Electronic Transactions on Numerical Analysis. ETNA

Volum-e 51, pp. 50-62, 2019. . . Kent State University and
Copyright (© 2019, Kent State University. Johann Radon Institute (RICAM)
ISSN 1068-9613.

DOI: 10.1553/etna_vol51s50

NUMERICAL TREATMENT OF SINGULARLY PERTURBED FOURTH-ORDER
TWO-PARAMETER PROBLEMS*

MIRJANA BRDART, SEBASTIAN FRANZ!, AND HANS-GORG ROOS$

Abstract. A singularly perturbed fourth-order problem with two small parameters is considered in one dimension
and on a smooth domain in two dimensions. Using its discretisation by a mixed finite element method on a properly
defined Shishkin mesh, we prove convergence in the associated energy norm.
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1. Introduction. A motivation for considering fourth-order singularly perturbed prob-
lems comes from the fact that they are currently very popular in the scientific community and
have application in vibration beam problems [8] and the theory of hydrodynamic stability, like
the Orr-Sommerfeld equation [6, 9]. In such problems, the highest derivative in the differential
equation is multiplied by a small positive parameter, which produces the appearance of layers.
Standard numerical methods are inefficient for singularly perturbed problems, so the main
goal in the construction of numerical methods for these problems is acquiring their uniform
convergence with respect to all perturbation parameters. Recently, fourth-order singularly
perturbed problems with one perturbation parameter were investigated in [3, 4, 5, 7, 14].

In this paper we consider the singularly perturbed fourth-order problem with two small
parameters given by

(1.1a) A —2Aut+cu=f inQ,
(1.1b) u=0 onI' =99,
(1.1¢) 2u=0 onl =09,

under the assumption that ¢ > ¢ > 0 € Lo (£2) and that 0 < g1 < g2 < 1 are two small
perturbation parameters. We further specify that for an arbitrary constant C' > 0

(1.2) g1 < Ce3,

as otherwise we have essentially a one-parameter singularly perturbed problem; see [6]. Note
that for smooth enough functions ¢ and f we have in 1D and for smooth or rectangular domains
in 2D the regularity result u € H3(2) N H*(Q); see [1].

The solution to a problem like (1.1) with perturbation parameters fulfilling (1.2) is
characterised by two overlapping layers along all boundaries. In Section 2 we analyse the
structure in 1D in more detail and present a numerical method for simulating the problem.
In Section 3 we consider smooth domains € C R? and present a numerical analysis for our
numerical method. Section 4 then gives some examples and results supporting our theoretical
findings.
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1.1. Notation. We will use ||-||,p to denote the H*-norm and ||-|| 1.»(p) to denote the
LP-norm on D C Q. If D = (), then the reference to the domain may be suppressed. For the
L?-scalar product in €2 we write (-, -). Furthermore, we present estimates using A < B if a
generic constant C' independent of €1, €5 and the numerical method parameter N exists such
that A < CB. For A < B and B < A, we write shortly A ~ B.

2. Analysis in 1D. For this section let @ = (0, 1) be the unit interval in 1D. If we want
to construct any numerical method for solving singularly perturbed problem in a uniform
way, then it is crucial to have information about the behaviour of the derivatives of the exact
solution. The bounds for the derivatives are required in the mesh definition as well as in the
error analysis. The behaviour of the solution for the problem (1.1) in 1D can be deduced from
the asymptotic expansion of [6]. Here, we are only interested in the case when g1 < €3, as in
the cases of 1 = ae3 and g1 >> €3, we have essentially singularly perturbed problems with
one perturbation parameter.

ASSUMPTION 2.1. The solution u of the boundary value problem (1.1) in 1D can be
decomposed as

u=S8+ F1+ FEy+ Es + FEy,

where S is the smooth part of the solution, F and Fs are layer parts near x = 0, and E3 and
Ey are layer parts near x = 1. We assume that for 0 < k < 4,

1k
59wl @] 2 (2) F e st
€2 \ &2
for x € Q and similarly for E5 and E4 with x being replaced by 1 — x in the bounds.
With this assumption on the solution decomposition, we introduce a layer-adapted mesh
based on the standard Shishkin mesh [11, 12]. Let the number NV be a positive integer divisible
by 8, and let

1 1
M=mindor LN, -, A =mindowesln N, b,
E2 8 4

where 0;, i = 1,2, are user-chosen parameters. Then we define a mesh on 2 = [0, 1]
constructed with five distinct uniform meshes separated by transition points located at Aq, Ao,
1 — X, and 1 — \q. Each of the subintervals

D =1[0,M], Q=[A,X], Q=[1-X,1-X\], Q5=[1—-A1]

is divided into N/8 equal mesh elements, and the subinterval 23 = [A2, 1 — A3] is divided
into N/2 equal mesh elements.

Let us denote the length of a cell in 1 U Q5 by hq, of a cell in 25 U Q4 by hs, and in Q3
by h3. For them we have

8)\1 €1

hi=——~—=N"1'InN
1 N 9 NIV,
8(Aa — A _
hgz—L%v—Qwv@N'HnN,
2(1 -2
hs = Q ~ N1

N
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Following the idea from [4], we rewrite the problem (1.1) as a system using the auxiliary
unknown w = eju” € H?(2). Then a standard weak formulation for (1.1) is as follows:
find (u,w) € H}(Q) x H' () such that

er(u’, ') + (w, ) =0, Vo € H'(Q),
5 (', ') + (eu, ) —er(w',¢') = (f,4), W € Hy().
By using the bilinear form
a((u,w), (¥,9)) = (w,9) +e3(u’,¥") + (cu, ¥) + e1 (', ') = (w',0)),

we can rewrite the task as: find (u,w) € Hg(Q) x H'(Q) such that

2.1) a((u,w), (¥, 9)) = (f,4), V(W) € Hy(Q) x H'(Q).

Let SY = {v € H}(Q) : v|, € Pi(r)}and S, = {v € H(Q) : v|, € P1(7)} be the finite
element spaces of piecewise linear functions defined on the Shishkin mesh. The discrete
problem is then characterised by: find (un,wn) € 52 x Sy, such that

2.2) a((un,wn), (¥, ) = (f,), Vo € Sy, ¥ € S).

The bilinear form is coercive with respect to the energy norm given by

1/2

2
1Cw, w)II” == wll§ + 3llu’ I3 + lle>ull3.

Hence, the standard weak formulation and the discretisation method have unique solutions.
In order to estimate interpolation errors, we use standard piecewise linear interpolants
I:C(Q) — V() and J: C(Q2) — V() defined by interpolating the values at the mesh
nodes.
LEMMA 2.2. For o1 > 2 and o5 > 2, we have

lu — Tullo + [|w — Jwl|o < N~2In*? N, (u—=Tu)|lo S e /* N1 In V.

Proof. For the smooth part S of the solution © we have by standard interpolation error
estimates on each subinterval

IS = IS|lo < (AT + 13 + h3)I1S"]lo < N 2.

Similarly, we have for the first layer part E* = E; + E3,

~

1/2
" 3 _
I8~ 18 oo S 1B oo 5 (2) 7 w2
E' — IFY)? < ||EY SNt < N2
|| ||O,QQU93UQ4 ~ || ||L°°(QQUQ;3UQ4) ~ ~ )

where the L°°-stability of the interpolation and o7 > 2 was used. For the second layer part
E? = B, + E4, we have similarly

1
|1E? — TE?||0.0,u0.00:00s < (BT + h3) | E [|0.0: usuaiuos

c 1/2
< <1 + 52) (N~'InN)?,
)

1E? = 1E?|[§ o, S I1E?[lL(0q) S N772 S N2,
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now using o3 > 2. Combining these estimates with eoIn N < 1and Z- In NV < 1, we obtain
the first result. The results for w = 11" follow in the same way.

For the H!-error we use again the above techniques, now for the derivative, and a trick
from [13, proof of Lemma 3.2] to estimate || E||o,q,uq, in an optimal way. a

Having the interpolation error bound, we only need estimates for the discrete error
Tu —up.

THEOREM 2.3. For the discrete error on a Shishkin mesh with 01,02 > 2, where
(un,wy) is the solution of (2.2), we have the supercloseness estimate

N(Tu —un, Jw —wn)||| < N_Q(lnN)3/2.

Proof. Let ) = Tu —uy € V3 and ¢ = Jw — wy € Vy. Starting with the coercivity
and Galerkin orthogonality of the bilinear form a((,-), (-, -)), we have

s @) I* < al(Tu —u, Jw = w), (1, )
= (Jw —w, ¢) +e3{(Tu —u)', ¢') + {c(Iu — u), )
+e1 (((Tu—u), ¢) = (Jw = w)',4'))
D+ L+ I+ I+ Ts.

By definition of the interpolation operators the quantities /v — w and Jw — w are zero at the
mesh points. Therefore, I3, I4, I5 are also zero. With the Cauchy-Schwarz inequality and
Lemma 2.2, we obtain for the remaining two terms

11| < 1 Jw = wloliello S N 722 Nello,
|13] < 7w = ulloll¢llo S N2 NgJo. O

Combining the estimates for the interpolation error with those for the discrete error we
obtain the main result of this section.

THEOREM 2.4. On a Shishkin mesh with 01,09 > 2, where (u, w) is the solution of (2.1)
and (un,wy) is the solution of (2.2), the following estimate holds:

i = un,w = w )l S N"2(nN)?2 + 25> N~ In N.

3. Smooth domains in 2D. Let us now assume that {2 is the interior of a smooth, non-
overlapping curve I' = 0€).

3.1. Decomposition of solution and domain. We will dissect 2 into three disjoint
subdomains that are then discretised. We follow the idea by Shishkin and define for given
mesh-parameters N, o1, o9 the transition points

/\1=U1ilnN, /\QZO'QEQIHN.
€2

We will give precise bounds for the user-chosen parameters o1, o9 later. The parameter NV is
used to parameterise the number of cells in the final mesh (and thus the number of unknowns).

Like in the 1D-case we assume €1 < 5% and e to be small enough such that \; < %)\2 <1
holds as otherwise no special treatment of the boundary layers is needed. Furthermore, the
above assumption guarantees that the numerical layer further away from the boundary is not
smaller than the numerical layer near the boundary.
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With the distance p = d(x,T") of a point x to the boundary I" and 6 as the local coordinates
near the boundary, we define

Q= {X eQ: d(X,F) < )\1},
Dy :={xeN: N\ <dxT)< A}, and
Qz:={xeN: A <dxT)}.
The reason for choosing the transition parameters as above is inspired by the 1D-analysis.
We assume a similar decomposition for the smooth-domain case. Then the reasoning of
Shishkin’s approach is to define the transition points such that the sizes of the exponentially
decaying boundary-layer terms are as small as N ~7 at A. The precise assumptions needed for

our analysis are given in the following.
ASSUMPTION 3.1. Let us assume that u and w = 1Au can be decomposed as

u=S+FE|+ Ey and w:§+E1+E27
where we have the estimates
1515 < 1, I15]ls S €1,

~ ~ A
1B || L= (s) + €3 I B ll100 + | Erll oo 0g) + 5“1 Erlls S € 575 S N7,

~ ~ Ao _
1Bl oo (o) + 5 1 Ball105 + 12l oo (o) + 3 1 Balli0, Se” 5 SN2,

and the pointwise bounds, for 0 < p < Ao and 0 <+ k < 3,

1 1=k __p _
|aﬁa§E1<p,a>|s(5l) T, 0L0E Ea(p,0)] S eyt 5,
1S 1S}

respectively, for0 </ + k < 2,
—k
- € __p - P
G0l S (2) TR kB0 S5t .

REMARK 3.2. The above assumptions are reasonable. If we consider the decomposition
of the 1D-example and use it as an approximation near the (stretched) boundary, then the
above stated assumptions follow. Furthermore, for the case €5 = 1, they correspond well with
those in [2] on smooth domains and those of [4, 5] on a square-domain.

REMARK 3.3. By assuming 9§ to be smooth, the first derivatives with respect to the
(physical) x, y variables are bounded by the first derivatives with respect to the p, 6 variables.

3.2. Definition of the mesh. Figure 3.1 shows exemplarily a mesh for a smooth domain
that is also used in the numerical examples. We use mapped quadrilaterals to discretise the
layer regions 2; (between the two outer thick lines in Figure 3.1) and )5 (between the two
inner thick lines). The mapping is defined such that the boundary is exactly matched using the
ideas from [10]—there is no approximation of the curved boundary. In €2; and 2, we place
% plies of mapped quadrilaterals in such a way that they are of the same size in p-direction
and thereby giving the analogon of the 1D-Shishkin mesh. For the domain {23 we can use
either mapped triangles or quadrilaterals to discretise it. Here we use triangles. Again there is
no approximation of the curved transition line between (2, and {25. Depending on the given
setting, all cells in €23 are of similar size, and the mesh in €23 is quasi-uniform. The number of
cells in 23 is proportional to N2, and therefore the size of a cell T C Q3 can be estimated by

1

di ~H=—.
iam(7) N
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0.5

FIG. 3.1. Mesh of a smooth domain with N = 16.

For the cells 7 in the layer region with the corresponding cells 7 in the reference domain, the
dimensions h; by k1 in 21 and hs by ks in )5 follow, where

A
hi, hy ~ H, k1~ﬁ~5N—11nN, and kQNNQNEQN_llnN.

3.3. Numerical method. Similarly to the 1D case we rewrite the fourth-order equation
as a system of two second-order equations for u € Hg (2) and w = 1 Au € H*():

—g1Au+w =0,
e1Aw — EgAu +cu = f.
Its weak formulation now reads: find (u, w) € HE(Q) x H'(€2) such that

a((“) w)7 (w’ 90)) = <w7 90> + €§<vu7 V¢> + <Cu’ ¢>

3.1
(3.1 +e1{Vu, V) — e1(Vw, Vip) = (f, )

for all (v, ) € H} () x HY(Q).

Our discrete space is piecewise polynomial in the reference domain. For any cell 7 C (2,
let m, be the mapping from one of the three reference domains into the mesh on 2. Then our
first discrete space is given by

Vy :={ve H'(Q) : v|_=b; om0z € Qi(7) for 7 C O UQy,
b3 € P1(7) for 7 C Q3}.

The second discrete space is simply

Vy = Vy N H(Q).
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Our discrete problem now reads: find (uy,wy) € V¥ X Viy such that

(32) a((UN,wN)a(w»SD)) = <fa 'IZ)>

for all (1, ) € Vg x Vy.
REMARK 3.4. By definition we immediately have Galerkin orthogonality

a((u—un,w —wy), (¥, ¢)) =0

and coercivity

2
a((u, w), (u,w)) = [wl§ + &3] Vull§ + [lcoull§ = [l (u, w)l|

in the energy norm. Note that we have with w = ¢; Au
2
1w, w)lI” = eFf|Aull§ + 3] Vull§ + lleoulls.

Thus the energy norm is equivalent to the classical energy norm for the problem (1.1).

3.4. Analysis of the method. The convergence analysis follows the standard procedure
of estimating the interpolation error in various norms and then estimating the discrete error
by the interpolation error in the bilinear form. Let us start by defining suitable interpolation
operators. Here we use the canonical vertex-interpolation operators

I:CQ)—Vy and J:C(Q)—Vy

defined by point-evaluation in the parameter space. Note that we have for a quadrilateral cell 7
the estimates

(3.3a) lu — Tu
(3.3b) lw — Tu

o S hZ|05l0,7 + k2| 07allo,7,

1+ S hal|07l o5 + (ks + h2)]|0p0,tl0,+ + k+||3§ﬁ||o,+

and similarly for w — Jw because of the transformation between real-world and parameter
space.

LEMMA 3.5. Let (u, w) be the solution of (3.1) fulfilling Assumption 3.1. Then under the
conditions o1 > 2 and oo > 2, we have the estimates for the interpolation error

(3.4) lw— Tullo + ||w — Jw|o < N"2(nN)3/2,
(3.5) u—Tuly S ey /*N-'In N,
c —1/2
(3.6) |w— Jw|; < <51) N~'InN,
2
(3.7 |E —IE|10, Sey /PN-(2"DIn N,

where E is any of the boundary layer terms.

Proof. The estimation follows the standard procedure of evaluating each component of
the solution decomposition on each part of the mesh separately by either using the anisotropic
interpolation error formulas (3.3) if the resulting derivatives can be bounded by the mesh-sizes
or by the stability of the interpolation with respect to the L>- or W1 *-norms and inverse
inequalities if the solution component is already small enough. Therefore, we skip the details
here. a
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Let us now consider estimating the discrete error
(Y, ) = (Tu —uy, Jw —wy) € Vi x Vy.
Using coercivity and Galerkin-orthogonality we have

(s @)II* < al(Tu = u, Jw = w), (¥, 0))
= (Jw — w, ) +e3(V(Iu — u), Vi) + {c(Tu — u), )
+e1(VIu —u), Vo) — e1(V(Jw — w), Vi)
T+ IT4+ 11T+ 1V + V.

In contrast to the 1D case, all terms have to be estimated as none is vanishing.
LEMMA 3.6. Let (u,w) be the solution of (3.1) fulfilling Assumption 3.1 and (un,wy)
be the solution of (3.2). Under the conditions o1 > 2 and o2 > 2, we have
1| + [111] S N2 (In N)*2 ||| (v, @),
1/2 nre
111 S e N N ([, 9)1I]

1/2
€ _
vig(2) vl ol

Proof. The first bound follows directly from the Cauchy-Schwarz inequality and (3.4).
Similarly the other two estimates follow using (3.5) and (3.6)

2 _ 2 _
11| S &3l Tu—ull [ S ey >N In N(eo|[9ll) S &3 N~ n N [[|(w, )],

1/2
€ -
|V|ssl||Jw—w|1||¢||1s(€;) NN (il O

The only term left is IV A direct estimation as above is not applicable as || V¢||o is not
part of the energy norm. Thus we have to bound this term more elaborately and under stronger
conditions.

LEMMA 3.7. Let (u, w) be the solution of (3.1) fulfilling Assumption 3.1 and (un,wy)
be the solution of (3.2). Under the conditions 01 > 2, 0o > 2 + i, and ey < N1 we have

[IV] < N~ InN{gllo.

Proof. The proof consists of two parts. We use sharper estimates for the interpolation
error in the coarse (triangulated) domain )3 and supercloseness formulas in the remaining
domain.

1) By (3.7) for the boundary layer components and standard interpolation error estimates
for the smooth component S of the solution decomposition, we obtain

e[ (V(Tu = 1), V)a,| S &1 (N7 Slla0, + 5 N~V N) Nllello,

S (er+ N1 N) ol
SN InN|ollo,

where the stronger conditions on £; and o5 were used.
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2) For the other term we use supercloseness formulas; see, e.g., [15]. For them let v
be defined on the rectangular cell 7 with sides of length h. and k., in an arbitrary s- and
t-direction and on a rectangular domain 7" consisting of cells 7 with sides ¢; and ¢5 for minimal
and maximal ¢. Then we have

(3.82) |<68(IU - U)>as<P>T| N k72—||6sa7520”L°°(‘r)Has‘»@HLl(‘r)v
(0s(Tv = v),050) 7| S (ke [|0:070]| Lo (r) + r 02010 oo (1)) @l 1 ()

TCT

2
+Z Z hr”asz”HLOO(fmaT)||<P||L1(emaf)~

=1 rCT

TNE; A0

(3.8b)

The second sum in (3.8b) can be set to zero if v|s, = v|g,.

Now let us look at the remaining term

e1(V(Iu —u), Ve)o,ua,| S €1 ‘(30@@ —0),099) ¢, 00,

+é1 ’(8,,(.7"& - ﬁ)a 8P¢>Q1Uflz

+ €1 ’<89(IA72 - ﬂ)v 8p¢>§21u§22

Yo (<a,,(fﬁ —0),009)¢, 0,
=:a+b+c+d.

We use (3.8a) and inverse inequalities for a and b to obtain

2 2
0 S 1 (100220l 19110 0y + 2 10605 e 1Py
SeaN'InN)? (e +63) (1 +er' +252) llello
SN NP (214 <) ol
SN plo,

h? R . h3 N .
b5 21 (B0 m o 1ols )+ 20050l 19l o))
1
In N
-1
3/2 _
TYOLE (52 +ey ) 1+ el

< N7 lello-

551

(sTH e N2 4 e3 (e N)Y2) (145l

A

For ¢ and d we use (3.8b). As we have periodicity in #-direction, we can ignore the second
sum when bounding d. But then d can be estimated by the same bound as ¢ due to exchanging
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p and 0 as well as h and k. Therefore, it follows that

cse (hll\ﬁé’@pﬂllmml) + k1||393;2)@||mo(§z1)) (e1In N)2[lep]lo
+e (h2||8§8,,ﬁ||pc(@2) + kQHaea/Q?ﬁ’”Loo(Qg)) (e2In V)2l llo
+ e1h1 |05 4| o< (p0y 10 ]| L2 (p=0)
+ 1|05 oo (pera) 101 1 (p=0)
<eNT! (1 +eit +e?+04+ L+ N7 + N“Z)N1/2> llollo
ST HaN)lello S N elo,
d <N elo. O
Combining Lemmas 3.5 to 3.7 we obtain the main result of this section.

THEOREM 3.8. Let (u, w) be the solution of (3.1) fulfilling Assumption 3.1 and (un,wy)
be the solution of (3.2). Under the conditions 01 > 2, 09 > 2+1/4, ande; < N~ we have

I(w = un,w —wn)[[| S N~ N.

REMARK 3.9. The proof of Lemma 3.7 shows that Theorem 3.8 remains true under the
.. 4
conditions oy > 2,09 > 2,ande; < N37274,

4. Numerical experiments. In this section we present the results of numerical exper-
iments. All computations were made using the finite element library SOFE' running in
Matlab/Octave.

In our examples the exact solution is not known. Therefore, we use a numerically
computed reference solution as substitute. This reference solution is computed on a Shishkin
mesh twice as fine as the finest one used in our computations and with a polynomial degree of
two.

We will present results in the energy norm

2
(s )7 2= Jwll§ + 31V ull§ + leoulls-

This norm is not a balanced norm, i.e., for £; < €2 — 0 not all solution components contribute

equally to it. With the decomposition v = S + E; + Es, where S is the smooth part, F; are

the faster decaying layers, and Es are the slower decaying layers, we have the estimates
(S, e1A8)[II” S ef + 5 +1~1,

e £ 52 e
HI(El,slAEl)HFg;l+71 1 &

T o e

On the other hand, we obtain with

2 €2
(Il (w, W)l == gl\wllé + 2| Vallg + [leoul3

"https://github.com/SOFE-Developers/SOFE
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TTT T T T TTT1T] T T T 11117 T T TTT1T1T] T T T 11117

101 [

10—1 [

1072

1070 |
1l Ll Ll L] Ll
10! 102 103 10* 10°

N

FIG. 4.1. Convergence behaviour in the energy norm (solid line) and the balanced norm (dashed line) for
g1 =108 (o), 1079 (+), and 10~ 19 (x) and for e3 = 103 (black) and 10~* (gray).

a balanced norm with

I(S,e1A8)[lly S eres +ea+ 1~ 1,

2
e E

(B e AB)|; S 14+ = + = ~ 1,
€3 €3

I3
(B2, e1 AB)||I7 < 5% +1+es~ 1.
2

Unfortunately, the numerical method is not coercive with this norm and proving uniform
convergence with respect to this stronger norm is an open problem. Nevertheless, we do
present numerical results also with respect to this norm.

EXAMPLE 4.1. Let us start with a 1D problem given on 2 = (0, 1). We simply set ¢ = 1
and f(z) =1+ % The right-hand side is chosen such that it is not zero at the endpoints
of 2 and not polynomial.

Figure 4.1 displays the convergence behaviour of our method for various values of €1, €2,
and N. It can be seen that the errors in both the energy and the balanced norms behave like
N~!1In N. This reference rate is depicted for comparison as a dotted line. Thus the theoretical
result of Theorem 2.4 is confirmed numerically.

EXAMPLE 4.2. We consider a smooth domain  C R? with a boundary I given by a
curve y(6) using polar coordinates. We consider the so called Cranioid-curve with

(0) = <i sin(6) + 5 v/T— 09 o0 + 51/T-07 COS<9>2) ' [Zﬁf((gﬂ

and 6 € [0, 27). This domain together with a mesh for N = 16 and rather large values of ¢;
and e is presented in Figure 3.1. On this domain 2 we choose ¢ = 1 and f(z,y) = 10x as
right-hand side.

The mesh is not a tensor-product mesh. Therefore, Table 4.1 presents the almost quadratic
dependence of the number of degrees of freedom on N for e; = 107'° and €5 = 10~%. For
other values of €1, €2, the exact number of degrees of freedom changes only slightly.

Figure 4.2 displays the convergence behaviour of our method for various values of €1, €2,
and N. It can be seen that also for the 2D-problem the errors in both the energy and the
balanced norm behave like N~!In N, again depicted for comparison as a dotted line. Thus,
the theoretical result of Theorem 3.8 is confirmed numerically. Furthermore, the balanced
norm is larger than the energy norm (as expected), but for our example we still see a reduction
in the errors for €2 becoming smaller. This is even more pronounced in the energy norm.
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TABLE 4.1
Quadratic dependence of the number of degrees of freedom (#DoF) on N.
N #DoF
8 102
16 388
32 1602
64 6495
128 25957
256 | 105543
512 | 426187
|
1071 F .
10-2 | .
10*3:\\\\\ Lo \\\:
10! 102
N

FIG. 4.2. Convergence behaviour in the energy norm (solid line) and the balanced norm (dashed line) for
€1 =10"8 (o), 1079 (+), and 1010 (x) and e2 = 103 (black) and 10—4 (gray).
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