gy Y el

and thus
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(239 Gi(u)y —u) — (0 —yh)

m=0 j=m
l 4 ‘
= Za;nl H aj(a;I+B)'B Zﬁfﬁb)-i-&g)
m=0 j=m i=1

where we have used the identity

l l

!
I- Z o)t H a;(a;I+B)"'B= Haj (a;jI+B)™!

m=0 j=m §=0

to obtain the last equality. Applying Lemma A.4 to (2.38) and exploiting the estimates (2.28)
as well as (2.29) yields

~1/2

! I 5
1 ,
) _ _
ldys —wally <5 > 0nt | Do) > lewlly
m=0 j=m i=1
; . —1/2
Li(p) - _
<8 S o (3t
m=0 Jj=m
< (0ol + {21, — il + Gy + 1G5y — )

—-1/2
l l /

F50 L) Y a3 !

0 j=m

The estimate (2.36) then follows from the above estimate and Lemma A.1. Similarly, applying
Lemma A.3 to (2.39), using Lemma A.1, and exploiting the estimates (2.28) as well as (2.29)
yield

G+ (ufyy — i) — v + 9|y
-1

4
oY o e z|gsz>||y+ngs>|Y]

m=0 j=m i=1

-1

% (@rf2llemllu + a2l = wnllo + [Grem| + G (uh, = wm) )

+0(1+caLi(p)),
which gives (2.37). 0
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COROLLARY 2.9. Under the assumptions in Lemma 2.8, it holds that

240) [|Gi(u) —w) —y* + 4|y

< 8 (1+caLi(p) + Li(p)ez [(6 + 3co) +vo(er + 2¢2)] [leollvay’?
and
@41 |F(u)) = Fw) =y +ytlly <51+ eala(p)) + (La(p) + 70 La(p)) lleollve;”

forall0 <1< J\~f5 with

L2(p) = (O + 3ea)al) + 200 | 5200 4 ()
(2.42) " 2 )
me=@m+ammw+%41£nm+mﬁ

Proof. 1t suffices to prove (2.40) and (2.41) forall 1 <[ < Ng. According to (2.37),
Lemmas 2.5 and 2.6, we have

IG+(u) —w) —y° + 3|y
—1

-1 -1
<6 (1+ cala(p)) + Li(p) [(6 + 3co) + vo(er +2¢2)] [leollo Y 02 | Dot
m=0 j=m

which along with Lemma A.1 gives (2.40). On the other hand, we can deduce from Assump-
tion (A1) and (2.7) that
IF(uf) = F(u) = y° +y'lly
< 1G] —w) —y* +y'lly
HIEW]) = Fuw) = Gi(uw] —w)lly + (G = Gy)(wf —w)lly
<||G(uf —w) —y* +y'lly

+ 1n£p7))0 1Gi (= w)lly + (@, ul) = DGy (uf —w)lly

<|Gi(u) —w) —y° +y'[ly
nlp) t 5 _ 5
el WG] —w)lly + (I Gr(u] — w)lly
< 1G] —w) —y° +y'lly
1+k
C0) ) )| 165 = )l

From this, (2.40), Lemmas 2.5 and 2.6, and the monotonic growth of x, a simple computation
verifies (2.41). 0

We finish this section by providing the logarithmic estimate of the stopping index N,
where we again may have to further restrict the radius p of the neighborhood of u.

LEMMA 2.10. Let Assumption (A1) and (2.17) be fulfilled, and let {«,, } be defined by
(2.9) and (2.10). Assume that T > 19 > 1, 79 > % Assume further that there

= (1=mo)(t—7g
exists a positive constant ps < p1, with p1 given as in Lemma 2.5, such that

(243) C4L1(p2) + L3(p2) S T0 — 1 and Lg(pg) S

1—mno
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with L;, 1 < i < 3, defined as in (2.30) and (2.42). Let p € (0, p2] and uy € U be arbitrary
such that (2+c170)||eo|lu < p. Then the modified Levenberg-Marquardt iteration (2.8)—(2.11)
terminates after N5 steps with

N5 = O(1 + [log(d)]).

Proof. As a result of Lemma 2.4, it suffices to prove Ns < Ng. If ]\75 = 0, then by
definition we have aé/ *lleollv < %. The estimate (2.6) thus gives

1
1F (uo) = 4°lly < lly" =9’y + 1F (uo) —yTlly <6+ = 1Gieolly
1

1
<d+ e a1/2§5<1+)<76.
= Ic0lveo (1= 10)70

In the following we shall assume N5 > 0. We deduce from (2.41) for [ = ]\75 that
IF(u,) = Flug,) =y + oty <81+ eals () + (La(p) + 0La(0)) llcolloa’s?.
Using (2.6), Lemma 2.6, and noting that 0411%2 lleollu < %, we derive
5

Iy’ = Py < 1F(,) = Flug,) = v* +' Iy + [ Flug,) — ylly
1
< IF(,) = Flug,) ="+ vl + 7=l Greg, I

C
<31+ eala(p) + (Lalp) +20La(p)) leolloay) + 1= —lleollva

<14 @)+ Talo) + - (4 L) )]

Combining this with (2.43), the definitions of L;, 1 < ¢ < 3, and the monotonic growth of
K,7, We obtain

1 2¢

) 5 0

- F . <5 To + — <5l
”y (UNJ)HY = < 0 Yo 1 — 770> N

From this and the definition of Ngs, we have N5 < ]\75. a

2.2. Convergence in the noise-free setting. In this section we will show convergence
of the sequence {u,, } defined via (2.12) provided that eq € N(G4)* and that the parameter
7(p) and x(p) are small enough if the radius p can be chosen accordingly.

We first derive some estimates for e,, and G'te,, under the generalized source condition

(2.44) eg = AYw

1

for some v € (0, 5

further.
LEMMA 2.11. Let all assumptions in Lemma 2.6 hold. Assume further that there exists a
constant py € (0, p1], with py given as in Lemma 2.5, satisfying

) and some w € U, where A = G7G+. Again, we may have to restrict p

1+ 350 _ Co
n(p1) <

2.45 0 —
24 K0 0 ) = 9 ()
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for some constant v € (0, 3). Let p € (0, p1] be arbitrary, and let ug € U satisfy 2|eo|lu < p
and eq = AYw for some w € U. Then

(2.46) lealls < 200y |jwlly and  |[Gieally < 2c50i 2wy

foralln > 0.

Proof. We shall prove the lemma by induction on n. Obviously, (2.46) is valid for n = 0.
We now assume that (2.46) holds for all 0 < n < [ and prove that this is also true forn = [+ 1.
An argument similar to the one used to obtain (2.23) and (2.24) yields

1 ! !
(2.47) el41 = H O (amI +A) eg+ Z at H a; (a1 + A7t Giwnm
m=0 j

m=0 j=m

and

! ! !
H (I + B) " Greg + Z ! H a; (a1 + B) ™" Buy,,
m=0

m=0

(2.48) GTeH-l

j=m
where, analogous to (2.20),

Wy, = am R, (Um, ube,, — [I + Sa,, (um,uT)] Zm
for all 0 < m <[ with z,, defined via (2.31). Similarly to (2.22), we have

n(p)

lwmlly < r(p)ay?llemllo + (1+ 3r(p)) m\\Gwmlly-
This and the induction hypothesis yield
(2.49) [wmlly < Qu(p)a™?|lw]lu
for all 0 < m <[ with
14 3k(p
Qo) = 2cun(p) + 231>y p),

Inserting eg = A¥w into (2.47) and then applying Lemmas A.3 and A.4, we deduce that

. —v . —-1/2
1 1 -1 -1
levillo < llwllo | Y o +3 S a [ D q; l[wmlly
j=m m=0 j=m

! 1 -1/

1 _ _

< g atllwllo + 5Qi(p)llwlv > ot ot

m=0 j=m

1
< coa|[wllu + 5Qu(p) Ko(r, v)ais [wllu,

where we used (2.49) and Lemma A.1 to obtain the second inequality and Lemma A.2 to
obtain the last inequality. By virtue of (2.45), the fact that ¢o /(2K (r,v)) < 1/Ko(r,v), and
the monotonic growth of x and 7, it holds that

(2.50) lerrillu < 2coa)|lwlv.
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Moreover, by inserting eg = A”w into (2.48), Corollary A.5, Lemma A.3, and (2.49) reveal
that

—v—1/2 —1
! v=1/ 1

IGiernlly < llwlo [ Y aj + Y a > at ] ey
j=m

=0 m=0
-1

< &l wlly + Qi (p HwIIUZa” 12 Za

m=0

v+1/2
< a2 wllo + Qi (p) Ky (rv)a) 2wl

Here the second estimate is derived using Lemma A.1 while the last estimate is obtained using
Lemma A.2. Then

@51 IGer1lly <202 w]v.

From (2.50) and (2.51), we conclude that (2.46) is fulfilled withn = [ + 1. 0
We now take iy € U to be a perturbation of uy € U and denote by {4, } the iterates
given by (2.12) with ug replaced by 1y, that is,

(252) g1 = G+ (] + G Ga) T Gh (yh = F(a,)),  n=0,1,...

For the ease of exposition, from now on we use the notations

n =y —ul, G, = Ga,,, A, = G’;Gn, B,, = éné;,
2 = F(in) —y" — Grén.

The next lemma is analogous to Lemma 2.7.

LEMMA 2.12. Let all assumptions in Lemma 2.6 be fulfilled, and let p; € (0, p1]
and v € (0, 2) satisfy (2.45). Assume that p € (0,p1] and that ug, i € U satisfy
min{2||eg||v,2]|éo]lu} < p and éy = AYw for some w € U. Then for all k > 0, it
holds that

4
(2.53) Uyt — fipgr = o (ol + A) " (g — a) + 1,
where
(2.54) 1) = (I +A) G, i=1,2,3,4,

with some h,(f) € Y satisfying

4
@55 Iy < Clo) [lwlloay 2 + llu = dnlloay? + |Gy (ux — i)y |

for

(2.56) C(p) := (1+ 3rp) max {2(: (136—07777(:) 114 2e0(1 + m0)> K(p), mn(p)} .
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Proof. Analogous to (2.26), we see from (2.12), (2.52), (2.31), and the definition of 2y,
that (2.53) is satisfied with

10 = ay [(akz F AT (gl + A)*l} (up — tig),
N1
t,(f) = Qg |:(Oék[+ Ak)il — (Oék["r Ak) } éx,
(3) i) A 1| s
ty = (OtkI+Ak> Gy — (apl + Ar) " Gy 2k,
t](:l) = (agl + Ak)_l G2k — z)-
We now prove (2.54) and (2.55). To verify these relations, we use Lemma 2.3 to obtain
() — I+A)'GiR ) (uy, —
ty ay (apI + A) i Rev, (U, ul) (ug — )

and thus h,(:) = agRa, (v, u®)(uy — 1y, verifies (2.54) for i = 1. The estimate (2.13) then
implies that

2.57) 11y < o) — ™.
Furthermore, we have
tf) = qp, (ak.I + Ak> o éZRak (ug, g )Ex
= ay, (] + A) " G [I+ Say (i, u')] Rey (un, )y,
and so (2.54) is valid for ¢ = 2 with
h,(f) =y [I + So (U, uf)} R, (uk, ik )é.
This and (2.13) yield
@58) 1y < (L4 3(p)s(p)oy el < 2e0(1+3r0)w(p) uwllray ™2,

where we have used Lemma 2.11 and the monotonic growth of « to obtain the last estimate.
Noting that uy,, @, € B(ul, p), according to Lemma 2.6, we have

) = (I + A) " Gf [I+ Sy (un, u)] Say (g, ur) 21
and therefore h,(f’) = [I + Sa, (ug, uT)] Se (Ug, ug) 25 The estimate (2.13) then yields
3 .
1Ay < 31+ 3r0)s(0) 24l
On the other hand, as a result of (GTCC) and Lemma 2.11, we have

WL Gieully < 23 Juwlvay 2

—No 1—mo

Z <
126lly <
The two estimates above show that hf:’) satisfies

(2.59) 1B ly < 6¢3(1 + 3/4:0)/-6(/))1775#;)70”10“]&:4—1/2.
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Finally,

@ — (T +A)TG [T+ S N (e — 21) = (el + A) L GraY

ty) = (I +A)" Gi [I + Say (ur,u)] (G — 21) = (anl + A)™ Gihy
with h{") := [T + S, (uy, u!)] (2 — 2;). From this and (2.13), we obtain
(2.60) 107y < (14 3r0) [126 — 2y
From the definitions of z; and Z;, it follows that
12k — zilly = |1F () — F(ur) — Gilin — ue) + (G, — Gi)éxlly
< ||F (i) — Fur) = Gr(in — up)lly + (G — Gr)éxlly

10 ) G~ w)lly + (G — G)élly-

I—mno
Here we used (2.5). Combining this with (2.3), (2.4), and (2.7), we obtain

<

26 = ally < 22 (14 ko) G = w)ly + 26(0)(1 + o) [Grén
< (o) | 22161 = wn)ly -+ 4wl

where we have used (2.46) to get the last inequality. This together with (2.60) shows that
@60 Il < (1 3r0) (10 [ {20161 e~ wl -+ ko)l ™).

Summing up from (2.57)—(2.59) to (2.61) yields (2.55). 0
LEMMA 2.13. Let all assumptions in Lemma 2.6 be fulfilled, and let py, v be defined as
in Lemma 2.11. Assume that there exists a constant ps € (0, p1] satisfying

_ . Co 1
2.62 C < min , ,
(262) (P2) < {202(2 +co)’ Ko(r,v) +2K1(r,v) }
where C(p) is defined by (2.56). Let p € (0, p2) be arbitrary. Assume in addition that
ug, U € U are such that min{2||é||u, 2||éo||v} < p and éy = A" w for some w € U. Then it
holds that

(2.63) [un — tnllv < 2[luo — Gollu + m(p)lwllvar,
and
(2.64) |Gt (i, — i) | < cor?[|uo — dollu + m2(p)|lwl[yol /2

foralln > 0. Here

m(p) = C(p)Ko(r,v),  ma(p) :=2C(p)K1(r,v).

Proof. We show (2.63) and (2.64) by induction on n. Easily, these estimates hold for
n = 0. Assume that (2.63) and (2.64) are satisfied for all 0 < n < [. We shall prove that these
estimates also hold for n = [ + 1. To that purpose, we apply Lemma 2.12 to obtain

l
(2.65) wipr — digr = [ om (@l + A) ™" (ug — o)

m=0

! ! 4
+ Z ! H o (o T+ A)~ Gy Zhgﬁ?
i— i=1

m=0 j=m
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and
l
(2.66) G (uipr — 1) = [] am (md +B) ™" G+ (uo — o)
m=0
l l 4 )
+ Z ! H aj (oI +B)™ BZhEJ).
m=0 j=m i=1

Applying Lemma A.3 and Lemma A.4 to (2.65) and using Lemma 2.12, we obtain

—1/2
l / 4

l
. . 1 _ _ ,
s = Gl < fluo = dollu + 3 > at | D et SRy
m=0 j=m i=1

—-1/2
. /

. 1 1 —1
< luo — oo + 50(/’); Ay Z o

=0 j=m
x [al 2wl + b2 um = dmllu + |Gt — @) v |
which together with the induction hypothesis as well as Lemmas A.1 and A.2 shows that

luir1 — gl

—1/2
l l /

. 1 . _ _
< lluo = tollu + 5C(p)(2 + co)[uo — ollv da Y et
m=0 j=m

—1/2

l
+ %C(p)(l +mi(p) + ma(p)llwlo Y a2 S ot
m=0 j

. 1
<o~ ol |14 50+ )|

+ %C(p)Ko(h v)(1+mi(p) + m2(p))l[wllvedys-

Thanks to (2.62), the definition of C(p), the fact that ¢o/(2c2) < 2/¢4, and the monotonic
growth of k, 7, we obtain

uirr — illo < 2[luo — ol + C(p) Ko(r, v) |wllval -

This verifies (2.63) for n = [ + 1. It remains to prove (2.64) for n = [ + 1. To this end, using
similar argument as above, we obtain from (2.66), (2.55), Lemmas A.4 and A.3 that

G (i1 — @)y

—1/2 -1
1 ! 1 4
1 B . B B ,
<3 > ot luo —dollu + > ant [ Do ast | DIy
i=0 m=0 j=m i=1
—1
1 1/ l 1 : 1
< Seomialluo — dollu +C(p) Y et | Do
m=0 j=m

x |ant 2wy + @y wm = dmllo + 1G; (tm = )l ] -
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The induction hypothesis as well as Lemmas A.1 and A.2 then imply that

G+ (w1 — )y
—1

1 l
1 . N _ _
< 560%14/3”“0 — iig|l + C(p) (2 + co) luo — ol Y, a,? aj !
m=0 j=m
—1
l l
+C(p)(1+mi(p) + ma(p)lwllo Y a2 D ajt
m=0 j=m
. 12 |1
< lluo = tolluegiy | 5e0 + Clp)(2 + co)ez
+ C(p) K1 (r,v) (1 + m1(p) + m2(p)) [y,

v+1/2

< collug — fboHUOéllﬁ +2C(p) K1 (r,v)|wlluagy ",

where the last inequality follows from (2.62), the definition of C'(p), and the monotonic growth
of k,7. We thus obtain the desired conclusion. g
The following corollary is a direct consequence of Lemmas 2.11 and 2.13.
COROLLARY 2.14. Under the assumptions of Lemma 2.13, it holds that

llenllu < 2[luo — doll + (2c0 + m1(p)) oy wllu

and

[Grenlly < coay/?|luo — tiollu + (2¢§ + m2(p)) a2 |Jw]u

foralln > 0.
In the remainder of this section, we show the convergence of the sequence {u,, } to uf.
THEOREM 2.15. Let {«,, } be defined by (2.9) and (2.10). Assume that Assumption (Al)
holds and that there exists a constant po satisfying (2.62) corresponding to v = i. Let
p € (0, p2) and ug € U satisfy 4|leo|ly < p and eq € N'(Gy)*. Then, it holds that
1Gienlly
NG
Proof. Let £ > 0 be such that 4 < p. Since ey € N(G1)* and

N(Gy)* = R(G}) = R(A/2) € R(AV/4),

(2.67) llenllv — 0 and —0 as n — 0o.

there exists an element @& € U such that ||ty — uo|| < € and 49 — ut = AY/*w for some
w € U. Obviously, 2||é||y < p with &y := 4o — u'. Applying Corollary 2.14 to the case
v = 1/4 leads to the estimates

(2.68) lenlly < 2ljuo — diollu + (2c0 + m1(p)) a/*||w]lv
and
(2.69) IGienlly < coas/?|luo — tiollu + (2¢§ + m2(p)) o/ *|lwllu-

Since o, — 0 as n — oo, there exists a number ng := ng(e, ||w||y) such that
(2¢0 + m1(p)) X/ Hwl|y < e for all n > ng.

This and (2.68) give ||e,, ||y < 3¢ for all n > ng. The first limit in (2.67) then follows. The
second limit in (2.67) is similarly obtained from (2.69). a
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2.3. Asymptotlc stability estimates. This section provides estimates for ||u — u,, ||z
and |G+ (uS, — uy) ||y, with 0 < n < Nj, that are crucial to prove the regularization property
of the modified Levenberg-Marquardt method.

PROPOSITION 2.16. Let all assumptions in Lemma 2. 13 hold true. Assume furthermore
that a positive constant p3 < min{ps, pa} exists such that

T1(p3) + Ta(ps) < 2+ co,

)
m1(p3) + ma(ps) + Ti(p3) + Talps) < 2co(1 + co),
@70 Li(ps)(3+c3+T5(p3)) <1,
T5(ps) <3 +cs
with
T1(p) = (20 + 2¢5) Ko(r,v) L1(p), Tr(p) = 4co(1 + co) K1 (r,v)L1(p),

T3(p) = 204(3 + Cg)Ll(p),

Ly (p) defined as in Lemma 2.7, and 1 (p) and wo(p) given in Lemma 2.13. Let p < ps and

U, U 2||éollu} < pand ég = AYw for some w € U. Then it
holds that
Q7Y lub —wally < Ti(p) (o — ollu + o) + cs—
n -_— n \/@
and

@72 |Gi(uh = un)lly < Ta(p) (Jluo = dtolual/? + al 2wy ) + (2 + Ts(p))e.

Proof. We show (2.71) and (2.72) by induction on 0 < n < Ns. Itis easy to see that
these estimates are valid for n = 0. Now for any fixed 0 < [ < N; we assume that (2.71) and
(2.72) are fulfilled for all 0 < n < [ and show that these estimates also hold true forn = [ + 1.
To this end, using (2.36), the induction hypothesis, and Corollary 2.14, we estimate

—1/2

l
Li(p)
a1 = o < 5 > an, Z o

X [lug — ﬁ’OHUam (2 + co + Ti(p) + Ta(p))

—1/2
_1 Z a

j=m

X IlelzJOdif”2 (2c0 + 2¢§ + m1(p) + m2(p) + Ti(p) + Ta(p))
l ~1/2
Li(p)
S (S

X 52+ e+ To(p) + s (14 Lap))

1)
\/Oél+17
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which together with Lemmas A.1 and A.2 leads to

||u?+1 —uy1|lv
1 N
< SLi(o)luo — ol (2+ o + Ta(p) + Ta(p)) 4

1
+5Lu(p)lwlu (2¢0 + 2¢5 + m1(p) + ma(p) + Ti(p) + Ta(p)) Ko(r,v)ajs,

1 —172 1 1)
+ §L1(p)(2 + 3+ Ts(p))esdoy |~ + 563 (1+ Li(p)) Ja

or, equivalently,

||U?+1 —uy1|lu
<lc [14+ Li(p)(3+ c3 + T5(p))] 0
S50 1P 3 3P Jar

1 )
+ §L1(P)HU0 —ollr (2 + co + T1i(p) + Ta(p)) a1

1
+ 5 La(p)[wllv (2c0 +2¢5 + m1(p) + m2(p) + Ti(p) + Ta(p)) Ko(r,v)afy.

From this and (2.70), the monotonic growth of x and 7 gives

1)
) ~
luiy1 — wgillo < Tilp) (luo — dollv + afyl|wllv) + C3m-

The estimate (2.71) is thus verified for n = [ + 1. Similarly, from (2.37), the induction
hypothesis, and Corollary 2.14, we obtain

Gt (uf g —wisr) —v° + 4|y
—1

l l
<Lip) Y ot | Yoot llwo —dolluay/® (24 co+ Ti(p) + Ta(p))
m=0 j=m

-1
l l

+Li(p) D oy at ] wloai ™
m=0 Jj=m
X (2¢0 + 2¢§ + mi(p) + m2(p) + Ti(p) + Ta(p))
! l -t
+Li(p) > ay! aj' | 82+ es+Ts(p) + 01+ caLi(p)),
m=0 j=m

which together with Lemmas A.1 and A.2 leads to

G+ (ufyy —ugr) — 9 + |y
<O [+ Li(p)ea(3 + c3 + T3(p))]
+ Li(p)lluo — diollu (2 + co + T1(p) + Ts(p)) c204 13
+ Li(p)|wllv (20 + 263 + m1(p) + m2(p) + Ta(p) + Tap)) Ko (r, v)ay 2.
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By virtue of (2.70) and the monotonicity of x and 7, we have that

Q.73) |Gy (ufyy —wr) — 9 + oty
< Li(p)|luo — ol (4 + 2¢co) 020411421 + Li(p)|lwllv (4eo + 4ef) Ka(r, ”)aﬁll/z
+0[1+2L1(p)ca(3 + c3)]
< Ta(p) (Iluo — o luey{; + lwlloal /) + 81+ Tz(p)).

Noting that L1 (p)(4 + 2co)ca < L1(p)(4eo + 4c3) K1 (r,v) =: Ta(p), the estimate (2.72) is
therefore satisfied forn = [ + 1. a

As aresult of (2.73) and Proposition 2.16, we have the following corollary, whose proof
is similar to that of (2.41).

COROLLARY 2.17. Let all assumptions of Proposition 2.16 be satisfied. Then it holds
that

|F () = F(wn) = 3" + 57l < Talp) (Jluo — ollval/? + wluat /) +5(1+ T (p))

forall0 <n < Ng, where

Ti(p) = Ts(p) (1 (o) + izgn(p)) ,

1+ kKo

Ts(p) := T(p) + (F»(p) M

n(p)) 2+ Tu(p),

and Ts(p) and T5(p) are defined as in Proposition 2.16.

2.4. Regularization property. This section is concerned with the convergence of the
sequence {u‘fvé} as 0 — 0 provided that eg € N(G4)* and that ug is sufficiently close to
u'. Let {§;} be a positive zero sequence. To simplify the notation, from now on we write
Ny, := N;,. The next lemma will be used to show the convergence of subsequences of {u}s\’;k}
for the case where { Ny} is bounded.

LEMMA 2.18. Assume that all assumptions of Lemma 2.5 are satisfied. Let N € N be
arbitrary but fixed, and let {1} be a positive zero sequence such that N(;k > N forall k > 1.
Assume in addition that Assumption (A2) holds. Then for any subsequence of {dy} there exist
a subsequence {0y, } and elements @; € By (ul, p), for 0 < j < N, such that

(2.74) u iy as i oo

forall0 < j < N.

Proof. We shall show by induction on j the existence of a subsequence {9k, } and elements
Uj € By (uf, p), for 0 < j < N, that satisfy (2.74).

First, (2.74) holds for 7 = 0 with 4 := ug. By a slight abuse of notation, we assume that
{0k, } itself is zljubsequence satisfying ufkf — 1 as i — oo for some @; € By (uf, p) and
some 0 < j < N. To simplify the notation, we write
Ok,

=Uu;

(@B ._ 0% Q)
Uy = u 41

J Jj j+1

(1) . 4%, (4) ._ Ok
Aj .7Aj , and G, =G,
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It follows from (2.8) and Lemma 2.3 that

) = u

gl) + (ajl + A@)il G;i)* (y‘s’” - F(ug-i))
— ul? 4 (ay T+ A)” GT (74 Sa, (u”,uf)
gl) + (oI +A)” [I—F Se; ( ;l),uT)
+ (eI + A7 G [I+Sa ( e

and thus
(2.75) ul)y = ul” + a; + by,
where

a; = (ajI + A7t Gihi,

bii= (ol + A) 7 Gy [T+ 80, () u)] (57 = Fl) ot + F(3))
with

hi = {I + Sa, (ugi),uT)} (y' — F(u)).

Applying Lemma A .4 with m = [ and using (2.13) gives
lbillo < 5 (1 4+ 350D ™ — F@l) — g1 + Fi)]
ill < 5= K(p)) Iy u; )y

Letting ¢ — oo and employing the continuity of I yields
(2.76) b; =0 as i — oo.

Furthermore, (2.13) ensures the boundedness of the sequence {h;} in Y. Moreover, as a
result of Assumption (A2), the operator (a;; 1 + A G is compact. This implies that {a; }
is compact in U. There thus exist a subsequence of {a; }, denoted by the same symbol, and an
element a € U such that

(2.77) a; —a as 7 — oo.

From (2.75), (2.76), (2.77), and the induction hypothesis, we deduce “y-s)q — Uj+a =: Ujyr.
Consequently, (2.74) holds for j + 1. From Lemma 2.5, we have u( Y L €B B(ut, p) for all
i > 0andso iij11 € B(u,p). The proof is complete. d

Before presenting our main theorem, we give a result on the asymptotic stability of
the modified Levenberg-Marquardt method. The definition of this notion in the following
proposition generalizes that in [3, Def. 2.1].

PROPOSITION 2.19. Let Assumptions (A1) and (A2) be fulfilled. Assume that there
exists a constant ps satisfying (2.70) in Proposition 2.16 corresponding to v = i. Let
p € (0, p3] and ug € U satisfy eq € N (G3)* and 2(2 + c170)|leo|lv < p. Then the modified
Levenberg-Marquardt method (2.8)—(2.11) is asymptotically stable in the following sense:
For any subsequence of a positive zero sequence {3y}, there exist a subsequence {dy, } and
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elements @i, € By (uf, p) forall0 <n < N := lim Ny, (where the last inequality is strict

J— 71— 00
if N = o0) such that
2.78) lim <limsup udki — an||U) —0
n—N i—00
and
2.79) Uy, — U as n— N

for some u* € S, (ul).

Proof. Let {0y} itself be a subsequence. Since { Ny} is a sequence of integers, there
exists a subsequence { N, } such that either it is a constant sequence or it tends to infinity.
For the first case where Nj,, = N for some integer N and for all i > 0, Lemma 2.18 and
the discrepancy principle (2.11) give the conclusion of the proposition. For the second case
where N, — oo, we shall show that the elements @,, := u,, n > 0, any subsequence
{0k, }, and u* := ul satisfy (2.78) and (2.79). To this end, we first see that Theorem 2.15
implies (2.79). Let € > 0 be arbitrary small but fixed such that 2(2 4 ¢;7y)e < p. Since
eo € N(Gy)*" and N (Gy)t = R(GT) = R(AY/2) C R(AY/4), there is an element 4 € U
such that ||@lg — ug|| < € and & := @ — ut = AY*w for some w € U. Obviously, we have
(24 c170)]|éollu < p- From this and the choice of p, we thus can apply Proposition 2.16 to
obtain the estimate

S,

Van

forall 0 < n < Ny, and for all 7 > 0. By letting ¢ — oo and then n — oo, we therefore have

Ok, ~
s = unllr < Ti(p) (Il — oo + ot/ uwll) +cs

lim sup (lim sup ||uff1 — un||U> < Ti(p)e.
n—o00 i—00
The limit (2.78) then follows. a
We are now well prepared to derive the main result of the paper, where some lines in the
proof follow the ones in [11].
THEOREM 2.20 (regularization property). Let {a, } be defined by (2.9) and (2.10), and
let {0} be a positive zero sequence. Assume that Assumptions (A1) and (A2) hold and

that > 19 > 1, y9 > % Assume further that a constant ps < pg exists and
satisfies (2.70) corresponding to v = i as well as
(2.80) Ts(ps) <71 —1

with Ts(p) defined as in Corollary 2.17.

Let p € (0,p3] and ug € U satisfy 2(2 + c170)||uo — u'||y < p. Then the method
(2.8)—~(2.11) is well-defined and the integer N5, defined by the discrepancy principle (2.11)
satisfies

(2.81) Ns, = O (1 +|log(k)]) -
Moreover, if ug — ul € N'(Gy)L, then

(2.82) uf\’;dk —uf as k — oo.


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

300 C. CLASON AND V.H. NHU

Proof. Under the assumptions, the well-posedness of the method follows from Lemma 2.5,
while the logarithmic estimate (2.81) is shown in Lemma 2.10. It is therefore sufficient to
prove (2.82).

To this end, we first assume that there exists a subsequence dy, such that N, = N for
all ¢ > 0. By virtue of Lemma 2.18, there exist a subsequence {k, } of {k;} and elements

ii; € By(uf,p), withj = 0,1,..., N, such that
(2.83) uP @y as m o oo
for all 0 < j < N. Moreover, from the discrepancy principle (2.11), we obtain

3
[P =y

y < 1o

m*

Letting m — oo and using the continuity of F' yields

which together with (2.83) yields that
(2.84) ukt iy oas mo— oo

with Gy € S,(u’). We now show that @y = u. According to (2.8), it holds for all
0<n<N —1andm > 0 that

—1
ufzk—;nl - ufzkm = G[rsbkm* (Oénf + szkm ankm*) (ygkm - F(ufbkm» CR (Gkam*) .

Combining this inclusion with (2.3), we have ui’“ﬁ — R(GY) € N(Gy)™ for all
m>0and0 <n <N —1. Consequently, using ug — ut e N(GT)J‘, it then follows that
ufvi —ul CR(GF) C N(G+)*". From this and the limit (2.84), we find t5 — ul € N (Gy)*.
On the other hand, as a result of (GTCC) and the fact that uT, Uy €5, (uT), it holds that
i — ul € N(Gt). We thus have i — ul € N(Gy) N N(Gy)t = {0}. Therefore, a
subsequence-subsequence argument allows us to conclude that

(2.85) u% Saut as i — oo

We next assume that there exists a subsequence dx, such that N, — oo as i — oo. In this
case, let € > 0 be arbitrary but fixed such that 0 < 2(2 + ¢170)e < p. Since eg € N (Gy)*
and N (Gy)* = R(GF) = R(AY/?) C R(A/4), there exists an element & € U such that
||’LAL()—'U/(]|| < egand ﬁ()—’LLT = A1/4U} forsomew € U. Easily, 2Hé0||U < (2-’-01’)/())Hé0||U <p
with ég := g — u'. From Proposition 2.16 and Corollary 2.17, we have

5,

\/oTj

Ok ~
@860 [y —willu < Ti(p) (lluo — ollu +af il ) + s

and

+ (14 T5(p)) 0k,

[ ~
@87 |F(uy) = F(u;) =y + Iy < Tap) (luo — ol + o *|lw]ler)
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forall 0 < j < Ny, and for all # > 0. On the other hand, we can conclude from the
discrepancy principle (2.11) and the estimate (2.6) for all 0 < 57 < Ny, that

S, S,
7ok < [1F(u;") = y™ily < |F(uf™) = Flu) =y +yTlly + 1 F(uy) —y'lly

Sk, 1
< F(ui™) = Flug) =y +yl[ly + ?WHGT%H%

Combining this with (2.87) yields for all 0 < 57 < Ny, that

N 1
St (7= (L4 To(p) < Talp) (Jluo = olluag”® + a3l ) + 3= Gire; ly

and thus

S,

aNk.

i

(7= (1+T5(p))

1 Greny, —1lly

77]0) VAN, -1

Letting ¢ — oo, employing (2.80), and using the second limit in (2.67) gives

1 . 1 1
< Tilp) (a7l — ol + gzl ol ) + <=

Ok, < Ty(p)

Ty(p)
ST €.

(1 — (1 +T5(p))) limsup r1/2

11— 00 aNk

luo — dolly <

Noting that Ny, — oo as ¢ — 0o, this implies that

lim sup ‘— =0.
1—00 «/aNki

This and (2.86) yield

. Ok N
limsup [|uy’ —un,, [lv < Ti(p)uo — dollv < Ti(p)e,
i—00 v

and hence, since € > ( was arbitrary,

. Sk
lim sup ||u1\’;; —un,, v =0.
1—00 K

Together with (2.67), this implies that
6’“1‘ 1 .
Uy, U as i — oQ.
From this, (2.85), and a subsequence-subsequence argument, we obtain (2.82). 0

3. Iterative regularization for a non-smooth forward operator. In this section, we
study the solution operator to (1.2) based on previous results from [2, 3]. In particular, we show
that this operator together with one of its Bouligand subderivatives satisfies the assumptions in
Section 2.
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3.1. Well-posedness and directional differentiability. Let Q C R4, 2 < d < 3,bea
bounded domain with Lipschitz boundary 2. For u € L?((2), we consider the equation

1
@1 y=0 on0,

{—Ay+y+ =u inQ,

where y* (2) := max(y(z),0) for all z € Q. From [27, Thm. 4.7], we obtain for each
u € L*(Q) a unique weak solution y,, belonging to Hg () N C(£2) and satisfying the a priori
estimate

1Yullg @) + Yullo@) < coollullL2o

for some constant ¢, > 0 independent of w.

Let us denote by F' : L2(Q2) — H(Q) N C(R) — L%(Q) the solution operator of (3.1).
As shown in [3, Prop. 3.1] (see also [2, Prop. 2.1]), F' is Lipschitz continuous as a function
from L?(Q) to H}(Q) N C(Q), that is,

(G2 [F(u) = F(u)ll g ) + 1F(w) = FO)lo@ < Crllu—vllr2 @

for all u,v € L*(Q) and for some constant Cz. Moreover, F is completely continuous as
a function from L2(2) to H}(Q) and from L?() to itself. However, F is in general not
Gateaux differentiable, but it is Gateaux differentiable at u if and only if |{ F(u) = 0}| = 0.

Similarly to [3], we shall use as a replacement for the Fréchet derivative a Bouligand
subderivative of F' as the operator GG, in Section 2. We first define the set of Gdteaux points
of F' as

D:={veL*Q):F:L*Q) — Hj(Q) is Giteaux differentiable in v}.

Denoting the Gateaux derivative of F' atu € D by F'(u) € L(L?(Q2), H3(Q)), the (strong-
strong) Bouligand subdifferential at u € L?((2) is then defined as

OpF(u) :={G, € L(L*(Q), H}(Q)) : there exists {uy }nen C D such that
t, — win L*(Q) and F'(u,)h — G, hin H}(Q) for all h € L*(Q)}.

We have the following convenient characterization of a specific Bouligand subderivative of F'.
PROPOSITION 3.1 ([2, Prop. 3.16]). Given u € L*(Q), let G, : L*(Q) — H}(Q) —
L?(R2) be the solution operator mapping h € L*(Q) to the unique solution ( € HZ(Q) of

33 { —A(+ x>0l =h inQ,
(=0 ondf,
where y, := F(u). Then G, € OpF (u).
In general, for a given h € L?(Q), the mapping L?(Q) > u — G,h € L*(Q) is not
continuous (see, e.g., [3, Exam. 3.8]), and the mapping L?(2) > u + G, € L(L?()) is thus
not continuous.

3.2. Verification of the assumptions. We now verify that the solution mapping for our
example together with the mapping G,, defined as in Proposition 3.1 satisfies Assumption (A1)
as well as that—allowing p to be taken sufficiently small— the conditions of Theorems 2.15
and 2.20 are satisfied. We begin with the verification of the generalized tangential cone
condition (GTCC).


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BOULIGAND-LEVENBERG-MARQUARDT ITERATION 303

PROPOSITION 3.2. Let ti € L?(Q2), ij := F (), and p > 0. Then it holds that
[1F(@) = F(u) = Gu(i = u)l| 2 ) < np)|F (@) = F(u)llL2(0)

forall u,u € §L2(Q)('a7 p) with

(3.4) n(p) == Ca |{|3] < Crp}|"/*

for some constant Cq > 0.
Proof. Applying to [3, Lem. 3.9] for p = % yields

(335)  [IF(@) = F(u) = Gu(@ — u)|| 20y < CoM (u, @) M| F(d) = F(u)|| 120

for some constant Cq and M (u, @) := [{y, < 0,ya > 0} U{y, > 0,35 < 0}|. According
to (3.2), we thus have that

19— vullc@ < Crllt—ulr2@) < Crp=:¢
for all u € Bp2(q)(4, p) and y,, := F(u). This implies, for any u € B2(q)(t, p), that
—e+yu(r) <§<e+yulz)
for all z € Q with y,, := F(u). We then have for any u, @ € Bp2(q)(u, p) that

{Yu > 0,94 <0} C{—e <y <e},
{Yu £0,ya >0} C{-e<y<e}

with y,, := F(u) and y; := F(@). It therefore holds that

B0 [X(yu>0) = X(wa>0}| = [X(pu>0ma<0) = X{ua>0.4.<0}| < X{—e<i<e)-

From this, we have
M(u,a) < [{ly| <e}| = [{ly] < Crp}l,

which together with (3.5) allows us to deduce the desired result. O

We next construct, for any uy,us € L?(2), a bounded linear operator Q(uy,us) :
L2(Q) — L?(Q) that satisfies (2.3) and (2.4).

LEMMA 3.3. Let u1,us € L?(Q) be arbitrary, and let G, i = 1,2, be defined as in
Proposition 3.1. Then there exists a bounded linear operator Q(uy,us) : L*(Q) — L*(Q)
such that

(3.7) Guy = Q(u1,u2)G,

and

(3.8) 11— Q(u1,uz)|lLir2()) < Clui,usz),
where

Cl(u1,u2) = Cyl|X{F(u1)>0} = X{F(us)>0} L3 ()

with some constant C, > 0 independent of uy and us.
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Proof. To prove the existence of the bounded linear operator Q(u1,us ), we first construct
this operator on H{ (2) and then extend it to L?(2) by a density argument. To this end, we
set y; == F(u;) with i = 1,2. We now define the linear operator Q(uy,u2) : Hi(Q) —
H} () < L?(Q) as follows: for any v € H}(Q), we set w := Q(uy, ua)v defined as the
unique solution in Hg (£2) to

=AW + X{y,>00W = —AV + X{y,>0}V in €2

We now show that
(3.9 1Q(ur, u2)v|| 120y < CllvllL2(q) for all v € Hy ()
and for some constant C' independent of v. First, we have for any v € H} () that
(3.10) —A(w =) + X0 (W = V) = [X{ga>0) ~ Xqm>0y] v inQ
It follows that

lw = vl gy < CllvllL2o
for some constant C' > 0. This and the continuous embedding H}(Q) — L2(2) give

[w =22 < Cllvllzz).

which along with the triangle inequality yields (3.9). From the estimate (3.9) and the density
of H}(£2) in L?(€2), the operator Q(u1, u2) has a unique continuous extension, also denoted
by Q(u1,us), from L2(£2) to L2(£2).

It remains to show (3.7) and (3.8). It is easy to obtain the identity (3.7) from the definition
of Q(u1,us) and the uniqueness of solutions to (3.3). By density, to prove (3.8) we only need
to show that

(3.11) v — Q(u1,u2)v||L2(0) < Clur,u2)||v||12(0) forall v € H} ().
Since (2 is bounded in R? with d € {2,3}, one has H} (2) — L5(Q). Testing (3.10) by w — v
and exploiting the Holder inequality yield
IV(w =)z < /Q [X{y:50) = Xgyr>0}] v(w — v)dz
< IX{ya>03 = Xgmsopll s @ Ivll 22 @) llw — vl s (0)-
From this and the continuous embedding H} () < L5(£2), we obtain
[V(w —v)[[22(0) < CllX{yo>0} = X{y>0yllzs@ V]2
for some constant C' independent of u; and us. The Poincaré inequality thus implies that
lw—vllL2(0) < CullX{ya>03 — Xqysolza@)llvllz2(@),

which is identical to (3.11). 0

PROPOSITION 3.4. Let Q : L*(Q)? — L(L?*()) be the mapping defined as in
Lemma 3.3, let u € L?(Q) be arbitrary, and let p be a positive number. Then, for any
uy,uy € By (U, p), it holds that

I — Qu1,u2)|lLiz2()) < K(p),
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where
(3.12) K(p) == C.l{|g] < Crp}|/?

with § := F(u) and C,. defined as in Lemma 3.3.
Proof. Set §j = F(u). According to (3.2), we thus have that

19 = yullo@) < Crllu—ullp2@) < Crp=:¢
forall u € §L2(Q) (u, p) and y,, := F'(u). Similar to (3.6), it holds that

Xtw>0) = Xgwa>03| < X(—esye),
which together with the definition of C(u1, ua) yields
C(ur,up) < Cul{ly| < e}/2.

This and Lemma 3.3 give the desired conclusion. 0

From (3.4) and (3.12), we immediately obtain that x(p) and n(p) can be made arbitrarily
small provided that [{§ = 0} is small enough. In particular, we deduce that (GTCC) holds
with the required bound on the constant 7(p).

COROLLARY 3.5. Let functions k and 1 be, respectively, defined by (3.12) and (3.4). Let
u € L?(Q) be such that |{ F(u) = 0}| is sufficiently small. Then (2.2) holds.

3.3. Bouligand-Levenberg-Marquardt iteration. The results obtained so far indicate
that the solution mapping F' of (3.1) and the mapping v — G,, with G,, the Bouligand sub-
derivative defined as in Proposition 3.1 satisfy Assumption (A1), provided that [{F(u') = 0}|
is small enough. We note that in this case F' is injective, i.e., u! is the unique solution to (2.1).
We can therefore exploit G, in the Levenberg-Marquardt method (2.8)—(2.11) to obtain a
convergent Bouligand-Levenberg-Marquardt iteration for the iterative regularization of the
non-smooth ill-posed problem F'(u) = y.

COROLLARY 3.6. Let ul € L?*(Q) be such that |{y" = 0}| is small enough with
yt == F(u'). Let {a,} be defined by (2.9) with aé/2 > ||GuillLz2(q))- Then there ex-
ists p* > 0 such that for all starting points ug € ELZ(Q) (uf, p*), the Bouligand-Levenberg-
Marquardt iteration (2.8) stopped according to the discrepancy principle (2.11) is a well-posed
and strongly convergent regularization method.

Proof. Take U = Y = L%(Q) and note that N'(G,,+) = {0} and so N (G 1)+ = L3(9).
Then, Assumption (A1) is satisfied according to Propositions 3.2 and 3.4, Lemma 3.3, and
Corollary 3.5. Assumption (A2) follows directly from Proposition 3.1 together with the
compactness of the embedding H}(Q) < L*(Q). Finally, the various requirements on the
smallness of constants involving 7)(p) and k(p) are satisfied due to Proposition 3.4. The claim
now follows from Theorem 2.20. a

We point out that the assumption on the support of F'(u) does not entail a similar
requirement on F'(u%) and that this non-differentiability of F at the iterates is the primary
source of difficulty in showing convergence.

To close this section, we comment on the practical implementation of the Bouligand-
Levenberg-Marquardt iteration (2.8) for the non-smooth PDE (3.1). Let 4° € L? (Q). For any
ud € L?(Q), we set yS := F(u) and define the correction step

= (and + (G3)*G3) T (G)* (v° — o) -
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From this, (2.8) can be rewritten as u? 1= ud + s with
s s 5.6 §_ .6
AnSy = (Gn)* (_Gnsn + Yy — yn) .
By introducing 20 := G? 5% and b := y° — 42, we deduce that s and 2J satisfy
s

—Az) + X{yf,/>0}zg =Sy, in Q, 2% = 00n 09,

(3.13) 1
—As) + X{y? >0}3f1 =— (—22 + bi) in €2, s° =0 on 0.
n an

A Bouligand-Levenberg-Marquardt step can thus be performed by solving a coupled system
of two elliptic equations.

4. Numerical experiments. This section provides numerical results that illustrate the
performance of the Bouligand-Levenberg-Marquardt iteration. In the first section, we give a
short description of our discretization scheme and the solution of the non-smooth PDE using
a semismooth Newton (SSN) method. The second section reports the results of numerical
examples.

4.1. Discretization. In the following, we restrict ourselves to the case where € is an
open bounded convex polygonal domain in R?. We shall use the standard continuous piecewise
linear finite elements (FE) (see, e.g., [5, 17]) to discretize the non-smooth semilinear elliptic
equation (3.1) as well as the linear system (3.13). In [2, 3], the discrete version of (3.1) as
well as its equivalent nonlinear algebraic system were obtained by employing a mass lumping
scheme for the non-smooth nonlinearity. We shall use the same technique to discretize the
system (3.13). Let 7}, stand for the triangulation of 2 corresponding to the parameter h, where
h denotes the maximum length of the edges of all the triangles of 7},. For each triangulation
Th let Vi, C HE () be the space of piecewise linear finite elements on 2. We denote by dj,

and {p; j;l, respectively, the dimension and the basis of V}, corresponding to the set of nodes

Ny :={z1,...,24,}. Foreach T € Ty, we write T for the closure of T (i.e., the inner sum
is over all vertices of the triangle 7).

We first consider the nonlinear equation (3.1). Let y;, and u;, € V}, be the FE approxima-
tions of y and u, respectively, with y and u satisfying (3.1). As shown in [2, 3], the discrete
equation of (3.1) is given by

[ Vonde 43 ST max(0.m(e))one)

TeEThH x; ETﬂNh

:/uhUh dz, v, € Vi,
Q

and its equivalent nonlinear algebraic system is defined as
4.1) Ay + D max(y,0) = Mu,

where A = ((Vy;, VQPZ‘)L2(Q))Z;:1 is the stiffness matrix, M := ((;, ()Oi)L2(Q));-i:;-:1 is
the mass matrix, D := 1 diag(wi, . ..,waq,) with w; := |[{¢; # 0}| is the lumped mass
matrix, and max(+, 0) : R — R is the componentwise max-function. According to [3],
the equation (4.1) is semismooth in R and can be solved via a SSN method. Here, with a
slight abuse of notation, we write y € R% and u € R%, respectively, instead of (yh(xi))fil

and (up (2:))2,.
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We now turn to the system (3.13). According to [5, Sec. 2.5] (see also [28, Sec. 9.1.3]),
for a fixed § > 0, the discrete linear system of (3.13) is given by

1
/QVzh.Vvhdz+§ z || Z X{yg>0}(xi)zh(xi)vh(xi) :/Qshvhd:c,

TETh :EiETﬂ./\/h

1
/ Vsp - Vwp, dz + 3 E |T| E X{ys >0} (Ti)sn(xi)wn(zi) =
Q —
TeTh z, ETNNG,

1
- — (Zh — bh) W, d$7
Un Jo

for all vy, wy, € Vp,, where zy, sy, and by, stand for the FE approximations of zfl, st, and b‘fl,

respectively. By standard computations, the above variational system can be reformulated as

Az +Kyz = Ms,

4.2) 1
As+Kys = —a—M(z —b)

with
1
Ky = §d1ag (wix{yi>0}) c Rdthh, Yy, := yi(xi)’ forall 1 <i< dh-

Here, again, we denote the coefficient vectors (z; ()%, (sn(z;))™,, and (by,(z;))™, by

z € R¥, s € R¥% and b € R%, respectively. A standard argument shows that (4.2) is
uniquely solvable.

4.2. Numerical examples. In this section, we consider 2 := (0,1) x (0,1) C R? and
employ a uniform triangular Friedrichs-Keller triangulation with ny X ny, vertices for nj, = 512
unless noted otherwise. A direct sparse solver is used to solve the SSN system (4.1) and the lin-
ear system (4.2). The SSN iteration for solving (4.1) is initiated at y° = 0 and terminated if the
active sets AC* := {i : y¥ > 0} at two consecutive iterates coincide. The Python implemen-
tation used to generate the following results (as well as a Julia implementation) can be down-
loaded from https://github.com/clason/bouligandlevenbergmarquardt.
The timings reported in the following were obtained using an Intel Core 17-7600U CPU
(2.80GHz) and 16 GByte RAM.

As in [3], we choose the exact solution

uT(xl, Xg) = rnauc(gﬂ(:cl7 x32),0)

+ 47r2yT(m1, x2)

-2 ((2x1 — 1)2 +2(x1 — 14 8)(z1 — ,8)) sin(2mx2) | X815 (*1)
where
y (21, 32) := [(21 — B)* (21 — 1 4 B)” sin(2m22)] x(g,1-5) (71),
for some 3 € [0,0.5], is the corresponding exact state. Obviously, y7 € H2(Q) N H}(2)

and satisfies (3.1) for the right-hand side uf. Moreover, y' vanishes on a set of measure
23. The forward operator F': L?(Q) — L?(Q) is therefore not Gateaux differentiable at u'
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whenever § € (0, 0.5]; see, e.g., [3, Prop. 3.4]. Let us denote by y,TL the discrete projection of

y' to V},. We now add a random Gaussian noise componentwise to y:b to create noisy data y;i
corresponding to the noise level

0= ||y;rL - yg”L?(Q)-

Here and below, all norms for the discrete functions v; are computed exactly by
|von |22 @ = v} Muy, (identifying again the function v, with its vector of expansion co-
efficients). From now on, to simplify the notation, we omit the subscript k. In the following,
we consider different choices of the parameter 8 and two different choices of starting points:
the trivial point uy = 0 and the discrete projection of

= ul — 20sin(7rz; ) sin(27z).
We point out that for the second starting point, u' satisfies the generalized source condition
uf —d € R (G Gu)?| CRI(GLGut)”)

for some v € (0,1/2). Note also that % is far from the exact solution u' and that ug = 0
is not close to u" when the parameter 3 is far from 0.5. For the case 8 = 0.005, the exact
solution «! and the starting point @ are displayed in Figure 4.1 and Figure 4.2, respectively.
The corresponding noisy data y° and the reconstructions U?V(; with respect to the noise level
§ € {1.056 - 1072,1.058 - 10~} are presented in Figure 4.3 for the parameters ay = 1,
r = 0.5, 8 = 0.005, 7 = 1.5, and for the starting point ug = .

We now address the regularization property of the Bouligand-Levenberg-Marquardt itera-
tion from Corollary 3.6. We first illustrate the effects of the starting guess on the convergence
of the iteration. Table 4.1 displays for the same parameters ag = 1, » = 0.5, § = 0.005,
7 = 1.5, a decreasing sequence of noise levels, and both starting points (for the same realiza-
tion of the random data) the values of the stopping index N5 = N (§,°), the logarithmic rate
of the stopping index

Ns
43 LRs = — 9%
@3 ST 15 log(d)

the relative error

(4.4) B - ||qu - U§V5”L2(Q)

b

HUTHL?(Q)

the empirical convergence rate

st —ul o)

4.5 R =
4.5) N ;

as well as the final Tikhonov parameter o, from (1.7). This table indicates that the speed
of convergence of the iteration for the starting point uy = @ is faster than that for the trivial
starting point ug = 0. While the growth of the stopping index N for the trivial starting point
is slightly faster than that for u, the logarithmic rates (4.3) for both starting points are stable.
This fits with Theorem 2.20. For the starting guess uy = u, the empirical convergence rate
R? is not greater than 0.4 as ¢ is small enough. This agrees with the convergence rate (’)(\/S )
expected from the classical source condition u’ — ug € R [(F”(ul)*F’(uf)1/2].
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FIG. 4.1. Exact solution u' for 8 = 0.005.
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FIG. 4.3. Noisy data y® and reconstructions u}s\,a forug =uwand agp = 1,7 = 0.5, f = 0.005 7 = 1.5.

To show the dependence on the parameter 5 of the performance of the Bouligand-

Levenberg-Marquardt iteration, we summarize in Table 4.2 the results obtained for 8 €
{0,0.15,0.3}, ap = 1,7 = 0.5, 7 = 1.5, and ug = @. Table 4.2 indicates that the stopping

index does not seem to be significantly influenced by the parameter 3. However, it is not
surprising that the relative error E° increases with respect to 3 since |{y’ = 0}| — 0 as

B — 0T,
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TABLE 4.1
Regularization property for ag = 1, r = 0.5, 8 = 0.005, 7 = 1.5: noise level §; stopping index Ng;
logarithmic rate LRs from (4.3); relative error E® from (4.4); empirical convergence rate R® from (4.5); final
Tikhonov parameter a .

ug =0 Uy =U
5 Ns LRs E? an; Ns LRs ES RS an;

1.06-1072 12 22 470-107! 4.1-107° 14 25 155-107' 23 1.6-10710°
1.06-10=% 16 2.0 236-107' 6.6-10"' 15 1.9 207-102 1.0 3.3-107U
1.06-107* 20 20 1.44-107' 1.0-107% 16 1.6 1.57-1073 0.2 6.6-10"12
1.05-107®> 25 20 7.33-1072 34-107'8 17 14 3.57-107% 02 1.3-10712
1.06-107¢ 30 20 355-1072 1.1-1072' 18 1.2 1.85-107* 0.3 26-10713
1.06-1077 34 20 277-1072 1.7-1072% 21 12 647-107° 0.3 2.1-107'°

TABLE 4.2
Regularization property for g = 1, r = 0.5, 7 = 1.5, ug = - noise level §; stopping index N5 = N (9, yé);
relative error E° from (4.4).

B=0 B=0.15 =023
5 N; E° N; E° N; E°
1.06-107! 11  3.10 11 1.13-10% 11 6.41- 101

1.06-1072 14 1.50-107' 14 5.47-107% 14 3.10

1.06-1072 15 1.96-1072 15 7.11-107%2 15 4.11-107!
1.06-107* 16 1.50-1073 16 5.75-1073 16 3.52-102
1.06-10"® 17 343-107* 17 356-107% 17 1.02-102
1.06-106 18 1.81-107* 19 3.74-10~% 18 5.29-1073

Finally, the stopping index as well as the total CPU time (in seconds) of the proposed
Bouligand-Levenberg-Marquardt (BLM) iteration and of the Bouligand-Landweber (BL)
iteration from [3] are compared in Figure 4.4. Recall that the BL iteration is defined by

(4.6) Uy = up, +w, G (v = F(up)),  n>0,

with the parameter w,, > 0 and is terminated via the discrepancy principle (2.11). To compare
the numerical results, we set ag = 1, 7 = 0.5, 8 = 0.005, 7 = 1.5, w,, = (2 — 2u)/L? for
all n > 0 with 4 = 0.1 and L = 0.05. Figure 4.4 displays the stopping index of the two
iterative methods versus the noise level § for both uy = % and ug = 0. Figures 4.4c and 4.4a
indicate that for the BLM iteration, in both cases N5 = O(1+ |log(d)]) as § — 0, as expected
from Theorem 2.20. On the other hand, Figures 4.4d and 4.4b show that for the BL iteration,
N5 = O(571) for ug = 4 and N5 = O(62) for ug = 0 as § — 0. As also shown in these
figures, the total CPU time to run each method is almost directly proportional to their stopping
indices (approximately 52 seconds per step for the BLM iteration and 16 seconds per step for
the BL iteration, corresponding to the size of (4.2) compared to that of the discretization of
(4.6)). For ug = 0 and § ~ 5 - 1072, the total CPU time of the BLM iteration is only 1136
seconds while that of the BL iteration is nearly 41337 seconds. Similarly, for uy = % and
d =~ 1077 it takes 1087 seconds for the BLM iteration and approximately 18054 seconds for
the BL iteration to terminate. Hence even though the cost of each step of the two iterations is

different, the BLM iteration is significantly faster also in terms of CPU time for small values
of 6.
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FIG. 4.4. Comparison of the stopping index Ng and the total CPU time (in seconds) for the Bouligand-
Levenberg-Marquardt (BLM) and the Bouligand-Landweber (BL) iterations.

5. Conclusion. We have proposed a novel Newton-type regularization method for non-
smooth ill-posed inverse problems that extends the classical Levenberg-Marquardt iteration.
Using a family of bounded operators {G,, } to replace the Fréchet derivative in the classical
Levenberg-Marquardt iteration, we have proved under a generalized tangential cone condition
the asymptotic stability of the iterates and from this derived the regularization property of
the iteration. In particular, when considering ill-posed inverse problem where the forward
operator corresponds to the solution of a non-smooth semilinear elliptic PDE, we can take
G, from the Bouligand subdifferential of the forward operator. If the non-differentiability
of the forward mapping is sufficiently “weak” at the exact solution, then these operators
satisfy the required assumptions and the resulting Bouligand-Levenberg-Marquardt iteration
thus provides a convergent regularization method. As the numerical example illustrates, this
iteration requires significantly less iterations and can be much faster than first-order methods
such as the Bouligand-Landweber iteration from [3].

This work can be extended in several directions. First, it would be interesting to derive
convergence rates under the generalized source condition (2.44). Of particular interest would
be the extension of the proposed iteration for non-smooth ill-posed inverse problems with
additional constraints such as non-negativity of the unknown parameter. Finally, similar
non-smooth extensions of other Newton-type methods such as the iteratively regularized
Gauss-Newton method could be derived.
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Appendix A. Auxiliary lemmas.

This section provides some estimates on the sequence of parameters defined by (2.9) and
on bounded linear operators between Hilbert spaces.

LEMMA A.1 ([8]). Let {cv, } be defined via (2.9). Then it holds for all k > 0

-1 —1/2
k k k
—1 2 —1/2 -1
E a; < pOk+1, E a, Q; <,
j=0 m=0 j=m
1 —1/2
k k k k /
E —1/2 § ’ -1 1/2 -1 -1 —1/2
a,, Q; < C20 /)y, E o, g Q; < C304y.4 1,
m=0 j=m m=0 j=m
-1
k k
—1 -1
E o, E a; < ¢4,
m=0 j=m
where the constants c;, i = 0, ..., 4, are defined in (2.14).

The next lemma provides some more estimates for the sequence {,, } defined via (2.9)
with an exponent v € [0,1/2). Its proof is standard and thus is omitted.

LEMMA A.2. Let {a,} be defined via (2.9), and let 0 < v < % Then it holds for all
k>0

—1/2
k k /
Z ol 1?2 Z ozj_l < Ko(r,v)ag
m=0 j=m
and
k k -t
v—1/2 -1 v+1/2
Zam / Zaj < Ki(r,v)og )
m=0 j=m

with Ko(r,v) and K;(r,v) defined in (2.15).

The next lemmas give useful estimates of a bounded linear operator between Hilbert
spaces and generalize the corresponding results in [7]. Their proofs are based on spectral
theory and the functional calculus of self-adjoint operators; see, e.g., [4, 26].

LEMMA A.3 ([8, Lem. 2]). Letr {ar} be a sequence of positive numbers, and let
T : Hy — Hy be a bounded linear operator between Hilbert spaces. Then, forany 0 < v <1
and any integers 0 < m <, it holds that

—V

l l
I o) (a1 + 1)~ (771" < (> a;!
j=m ]L(Hl) j=m
This result can be improved for the specific case v = % to be sharp, as can be verified by the

choice m = [.
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LEMMA A.4. Let {ay} be a sequence of positive numbers, and let T : H; — Hs be a
bounded linear operator between Hilbert spaces. Then, for any integers 0 < m < [, it holds
that

) . ~1/2
s —1 e 1 -
Haj(ajIJrTT) T <3 Zajl
J=m L(H2,H:) J=m
Proof. Settg := ||T Hi( ., 11) @nd define the continuous function

l
gt) = [[ aj(e;+)~",  t>o0.

j=m
From the spectral theory of self-adjoint operators (see, e.g., [4, Chap. 2]) we have that
(A1) l9(T YT 1,1,y < 500 { VElg(8)] : 0 <t <o}

On the other hand, a simple computation and the Cauchy-Schwarz inequality give
1/2

l l l l
CRUES | K ERED I =R | EA DT I
3 j=m j=m j=m j=m

m

l
Jj=

which leads to
—1/2

l
Vilg(t)| < Z a;t

for all ¢ > 0. Combining this with (A.1) yields the desired estimate. 0
Finally, we have the following direct consequence of Lemmas A.3 and A .4.
COROLLARY A.5. Let {«y} be a sequence of positive numbers, and let T : Hy — Ho be
a bounded linear operator between Hilbert spaces. Then, for any 0 < v < % and any integers
0 < m <1, it holds that

DN =

—v—1/2
l l
I o) (a1 + 1)~ (T*1)" 7" = P

Jj=m ]L(HQ,Hl) Jj=m
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