Electronic Transactions on Numerical Analysis. ETNA

Volum-e 51, pp. 315-330, 2019. . . Kent State University and
Copyright (© 2019, Kent State University. Johann Radon Institute (RICAM)
ISSN 1068-9613.

DOI: 10.1553/etna_vol51s315

ANALYSIS OF THE TRUNCATION ERROR AND BARRIER-FUNCTION
TECHNIQUE FOR A BAKHVALOV-TYPE MESH*

THAI ANH NHANT AND RELJA VULANOVICH

Abstract. We use a barrier-function technique to prove the parameter-uniform convergence for singularly
perturbed convection-diffusion problems discretized on a Bakhvalov-type mesh. This is the first proof of this kind in
the research literature, the barrier-function approach having only been applied so far to Shishkin-type meshes.
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1. Introduction. Singularly perturbed boundary-value problems arise as models of var-
ious phenomena in science and engineering [4, 5, 19]. Their numerical solution represents
a challenge because of the presence of boundary and/or interior layers in the continuous
solution. This is why layer-adapted meshes are often used in numerical methods for solving
these problems. Bakhvalov and Shishkin meshes and their modifications are the best-known
meshes of this kind. Despite the fact that the latter [20] was introduced about two decades
later than the former [3], Shishkin-type (S-type) meshes have become predominant in the
singular-perturbation research, largely due to their simple construction. We refer the reader to
the monographs [10, 19] and the many references therein for dedicated discussions on such
layer-adapted meshes and relevant numerical schemes.

The original Shishkin mesh and its slight modifications enjoy properties of piecewise-
uniformity and explicitly defined transition points between fine and coarse parts of the mesh,
which greatly simplifies the analysis of numerical methods applied. Their drawback is that they
produce errors which contain In N-factors, where NV is the number of mesh steps. Bakhvalov-
type (B-type) meshes do not suffer from this as they are graded in the layer and smoothly
transition to a coarser part at a point which is farther away from the layer than the Shishkin
transition point. B-type meshes include the original Bakhvalov mesh and its modifications,
like the one due to Kopteva [6, 7] (or the variation in [19, p. 120]), as well as Vulanovié’s
generalization [22]. The generalization in [10, 17] combines the Shishkin transition point
with the possibility of having a smoothly graded mesh in the layer, which also eliminates
In N-factors from the error. Because of the transition point, these meshes are considered
S-type meshes. Their graded part can be generated by the same mesh-generating functions
like those used to create the graded part of B-type meshes. In this sense, we have meshes like
the Bakhvalov-Shishkin mesh or the Vulanovi¢-Shishkin mesh.

Generally speaking, the nature of singular perturbation problems makes their numerical
analysis difficult. For instance, when convection-dominated problems are solved by a finite-
difference method on a layer-adapted mesh, special techniques are needed to prove that the
method converges uniformly with respect to the singular perturbation parameter €. Those
techniques include, but are not limited to, the use of barrier-function estimates of the truncation
error (e.g., [16, 17, 21]), of the hybrid stability-inequalities [1, 2, 6, 7, 12], which usually
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involves the discrete Green’s function, or of the newly proposed preconditioning approach [13,
14, 15, 26].

All the above e-uniform convergence proof techniques on layer-adapted meshes have
been applied successfully to singularly perturbed convection-diffusion problems, except for
one case, namely the truncation error and barrier function technique on B-type meshes. The
question whether this kind of proof would be possible was posed in the early 2000s and has
remained unanswered until now (see the survey [8, p. 1068] for instance). At the same time,
the existing barrier-function technique works for S-type meshes, even the ones graded in the
layer [17]. This is mainly because the step sizes of S-type meshes possess certain technical
properties, which B-type meshes do not have. For example, all mesh steps in the layer region
of the S-type meshes introduced in [17] are bounded by Ce, where C' denotes a positive
generic constant independent of € and /N. By contrast, as will be seen in the present paper,
B-type meshes do not satisfy this property. This is why other techniques (i.e., the hybrid
stability-inequalities and preconditioning) have been developed for B-type meshes.

In this paper, we close the existing theoretical gap and provide the first-ever barrier-
function proof of e-uniform convergence for convection-diffusion problems discretized on
a B-type mesh. The construction of an appropriate barrier function is based on a careful
and detailed analysis of the truncation error. Our proof technique is inspired by the one we
recently used in [16], where we modified and improved the barrier-function approach to prove
e-uniform convergence for a generalized Shishkin mesh.

To present our proof, we consider the simplest model problem, the simplest finite-
difference scheme, and one of the simplest B-type meshes. For the model problem, we
take a linear singularly perturbed convection-diffusion problem in one dimension,

Lu:=—eu —b(x)u + c(z)u = f(x), x € (0,1),

(1) u(0) = u(1) =0,

with a small positive perturbation parameter £ and C[0, 1]-functions b, ¢, and f, where b and
c satisfy

b(xz) > B >0, c(x) >0 forxz € T:=[0,1].

With these assumptions, the problem (1.1) has a unique solution u, which in general has
an exponential boundary layer near x = 0. We discretize the problem on the simplest of
Vulanovi¢’s modifications of the original Bakhvalov mesh [22] and use the standard upwind
scheme, the simplest e-uniformly stable scheme available. This method provides e-uniform
convergence of the first order, which is what we prove. We particularly emphasize that this
result is not new; the same has been proved using the other above-mentioned techniques [1,
2, 15]. Rather, the novel contribution of the paper lies in the way the problem is analyzed
by a barrier-function approach for the first time. Our analysis provides more understanding
of the behavior of the truncation error at every discretization point of the B-type mesh, and
therefore we provide the theoretical answer to the open problem posed in [8, p. 1068] and also
in [10, Remark 4.21].

Additionally, we are motivated to study the barrier-function technique because it can
be generalized to two dimensions [9, 11]. This has been done for S-type meshes, but the
question whether one can prove c-uniform convergence on a B-type mesh for the upwind
discretization of the two-dimensional convection-diffusion problem, [18, Question 4.1], has
remained open until now. We demonstrate in the appendix that our approach can be extended
to two dimensions, thus answering the question affirmatively.

The rest of the paper is organized as follows. The B-type mesh is introduced and analyzed
in Section 2. This is followed by the truncation-error analysis in Section 3. We then prove the
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main result, e-uniform convergence, in Section 4 and illustrate it by a numerical experiment
in Section 5. Some concluding discussions are provided in Section 6, which continues in the
appendix, where we comment on the two-dimensional case of the problem.

2. The Vulanovi¢-Bakhvalov mesh. Let z;,7 = 0,1,..., N, denote the points of the

discretization mesh, 0 = xg < 1 < --- < axy = l,andleth;, = x; —x;_1,1=1,2,..., N.
We also define /i; = (h;+hiy1)/2,i=1,2,..., N —1. A mesh function on the discretization
mesh is denoted by w? = (w)’,wl, ... w¥). If g is a function defined on I, we write g;

instead of g(x;) and g” for the corresponding mesh function.

We repeat that C' denotes a generic positive constant independent of both € and N. Some
specific constants of this kind will be indexed.

The design and generalization of Shishkin meshes have gained much attention from
researchers; see [16, 17, 23, 24] for instance. In contrast, there has been less attention
on the generalized construction or analysis of the Bakhvalov mesh. A rare example of
the generalization of the Bakhvalov mesh is an early contribution by Vulanovi¢ [22]. A
modification of the Bakhvalov mesh can also be found in [6, 7]. The mesh points z; of any
B-type mesh are generated by a function X in the sense that z:; = A(¢;), where t; = i/N for

1=0,1,..., N. The mesh-generating function \ is defined as follows:
1), t € |0,q,
o NP O 0, 0]
v(a) + ¢ ()t —a), t€[a,1],

with ) = as¢, where a is a positive fixed mesh-parameter and ¢ is a smooth function which
essentially is the inverse of the exponential-layer function. The point « is the solution of the
equation

22 Y(a) + 9 (a)(1 —a)=1.

The part of X on the interval [0, o] generates the fine portion of the mesh in the layer, while
the part on [«, 1] generates the coarse mesh outside the layer (this part is the tangent line from
the point (1, 1) to ¢, touching ¢ at (o, ¥ (x))).
In [22], the author also introduces a simpler B-type mesh, in which a Padé-approximation
of the exponential-layer function is employed to construct the function ¢,
t q
)= —=———1, t €0, al,
o) = — = 0,0]
where ¢ is another fixed mesh-parameter, 0 < ¢ < 1. We consider this mesh in the present
paper and call it the Vulanovi¢-Bakhvalov mesh (VB mesh). With this choice of ¢, the
equation (2.2) reduces to a quadratic one, and its solution is easy to find,
q— +v/agq(l — q + ae)

@ 1+ ae '

The two mesh-parameters have to satisfy ac < ¢ (which is equivalent to ¢/’ (0) < 1), and then
« is positive. Note also that o < ¢ and

—a=(vE (<C, %sc.

Let J be the index such that ¢t ;_; < a < t;. Starting from the mesh point x 7, the mesh
is uniform. However, x ; behaves differently from the transition point of the Shishkin mesh
because

(2.3) 2y > (a) = %ﬁ.
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Additionally, it is also worth mentioning that A defined in (2.1) is differentiable on [0, 1],
whereas mesh-generating functions of graded S-type meshes are only piecewise differentiable.
We now derive some estimates for the VB mesh steps.
LEMMA 2.1. Let tj < q. Then we have the following estimates for the step sizes of the
VB mesh in the layer region:

(2.4) CeN™' < h; < CeN, i=1,2,...,J -1,

and

(2.5) 1< M

<3 i =2,3,...,J -1
7hi—17 ’ t 9 )

Furthermore, when h; > ¢, we have that

1 N1/2
2.6) > . i=1,2,...,J—1
( Q7t,;_1 \/26Lq

Proof. First, we show that
CeN~! < h,, i=1,2,...,J—1.
This is because
hi = xi — i1 = ag[p(t;) — ¢(ti—1)] > aeN "¢/ (ti—1)

=aeN~! q >a5N‘1L > CeN™1.

(g —ti—1)? — (@)* —
On the other hand, for7 < J — 1 and t; < q, we have

hi = @i = wi1 = agl@(ti) — d(ti-1)] = N(q— t?_gf)(q — 1)

asq agq
< < < CeN.
T N(g—tr—2)(g—ts—1) T N(t;—tj_2)(ts—ts—1) ~

To prove (2.5), the mesh construction yields h;_1 < h;, so that we immediately have

h
*_ > 1. Furthermore,
hi—1
hi —t —t;+2/N 2
hi—1 q—1t q—t; N(ty—ts-1)

foralli < J —1.
To verify (2.6), we first observe that for: < J —landt; < ¢:
q—ti—1 1 1

14 <1+ <2
q—t; N(q—t) N(t;—t;)

That is,
1 2
<

2.7 < .
q—1t; — q—ti—1

Additionally, when h; > ¢, we have

h; aq
L > 1,
e N(g—ti—1)(g—1t;)
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and then (2.7) yields

2aq

_ 1
N(qg—ti—1)? -5

which asserts (2.6). 0

REMARK 2.2. The mesh step-size estimates stated in (2.4) distinguish our B-type mesh
from S-type meshes in the sense of [14, 17]. That is, in the layer region, while the step size h;
of S-type meshes is bounded from above by Ce¢, that of the VB mesh is gradually graded with
hy ~ O(eN~1)and hy_1 ~ O(eN). This is a striking contrast between the two mesh types.

REMARK 2.3. Without the condition ¢ ; < g, all the estimates in Lemma 2.1 are true for
i< J—-2

We now consider step-size estimates for the case ¢ < ¢ ;. We also define

tyo1+ty  J—1/2

t _ = =
J—1/2 B N

LEMMA 2.4. Let q < t;. Then the following estimates are satisfied:
o When o <tj_q/3 we have

(2.8) hy;>CN~.
o Whentj_y/ < a, we have
(29) h/Jfl S CeN.

Proof. First, consider o < t;_1/5. Then, hy = x1 + X2, where x1 = x4 — ;-1 and
X2 = Zj — To With 2, = (). It follows that

ae t;j —«
hy > va = ¥(a)(ty — a) = 254 (’)

q—« q—«
ag ag 1

> = (tr—tj_1/2) > C2aN

Y

which gives (2.8).
Second, for t ;1,3 < o and because t ;1 <ty_1/2 < a < g, we have

agq < agq
N(g—tr2)(g—tj-1) =~ N(tj-1—ts-2)(tj—1/2 —ts-1)

hy_1 = < 2aegN. ]

3. The upwind discretization and truncation-error estimate. We discretize the prob-
lem (1.1) on the VB mesh using the upwind finite-difference scheme,

N _
wy =0,

(3.1 LYY = —eD"wl — b;DTw) 4w = f;, i=1,2,...,N—1,

wi =0,
where

D"wlN = hl (D+wlN - walN)

K3
T
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and
N N N
w; g — w; w; —w
+, N _ Yitl - N _ -1
Dty = —F— | D wy = — !
hiv1 h;

It is easy to see that the operator £ satisfies the discrete maximum principle. Therefore, the

discrete problem (3.1) has a unique solution w” .

We proceed to provide the truncation-error estimate when the problem (1.1) is discretized
by the above upwind scheme on the VB mesh. Let

milgl = LNgi — (Lg)i,  i=1,2,...,N -1,

for any C?(I)-function g. In particular, 7;[u] is the truncation error of the finite-difference
operator £V and

3.2) mi[u] = LYu; — LYw) = LY (u — w™);.
By Taylor’s expansion we get that

(3.3) |7i[u]] < Chia(ellu” [l + [["]]2),
where ||g||; := max, | ..., |g(x)| for any g € C(I).

We estimate the truncation error below by using the following decomposition of the
continuous solution u into the smooth and boundary-layer parts, [10, Theorem 3.48]:

u(x) = s(x) +y(x),

where forx € [ and k = 0, 1,2, 3 we have

(3.4) |s®) (@) < C (1+27F)
and
(3.5) ly®) (z)| < Ce ke Pu/e,

In addition, the layer component y satisfies a homogeneous differential equation,
(3.6) Ly(z) =0, z € (0,1).

Moreover, in the proof of the next lemma, we crucially need the inequality

2

i -1
(3.7) e BTi/(26) — H (efﬁhj/(%)) < Jl;[l (1 + ﬂ;?) — ?ij

J=1

fori =0,1,..., N, which is based on ¢! > 1 + ¢, for all ¢ > 0.
LEMMA 3.1. The truncation error for the regular part satisfies

In[s]l <CN7Y, i=1,2,...,N—1.

The layer part can be estimated as follows:
e fori > J+ 1, we have

(3.8) iyl < CNTL
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e Fori < J, we have the following subcases:
— When h; < ¢, we have

(3.9) Im[y]| < Ce1gN N1
— When h; > €, we first have an estimate for i = J,
(3.10) Tyl <CN~L
Forv<J—1landt; <gq,
(3.11) In:ly]| < Chi g N~
Fori < J—1andq <ty we have
CN™!, i=J—-1 & a<tj_ip,
(312 [mlyll < (ChLGINTY, =T -1 & tiap<a,

ChihgVN=L, i< J-2.

Proof. 1t is an easy computation to bound |7;[s]| by applying (3.3) to s and using the
estimates in (3.4). Similarly, for the layer component, we use the derivative estimates (3.5).

To prove (3.8), we apply (3.3) to y and note that in this case ;1 > t; > «. Then we
have

I7ily]] < Chigr EllY" [l + 1y 1:) < CNTIN (tiq1)e2e A=/
< CN_lX(tiH)a_Qe_ﬂMa)/E < ON-le2ePe/CVE) < oN— T

where we have used (2.3) and the fact that e ~2e~ 982/ ((Ve) < O,
The case for which i < J and h; < ¢ is handled as follows. In order to show (3.9), we
divide this case into two subcases:
1. Whent;—; < ¢q—3/N.
2. When q— 3/N <ti—1 < a.
Subcase 1. Note that, when ¢;_1 < ¢ — 3/N, we have

tiv1 <qg—1/N <q, (s0 A(tiv1) < ach(tiz1))

and
2 1 2 2 1
—tliy1=q—ti-1— — = 5(¢—ti- S@—tio ~ = 2@ —ti—1),
q—tiy1=4q 1= 3(q 1)+3(q 1) — N 2 3(q 1)
and also,
2 1 1 2
q_ti:q_ti—l_l/N:g(q_ti—1)+§(q_ti—l) N = g(q—tz 1),

because ¢ — t;_1 > 3/N yields (¢ — t;—1) — 1/N > 0. Hence,
I7ily]l < Chiya (elly™ i + lly"112)
< CN_l/\/(ti+1)€_26_ﬁmi_l/€
< Cg—lN—l¢/(ti+1)e—5wi,1/25 —Bxi—1/2e
<Ce INT (q_tz—i—l —2,— G (a/(q—ti—1)=1) ;= fzi1/2¢
<Ce !N

( 2 —U«ﬁQ/[2q ti— 1)] —Bxi—1/2¢
<Ce 'NTIq
(q

)"
i-1)”
1)~ 2o—aBq/[2(g—ti-1)] o —Bxi/(2€) o Bhi/(2¢)
)"

—t;
<C€_1N 1 —ti1 2 —aﬂq/[2q i 1)]y;N7
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where we used h; < € in the last step. It follows from this that
ITilyl| < Ce”'N~'gY
Subcase 2. This can be handled as follows:

Imilyll < 2elly”[li + 2bily/ || < Cetem Prir/2eefrima/2e
< Ce—le=Bwi/(28) oBhi/(2€) g —Bwi—1/(2€)

aﬁ(

< Ce 1 N —Bzi—1/2¢e <C’s*1 N qN/3-1) <Cs*1 N1

This completes the proof of (3.9).
We next proceed to the case when h; > ¢. For the estimate (3.10), we consider the
truncation error in the form 7;[y] = LNy, which is valid because of (3.6). Thus, we have

iyl < Py +Qu+ Ry,
where
Py=elD"y;l.  Qr=0bsD'ysl, and  Ry=cyly,|.
For Py, since hy > hyi1/2 > CN~, we get h}l < CN and
Py < Chyte Pri-1/e < ONe Padlti-2) < ONePad/(ati-2),
We next apply (2.6) and arrive at the desired estimate
Py < CNe PVaaN'?/V2 < oN—1,

Similar arguments work for ) ; and R ;.
‘We now move onto the case ¢ < J — 1 and t; < ¢q. We have

R; < CeBrile — Chi;llhiﬂefﬁzi/(%) —Bx;/(2€)
i3 < Chih gl e Pui/e) < on gl e Poima/(29)
(3.13) <Ch+1 g~ eBaa/12(a—ti)] SCh;rllgije‘ﬁ\/@Nl/z/(Qﬂ)
< Ch g N
For P;, and analogously for );,

P; < Ch; teBrina/e < Ch;_lle*m"'*l/(2€)e*ﬁ“*1/(26)
< Chihg" (1 + bh: ) e~ PTi-1/(2e),

We then use the inequality h; < CeN from Lemma 2.1 and get

P < Ch;_llglN (1 + CN) —Bagq/[2(g—ti—1)]

(3.14)
< Cthrlyz (1+CN) _[3\/7N1/2/(2f) < Ch 11glN

This asserts (3.11).
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Forh; >e¢,i=J —1landa < ty—1/2, using (2.8) we get
Py_y < Chyt e Pri-2/s < OhylePro-2/e < ONe PVaIN2IV2 < N1,

We apply a similar argument to @ ;1 and Ry_1. This implies that |7;_;[y]| < CN~1, which
is the first case in (3.12).

For h; > ewithi=J —1landt;_1/5 < c, we use (2.9) to verify that the estimates in
(3.13) and (3.14) are true. In this way we prove the second case in (3.12).

For the last case in (3.12), the assertions of Lemma 2.1 are satisfied for i < J — 2 (see
also Remark 2.3), so the analysis of the truncation error in this case is the same as that of the
estimate (3.11). O

The detailed estimates of the truncation errors of the regular and layer components in
Lemma 3.1, invoking 7;[u] = 7;[s| + 7;[y|, can be summarized as follows.

THEOREM 3.2. The truncation error of the upwind discretization of the problem (1.1) on
the VB mesh satisfies the following:

o When h; > ¢,

Im)| <O (NP 4+ LgNNTY), i=1,2,..,N — 1,
e When h; < ¢,

Infu]| <C (N +e'gMNTY), i=1,2,...,N -1,

where i is defined in (3.7).

The above theorem is a crucial component of our analysis. It is interesting to mention
that similar estimates can be found in the truncation-error bound [6, (4.9)]. However, this
bound is obtained for the central scheme applied on a mesh different from ours (a slight
modification of the Bakhvalov mesh) and is used in a discrete-Green’s-function approach, not
a barrier-function one.

4. The barrier function and e-uniform convergence. In this section, we propose a
barrier function to bound the truncation error established in Theorem 3.2. We then apply the
discrete maximum principle to get the e-uniform-convergence result.

Imitating the newly proposed barrier function in [16], we form

712751)+’752)7 i:O717"'>N7
with
W =CiNT 1 —x;)  and AP = O N

where C; and C are appropriately chosen positive constants independent of both £ and V.
LEMMA 4.1. There exist sufficiently large constants C and C5 such that

.1 LNy >,  i=1,2,...,N—1.
Proof. Tt is an easy calculation (see details in [16, p. 6]) to verify that
LNy, > Cy (N7 + max{e, hit Y9N N ) = sy,

where the constant C's can be made sufficiently large by choosing C; and C large enough.
We next consider the two cases of Theorem 3.2. The first case, when h; > ¢, immediately
yields |7;[u]| < k; because h;11 > h; for any i. Therefore, (4.1) is fulfilled in this case.
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When h; < ¢, we consider different values of the index 3. First, for ¢ > J + 1, it is clear
that
|Ti[u]] < CN7! < ks < LN, i=J+1,J+2,...,N—1.

Second, for i < J — 3, we have

hivi  q—ti1 2 2
= <1+ <l4 ——"——
hi  q—tin N(q—tis1) N(g—tj-2)
<l4+ ———— =3, because t;_1 < a < q),
N(tj—1—tj—2) ( ! )

s0 h;jy1 < 3¢ for¢ < J — 3. Therefore, from the second case of Theorem 3.2 we obtain
In[u]l <C (NP +e gV N~ <k < LV foranyi < J — 3.
Lastly, for: = J — 2, J — 1, J, we consider the relative position of g and ¢ ;5.
Case 1: Ifi=J —2,J—1,J,and t 12 < g, then
h; —ti 2 2 2
htl - Z_ti+1 =t N(g—tit1) =t N(g—ts+1) =t N(typ2 —tyt1) =
Hence again,

Imu]| <C (N 4+e gV N~ <k < LNy, i=J-2,0J-1,J.

Case2: Ifi=J —2,J —1,J and ¢ < t 42, then we consider two subcases: h;;1 < ¢
and h; 1 > €. In the former subcase, the proof follows like in Case 1 above. If, on the other
hand, h;11 > ¢, then max{e, h;41} = hit+1, and we can show that

(4.2) Inily)l < Ch hgN N~y i=J—2,0-1,J.

Indeed, since t ;1 < a < g < tj42, we have
q—5/N <tj_3<a.
We modify the estimate in (3.14) as follows:
P; < ChitemPmima/e < Ohp )l emrima/(29) = Frioa/(22)
< Chijrllgfv (1 + B;:) e~ Pwi-1/(2¢)
< ChglNe Pri=1/(2) (because h; < Ce)

-1 — _ag — —1 - —
< Chi—i-llyz!ve S (aN/5-1) < ChH_llngvN L

thus fulfilling (4.2). Therefore, in this case we also have

|Ti[u]| S Kj S ;CN’}/Z D

THEOREM 4.2. Let u be the solution of the continuous problem (1.1), and let w be the
solution of the discrete problem (3.1) on the VB mesh. Then the following error estimate is
satisfied:

lu; —wN| <CNY,  i=0,1,...,N.

Proof. We have v; > 0 = (u — w'™); for i = 0, N, whereas (3.2) and Lemma 4.1 imply
that LN~; > LN (u — w?); fori = 1,2,..., N — 1. Then the discrete maximum principle
gives |u; — w¥| <7;,i=0,1,..., N, and the assertion follows. a
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TABLE 5.1
The maximum pointwise error En and the convergence order p for the problem (5.1).

—loge | N=2° | N=26 | N=27 | N=28 | N=2° | N =21
1 3.35e-03 | 1.82e-03 | 9.47e-04 | 4.84e-04 | 2.45¢-04 | 1.23e-04 | En
0.88 0.94 0.97 0.98 0.99 p
2 6.21e-03 | 3.32e-03 | 1.72e-03 | 8.73e-04 | 4.40e-04 | 2.21e-04
0.90 0.95 0.98 0.99 0.99
3 6.88¢-03 | 3.61e-03 | 1.85¢-03 | 9.38e-04 | 4.72¢-04 | 2.37e-04
0.93 0.96 0.98 0.99 1.00
4 7.00e-03 | 3.67e-03 | 1.88e-03 | 9.52e-04 | 4.79e-04 | 2.40e-04
0.93 0.97 0.98 0.99 1.00
5 7.04e-03 | 3.69¢-03 | 1.89e-03 | 9.56e-04 | 4.81e-04 | 2.41e-04
0.93 0.97 0.98 0.99 1.00
6 7.05e-03 | 3.69¢-03 | 1.89¢-03 | 9.57e-04 | 4.81e-04 | 2.41e-04
0.93 0.97 0.98 0.99 1.00
7 7.06e-03 | 3.70e-03 | 1.89e-03 | 9.57e-04 | 4.82e-04 | 2.42e-04
0.93 0.97 0.98 0.99 1.00
8 7.06e-03 | 3.70e-03 | 1.89e-03 | 9.57e-04 | 4.82e-04 | 2.42e-04
0.93 0.97 0.98 0.99 1.00

5. Numerical results. The Bakhvalov mesh [3] and its generalization [22] were orig-
inally designed for reaction-diffusion problems. In particular, the VB mesh’s numerical
performance can be found in [22]. On the other hand, we now illustrate its optimal conver-
gence result for the convection-diffusion problem (1.1) even with large values of €. In order
to verify the numerical rate of convergence of the upwind scheme on the VB mesh, we also
calculate the convergence order p as a power of N1,

- IHEN — lnEgN
- In2 ’

where Ey = max lu; — w;" |. We choose a = 2 and ¢ = 1/2 in all numerical experiments.
0<i

We consider the test problem taken from [13, p. 235],
5.1 —eu - [ac sin (%x) + 1] u+ (2" +2%)u=e""", u(0) = u(1) = 0.

Since we do not know the exact solution to this problem, we approximate the error Ey using
the double-mesh principle; see, e.g., [S]. The results are presented in Table 5.1.

Table 5.1 clearly shows that the method converges uniformly in € and that the order of
convergence is 1. This order of e-uniform convergence is optimal because the VB mesh, like
other B-type meshes, does not suffer from In N-factors in the error like the piecewise-uniform
S-type meshes do. The optimal order of e-uniform convergence is a well-known property of
B-type meshes (for instance, [10, Sec. 4.2.2] and [15] establish first-order convergence results,
whereas second-order convergence can be found in [6, 7]).

6. Concluding remarks. We have analyzed the c-uniform convergence of the upwind
discretization of a linear singularly perturbed convection-diffusion problem on a Bakhvalov-
type (B-type) mesh, where ¢ is the perturbation parameter. Our proof of e-uniform convergence
uses a barrier-function approach. So far, this proof method has only been applied to Shishkin-
type (S-type) meshes and not to B-type meshes. The proof is an extension of the new
barrier-function technique which we proposed in [16] and applied to a generalized Shishkin
mesh. A new technique is needed because the generalized Shishkin mesh in [16] only retains
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the transition point, whereas the B-type mesh considered here does not have any of the features
of S-type meshes. Otherwise, the classical barrier-function proof on S-type meshes primarily
relies on the a priori defined transition point between fine and coarse parts of the mesh and,
in the fine part, either on its uniformity or on the smoothness of the functions generating the
mesh in the layer region.

Our interest in B-type meshes can be justified by the fact that they do not have In N-
factors in the error and are therefore numerically superior to the piecewise-uniform Shishkin
meshes. However, our paper does not provide a unifying analysis for all B-type meshes but
only deals with one specific B-type mesh, the simplest one from [22]. A unifying analysis like
this is possible when a hybrid stability-inequality (as opposed to the barrier-function estimate
of the truncation error) is used (see, for example, [6, 7, 10]). The question therefore arises
whether our technique can be extended to the original Bakhvalov mesh and its modifications
in [6, 7] or [19, p. 120]. We believe that this is possible to do because all these meshes share
many crucial properties, but some technical details may have to be different. We plan to work
on generalizing our analysis so that it can be applied to the whole class of B-type meshes
from [22], which includes the original Bakhvalov mesh.

Although the mesh in [6] is an example showing that a B-type mesh does not have to
be smooth in the layer region, this smoothness is almost a defining characteristic of B-type
meshes. This is because of the mesh-generating functions used to create the points in the
layer. The proof presented here, in its technical details, uses this smoothness, but based on our
result in [16], we do not feel that this is essential for our barrier-function technique. There
are also B-type meshes (see [25] for instance) which do not transition smoothly from the fine
to the coarse part. Therefore, the smooth transition is also a property that probably could be
eliminated but, again, some technicalities in the proof of e-uniform convergence would very
likely have to be different.

The barrier-function technique is limited to schemes that satisfy the discrete maximum
principle. However, such schemes are natural for problems like (1.1), which satisfy the
continuous maximum principle. Admittedly, the proof of e-uniform convergence on B-meshes
using barrier functions is not the simplest one (cf. the proof of Lemma 3.1), but the barrier-
function technique is of interest because it can be extended to higher-dimensional problems.
Proofs on the piece-wise uniform Shishkin mesh are simpler but the order of convergence is
sub-optimal as a trade-off. On the other hand, barrier-function proofs of e-uniform convergence
on graded S-type meshes are essentially as involved as the proof presented here. This is why
other proof techniques are usually used with S-type meshes, but they are often combined with
the assumption that ¢ < N1 (see [10, p. 12] and [12] for instance). Although this assumption
is quite acceptable in practice, strictly speaking it does not mean convergence uniform in €.
We point out that the proof presented here is valid for all values of e.

As for higher-dimensional convection-diffusion problems, the barrier-function proofs
of e-uniform convergence has only been done on Shishkin-type meshes [9, 11]. Roos and
Stynes [18] point out that the e-uniform convergence proof for two-dimensional convection-
diffusion problems on a Bakhvalov-type mesh is one of sixteen contemporary open questions
in the numerical analysis of singularly perturbed differential equations. The present paper is a
step in the direction of answering this question. The remaining task is to adapt and extend our
barrier-function approach to 2D problems. This is our ongoing research project. Some results
related to this are sketched in the appendix.
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by the Faculty Development Program, Holy Names University.
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Appendix A. We outline here the proof of e-uniform convergence for the upwind dis-
cretization of the two-dimensional singularly perturbed convection-diffusion problem on the
VB mesh. The problem, which corresponds to the one-dimensional case (1.1) with ¢ = 0
(assumed for simplicity), is given by

(A 1) *5Auibl(‘ray)ux 7b2(I,y)Uy = f(x7y) iIl Q = (071)27
' u=0 on I =09,

where by (z,y) > 1 > 0 and ba(x,y) > (B2 > 0 for all (z,y) € Q. When the data satisfy the
compatibility condit_ions (see, for instance, [11, Lemma 1]), the problem (A.1) has a classical
solution u € C*! (€2) and this solution can be decomposed as

(AZ) UZS+E1 +E2+E12

For details of the derivative estimates of the regular part S, the layer terms F7 and F5, and the
corner component F1o, we refer the reader to [9, 11].

Let QY = {(4,y;): 4,7 =0,..., N} be the discretization mesh, where the points
x; and y; form the respective VB meshes on the x- and y-axes. Let h,; = x; — x;_1,
higi = (ho,it1+hei)/2and hy j = y; —yj—1, by j = (hy,j+1 + hy ;)/2. We discretize the
problem (A.1) by the standard upwind scheme as used in [11],

LNw == (=e(Dl + Dj)) = b1,i; D —byi; D) wiy = fij on QV\I'N,

ij
(A3)
wf}f =0 on FN,
with
1 1
. N __ +, N _ - N . N __ +, N _ - N
Dyw = 5— (Dfwjj — Dywy),  Dywiy = P (Djwij = Dywi)
N . N N N
D-wN — Wij — Wi—1,j DtwN — Wit1,j — Wiy
T,i T, i+1
N _ N N _.,N
D-wN = Wi~ Wij-1 DN = Yhitl T Wi
y g T ho ’ y i T ho :
Y,J y,j+1

N . . N . . . N ~ i .
Here, {w;} } is a mesh function on Q™ representing the numerical solution w;; ~u(z;, y;).

The numerical solution is decomposed analogously to (A.2),
w) =S + B+ B + Bl

We also split £V into L2 + LI, where

LYw)) = (—eDl — by ;D yw]y and L)) = (—eD} —by;; D )w].

Next, we outline the truncation-error estimates. We use
1LY (uij —wii)| < [LY (Sij = ST+ LN (Brij — EY)]
+ LN (Ba,ij — E3y) | + £V (Brzig — Efy )|

and separately bound each term of the right-hand side.
It is an easy calculation to show that

(A4) |£N (S = SY)| <CNT.
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FOI‘ |£N (El,ij — E{Vl]) N

LY (Brij — BYy)| < 13 (Brig — By) | + L3 (Bri — EfG)| -
We can now imitate the truncation error analysis of Theorem 3.2 to get

C(N'+h i ESNTY) forhg; > e &any hyj,
£ (Brij — BYyy)| <
C(N~'+ sflE’ijfl) for h,; < e & any hy j,

where

= : Blh:p,k ! il ] ﬁth,k B
E;@:H(H = and B =] L+ ==

k=1 k=1

For ’['ilv (El,ij — E{YZJ) N

|£zl;v (El,ij - E{Vzg)| < O(hw’ + hy,j+1) < CN~.

where we used the property h, ; < CN~! j=1,..., N, of the VB mesh. Combining these
bounds we get

C(N“t+hg i E5ENTY) forhy, > e & any hy
(AS5) |LN (Bry - EN))| <
C(N"'4+e'ELNTY) for ha; < e & any hy,;.

Analogously,

C(N~'+h,t EYN-Y) forhy; >e&any hy;,
(A6) LY (Baij — Ealyj)| <
C(N! +€71E%N*1) for h, ; < e & any hy ;.

Finally, for the corner component, we have
(A.7)

L+ hy i B+ hy 50 By hey >e&hyj>e,

1+ h;jHET +eLEY

i h$7i>5&hy7j <g,

1LY (Biz,j — Bfy )| <ONT!

e Bl +hy o B, hai <e& hyj>e,
1+e ' [EL+EY], hyi <e& hy; <e.

From (A.4), (A.5), (A.6), and (A.7), we get
14—hm+1Er+hWrl hoi>e& hyj > e,

L+ h L BE e EY,

i hz,i >€&hy,j <e,

(A8) LN (uyy —w)y)| <CNT?
—1Ef +ht

yj+1 ’L]’ h’xvi <e & hyaj > &,

14! [E%—FE%], hepi <e&hy; <e
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We now proceed to form a barrier function similar to the one used in the one-dimensional case,
vis = C [ +8 + ]
where C'is a sufficiently large constant independent of NV and ¢, and
Yy =N —z)+ (1 -y)),  =EGNY,  and ol =ELNT

By imitating Lemma 4.1, we can show that N Yij = |£N (uZ i — wf}[ ) { for all cases described
in (A.8) depending on the values of the indices ¢ and j. Using the fact that the discrete operator
LV defined in (A.3) satisfies the discrete maximum principle, we arrive at the main result:

The error estimate of the upwind scheme discretizing the problem (A.1) on the Vulanovic-
Bakhvalov mesh satisfies

|uij—wf}’|§CN‘1, 0<i, j<N.
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