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Abstract. We consider one-dimensional singularly perturbed boundary value problems of reaction-convection-
diffusion type, and the approximation of their solution using isogeometric analysis. In particular, we use a Galerkin
formulation with B-splines as basis functions, defined on appropriately chosen knot vectors. We prove robust
exponential convergence in the energy norm, independently of the singular perturbation parameters, and illustrate our
findings through a numerical example.
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1. Introduction. We consider second order singularly perturbed problems (SPPs) in one-
dimension, of reaction-convection-diffusion type, whose solution contains boundary layers;
see, e.g., [13]. The approximation of the solution to SPPs has received a lot of attention in
the last few decades, mainly using finite differences (FDs) and finite elements (FEs) on layer
adapted meshes; see, e.g., [9]. Various formulations and results are available in the literature,
both theoretical and computational (cf. [9, 13], and the references therein). One method
that has not, to our knowledge, been applied to general SPPs is isogeometric analysis (IGA).
Since the introduction of IGA by T. R. Hughes et al. [7], the method has been successfully
applied to a large number of problem classes. Even though much attention has been given to
convection-dominated problems [3], the method has not been applied, as far as we know, to a
typical singularly perturbed problem, such as (2.1), (2.2) ahead.

Our goal in this article is to provide the theoretical justification for the application of IGA
to SPPs and, in particular, for the approximation of the solution to the boundary value problem
(BVP) given by (2.1), (2.2). We use a Galerkin formulation with B-splines as basis functions
and select appropriate knot vectors, such that as the polynomial degree increases, the error
in the approximation, measured in the energy norm, decays exponentially and independently
of the singular perturbation parameters. This is the analog of performing p refinement in the
FEM. Even though we focus on the one-dimensional case, our results will serve as the stepping
stone to higher dimensions for two reasons: the boundary layer effect is one dimensional (in
the direction normal to the boundary) and B-splines in two-dimensions are constructed via
tensor products. Hence, this is the first step towards higher dimensions.

The rest of the paper is organized as follows: in Section 2 we describe the model problem,
its regularity and the Galerkin formulation we will use. In Section 3 we give a brief introduction
to IGA, as described in [3], and present the discrete problem. Section 4 contains our main
result of uniform exponential convergence and finally, Section 5 shows the result of a numerical
experiment to illustrate the theory.

With I C R an interval with boundary 91 and measure |I|, we will denote by C*(I) the
space of continuous functions on I with continuous derivatives up to order k. We will use the
usual Sobolev spaces W’“’m(l ) of functions on I with 0,1,2, ..., k generalized derivatives
in L™ (I), equipped with the norm and seminorm |||, ., ; and |-, . ;, respectively. When
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m = 2, we will write H* (I) instead of W*-2 (I), and for the norm and seminorm, we will
write ||-[|,, ; and ||, ;, respectively. The usual L?(I) inner product will be denoted by (-, ),
with the subscript omitted when there is no confusion. We will also use the space

Hy(I)={ue H" (I): uly; =0}.

The norm of the space L>°(I) of essentially bounded functions is denoted by || - ||o0,7. Finally,
the letter C will denote a generic positive constant, independent of any parameters and possibly
having different values in each occurence.

2. The model problem and its regularity. We consider the following model BVP: find
u such that
2.1) —e1u”’ (x) + e2b(z)u (z) + c(z)u(z) = f(z), z€I=(0,1),
2.2) u(0) = u(l) =0,

where 0 < €1, 9 < 1 are given parameters that can approach zero and the functions b, ¢, f are
given and sufficiently smooth. We assume that there exist constants /3, 7y, p, independent of
€1,€9,suchthatVx € I,

- %b’(w) >p>0.

23) b(x) =B 20, c(x) >7>0, c(x)
The reason for the above assumptions is to ensure existence and uniqueness of a weak solution
to (2.1), (2.2).

The structure of the solution to (2.1) depends on the roots of the characteristic equation
associated with the differential operator. For this reason, we let A\g(z), A1 (z) be the solutions
of the characteristic equation and set

= — )\ R = 1 >\ s
po = =g do(@) i = min (o)

or equivalently,

b 2p2 4
24 Ho,1 = min Fezb(z) + V582 (x) + 510(95)'
' z€[0,1] 21

The following holds true [14, 17]:

I < po < py, —25 < Ceapg < C, 81/2/10 <C,

e2+e]
2.5) max{ug ! e1un} < Cer +ey/%, €2 < Cerp,
fore2 > ey : 61_1/2 <Cu <Ce7ty
for E% <eq: 5;1/2 <Cu < 05171/2.

The values of 119, 111 determine the strength of the boundary layers and since [Ag(z)| < |A1 ()]
the layer at z = 1 is stronger than the layer at z = 0. Essentially, there are three regimes, as
shown in Table 1, which is taken from [9]. Figure 2.1 shows the behavior of the solution to
(2.1), (2.2), in all three regimes.
The above considerations suggest the following two cases:
1. £; is large compared to €5: this is similar to a ‘regular perturbation’ of reaction-
diffusion type. If we consider the limiting case 2 = 0, then we see that there are two

boundary layers, one at each endpoint, of width O (5}/ 2 ‘ln E}/ 2‘

). This situation
has been studied in the literature (see, e.g., [10]) and will not be considered further in

this article.
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TABLE 2.1
Different regimes based on the relationship between €1 and €2.

Ho H1

convection-diffusion g1 <Ker =1 1 €1 1
convection-reaction-diffusion ¢; <« E% <1 €y ! ea/e1
. . . ~1/2 —1/2
reaction-diffusion B<a<l g / € /

Exact solution, b(x) = c(x) =f(x) = 1

-103 . =101
€,=107,¢,=10
102 . =103
€ =107, ¢,=10

€,=107 ¢, =1 1

0 I I I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

FIG. 2.1. Exact solution for different values of €1 and e3.

2. &3 is small compared to €3: before discussing the different regimes, it is instructive to
consider the limiting case €1 = 0. Then there is an exponential layer (of length scale
O(e2)) at the left endpoint. The homogeneous equation suggests that the different
regimes are &1 < £3,e1 &~ €3,61 > 3.

(a) In the regime &1 < £3, we have g = 0(52_1) and p; = 0(5251_1). Hence,
w1 is much larger than o and the boundary layer in the vicinity of x = 1 is
stronger. Consequently, there is a layer of width O(e5) at the left endpoint (the
one that arose from the analysis of the case €; = 0) and additionally, there is
another layer at the right endpoint, of width O(g1 /e2).

(b) In the regime &1 ~ €3, there are layers at both endpoints of width O (51/ 2).

(c) In the regime €3 < &; < 1, there are layers at both endpoints of width
0 (6}/ 2).

It was shown in [9, p. 46] (see also [14, Lemma 2.2], which is the result we quote below)
that under the assumptions b, ¢, f € C(I) for some ¢ > 1 and ¢ |||, ; €2 < C(1 — ¢) for
some C, ¢ € (0, 1), the solution w to (2.1), (2.2) can be decomposed into a smooth part Eg, a
boundary layer part at the left endpoint £, and a boundary layer part at the right endpoint
ER, viz.

u= FEs+ EL + Eg,
with

EQ@)| <0, | @)] < Cuge o7 | |BR(2)| < Cpge im0,
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forall z € T and forn = 0,1,2,...,q. If one wants to approximate the solution using
a fixed order method (e.g., the h version of the Finite Element Method (FEM)), then this
regularity result is sufficient for proving convergence; for a higher order method a more refined
regularity result is needed for the smooth part. To this end, we assume that b, ¢, f satisfy,
Vvn=0,1,2,...,

()

@6 |

< Cnlvyy, < Cnlyl, 'b(n)
oo, I

oo, I

< Cnlyy,
oo, I

for some positive constants C, yf, Ve, Vb, independent of €1, €. In terms of classical differen-
tiability, we have that the solution to (2.1), (2.2) satisfies (see, e.g., [9, p. 39])

@7 lull..s < C.

The following lemma provides an estimate for u’'.
LEMMA 2.1. Let u be the solution of (2.1), (2.2) and assume that (2.3), (2.6) hold. Then
there exists a positive constant C, such that

'l s < Cmax {ey ", 65"}
Proof. The proof follows [11]. Let

€2

Az) = / bty

€1

and note that A(1) = 0 and A’(x) = —22b(x). Then multiplying (2.1) by e”(®) and integrat-
ing from z to 1 gives

1 1
—e1u' (1) 4 e1eA @/ () 4 / AW e(tyu(t)dt = / AW f(t)dt.

Multiplying by e~4(*) yields

1 1
(2.8) u(z)=e 2@/ (1) - 1 / eA<t>*A<w>c(t)u(t)dt+i eAW=A@) £ (1)t

€1 €1 Jx

Integrating from O to 1, we further get
1 1 ot
(2.9) 0=1'(1) / e~ A@ dy — — / / eAD=A@) (c(t)u(t) — f(t)) dtd.
0 1Jo Jz

Since we wish to first estimate u’(1), we need upper and lower bounds for fol e~ 4™ dg. From
(2.3) we have

1 1
(2.10) / e~ A g g/ e HPE D gy <« 0 5L
0 0 €2
Similarly,
! ! £2|1p 1 €1 £2 |y
@.11) / o~ A@) gy 2/ e Bl =) gy s FL (1 2 ||°o,1>.
0 0 €2 Hb”oo,l

Also, to estimate the remaining term in (2.9), we consider

1 ot 1o
—/ / eA=A@) gty = —/ / e O qpdy,
€1 Jo Ja €1 Jo Jz


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

IGA FOR SPP 5

for some ¢ between ¢ and x. Hence,

1
i/ / A= A(’”)dtdx<—/ / e af dtdw<C _,_7_
€1 0 €2 2

Using (2.9)—-(2.11), we get

1 1 €1
(1) < C—4——— + <+>
' (1)] < ﬁemmmwﬂ et Mln) (543

bll oo _e2 171
§052””—J(1—e Al <+51> <Clert +exh).

€1 130} 82

Inserting this bound in (2.8) gives

1

_ _ 1
W@l <O e ) 4 = (lellos lullos + 1fllr) [ A0

x

_ _ 1 Loy, 1—t
SC(511+521)+E(||0H0071 ||u\|oo71+||f\|oo71)/ o2l (1-1) gy

x

§0(5;1+551)+€l(1 e Pl )gc(e;1+a;1),
1

as desired. a

Using an inductive argument we are able to prove the following.

THEOREM 2.2. Let u be the solution of (2.1), (2.2). Then there exist positive constants
K, C, independent of ¢1, €2, and u, such that forn =0,1,2,...

2.12) HW)

< CK™max {n,efl,sgl}n.

oo, I

Proof. The proof is by induction on n and follows from [10]. Equation (2.7) and Lemma
2.1 give the result for n = 0, 1, so we assume it holds for 0 < v < n + 1 and show that it
holds for n + 2. Differentiating n times (2.1) gives

—eu™ = 1 _ ey ()™ — (cu)™

n

O (”) (exbutr 170 4 0y
v

v=0

By the induction hypothesis we have

ol s WA
oo, ]

+
oo, I

n
+CZ (n) (Ez’y VIK" W Y max{n+1—-wv,e7" &5 1}”Jrl !
v=0 v
+yVIK" Y max {n —v,e7 ' ey l}n V)

Using the estimates below (which follow by standard considerations)

n v 1 _qyntl
()V!max{n+1—uel et} <max{n+1Lete'}"
v
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6 C. XENOPHONTOS AND I. SYKOPETRITOU

n _ _ n—v _ _ n+1
( )V!maX{TLV,Ell,€21} <max{n+1le;t e},
v

-1 _—1ntl
ISC"y?n!SC’maX{n—l—l,sl ,Eg } ,

o

oo,

we obtain

+

oo, I

], s el

n+2 ~1 _—1nt+l - 1 Yo \Y 1 Ye\Y
+CK + max{n-i—l,al ;€9 } Z(K (g) +ﬁ(?) )

v=0
1 1 1 1 1
<CK"max{n+1,e7t, 65! i (+ 4+ )
{ The ) K2 K(1-w/K) K2(1-7/K)

Choose the constant KX > max{1,7y, ¥, 7.} such that the expression in brackets above is
bounded by 1, and we have

_1 1yl
51Hu("+2)H §CK"+2max{n+1,sll,521}n .

oo, I

Dividing by ¢4, gives the desired result. a
For simplicity, we will focus on the case

5? < €g.
For the remainder of the article we will make the following assumption:
Assumption 1: Assume there exist positive constants C, K, K, ¢, K5, § > 0, indepen-

dent of €1, €3, such that the solution u of (2.1), (2.2) can be decomposed into a smooth part
ug, two boundary layers at each endpoint uﬁ 1> and a remainder up , viz.

(2.13) u:us+ugL+ugL+uR,
with the following estimates: for every n € Ny there holds

< CK"n!,

oco,l

(2.14) Hug">

’(UBL)(”) (a:)‘ < OKleymetolez,

(2.15) NS <OoK? (2 T —t(1-m)es/en

(UBL) (x) = 2 \e2 € ’
2.16) ||URH00761 + HUR”(),I + 51/2 HUIRHO,I < CmaX{6_582/8176_5/82}1
forallz € I.

We provide in the Appendix, for the convenience of the reader, a proof of Assumption 1 in
the case of constant coefficients, in order to illustrate the procedure for obtaining such results.
The case of variable coefficients is considerably more tedious (cf. [16]).
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3. Discretization using isogeometric analysis. Isogeometric analysis may be combined
with a number of formulations; we use Galerkin’s approach, i.e., we multiply (2.1) by a suitable
test function, integrate by parts and use the boundary conditions (2.2). The resulting variational
formulation reads: find u € H} (I) such that

(3.1) B(u,v) = (f,v); YveHy(I),
where
3.2) B(u,v) =e1 (u,0v); +e2 (bu',v); + (cu,v); .

The bilinear form B (-, -) given by (3.2) is coercive (due to (2.3)) with respect to the energy
norm

2 2 2
(3.3) [vllgr=eiloli;+plvior
1.€.,
(3.4) B(v,v) > ||UH§57, YuveH ().

Next, we restrict our attention to a finite dimensional subspace Viy C H{ (I), that will be
selected shortly, and obtain the discrete version of (3.1) as: find ux € Vi such that

(3.5) B(un,v) = (f,v); YveVy.
There holds [9]
B(uny —u,v) =0 YveVy.

In order to define the space Vi, we first review the concept of IGA. In this article we use
B-splines as basis functions and follow [3] closely. To this end let = = {£1, &2, ..., &ntpt1 )
be a knot vector, where §; € R is the ithknot, 7 = 1,2,..., N 4+ p + 1, p is the polynomial
order, and N is the number of basis functions. The numbers in = are non-decreasing and may
be repeated, in which case we are talking about a non-uniform knot vector. If the first and
last knot values appear p + 1 times, the knot vector is called open (see [3] for more details).
With a knot vector = in hand, the B-spline basis functions are defined recursively, starting with
piecewise constants (p = 0):

Bi,O(g) _ { ]-7 67, S f < €i+17

0, otherwise.

For p = 1,2,..., they are defined by the Cox—de Boor recursion formula [5, 6]:

§-& §-6&
Bip(§) = ——— Bip1(§) + ——Bip-1($).
P Civp —&i P Citp — & “P
We also mention the recursive formula for obtaining the derivative of a B-spline [3]:
d P P
—=Bip(§) = Bip-1(§) — Bit1p-1(8)-
¢ " irp—& 7 Sirpr1 —Eip1
We will be considering open knot vectors, having &1, . . ., &, distinct knots, each with
multiplicity r;. Then
E= [gla"'7§1a§2)"'a§2)"'a§ma"'a§m]
———— —— ———

r, times  r, times rm tIMES
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and there holds Z?; r; = N+p-+1. Since we are using open knots, we have ry = r,,, = p+1.
The regularity of the B-spline at each knot &; is determined by r;, in that the B-spline has
p — r; continuous derivatives at &;. For this reason, we define k; = p — r; + 1 as a measure of
the regularity at the knot &; and set k = [k, ..., k;,,]. Note that k; = k,,, = 0 in the case of
an open knot vector.

B-splines form a partition of unity and they span the space of continuous piecewise
polynomials of degree p on the subdivision {1, ..., &}

Each basis function is positive and has support in [§;, ;4 p+1]. In the sections that follow,
we will approximate the solution to the BVP under consideration, using the space

(3.6) Sp = span {Br

of dimension
N =dim (Sy) = mp — Zl@
i=1

We point out that we are using a uniform polynomial degree p, while we allow for the regularity
at each knot to (possibly) vary. A more general approach would be to allow p to vary as well.
We will refer to NV as the number of degrees of freedom, DOF.

Returning to our problem, the space Vi in (3.5) is chosen as Viy = Sﬁ , given by (3.6).
Thus, we may write the approximate solution as

N
UuN = Z o By p,

k=0
with @ = [aq,...,ax]|T unknown coefficients, and subsitute in (3.5) to obtain the linear
system of equations
(37) (ElAl + €2A2 + Ao)Oé = f,

MERNXN
where
Aili = [ Bl OB, [alis = [ BB (e,
(Al = [ Bipl©Bsp(O0de 10 = [ Byl f€)ds.

fori,57 = 1,..., N. The linear system (3.7) has a unique solution since the matrix M is

invertible (due to (3.4) and the linear independence of the basis functions B; ;).

If €1 and €5 are large, then no boundary layers are present and approximating » may be
done using a fixed mesh (of say one element) and increasing p. On the other hand, if £; and &5
are small, then classical techniques fail and the mesh must be chosen carefully. The challenge
lies in approximating the typical boundary layer function e~*/¢. In the context of FDs and
FEs, the mesh points must depend on ¢, as is well documented in the literature under the name
layer-adapted meshes [9]. A similar observation holds for IGA, in the sense that the knot
vector must depend on . This was illustrated in [8] through numerical experiments and in the
next section we establish it mathematically.
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4. Error estimates. We begin by citing the main tool for the analysis (see Corollary 2 in
[4D).

PROPOSITION 4.1. Given the subdivision {0 = &1, ... ,&,, = 1} of the reference domain
I=(0,1),letI; = (&,&+1), hi = &iv1 — &yi = 1,...,m — 1, k, p non-negative integers
with p > 2k — 1 and u'¥) € H® (I) for some 0 < s < k = p — k + 1. Then there exists a
quasi-interpolation operator 7, . such that, fori =1,..., m—1, j=1,..., k-1,

2 <<m>“”kﬂ<n—awn—w—ngudmf

)(j)‘

) _ il

H“ A (k+ )k + (k —7) e

In [2], the above was specialized for maximal smoothness by selecting p = 2¢q — 1, for
some ¢ > 1, and then k = k = ¢, so the estimate of Proposition 4.1 becomes

2(s+q—7j) .
W < (h> o ( (g —s)lj! ; Hu<q+s)

| | 2
4 [u? = (rag100)?|
“4.1) u (qu 17‘1u) L2(1;) ~ 2 q+ S>!(2q —J

L1’
for0<s<gq,j=1,...,9— 1.

In view of the above, from now on we will be using the symbol ¢ to denote the polynomial
degree.

The knot vector described below, is ‘inspired’ by the so-called spectral boundary layer
mesh used in the hp-FEM for such problems (see [12] and the references therein).
DEFINITION 4.2. Let i, p11 be given by (2.4) and let A > 1 be a user specified parameter.
Then, if \quy* > 1/2,
4.2) ==10,...,0,1,...,1],

q-+1 times q+1times

and, if)\q,uo_l <1/2

4.3) E=100,...,0,A\qug ", 1 — Aquy by 1, .., 1,
N—— N——
q-+1 times q+1 times

where q is the polynomial degree.

The following auxiliary result will be used in the sequel.

LEMMA 4.3. There exists 7 € [1/2,2/3] such that for every ¢ > 2,3,4, ..., there holds
s:=71q € Nand

(q B S)' < Cefaqq727'q62‘rq
(¢+s)!— ’
where
. (1—7)t="
4.4 = In ———|.
@) 7T e | ()T

Proof. We first show 7¢ € N, for some 7 € [1/2,2/2]. If q is even, then we simply take
T=1/2.If ¢is odd, i.e., ¢ = 2n + 1,n € N, then we choose 7 = (n + 1)/(2n + 1).
Now, with 7q € N, we have (¢ = 7¢q)! =T'(¢ = 7¢ + 1) and, as ¢ — oo [1],

(¢-79)! _Tla—rq+1) _ (g(1—7)+ )" 7" ooy
(g+7q) Tlg+mg+1) = 7 (g(1+7)+ 1) 72 e~ (atrat)

1—7\ ¢
< C (1 — T) q727q62‘rq < Cefaqqf%'qe%'q. 0
(1 + T)lJr‘f‘
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THEOREM 4.4. Let u be the solution to (2.1), (2.2) and let myq_1 qu € qu_l be its
quasi-interpolant, constructed using the knot vector of Definition 4.2 and satisfying (4.1).
Then there exist positive constants o, C, independent of €1, €2, such that as ¢ — oo there holds

|lw — 7T2‘1*17f1u”E,I < Ce™ 74,

Proof. The proof is separated into two cases. In Case 1, we make use of the classical
differentiability result (2.12) and construct a quasi-interpolant of u on the entire interval /
with the desired properties. In Case 2, we use the decomposition (2.13) and construct quasi-
interpolants for each piece separately, as follows: for the smooth part, the quasi-interpolant is
constructed on 7, while for the boundary layers, it has support only in the layer regions. No
quasi-interpolant is constructed for the remainder, since it is already exponentially small. We
next give the details.

Case 1: )\q,ufl > 1/2 or equivalently 2\q > 5;1. In this case, the knot vector is given by
(4.2). We make use of (2.12) and (4.1) to obtain a quasi-interpolant 72,1 4u on I, such that

_ 2 (g —s)! 1 (a+s)
[|w WQQ*LQ“HE,I = C(q +s)! \(2¢ — 1)! + (2q H L2(I)
(

q—s)! (2(151 +P) 2(g+s) -1 2(q+s)
K297 max{e] ", g+ s}= 9%,
(@+s)!\ (29)! ter '

We choose s = ¢, with 7 € [1/2,2/3] as asserted by Lemma 4.3, and we note that, from
(2.5) and the fact that in this case there holds 2\q > sfl, we have

2

<cC

max{sl_lv q+ 5}2(‘”5) = rnax{el_l7 (1 + 1)q}2q(f+1)

< max{2Aq, (7 + 1))+ < (22g)* D,

since 2\ > 7 + 1. Then, with the aid of Lemma 4.3, we get

(q - TQ)' (2(151 + p) K2(‘r+1)q (2)\(1)2‘1(7+1)

2
||u - 7T2q_17qu||EJ <

(¢+7g)! \ (29)!
< Cefo'quf?rqe?rq%»l 2(]51 + 14 K2(T+1)q (2/\q)2q(7+1)
(29)!
q2q+1 2T
<C K21e™719 (2e K\)™7
(29)!

with o1 given by (4.4). By Stirling’s formula ‘I(( O™ < /g (eK/2)*, hence
lu = m2q-1,qulf ; < Cv/a (K /2)" e (2eKN)*"
q
< Cy/ge ((QeK/\)QT (eK/2)2)
Selecting ) such that (2¢ K \)*7 (e /2)* < 1, gives
1/4670111

lu — 772q—1,qUHE71 < Cq

where C' > 0 is independent of ¢ € N and ¢;. Reducing the value of o7 to &1 € (0, 01), there
exists a positive constant C', independent of ¢ and ¢4, such that

4.5) lu = maq—1,qull g ; < Ce 7M.
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Case 2: )\qugl < 1/2 or equivalently, 2¢ge; < 1/X. In this case, the solution is
decomposed as in (2.13) with the bounds (2.14)—(2.16) being valid. We will approximate each
term in (2.13) separately, using Proposition 4.1 to construct appropriate quasi-interpolants
over the three intervals

(4.6) L=0,qu5"), Io=(qug ", 1 —quy ), Is = (quy ', 1).
Throughout the proof, we choose

2 1 1 1
4.7 A< = —_ —, —

with K, K1, K5 the constants in (2.14)—(2.16) . So we have, with the obvious notation,
_ _ - + _ _ - +
U — T2q-1,q% = Us +Upp +Up + UR — M2q—1,qUS — M2q—1,qUpL, — T2¢-1,qUBL>
hence
|lu—m ul < |lug —m ug| + lugy — ugp|+ juh —m uwh |+ |ug|
2q—1,g% = [US 2q—1,q%S BL 2g—1,q%BL B 2¢q—1,qY“BL RI-
For the smooth part, Proposition 4.1 ensures that 9,1 qugs, is such that

2

2 (g —s)! €1 P H (g+5)
. <
s = mag-sasls < O (i * o) I
(4 )

1= L peaters) (g 4 5)))2.

(g + s)! M(2¢g)!

Choosing s = Tq with 7 € [1/2,2/3] as in Lemma 4.3, and using Lemma 1 of [2], we get

<C

147\ ¢
1+ T)~ 1 K2a+7q)
1-7)7" ) A2q)!

2q+1/2€—2q

e T4+ ek
T2V 4 -7 2q

147\ 4
1+7)™ 1 K2(a+79)
1 ') M29)

by (4.7). Therefore, there exist constants C, oo > 0 such that for every 1, e2 € (0, 1], and for
every g € N, there holds

(4.8) llus — ﬂ'gq_l,quSHEJ < Ce 724,

For the left boundary layer uy;; we obtain from Proposition 4.1, a quasi-interpolant
Toq—1,qUp On the interval I; = (0, )\q,ugl), such that

_ 2(s+q—1)
- _ Mpg (a—s)! 2 (a9
upp — Taq-1,qupr|y , <C ( 5 (7521 H (upr) .
_ 2(s+q—1)
/\qp’O ' ! (q — S)' 2q 2(g+s) _—2(g+s)+1
<C K £y .
2 (q+9)! 2q-1)!
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Using (2.5), we obtain

2s 2q—2
_ _ 2 (g ts Ag\ ™ (g —5)! (Ag) 2
|UBL — 7r2q_17tuL]1Jl < Cuo (poe2) 2(g+s)+1 < > K2lats)

2) (q+s)! @1
- —5)! ()\61)2(172 2
< eV 25 (¢ — 5) K29
o g ™
where (4.7) was used. Choosing s = T¢, with 7 € [1/2,2/3] as in Lemma 4.3, we get (for o3

given by (4.4) with 7 replaced by 7),

_ 2q—2
—1/2 (eilq)%q o034 72?q62?q+1M 2q

_ _ 2
|uBL - 7T2q—1¢1“BL|1)[1 < Cg

1 (2 — 1)1
2q—2

—1/2 —0o3q ()\Q) 2q
<O e MG Tl

_ _ . Aqu)Qq
< Cep V2 (ag) 2 emrsa QKD

Si ling? Ogk1)?e _ (2qe7")™ e ?9(29)%72q 1/2
ince, by (4.7) and Stirling’s formula, a=1)1 < =11 < CERRYEr= < (29)Y%, we

have
- - —1/4_—o3q
Upr — 7T2q71,qUBL’1711 < Cep em M,

with C' > 0 independent of €1 and ¢. On I\I3, uy, is already exponentially small, i.e., by
(2.15), we have

1 1
_ 2 _ ’ _ _ -1
ualing = [ Mwp) @Pde < 0? [ el
qlg

qrg
< Ca;le—ékq’

hence it will not be approximated. Thus, there exist constants C, 53 > 0 such that for every
€1,€2 € (0,1], and for every ¢q € N, there holds

’uBL - 772‘1*LQ”BL|171 < |uBL - WZQ*L‘IU’B’L|17[1 + |“BL|1,1\11
-1/4 _ “1/2 _
SC(El /4 934 4 ¢ /12, D\q)
-1/2 _7
(4.9) < Cey'Pe s,

where again (2.5) was used. For the L? error, we have

_ 2(s+q)
e~ mse-raglly, < (P40) TR L g
BL 29=1,9%BLllo,1;, = 2 (quS)! (2(])! BL L2(Ih)
—1x 2(s+q)
<C Agfig ' o (g—s)! 1 2(q+s)872(q+8)+1
- 2 (g+s)l@r ' 72

2(s
MV (g9 1
2 (q+s) (29 *

Choosing s as a non-integer multiple of ¢, and repeating the same steps as for the H!-
seminorm, we see that there exist constants C, o4 > 0 such that for every €1, 2 € (0, 1], and

for every g € N, there holds

< Cey (Mo€2)_2(q+s) (

[ 7T2qf1,q“}§LHo,11 < e,
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On I\I, up/ is already exponentially small, hence there exist constants C, o5 > 0 such that
for every e1,¢2 € (0, 1], and for every ¢ € N, there holds

Jupr, — ”24—1741‘1_%”0,1 < |upL - 7TQq—lvflulg’L||(),11 + HUELHO,I\II
<C (55/26704q + effuokqu(?l)
(4.10) < Ce01

We follow the same steps for the right boundary layer u}; ;- Proposition 4.1 gives
qu_l,qUEL on I3, such that

‘UEL - 7T2q71,q“JErzL‘iI3

_ 2(s+q—1)
< (Pam DD (g )1 H q+s) 2
- 2 (g+s)! 2q7 1)! L2(I3)

(
2(s 1) — s
Aquyt (o= ( —-s)  2q a(qrs) (€1 2(g+s)+1
<C K? =
2 s)! (2 — 1)! €2

(¢ +
2(q+s)+1 2(s+q—=1) .\ 9
<o Aq (g—3s)! 2¢ K2+,
2 (g+s)! (2g — 1)!

Hi1€1

Using (2.5), we obtain

2q—2
+ + P2 —1(\* (@=9)' (\g) 2
s = mamv bl < O (0) (o

Choosing s = 7¢q, with 7 € [1/2,2/3] as in Lemma 4.3, and following the same steps as in
the approximation of the left boundary layer (using (4.7)), we arrive at

1/2 706(1

+
|“BL T2q— 1tuL’1[ < Cey

with o given by (4.4) with 7 replaced by 7. On I\ I3, qug, 5, 18 already exponentially small, i.e.,
by (2.15) we have

+ 2 qﬂfl + !’ 2 €1 -2 qufl 72(17m)€2/81
|uBL|1I\13: [(uf) (@)Pde < C | — e dz
’ 0 €2 0
-1
<C e et
— 62 )
hence it will not be approximated. Thus

upp — 772(1—1761“EL’1,I < |ugy — 7T2q—1,quEL|1,1r3 + |uEL|1,I\Ig

o\ /2
<C (61 V2o 4 ( 1) e—ZA‘I)
€2

(4.11) < Ceyle 96,
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for some positive constant &g, where (2.5) was used once more. For the L? error, we have

H + + H Aquy ! 2(6+Q)( —s)! H( )(q+9)
Upr — M2¢-1,4UBLllo 1, = 2 (q+3)l( q)
)!

Aquy! 2ot (g—5)! 1 agts) e
<C Kj
2 (q+s)!(29)! e

2 s 2(s
<C£1( €9 > (g+s) <)\2q (s+4q) q—s 1 K2(q+s)

L2(I3)

Eo \M1€1 Q+8 (Qq)
e (M) @9 1 e

<C Kl s
g2\ 2 (g + s)! (29)!

where we used (2.5) and (4.7). The remaining steps are the same as above, so they are omitted.
We arrive at

1/2
4.12) b = 72g-1.qufp ]y, <C (2) e,

for some positive constant 0. Finally,

H“EL - 7T2q*1’q“§LHo,1 < ||“§L - 7T2q*1’q“§LHo,13 + HUELHO,I\IS

1/2
<C ((51> e”o74 | e—”«z)
€2

(4.13) < Ce 7

for some positive constant 7.
It remains to consider the remainder, which by (2.16) is exponentially small:

(4.14) |ug|lpr < Cmax{e %2/t e70/52} < Ce™0/52 < Cle™M

since Appy, 1 < 1/2 (hence \pey < 1/2), where ¢ > 0 is a constant independent of £1, &5.
The proof is completed by using the definition of the energy norm (3.3), along with (2.16),
(4.5), (4.8)—(4.14), to get

+ +
flu— 7T2q71,q“HE’1 <el (‘uS - 7T2qf17qu3‘1’1 + ‘UBL - 7T2q*1,tuL|1,1) +
+ +
lus = m2q-1qusllo ; + [ unr, = T2q-19u5Llo ; + lurlp
< Ce™ %",

for some positive consant o. |

We next estimate the difference between the IGA solution u and the quasi-interpolant
T2g—1,qU-

LEMMA 4.5. Let uy € 5’3‘1_1 be the approximation to u, the solution of (2.1), (2.2),

based on the knot vector of Defintion 4.2, and let maq4_1 4 be the approximation operator of
Proposition 4.1. Then there exist constants C, o > 0, independent of €1, €2, such that ¥q € N,

H7r2q—17qu - UN”EJ <Ce™

Proof. Set £ := w41 qu — up. Then, by coercivity of the bilinear form B; (eq. (3.4)),
there holds

€% < Be (£,6) = —Be (u — m2g—1,4u, €)
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where we also used Galerkin orthogonality. Hence,

IENE 7 < —e1 {(u— mag_1,qu) &) e (b(u— maq_1,4u) , €) +{c(u— mag_1,4u) &), -
The first and last term may be estimated using Cauchy-Schwarz:
’—61 <(U - 7T2q71,qu)/7£/>1| + |<C (u — Taq—1,qu) 7£>I|
< ex || (u = m2q-1,qu) || 1€ 10,7 + el r e = m2g—1,qully 1 1€llo,;
< Cmax{l, [lefl o} [lv = m2g-1,qull g ; 1€l 5 s -

For the second term, we will consider the two ranges of ¢ separately: in the asymptotic range
of g, i.e., /\qufl > 1/2 or equivalently A\ge; > 1/2, we have

’52 <b (u— 7"2«1—1,(1“), 7€>I| < Ce ||b||oo,I H(u - 7T2q—17qu)l||0,1 Hf”o,[
—1/2
< Cegey /? Ju— mag1,qull o 1 1€ s

1/2
< Cey (A)"? u — mag1qull . I€]
<Ce gl -

E,I

In the pre-asymptotic range of ¢, i.e., Agug < /2, we first use integration by parts to obtain

’52 <b (U - 772q—1,qu)/ a§>1| = |€2 <b (u - 772q—1,qu) 7§/>1| .

Next, we consider the three subintervals given by (4.6): on the first subinterval we have

‘62 (b (v — moq—1,qu) ’5/>Il’ < Cea |0l o1, ‘(u — Tog—1,qU, £/>Il
<Ce|u— 7T2qfl,qu||o’11 ||£l||o,[1

13
<Cc—=2

1 flu — 772(1—17(1’““0}11 1€

Aapg 0l

where we used an inverse inequality; see, e.g., [15, Thm. 3.91]. Thus

Eaflo  _ -
< 05 e €l < Ce YN g

’62 (b(u —maq—1,4u) »f/>11
Similarly, on the second subinterval we have

‘52 <b (u - 7T2q71,qu)/ s £>12’ < e ||b||oo,12 <u — T2q—1,qU, fl>[2
< Cey ||u - 7"21171,t1u||o712 ||‘£||o,[2

< Ce Pl -

Finally, on the third subinterval,

< €2 ||b||oo,I3 <U - 7T2q,1’qu7fl>13

‘52 <b(u — qu,lyqu)/,f%g

< Ce ||u - 7T2qfl,qu||o713 ”5/“0,13

€1 Yz -1/2 __Bq
< Cey P €& € ||f||EI

1/2 _—
< Cey*e P le| 5, -
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Therefore, by (4.12), we get

le2 (b (u—mag-1,4u),€),| < Ce PI¢]l 5,

and

2 —
1€l ; < Ce P Ig]| g,y

which completes the proof. 0

We conclude with our main result.

THEOREM 4.6. Let u be the solution to (2.1), (2.2) and let un € qu_l be its approx-
imation, based on the knot vector of Defintion 4.2. Then there exist positive constants C, o,
independent of €1, €9, such that, Vq € N,

lu—unlg, < Ce™
Proof. We begin with the triangle inequality:
lu—unllp; < llu—mog-1,qull g + [IT2g-1,9u —un| g

where 41 4 is the approximation operator of Theorem 4.4. The first term is handled by
Lemma 4.4 and the second by Lemma 4.5. a

5. Numerical example. We will be considering the following BVP and we refer to [8]
for more numerical experiments. Find « such that

€2

mu'(m) +e Pu(r)=1 inI=(0,1),

u(0) =u(l)=0.

—eu (z) +

An exact solution is not available, so we use as a reference solution the one computed with the
highest polynomial degree, denoted by urpr. Instead of the error in the energy norm, we will
be measuring

Error : =100 x max |urgpr(2k) —un(zk)|/ max |urpr(zk)|,
k=1,....,n k=1,...,n

where {z},_, € I are points in (0, 1), chosen uniformly in the layer region and outside — we
use n = 400 in each region for our computations.

Figure 5.1 shows the Error vs. the number of degrees of freedom, DOF, in a semi-log
scale. The curves indicate exponential convergence and the fact that they coincide indicates
robustness. The two curves that are not on top of the rest, correspond to even smaller errors
and could be due to the fact that we are using a reference solution.

6. Conclusions. In this article we performed the numerical analysis of IGA for one-
dimensional reaction-convection-diffusion problems with two small parameters. We estab-
lished that if the knot vector is chosen appropriately and depending on the singular perturbation
parameters, then p-refinement yields robust, exponential rates of convergence, in the energy
norm. We also presented one numerical example agreeing with, and even extending the theory.

This was a step towards the study of two-dimensional SPPs, especially fourth order SPPs,
for which there are very few available methods for general two-dimensional domains.

Appendix A. Here we establish eqgs. (2.14)—(2.16), in the case of constant coefficients,
ie, b(x) =b>0,c(x) =c> 0. In[16], the non-constant coefficient case is considered; we
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Reaction-convection-diffusion problem

10?

101 L

—6—¢, =107, ¢,=10"
%, =100 ¢, =10

- -11 - -4
€= 10, €= 10

Est. % Rel. Error in the Max Norm

—*—¢, =107 ¢, = 10"

—<—e =10M ¢ =10
¢, =10% ¢, =10°

100 L L L
5 10 15 20 25 30

DOF

FIG. 5.1. Maximum norm convergence.

present here the much simpler case of constant coefficients in order to illustrate the procedure
for obtaining such regularity estimates, for the benefit of the reader.

Recall that we are focusing on the case €7 < 3, hence we anticipate a layer of width
O(e2) at the left endpoint and a layer of width O (g1 /22) at the right endpoint. To deal with
this we define the stretched variables & = x /5 and & = (1 — x)eo /1 and make the formal
ansatz

(A.1) U~ Z Z eh(e1/e3) (uij(x) + alf (@) + alk(2))
i=0 j=0
with u; 5, ﬂff , ﬁff to be determined. Substituting (A.1) into (2.1), separating the slow (i.e.,

x) and fast (i.e., , &) variables, and equating like powers of €1 and 4, we get

Up,0 = %7
(A 2) u’i,o = _%u;71,07 7/ 2 1)
. 1 UO,]’ZULJ’:O, Jj=1,
Uij = ¢ (“2/—2,1'—1 - bu;—m) , 122,521,
~ !/ ~ .

(A3) blals) +etiy =0, 120,

b (QEJL) + cdff = (ﬂff_l) ; 120,521,
(Ad) (aPE)" +b(aB) =0, i>0,

(aPF)" + b (aPh,) = calF, i.5>0.

The last two equations are supplemented with the following boundary conditions (in order for
(2.2) to be satisfied) for all ¢, 7 > O:

(A.5) .QBJL(O) = —u; ;(1),
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Note that, by (A.3) and the fact that b, ¢ > 0, we automatically have limz;_, o @ u ( )=

Next, we would like to describe the regularity of the functions u;_;, ufj , Z L de ﬁned by
(A.2)—=(A.5) above. We begin with u; ;, and we have the following.

LEMMA A.1. Let u; ; be defined by (A.2) and assume (2.6) holds. Then there exist
positive constants C, K and a complex neighborhood G of I such that the complex extension
of u (denoted again by u) satisfies

lui ;(2)] < CST'K'' Yz € Gs={z€G:dist(z,0G) > d}.

Proof. The proof is by induction on ¢. The case ¢ = 0 holds trivially, so assume the
result holds for 7 and establish it for ¢ + 1. Let 7 € (0,1) and let KX > 0 be a constant so
that (132 + %) < C. We have by (A.2), the induction hypothesis with G(;_)5 O G5, and
Cauchy’s Integral Theorem,

i1 (2)] < Clui_y ;o1 (2)] + |ui ;(2)]
2 —i41l g1y, i1 1 —i i
<C<(T§) ((1—=1)9) K (i—1) —|—®((1—T)5) KZ>

11 2 i—1\"*!
—i—1 g 1+1/: i+1
S COTTRTi+ D) <K2(z‘+1)2 72(1 — 7)i-1 <i+1> i

+%(i41—1)r(1i7)i (zi1>>

Choose 7 = 1/(i + 1). Then

—i—1 il i 1
|ui+1>j(2)| <0 1K -H(Z + 1) i <K2 + K)

so by the choice of K the expression in brackets is bounded and this completes the proof. O
LEMMA A.2. Let u; ; be defined by (A.2) and assume (2.6) holds. Then there exist
positive constants C, K1, Ko such that

™) |loo.r < CRIKTiIKS ¥ n € N,

Proof. This follows immediately from Lemma A.1 and Cauchy’s Integral Theorem for
derivatives:

n n! —i i i n n| i
™ [loorr < cma K'ile" < Cn!KM! K3,

WithKlze,ngK/& a0

The following auxiliary lemma, which is an analog of Lemma 7.3.6 in [10], will be used
in the proof of Lemma A 4.

LEMMA A.3. Let A,y € C with Re(\) > 0,Re(y) > 0. Let F be an entire function
satisfying, for some i,j € Ny and C > 0,

|F(2)] < Cy ™09 (i 4 j+[2) VzeC.
Let « € Candletv : (0,00) — C, be the solution of the problem

v+ Av = Fon (0,00), v(0) = a.
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Then v can be extended to an entire function (denoted again by v), which satisfies
(i+4+ )"
(i+j+1)

wu)gc<¢“ +aoeR%W VzeC.

Proof. Using an integrating factor, we find

v(z) = e ReX?) (a +/ eRe()‘S)F(s)ds> ,
0

from which we have

|z
[0(2)] < e~ReO?) <|a + / RO (s)| d8>
0

ol
< CefRe(/\z) <|a| +,yl+j/
0

where we used the assumption on F'. The result follows. a

LEMMA A.4. The functions ﬂij, which satisfy (A.3), are entire and there exist positive
constants C, K, v, depending only on the data, such that
(A.6) |(@PF) (2)| < CKA™(i 4 j + |2])" e PR vz e C.

,J

(i+]+ s|>i“]ds> ,

Proof. The proof is by induction. We first note that from (A.3), we may calculate
Py (z) = —uip(0)e 77, i > 0.
Thus, using Lemma A.2 to bound the term |u; o(0)|, we get
@Bl (2)] < Citihe |82l < OF7 (i + |2) e #Re),

where ¥ = K5, 8 = ¢/b, hence the result holds for j = 0 and for all 7 > 0. We then proceed
by induction on j. We assume (A.6) holds for j > 1 (and for all 7 > 0) and show it for j + 1.
We note that, by (A.3), ﬁfﬁrl satisfies, V 7,5 > 0,

~ / C . 1 . " -
(@P5) + §alhy =5 GEFY . aPha(0) = —uisn(0).

By the induction hypothesis and Cauchy’s Integral Theorem for Derivatives (we take as the
contour the unit circle centered at z), we get

|(@2F)" ()| < CF 1 (14 5+ |2l) ™+ e PR,

Lemma A.3 is then applicable (with A = £,y =, F = (ﬂff)” and o = —u; j41(0)) and
with the aid of Lemma A.2 (to bound |a|) we obtain

yritL

|(@551) ()] < C (7 (i+j+1)

+ i!K;‘) e Rer?)

<SCFH (47414 ]2) T x

1 + Z'Ké _ efRe()\z)
(i+7+1)  Fi(i+j+1+|z) T

T (i 4+ 1+]z))

< C— / i+j+1 efRe()\z)
S+ +1)
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where we used the fact that ¥ = K. Hence, the induction is complete and this concludes the
proof. a
COROLLARY A.5. The functions ﬁij, which satisfy (A.3), are entire and there exist
positive constants C, K, K1, 7, depending only on the data, such that, ¥V n. € Ny and & > 0,
there holds
(6810 0] < R4y

2,

Proof. Cauchy’s Integral Theorem for Derivatives gives

‘(UBL)( )(j)‘ < Ce bt

o FH (i+j+3) " e

(n+1)"

- n!
<Ce PP~
- (n+1)"

¥ i+ j+n)" e,
The proof is completed by observing that
(A7) (i+j+n)" < (i+5)" (Ln/+))" <@+ e D

REMARK A.6. An analogous result may be proven for the functions #2%, which satisfy

(A4), (A.5):

’L]’

(A.8)

(aB1)" (3) < CR™37(i + ) e Wi j >0

]

Indeed, from (A.4) we find

aPL(@) = aPF(1)e ™ + / B (s) (1- ) ds
1

and an inductive argument, like in the proof of Lemma A.4, can be used to establish (A.8).
Next, we define, for some M € Z,

M M

(A9) un(z) =YY eb(er/e3) ui (),
i=0 j=0
M M

(A.10) iyt (&) =YY eb(er/s3)Valf (),
i=0 j=0
M M

(A.11) aBl(2) = 2263(61/62)ju3f($),
i=0 j=0

~BL |, ~BL
— (unp +upy —l—uM)

<
S
I
@
—

and we have the following decomposition
(A.12) u=up +afF +alF +rar

THEOREM A.7. Assume that (2.6), (2.3) hold. Then there exist positive constants
C,K1,Ks, K,K,%,9, 6, independent of c1, €2, such that the solution u of (2.1), (2.2) can be
decomposed as in (A.12), with

(A.13) Hu(ﬁ)

SO} Vne N,
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(A.14) ’(aﬁL)(") (z)‘ < CRneymedist@dD/e oy e Ny,

(AIS) (,&EIL)(") (.’L‘)’ S C[A(g (il) e—diSt(-Z‘,aI)EQ/El Vne NO,
2
A16)  Trarlor + sl + €2 el < Cmax{emse2/a o5/,

provided egeM max {K»,7,7} < 1 and heM max{7,7} < 1.
2
Proof. We first show (A.13): from (A.9) and Lemma A.2 we have

Hug\/[) < ZZEQ (e1/€3)? ’
0
< Cn!K? (Zs’ ’K2> i(al/sg)j)

NI/\
Q
.ME

Uy (51/52) ”'Kl @'Kz

S

< CnIK?

VoS
Mg
é
5

) > (er/esy
z:O

< CnlKT,

since both sums are convergent geometric series due to the assumptions eoa M K5 < 1 and
e1/e3 < 1.
Next, we show (A.14): by (A.10) and Lemma A.4, we have

M M
(@)™ @) <Y ey |@h) ™ @)
i=0
M M
SC’ZZ& (e1/e2) K5 (i + j) e 1P,

1=0 j=

Now, (i + j)T7 < etite’ j7 (cf. (A.7)) hence we get

M
‘( E/IL)(n)( )‘ < CK"e B? (Z’yzezlzfl) Z(al/s Yelj!

i=0 =0
< CRm e [ S (eley) Oo‘ile
B ‘ (i—o e 52)) ;(sée )
< CKm™e 77,

since both sums are convergent geometric series, due to the assumptions yeMey < 1,
SeM < 1. The result follows.
2
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Similarly, we show (A.15): by (A.11) and (A.8),

M M
. (n) /. i il A (n) /.
(@5 ™ @] < D23 b/ |@Ph)™ @)
=0 j=0
M M
<O N e /YR i+ ) e
1=0 5=0
o3} [e%e] 7
~ _84 . i £
< CKm"e # (Z (AeMesy) ) Z (;eM)
i=0 j=0 \"2
< Ckn —Bz
It remains to show (A.16). To this end, note that
ru(0) = ZZfz (e1/€3)7 (i j(0) + @77 (0) + @)% (e2/e1))
=0 j=0
= —ZZEE e1/e3)) i} (e2/e1).
1=0 5=0
By (A.8),
M M M M
Irar (0 ZZ (e1/€3)? ” 52/51 < ZZ (e1/€2)4% (i + j) T ePez/=
i=0 j—0 i=0 j=0

S 067562/51 (Z ("A)/M€€2)i> Z ((61/€§)€M)] S 067552/617

i=0 j=0
for some positive J, independent of €1, €5 and bounded away from 0. Similarly,

M M
(D] < 305 eher /3 TP /ea)| < O30 ehlen B34 + 5) e/

i=0 j=0 i=0 j=0
< Cehle <Z(%52M)i> P(E! /M) | < Cemd/e2,
i=0 =0
Combining the two results, we have

HTMHOO@I < C’max{ef‘sﬁ/fl’e*f;/@}_

Now, let L := —¢4 % + &‘zb% + ¢ 1d, with Id the identity operator, and consider
M M
L(u—un) = f(z) =Y Y ehler/e3) Lui j(x),
i=0 j=0

with u; ; satisfying (A.2). After some calculations, we find

€
L(u—wupy)= I+1Z< 1) 3\4,;‘7
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hence
1L (= unr) oy < € Z() bl sl

M+1 €1 J /
< Ce Z 2 H“M,jHoo,I‘
j=1 272

Using Lemma A.2, we further obtain

M J
1L (= upg)l| oy < Coa™ MK <€§> < Cey (eaMEK)M
: 2.\ 22
Jj=1

since the finite sum can be bounded by a converging geometric series.

We also consider the operator L in the stretched variable z:

~ d? d
_ -2
L= —E€1&9 ﬁ+bd~ +CId
and we find, after some calculations,
M M
=22 ele/H) Lalf
i=0 j:O
Y- e/ (<enei? G2 + (a5 + il
=0 j=0

o\ ML M

1

= (2) Z 52 Us, M )
€3

where (A.3) was used. Hence, using (A.6), we have

(af5)"

c M+1 M o )
<C (;) Zgzz,?z(l + M)z+M

€
2 i=0

oo,I

o\ M1 M
. 1 )
LuBL S _ EZ
Ml o1 €2 2

’ 2 i=0

. M+1 Mo . M+1 M '
<C ( 1) > eiietite MM < C <§eM) > (eaeM)
52 i=0 €2 =0

. M+1
<C (;eM) .
€3

Similarly, in the stretched variable & we have

2 52
- £9 d g9 d
L= —&1 (51> dgff2 bEQ*? +c 1d
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and, with the help of (A.4),

M M
Layt = eber/e3) Laf}

i=0 j:O

ZZE 5/ j _é BL) bé(BL) ABL
1/€35)? 51(u’J - U; ") + cuy

=0 j=0 1

c M M
1 i (~BL\"
(2) E € (%M) )
€5 ‘

=0

thus, by following the exact same steps as above,

Therefore,

~ &1 M M . 1 M M 9
ot < (3) Letllota], <o (3) Seaverant
M
<C (eM)
82
ILramllor = HL (u—unr — ay; — ﬁﬁL) Hoo I

<L (u—wnr)lloe r + LR | o p + 1L0F ]|
c J\/I+1 c M

< C | e (eaME)M + <§eM> <§eM>
€5 €5

Under the assumptions of the theorem, we have shown that the remainder 7, has exponentially
small values at the endpoints of I, and L), is uniformly bounded by an arbitrarily small
quantity on /. By, e.g., stability (see [9]) we have the desired result. a
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