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TRANSFORMED RANK-1 LATTICES FOR
HIGH-DIMENSIONAL APPROXIMATION*

ROBERT NASDALAT AND DANIEL POTTS'

Abstract. This paper describes an extension of Fourier approximation methods for multivariate functions
defined on the torus T to functions in a weighted Hilbert space Lo (R?, w) via a multivariate change of variables
P (— %7 %)d — R?. We establish sufficient conditions for ¢ and w such that the composition of a function in such
a weighted Hilbert space with ¢ yields a function in the Sobolev space H;l’ilx(Td) of functions on the torus with mixed
smoothness of natural order m € Ng. In this approach we adapt algorithms for the evaluation and reconstruction of
multivariate trigonometric polynomials on the torus T¢ based on single and multiple reconstructing rank-1 lattices.
Since in applications it may be difficult to choose a related function space, we make use of dimension incremental
construction methods for sparse frequency sets. Various numerical tests confirm the obtained theoretical results for
the transformed methods.
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1. Introduction. The change of variables is a powerful tool in numerical analysis. Such
transformations play an important role in spectral methods, numerical integration, and the
approximation of functions. An excellent overview can be found in [1, Chapters 16 and
17], which contains many practical aspects of the mapping methods. In this paper we focus
on change of variable mappings from multivariate bounded domains to unbounded ones in
order to approximate functions defined on such unbounded domains. The main goal is to
transfer the approximation error bounds of Fourier methods on the high-dimensional torus
T¢ ~ [, 1) to approximation methods on R? with the help of an invertible transformation
v (-1 1R

Regarding functions defined on the torus T¢, there is a well-developed theory (see
[7, 20, 271) concerned with the Wiener algebra A(T¢) that contains all L, (T%)-functions with

absolutely summable Fourier coefficients
fy = f(x) e 2mikx qx
Td

withk = (k1,....ka)T € 2%, x = (z1,...,24)" €R%, andk-x 1= 39_, k;z;. For § > 0
and the weight function

d
whe (k) == [ ] max(1, |k;)),
j=1

there are subspaces of the Wiener algebra A(T) in form of

(L.1) A (TY) = 0 f € La(T) < (| ]| s (pey = Y wne(®)?|fiel < o0
kezd
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and the Hilbert spaces

Nl

(1.2)  HA(TY) =< f € Lo(TY) « || fllags (ray = Z whe(K)??[ful? | <o0p,
kezd

whose norms contain information about the decay rate of the Fourier coefficients fk with
respect to the weight function wy.. For approximation purposes we consider non-empty
frequency sets I C Z? of finite cardinality |I| < oo and approximated Fourier partial sums

(1.3) SMf(x) == Zflz(\ e2mikex

kel

with approximated Fourier coefficients
1 M-l
(1.4) fé= gy D0 F) e & fi
§j=0

which are sampled at the nodes x; of a reconstructing rank-1 lattice A(z, M, I), whose
definition is given in (2.6).
For N € N and hyperbolic crosses

(1.5) I = {k € Z : wn.(k) < N},

it was shown in [13, Theorem 3.3] that when using single rank-1 lattices, the error of approx-
imating a continuous function f € A?(T?) by the approximated Fourier partial sum S%, f
N

measured in the Lo (T%)-norm is bounded above by N ~#|| f[| 45 (4). The approximation of
functions in the Hilbert spaces #”(T¢) was investigated by V. N. Temlyakov in, e.g., [13, 26].
For certain 3 > 0, the error of approximating a continuous function f € #”(T%) by the
approximated Fourier partial sum S;\X[ f measured in the Lo (T%)-norm is bounded above by

CasN~P(log N)(dfl)/2||f||7_[;3(w) with some constant Cy 3 = C(d, ) > 0 as shown in
[30, Theorem 2.30].

A major problem is that in general it is difficult to calculate the Fourier coefficients fk
in order to determine if they are absolutely or square summable. Instead we utilize certain
norm equivalences to get information about the decay rate of the Fourier coefficients fk.
Given a multi-index a = (o, ..., aq)" € N& with ||a||¢ := max(|ay],...,|aq|) and the
differential operator

g g
(a3 — (al,...,ad) -—
(1.6)  D*[f](x) =D [fl(@r, ..., 2q) : e G

[f](z1, ..., za),

we define for 2 € {T¢, R?} the norm

1/2
(1.7) [ £l @) = Z ID*IMN70 0
llexllece <m
of the Sobolev space H (£2) of functions f € L3(£2) with mixed natural smoothness m € No,
which is discussed in [22, 28, 31]. As shown in [17, Lemma 2.3], the norms || - HH,I,'&(W) and

|| - l|#4¢ (r4 are equivalent for 3 = m € N. Furthermore, for all 3 > 0 and all A > 3, we have


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

TRANSFORMED RANK-1 LATTICES FOR HIGH-DIMENSIONAL APPROXIMATION 241

the continuous embedding HA**(T%) < A#(T9) as shown in [13, Lemma 2.2]. Hence, for
m € N, we can simply verify that f is an element of a Sobolev space H™ (T¢) in order to
determine whether a function f is in A™(T%) or H™ (T?) instead of calculating all its Fourier
coefficients fk.

In order to utilize all these properties for functions defined on R¢, we apply a continuously
differentiable and strictly increasing change of variables ¢ : (—3, )% — R¢ component-wise
to multivariate functions h in a weighted Hilbert space Lo (IR?, w) as defined in (2.1) with the
weight function w : R? — [0, 00). As a result we consider transformed functions f € Lo(T?)

of the form

f(x) = h((x)) Vw (¥ (x)) ¥’ (x),

so that we have the identity [|h||, g w) = || fllz,(re)- Based on this connection we will
later on observe that the inverse transformation 1) ~! transforms the classical Fourier system

{e?mk°} into another orthonormal system of the form { % eQ”ik'Wl(o)}. It is
generally rather difficult to verify whether such a transformed function f is in the Sobolev
space H™ (T?) by calculating its norm and testing the various Lo-integrability conditions.
Therefore we provide a set of sufficient L..-conditions for f being in H™ (T4).

At first we prove these conditions for all possible transformations v and weight functions
w. Later on, we consider families of parameterized transformations (o) = v (o, n) and
families of weight functions w(o) = w(o, ) with n, u € R¥. Then we obtain parameterized
transformed functions f(o) = f(o,n, u) € Lo(T?), and both parameters may influence the
smoothness of these functions. With the sufficient L..-smoothness conditions, we are then
able to calculate lower bounds for 77 and g such that the smoothness degree m of a func-
tion h € Ly(RY w(o, p)) N H™ (R?) does not change under composition with a family of
transformations (o, 17) so that we end up with f € H™ (T?).

For two particular transformation families (o, 17) we explicitly calculate the resulting
lower parameter bounds and observe a case in which the smoothness preservation under the
transformation depends only on the parameter u € R? appearing in the weight functions
w(o, p), as far as the conditions are able to detect it. Furthermore, we present an example
in which we compare the parameter bounds obtained from the L., -conditions with the exact
lower bounds resulting from calculating the Sobolev-norm || -{| g (ra). This will highlight that
the easier to verify L.,-conditions yield slightly coarser parameter bounds. These conditions,
as a tool to determine when a transformed function f is at least an Lo (T%)-function, enable us
to prove upper bounds for the approximation error ||k — S h|| measured in the weighted Lo-
and L.-norms on R?. These are based on the already established error bounds for || f — S2 f||
on the torus with respect to the Ly (T%)- and Lo, (T%)-norms.

One advantage of the proposed method is the availability of fast algorithms for high-
dimensional approximation (see, e.g., [1]) in contrast to function approximations based on,
for instance, multivariate Hermite functions or Sinc methods. To this end, there are lattice
rules that in recent years became an important tool in numerical analysis for high-dimensional
integration and the approximation of multivariate functions. An introduction to lattice rules can
be found in [6, 19, 24]. These rules are used for the approximation of functions on the torus;
see [27]. Recently, efficient algorithms based on component-by-component methods [4, 5]
were presented in order to compute high-dimensional integrals. For the approximation of
high-dimensional functions, there are efficient algorithms using sampling schemes based on
rank-1 lattices [8, 13], and furthermore, these schemes provide good approximation properties;
see also [2]. We adapt these algorithms and incorporate the outlined use of transformations.
Furthermore, we present numerical examples.
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We note that it was recently suggested in [11, 12] to use multiple rank-1 lattices which
are obtained by taking a union of several single rank-1 lattices. This method overcomes the
limitations of the single rank-1 lattice approach. That is, for the reconstruction of multivari-
ate trigonometric polynomials supported on an arbitrary frequency set I of finite cardinal-
ity |I| < oo, with a single reconstructing rank-1 lattice, the lattice size M is bounded by
|I| < M < |I|? under certain mild assumptions; see [13, Lemma 2.1] and [10, Corollary 1].
Multiple rank-1 lattices improve the upper bound to M < C|I|log |I| with high probabil-
ity [12, 14]. Remarkably, in both cases the upper bound is independent of the dimension d.
Furthermore, there are methods where the support of the Fourier coefficients fk is unknown.
We adapt the methods presented in [21] that describe a dimension incremental construction
of a frequency set I C Z% containing only non-zero or the approximately largest Fourier
coefficients hy, based on a component-by-component construction of rank-1 lattices. This is
done with respect to a specific search space in form of a full integer grid [~ N, N]¢ N Z<¢ with
refinement N € N and a sparsity constraint that bounds the cardinality of the support. We
incorporate the change of variables method into both the multiple rank-1 lattice methods as
well as the component-by-component construction method. Let us note that instead of rank-1
lattice points, one can use a dimensional incremental support identification technique based on
randomly chosen sampling points, which was recently developed in [3].

The outline of the paper is as follows: In Section 2 we establish the basic notions from
classical Fourier approximation theory on the torus T¢, the corresponding function spaces,
and important convergence properties. We introduce the Sobolev spaces HIZ;X(Td) of mixed
natural smoothness order m € N and the Wiener Algebra A(T%) of functions with absolutely
summable Fourier coefficients. Furthermore, we discuss certain properties of the subspaces
AP(T?) and HP(T?) of the Wiener Algebra, in particular, we highlight the norm equivalence
of || - [|3gm(ray and || - || g (yay for all m € N; see [17]. Then we define rank-1 lattices as
introduced in [15], discuss their importance in the context of Fourier approximation, and recall
two important approximation error bounds on the torus in Theorems 2.2 and 2.3.

In Section 3 we define the notion of a transformation 1 : (—%, %)d — R? and pro-
vide a couple of examples that we will use later on. Then we introduce weight functions
w : R — [0,00) and describe the structure of the weighted Hilbert spaces Ly (R¢, w), the
corresponding weighted scalar product (-, ) 1, k4 ,), and the resulting Fourier coefficients hic.
Afterwards, we prove sufficient L,-conditions for the transformation v and the weight func-
tion w such that a function h € Lo(R?,w) N H™ (RY) is transformed under composition
with 1) into a smooth function f € H™ (T%). Then we are able to prove approximation error
bounds on R? in Theorems 3.6 and 3.7 based on the theorems on the torus from Section 2.

In Section 4, we incorporate the usage of transformations v into the algorithms [8,
Algorithm 3.1 and 3.2] for the evaluation and the reconstruction of multivariate functions

leading to Algorithms 4.1 and 4.2 based on transformed rank-1 lattices.

In Section 5 we discuss examples for the algebraic transformation (3.6) and the error
function transformation (3.8) that were introduced in Section 3. In these examples we use a pa-
rameterized transformation 1/(o) = 1)(o, ) with § € R? and a parameterized weight function
w(o) = w(o, u) with p € R that fit with their original definitions in Sections 2 and 3. With
the sufficient L.,-conditions from Section 3, we then calculate explicit lower bounds for 17 and
p determining the degree of smoothness m € N of h € La(R?,w(o, u)) N H™ (RY), which
is preserved under composition with the family of transformations (o) = ¢(o, 7). Then we
use the algorithms of the previous section to illustrate the theoretical upper approximation
error bounds. For some special cases in which the Fourier coefficients hy are explicitly given,

we compare those to the theoretically predicted rate of decay of their absolutely values.
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In Section 6 we add some remarks on how the tool of change of variables is incorporated
into the ideas of multiple rank-1 lattices and sparse fast Fourier algorithms. Furthermore, we
present examples with various test functions and different transformation maps inup to d = 12
dimensions.

2. Fourier approximation on the torus. At first we introduce weighted L,,-function
spaces and Sobolev spaces of mixed smoothness, recall some definitions of classical Fourier
approximation theory, and define a space of functions with absolute square-summable Fourier
coefficients. Finally, we review the ideas of rank-1 lattices from [4, 8, 25], the corresponding
Fourier approximation methods, and approximation error bounds that were discussed in,
e.g., [2, 13, 26].

2.1. Preliminaries. Let Q € {T¢ R¢}, with T¢ ~ [—1, 1) being the d-dimensional
torus. The space (C(Q2),] - [|z..(n)) denotes the collection of all continuous functions
f:Q—C, and (Co(R?), ||| . ra)) denotes the space of all continuous functions f : R4 —C
vanishing at infinity in every direction. We define weighted function spaces Lp(]Rd, w) for

1 < p < oo with the weight function w : R? — [0, 00) as

Q1) LR w) = {h € Ly(RY) : Al 1, ) = </]Rd |h(x)|P w(x) dx>P < oo}

with the usual adjustments for p = co. We have L,(R?) C L,(R% w) if w is bounded and
L,(R% w) C L,(RY) if w is unbounded. For the constant weight function w(x) = 1, we have
L,(R%, w) = L,(RY), and the L,(T¢)-spaces are defined analogously.

For functions f and g in the Hilbert space Lo (T?), we have the scalar product

(fs9)Ly(1a) = /Td f(x) g(x) dx.

The functions e?™ikx . — H?=1 e?miki; with k € Z% and x € T? are orthogonal with respect
to the Lo (T%)-scalar product. For any frequency set I C Z< of finite cardinality || < oo, we
denote by

IT; := span{e®™*° . k € I}

the space of all multivariate trigonometric polynomials supported on /. For all k € 74 we
denote the Fourier coefficients fy by

f = (f. ?™ROY () = /Td f(x) e ?mexdx

and the corresponding Fourier partial sum by S7f(x) := >,/ fic e2mikex

For multi-indices o € N and the differential operator D*[f](x) as defined in (1.6), we
define the Sobolev spaces of mixed natural smoothness of Lo (§2)-functions with smoothness
order m € Ny (see [22, 28, 31]) as

o () = {f € La() : | fll () < 00}

with || - [[zm (o) as given in (1.7). The univariate spaces are denoted by /™ (T) and H™ (R),
respectively. For Q2 = T¢ we recall some notation introduced in [17]. The H™ (T%)-norm is

mix
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expressible in terms of the Fourier coefficients fk, which leads to the equivalent norm

2

d
Al rm vy == | D 1AL T+ ks )™
kezd Jj=1

In [17, Lemma 2.3] it is specified that for m € N and all f € H™ (T?), we have

mix

(1 ez

mix

Td)-

d
am %
@ < Wlmscen < (27 ) Wl

The || - || grm.+ (va)-norm and the || - [|3,5 (p4)-norm given in (1.2) are also equivalent for m =
because of the observation that

max(L [k])* < 1+ [k;|* < 2max(1, [k;])*
for all k; € Z. In total, for m € N we have the norm equivalences

22 - Wagmqpay ~ - Marms ey ~ - gy vy,

mix

but we distinguish the related function spaces anyway, because #”(T?) appears in results
concerned with approximation error bounds, whereas H!™ (T?) is considered later on when
we discuss smoothness-preserving transformation mappings.

Considering furthermore the function spaces .A”(T%) as defined in (1.1), it was shown

in [13, Lemma 2.2] that for 5 > 0, A > %, and fixed d € N, there are continuous embeddings
(2.3) HAHN(TY) — AP(T?) — A(T?),

and for f € AP(T?), we have

(24) £ 1|48 ey < Callfllags+xray

with a constant Cyy y := C(d, \) > 1. Additionally, for each function in A(T<), there exists a
continuous representative, as proven in [8, Lemma 2.1]. Later on, when we sample functions
f € HPHA(T?), we identify them with their continuous representatives given by their Fourier
series 3y cza fic ™, and this identification will be denoted by f € HA+X(T?) N C(T?).

2.2. Rank-1 lattices and reconstructing rank-1 lattices. Before discussing the approx-
imation of functions f € H?(T%) N C(T?), we recollect some related objects and observations
from [4, 8, 20, 25]. For each frequency set I C 7%, there is the difference set

D) :={k €2 : k =k —kywithk;,ky € I}.

Furthermore, the set

2.5) Az, M) = {xj = (J‘\szod 1) eTd:j=0,1,... M — 1}
is called a rank-1 lattice with the generating vector z € 7 and the lattice size M € N, where

1:=(1,...,1)" € Z% To ensure that A(z, M) has exactly M distinct elements, it is pointed
out in [20, p. 428] that we need to assume that M is coprime with at least one component of
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FIG. 2.1. The hyperbolic cross If\l, for N =16 and d = 2.

the generating vector z. A reconstructing rank-1 lattice A(z, M, I) is a rank-1 lattice A(z, M)
for which the condition

(2.6) t-z#0(modM) forallt e D(I)\ {0}

holds. Given a reconstructing rank-1 lattice A(z, M, I), we have exact integration for all
multivariate trigonometric polynomials g € lp(r) (see [25]) so that

M-1
1
[ o= 3 o) % € Mm ML)
In particular, for f € II; and k € I, we have f(o) e=2™*° € IIp ;) and
R . 1 Ml .
Q7 f= / f(x)e 2mikx gy = — Z f(x;) e ik x; € Az, M, I).
T M &

For an arbitrary function f € H?(T¢) N C(T¢) and lattice points x; € A(z, M, I), we lose
the former mentioned exactness and get approximated Fourier coefficients f{(‘ ~ fy of the

form (1.4) leading to the approximated Fourier partial sum S f(x) ~ S;f(x) as given
in (1.3).

2.3. Lattice-based approximation on the torus. We discuss upper bounds for certain
approximation errors || f — S%}f” of functions f in A?(T?) N C(T%) and H”(T?) N C(T?).
For this matter, the frequency sets are hyperbolic crosses I¢; as defined in (1.5) and are illus-
trated for N = 16 in two dimensions in Figure 2.1. For approximation purposes the existence
of reconstructing rank-1 lattices is secured by the arguments provided in [10, Corollary 1] and
[13, Lemma 2.1]:

LEMMA 2.1. Let I C Z% be a frequency set of finite cardinality 4 < |I| < oo with
I C 74N (=M/2,M/2)% For all multivariate trigonometric polynomials f € 11, there
exists a reconstructing rank-1 lattice A(z, M, I) with the lattice size M € N bounded by
|I| < M < |D(I)| < |I|2 such that fi = f{(\ The generating vector z can be constructed
using a component-by-component approach.

Then it is possible to prove an upper error bound for the L,-approximation of functions
in the subspace .A”(T?) of the Wiener Algebra, as observed in [13, Theorem 3.3]:

THEOREM 2.2. Let be given f € AP(T?) N C(T9) with B > 0 and d € N, a hyperbolic
cross 1% with |1| < oo and N € N, and a reconstructing rank-1 lattice A(z, M, I%). The
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approximation of f by the approximated Fourier partial sum S j\d f leads to an approximation
N
error that is bounded by

(2.8) If = S?Zdvf”Lm('Jl‘d) < 2N f[| 4 (o).

The approximation of functions in the Hilbert spaces #?(T¢) was investigated by
V. N. Temlyakov; see [13, 26]. He showed that for § > 1, there exists a reconstructing
rank-1 lattice generated by a vector of Korobov form z := (1,2,22,...,2¢71)T € Z9 such
that the Lo-truncation error is bounded above by

Ilf— Sfr\gerLz(Td) < NﬁB(IOgN)(dfl)/QHf”HB(Td)-

A generalization of this estimate as well as an upper bound for the corresponding aliasing error
is stated in [2, Theorem 2] using dyadic hyperbolic cross frequency sets and a component-
by-component approach to construct the generating vector z € Z?, which generally is not of
Korobov form anymore. However, every dyadic hyperbolic cross is embedded in a non-dyadic
one; see [30, Lemma 2.29]. Thus, the error estimates are easily translated in terms of non-
dyadic hyperbolic crosses Ij‘f, (see [30, Theorem 2.30]), and we are particularly interested in
the following special case:

THEOREM 2.3. Let be given 3 > 3, the dimension d € N, a function f € HP(T%) N
C(T%), a hyperbolic cross I with N > 29%1 and a reconstructing rank-1 lattice A(z, M, I%).
Then we have

2.9) 1f = 57y fll oy < CapN =P (log N)Y /2] I35 (ra)

with some constant Cy 53 := C(d, 8) > 0.

As highlighted earlier in (2.2), for 8 = m € N, the norms || - [[35 (ra) and || - || gz (7a) are
equivalent. Eventually, we utilize this norm equivalence in order to apply the above approxi-
mation error bounds for functions f in the Sobolev space H™ (T<) that are characterized by
their derivatives.

3. Torus-to-R transformation mappings. Change of variables were discussed, for
example, in [1, 23] and were used for high-dimensional integration in, e.g., [16, 18]. In
this chapter we define transformations ¢ : (—%, )¢ — R? and provide examples that will
reappear later in this paper. Afterwards, we describe the weighted Hilbert spaces Ly (R%, w)
with weight functions w : R? — [0,00) and investigate their structure. Then we prove
sufficient conditions for ¢ and w such that an initially chosen h € Ly(R%,w) N H™ (RY)
is transformed by the change of variables v into a function that is lying in a Sobolev space
H™ (T%) of mixed natural smoothness order m € Ny. Eventually, we show that with an
incorporated transformation v, we still have upper bounds for certain approximation errors on
R4, which are based on the already established error bounds with respect to the L (T%)- and

Lo(T4)-norms recalled in Theorems 2.2 and 2.3, respectively.

3.1. Transformations to R?. We call a map ¢ : (—1,%) — R a transformation or

change of variables if it is continuously differentiable, strictly increasing, odd, and we have

3.1 lim (x) = —o0, lim P(x) = 0.

z——3 z—1
We denote its first derivative by ¢’ (z) := <L [1](x). The corresponding inverse transformation

is also continuously differentiable, increasing, and it is denoted by »—! : R — (f%, %) in the
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sense of y = (x) & x = 1~ (y). We call the derivative of the inverse transformation the
density function of 1, which we denote as

(3.2) o(y) == (W1 (y) =

o=

and for which we have g(y) > 0 for all y € R. Furthermore, we have lim ¢ ~!(y) = —
y—r—00

and lim ¢~!(y) = 3. We note that  is a bounded function with
Y—00

loll, w) :/ o(y)dy = 1.

For multivariate transformations we let
D(x) = (Yr(@1),. . alea)) T and (%) =[] ¢(y)

withx = (21,...,24)" € (=1 %)d, where we may use different transformations 1); in each

2
direction. Similarly, we let = (y) := (¥ (1),...,¥; " (ya)) " and

d
(3.3) o(y) == H 0;(y;)

withy = (y1,...,54) " € R%
Later on, we consider families of parameterized transformations

34 V(x,m) = (Y1(z1,m), ..., Ya(za,ma)) "

withn = (n1,...,74) " € R%. We only consider parametrizations for which the transforma-
tion ), its inverse 1!, and the density function p fit into the given definitions above despite
being affected by the parameter 7. On several occasions throughout this paper we will replace
the transformations i (z) by

(3.5) Y(x,m) :=n-p(x)

with ) € (0,00)9. As the transformations are going to be composed with functions defined
on R?, the parameter 17 may influence the smoothness of the resulting transformed functions,
which we will discuss in depth later on. For now we omit the parameter in the notation for
simplicity and proceed to just write ¢(o) until we actually consider particular parameterized
families of the form (3.4) or (3.5).

3.2. Exemplary transformations. We list some feasible univariate transformations
with either an algebraic or an exponential density function o, some of which were suggested in
the literature; see, e.g., [1, Section 17.6] and [23, Section 7.5]. With the remark about (3.4) in
mind, we list these transformations here in their univariate non-parameterized form with n = 1
and ¥ (z) = ¢ (x, 1), for simplicity. Later on, when we fix a particular family of parameterized
transformations (o, n),n € R, we recall these definitions accordingly.

Letx € (—%, %) and y € R. We are particularly interested in the following transforma-
tions:
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e algebraic transformation:

2x 2
3.6 = ) = — =
—1 Yy . 1
v (y) I ) SERE
e tangent transformation:
/ . e
(37) "/’(I) = tan (ﬂ-x) ) T/’ (IE) - C082 (71'.7})’
1 1 1
w‘l(y) - arctan (y), o(y) = p (Hzﬁ) )
e error function transformation:
(3.8) Y(z) = erf 1(22),  W(x) = el GO,

v = o). o) = gz

with the error function

_1 ¢
VT

and erf ™' (o) denoting the inverse error function,
e logarithmic transformation:

erf(z) e dt, z €R,

1 142 2
(39) w(x) = 5 log (1 i— 2i) = tanh—l(Qx), 1}[/(1’) = 1_743327
_ 1 /e —1\ 1 2¢?
o0 =5 (@) =3, TR

For a side-by-side comparison of their individual slope, see Figure 3.1.

3.3. Weighted Hilbert spaces on R. We describe the structure of the weighted Lo (R, w)-

function spaces as defined in (2.1). In this section the weight function w : R — [0, 00)
remains unspecified. However, similarly to the generalization (3.4) of transformations
defined in (3.1), we will later on consider families of non-negative parameterized weight
functions w(o, u) with ¢ € R for the purpose of controlling the smoothness of functions
in Ly(R,w(o, u)) N H™(R) and of the corresponding transformed functions on the torus T.
Analogously, families of multivariate parameterized weight functions are defined as

(3.10)

d
W(y, /J’) = H wj(ijﬂj)a NAYIAS Rd?
j=1

with univariate weight functions w; (o, ;) : R — [0, 00).

For now we remain in the univariate setting. The system {(y, }, ., of weighted exponential

functions

@3.11)
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- - - (3.6) algebraic transformation
—— (3.7) tangens transformation
-----(3.8) error function transformation
------ (3.9) logarithmic transformation
5
. :'
2 .
A,_}—.}Q&s»é.’" 501 | 01 02 03 04
C,»‘l‘/ _9
‘ 4|
FIG. 3.1. Plots of exemplary transformations (3.6)—(3.9).
forms an orthogonal system with respect to the scalar product
(3.12) (h1,h2) Ly (Rw) = / w(y) ha(y) ha(y) dy,
R
and for k1, ko € Z we have
(Phys Pha) La(Row) = Ok ks
The weighted scalar product (3.12) induces the norm
Al Ly ®w) = A/ (B B) Ly (o0
and in a natural way we have Fourier coefficients of the form
~ o —1
(3.13) e = (hs k) Ly () = / h(y) Vely) w(y) e ™ W) dy
R
as well as the corresponding Fourier partial sum for I C Z given by
(3.14) Sth(y) =Y hrek(y).
kel
EXAMPLE 3.1.
e For the algebraic transformation (3.6) with the density o(y) = ﬁ and the
+y<)?2

parameterized weight function

1 I
1 = R
(3.15) w(y, 1) (1+y2> ,  pER,

the orthogonal system functions ¢y, as in (3.11) are of the form

3
1 1 27TH gy
= - — 1+y2 |
or(y) \/2(1+y2> eV

The graphs of their real and imaginary parts of these  are shown in Figure 3.2 for
p=2andk=0,1,2,3.
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o h=0—k=1--- k=2 k=3

Re(oi(1)) = /3 /T 47 cos (“’\/%)

FIG. 3.2. Real and imaginary part of the weighted exponential functions gy, k = 0,1,2,3, in (3.11) with the
density function g of the algebraic transformation (3.6) and the algebraic parameterized weight function w(y, ) as
given in (5.2) for fixed pn = 2.

e For the error function transformation (3.8) with the density o(y) = ﬁ e=¥" and the
Gaussian weight function

1
(3.16) w(y, 1) = ﬁe*/fyz, 1 e R,

the orthogonal system functions ¢y, as in (3.11) are of the form

Ok (y) _ e%(/tz—l)yz-‘rﬂ'ik‘ erf(y)7

with graphs of their real and imaginary parts for 1 = v/2 and k = 0, 1, 2, 3 displayed
in Figure 3.3. The corresponding weighted scalar product (3.12) reads as

1 2.2 —_—
(h1sh2) Ly (R w(om) = N /Re HY"h(y) ha(y) dy.

3.4. Smoothness properties of composed functions in Sobolev spaces. In this section
we discuss the smoothness of univariate functions % defined on R and of their resulting
transformed versions f on the torus T. In [16] the authors use a change of variables for
integration problems with respect to a family of integrands with bounded L,-norm of mixed
first-order partial derivatives with 1 < p < oo and provide sufficient conditions such that
the transformed integrand belongs to a Sobolev space of mixed smoothness order one. We
will propose a specific set of sufficient conditions for 1) and w such that f € H™ (T¢)
with m € Ng. These conditions are stated for both univariate and multivariate functions.
Afterwards, we utilize the norm equivalence of the Sobolev space H™ (T<) and the subspace
HP(T?) of the Wiener Algebra A(T?) for m = f3 as described in (2.2) and combine it with the
embedding H”T*(T?) — AP(T?) in (2.3) for all A > 1 in order to discuss high-dimensional
approximation problems in which we apply rank-1 lattice-based fast Fourier approximation
methods. Throughout this section we still omit the parameters 17, u € R? in the notation of
the transformations v and the weight functions w, as outlined in (3.4) and (3.10).

For now we consider univariate transformed functions f € Lo(T) of the form

(3.17) f(@) = h(p(z)) Vow((z)) ' (z),  zeT,
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FIG. 3.3. Real and imaginary part of the weighted exponential functions gy, k = 0,1, 2,3, in (3.11) with the
density function o of the error function transformation (3.8) and the parameterized Gaussian weight function w(y, p)
as given in (5.8) for fixed . = /2.

¥ (2)

T~[-33 D (-33 ————R
P (y)
La(T) 3 h($(2)) /o (9 (@) ¥ (@)=:f(x) h(y) € L2 (Rw)
C

FIG. 3.4. Scheme of the relation between f and h caused by a transformation .

which are the result of applying the change of variables y = () as defined in (3.1) to a
function h € Ly(R,w) and for which we have the identity

I1R11Z, 2. :/th(y)lzcv(y) dy:/quh(w(ﬂﬂ))l2 w(v()) ¥/ (@) de = [IfI1Z, ),

schematically illustrated in Figure 3.4.

REMARK 3.2. The transformed functions f as given in (3.17) are generally not in Lo(T)
for all transformations . We will consider families of transformations (o, n),n € R, as
in (3.4) and families of weight functions w(o, 1), u € R, as in (3.10). Generally, there exist
restrictions for the range of feasible parameters 1, 4 € R for which the transformed functions
f(o,m, 1) asin (3.17) are in Lo(T). Later on, we present examples with multivariate functions
h € Ly(R% w(o, u)) N H™ (R?) and a fixed family of transformations (o, n),n € R, and
calculate parameter ranges of 77 and p for which the transformed functions f are in Q}X(Td)
for m € Np.

It is generally rather difficult to verify if such transformed functions f are in H™(T)
for some fixed m € Ny by calculating the individual Lo(T)-norms within the Sobolev
norm || f{| g (ry. Therefore we propose two different sets of sufficient conditions such that
f € H™(T), with m € Ny, by utilizing the product structure of the functions f in (3.17). At
first we state conditions for i € Ly(R, w), the weight function w, and the transformation v
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to preserve a certain degree of smoothness m of & under the transformation with v, which
slightly simplifies the problem of the difficult evaluation of L (T)- integrals

THEOREM 3.3. Let be given m € Ny, a transformation 1 : (—3,%) — R as defined
in (3.1), a function h € La(R, w) with a weight function w : R — [0, 00), and the correspond-
ing transformed functions f of the form (3.17). We have that f € H™(T) if either for all
k=0,1,...,m

k dk

Trlhouwl@ e LM and  — [Vwouw)¥] (2) € La(T),

orif, forallk =0,1,...,m,

k k
hovl@ e Lol and o [V@on)¥] (x) € Lo(T).

Proof. Let f be of the form (3.17) and k = 0, 1, ..., m. Using the well-known generalized
Leibniz rule for the k-th derivative of a product of two functions leads to

<> ()H W@ [Vae v @)

k
(3.18) H d

@)

L2 (T) L2 (T)

Now we either estimate

dk k de k¢
| 1) o 52 (}) | vt N F-= 1 N Crrr (]
or

aF k dk—*
i), . <2(5) |5 tevio N veede)|
If the [|-| ., (y)-norms of k-th derivatives of f are finite forall k = 0,1, ..., m, then their sum,
i.e., the H™(T)-norm, is finite, too. O

Now, we derive a set of sufficient L.,-conditions for ¢ and w that ensure that a function
h € La(R,w) N H™(R) can be transformed by 1) into an f € H™(T) of the form (3.17). This
eliminates the necessity to evaluate Lo-integrals of the various derivatives of f. Furthermore,
once we consider particular parameterized families of transformations (o, 7)) and families of
weight functions w(o, ), these conditions enable us, for each smoothness order m € N, to
explicitly calculate how large the parameters 1, 1 € R have to be in order to preserve the fixed
degree of smoothness m when transforming h € L2 (R, w(o, 1)) N H™(R) into f € H™(T)
via (o, ).

To simplify the notation, we alternate between equivalent expressions for derivatives of
the appearing functions, and for improved readability, we write explicit arguments within
certain norms. We denote the k-th derivative of a function f(xz) with respect to x by either

d(l [f](z) or f*)(x), and for k = 1, 2,3, we sometimes use the notation f’(x), f”(x), and

F(a).

THEOREM 3.4. Let be given m € Ny, a transformation v : (—5,%) — R as defined
in (3.1) with the density function o of ¢ as in (3.2), a function h € Lo(R,w) N H™(R) with a
non-negative weight function w : R — [0, 00), and the corresponding transformed functions
f of the form (3.17).
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Ifforall{ =0,1,...,m we have

d¢ d*
a7 o] (y) € Co(R), = [W](2) € C((-1/2,1/2)),

df—k

and P { (wo 1) w/} (1.) w/(x)max(—%,Qk_%) < o0,

max
k=0,..., Loo(T)

then we have f € H™(T).

Proof. For h € La(R,w) N H™(R) with m € Ny and a transformation ¢ as defined
in (3.1), we consider the function f given in (3.17). In order to prove that f € H™(T), we
have to show that || %[f](z) HL2(T) < ooforalln =0,1,...,m. We present the arguments
for n = m, and they are applicable in the same way forn = 0,1,...,m — 1, too. We consider
| % [f1(x) ||L2(T) and apply the generalized Leibniz rule as in (3.18), so that we now have to
ensure that

dk dm—k
(.19) | e @) s VeI @) <o
for all kK = 0,...,m. We leave h o % in the term corresponding to & = 0 untouched for
now. For k = 1,...,m we use the Fad di Bruno formula to write the k-th derivative of the
composition of the functions h and 1 as
d* -
(20 glhovl@ =2 A" B (2), 8" (), ..., ) (@),
=1
with the well-known Bell polynomials By, ¢, for k, ¢ € Ny, given by
k—f+1 ,
g! Z Jr
-y )
Jit+jget.. AJr—er1=£, Juet Jh—t41 r=1 r
Jit+2je+...H(E—4+1)jr—e41=k
withz = (21,...,2x_¢11) . By differentiating both sides of 1~ ((x)) = z, we obtain
1 o (P(x)¢' (x) / 1033
V)= ———=,  Px) = -0 = =o' V(@) (2)°.
o(¥(x)) o(¥(x))?
Based on this we also observe that, for £ € N,
d _
(32D o (@] (@) = ko (@)" 1" (2) = —ky! (2)" 20/ (¢(=).

Hence, the k-th derivative of 1) can be expressed solely in terms of powers of )" and the first
(k — 1) derivatives of g by repeated insertion of the expression of ¢)”. Formula (3.21) implies
that the highest appearing power of 1)’ increases by 2 with each differentiation. For example,

wa) =0 (LD a0 ).

Mp(x)) | A" (¥(@)e (v(x)) + 6¢'(¥())
P! (x)? ' ()

We note that each derivative of 1) is bounded, based on the fact that o is by definition in Co(R).
Hence, po ¢ = 1/¢’ € C(T), and any power of 1/¢’ is bounded, too. Additionally, we have

6@ (@) = ¥/ (&) (— : _ 15g/<w<x>>3) |
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assumed that the first k& derivatives of g are in Cy(RR), too. Therefore, with constants Cy, > 0
and C > 0, for all k¥ € N, we can estimate

d* 2k—1

—FWI@)[ < ol @),
and for the Bell polynomials By, , in (3.20) we then estimate
(3.22) | B (¥ (2), 9" (@), ..., 0"~ (@)

<O Bra([' ()], [0/ (@), ... [0 () P D7),

The Bell polynomials are defined according to the rules to partition a number & € N into a
sumof ¢ € {1,2,...,k} natural numbers ji, ..., j, € N leading to the identities

it i2tist .ot k—e1 =4,
1 +2je+3js+ ...+ (k—L+1)jr—gt1 = k.
Subtracting the first rule from two times the second rule results in the equation
J1+3j2+5j5+...+ 2k —04+1)—1)jr_py1 =2k — ¢,

which reveals that in the polynomials By (|1’ (z)|, [¢'(2)[3, . . ., |2/ (2)|2*~FD=1) as de-
fined in (3.22), the highest appearing power of |¢| is 2k — 1 for £ = 1. By extracting
|’ (x)|2*~! from each By 4, the remaining polynomials consist only of powers of 1/1/’, which
are all bounded. Hence, in (3.22) we further estimate

(3.23) |Bre (@' (2), 9" (@), ..., F = (@)

, B B 7 ’l/Jl , qp/ 3’ el w/ 2(k—0+1)—1
W ()21 ke([¢' (@), | (:2}(33)%—1 ()] )
< C/ |1/1/(:L')2k71|

with constants C, C’ > 0.
We go back to the derivatives of h o %) in (3.20) and bound them individually. For & = 0,
we simply estimate

(3.24) IR0,y = (/_

2

<C

h(y(x)) ¥/ (x) "%

Y (x) d;zc)

2

< ') Hlw e ( | o dy) ,

— 00

which exists if ¢/(0)"2 € Lo(T). With the Fa di Bruno formula (3.20) and the upper
bound (3.23) for % [h o 9] (x), we obtain

d* : d* / -1 ’ /
Jastenm| - (/ A how] @)/ (a) wx)dx)
L | 2 3
W@ e | [ 00w @
-3 [j=1
3 LNIRE
(3.25) <C- ¢ (@) 2 || (1) Z T [h(y)] :
=1 1Y L2 (R)
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By inserting (3.24) and (3.25) into (3.19), we in total have, for all £ € Ny, the estimate

(3.26)

‘ ddT; La(T)
< ; ()| et i [VEe a1 7] @)

L Vao i ] @) )

[f1(x)

Lo (T)

1Pl . )

Lo (T)
1 k ;
dZ k s 47
C-Z()Hdm Vo n)o| @w@*3| 3|
P Loo(T) j=1 I14Y La(R)
< / max(—3%,2k—3
< ma « | L5 Vo hw] @ v o
<||hL2(R JrZHhHHk(]R))
k=1
at-*k ; / max(—1,2k—2)
<0 max | [V o R ¥ (@) ' (@)™ (¢+ 1)1l reey
Lo (T)

with constants C, C’ > 1. This upper bound is finite as long as the L.,-norms are finite and
h € H™(R). In total we finally obtain the estimate

2 3
) >
Lo (T)

df—k

¢|| dat—F [ (woy) W} (2) ! (z)mox(—3:2k—35)

dZ
da’

[f](=

1w my = (Z

£=0

<C max max
£=0,...,m \ k=0,.

Loo(T)>
Loo('ﬂ')>

Next, we generalize the previous theorem by proving its multivariate version. Again,
to simplify the notation in (1.6) of the d-variate differential operator D™ [f](x) with both
m= (my,...,my) € N and x = (z1,...,74)" € RY, we use equivalent expressions for
certain (partial) derivatives and state explicit arguments in the various norms. When differenti-
ating a multivariate function f with respect to the j-th coordinate m;-times, we write

X (Z(f + 1)2”h“%ﬂ(R)>

£=0

dzik 3

ol dzt—F [ (wo) 77/1’} (z) w/(m)max(fé’zkia)

< C max max
£=0,...,m \ k=0,...,

x (m+1)2 |l gn@. O

O™ [1(x) =
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For the first and /-th derivatives of univariate functions with ¢ € N, we use the notation
d ) d¢
vie) = i) and - w0(@) = o).
J

Similar to (3.17) we consider multivariate transformed functions f € Ly(T%) of the form

F(x) = (ho)(x)y/(w o ¥)(x) D [¢](x)

d
(3.27) = h(@1(21), - Yalza) [T yJon@rle)Wh(m),  xeT?,
k=1

which are the result of applying the multivariate change of variables

Y= va) = @ia1), ... a(za) " = p(x)

defined in (3.4) to a function h € Ly(R%, w) with a product weight w as in (3.10). For this,
we have the identity

A1 5 = [ b Pty) dy
[ 10 0)(P (w0 0)60) D010 dx = 11, e

Again, we derive a set of sufficient L.,-conditions for the multivariate transformation ¢/ and
the product weight w that determine when a function h € Ly(R%,w) N H™ (RY) can be
transformed by 1 into an f € H'? (T?) of the form (3.27).

THEOREM 3.5. Let be given the dimension d € N, m € Ny, a d-variate transformation
Y (— %, %)d — R? as defined in (3.4) with the d-variate density function o(y) = H?:l 0 (y5)
of 1 as in (3.3), a non-negative product weight function w : R — [0, 00) as in (3.10), a mul-
tivariate function h € Ly(R? w) N H™ (RY), and the corresponding transformed functions
f of the form (3.27).

If for all multi-indices m = (my,...,mgq)" € N&,||ml,, <m, andall j, =0,...,m,
{=1,...,d, we have

(3.28) [0 (ye) € Co(R), &[] (x) € C((—1/2,1/2))

and Cmax ||9meTI { (we o ¢£)¢2] (w¢) 1/)2@2)“1%(—%7%@—%) < 00,
Je=0,...,my Loo(T)
then f € H™ (T9).

Proof. For h € Ly(R%,w) N H™ (RY) with m € Ny and a transformation v as defined
in (3.4), we consider the function f given in (3.27). In order to prove that f € Hn’ﬁx(Td)
have to show that for all multi-indices m = (myq,...,mq)" € N¢ with ||m|, < m, we
have [| D™ [f](x)]| ., (pa) < 00

Letm = (myq,...,mg)" € N& be any multi-index with ||m/||,_, < m. For a multivariate
transformed function of the form (3.27) we have

4 2 3
(329 1Dy (pay = (ho) H v/ (e oY)y | (x)| dx
T k=1
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The product weight function in the transformed function f in (3.27) yields

d
D™ [(h o) H \/ (w0 W)%] (x)
k=1
d
(3.30) = gme [...am laml [how H \ (@r 0 ¥y wk] (:cl)] (:cg)...] (za).

By applying the Leibniz formula as in (3.18) we obtain, forall  =1,...,d,

d
‘ [(hw) 1T v/ (wr o«mw;] (z¢)
d
(3.31) = Z (TZZ)W[how 2g) QeI [H \/ (Wi 0 Yy wk] (20),

7e=0 k=1

and in total we rewrite the expression in (3.30) as

d
(3.32) lhow H (wk © i M( )
S (M) S (M) Do )
j1=o(‘71> mz;o(‘“)

d
w D(m1=i1,ma=ja) lH (wr Oilik)z/’fc] ().
k=1

Next, we apply the Faa di Bruno formula (3.20) to each univariate ji-th derivative of h o
in (3.31) so that for £ = 1, ..., d we have

(3.33)
B[l o () = i:Zjl5”[h}(l/f(x))sz,u(W(w),--~7 @) e,
h(3(x)) je=0,
i.e., Boi, (Wh(xe), 0y (o), ..., P T (@) = 1.

We combine the norm || D™ [f](x)|| 1, (pa) in (3.29) with the expression resulting from
applying the Leibniz formula to D™f] in (3.32) and the subsequent application of the Fad di
Bruno formula in (3.33). Then we estimate

(3.34)

mi,...,mq J1,--dd

\\Dm[f](x)|\L2(W)g Z H<W> > ( | DUt [R) ((x) ) |2
06=1 T4

Jd= i1=1,...,ig=1

d
je—ip+1
H e (W), T T (1)) 2

d
% D(m17j1x~~'7md7'7d [H \/wko—djkwk]( )

2

%
dx) .
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In the multivariate integral appearing in (3.34) we bound each coordinate separately with the
univariate arguments of the previous proof by fixing all but one coordinate one after another.
Recalling the arguments in (3.23), if all appearing derivatives of v, are in C(—1/2,1/2) and
the corresponding derivatives of the density g, are in Cy(R), then for all Bell polynomials
Bj, i, with j; > 1 appearing in (3.33) and (3.34), there is some constant C' > 0 so that we
can estimate

|Bjoie (W), 0 (x0), -, 0P ()| < Ol (e) |22

Analogously to (3.24) and (3.25), for each / = 1, ..., d, we have to separate the summand
for j, = 0 from the summands corresponding to j, = 1,...,d. Starting with £ = 1 we
bound (3.34) as in (3.26) after inserting the productive one 1 = 1} (scl)m, so that

1

ID™F1G Ly a)

= Cl(m) B

6m1‘jl [ (w1 O%WJ (1) @) (1) ™= 2:271—3)

Loo(T)
my J2,--Jd
S| ( ) S (L
o ja=0 =2 ia=1,...,iq=1 T
/|D(i1"”’id)[h](¢1($1)ao-«,wd(xd))|21//1($1)d$1
d
ip+1)
< LT 1B (i) T ()P
- 2
w | D(m2=jz,..;ma—ja) [H £/ (wg o 1/}@1/)2] (z2,...,24q)
k=2
1
2
d(aﬁg, cen ,xd)> .
After repeating this process for £ = 2,...,d and inserting the inverse transformations
Ty = 1/1[1(345) forall £ =1,...,d, we end up with the estimate
ID™F1G Ly e
d
<TTC( fmeq ) max ome=se | f(wr o i)y | () g ()32
) sl e

1
mi,...,Md J15+-+50d 2

d
x Yy > ( |D(il""’id)[h](¢1($1)7-~-’¢d($d))|2Hi/}é(w)dX)
120, Ga=041=1,.ig=1 \/T? =1

d
<C
<1l e

mi,...,mq J15e5dd 3

><. Z | Z ~ < 9 | DG [B] (g1, . . ., ya) |2 dy)

ome— i [ (wg o 1/)@)1/)4 (x[) 1/)2(1'5)1“13"(*%72]'(*%)

me Loo (T)

e ] O

Lo (T)
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my,...,mq

x Z ||h||Hg“X(Rd)v

J1=0,...,74=0

with j = max(ji, ..., jq) in the last inequality.
Since the previous estimate is valid for all multi-indices m = (my,...,m4)" € Ng with
|lml|¢.. < m, we finally obtain the bound

1 ez

mix

(T4)

1 1

= > ID™ANL, =< Z IIDm[f](X)IIiQ(m)

[mfleo, <m
Loo(T)>

d
<Cll, e,
( max
7e=0,....my
X (m+ Dl gy, O
3.5. Approximation of transformed functions. We establish two specific approxima-
tion error bounds for functions defined on R¢ based on the approximation error bounds on the
torus T¢ that we recalled in Theorems 2.2 and 2.3. The corresponding proofs rely heavily on
the previously introduced sufficient conditions in Theorem 3.5 that describe when Sobolev
functions h € Ly(RY,w) N H™ (RY) with a multivariate weight function w : R? — [0, o0)
as given in (3.10) can be transformed into Sobolev functions of dominated mixed smoothness
on T? of the form (3.27) by multivariate transformations 1) : (—%, %)d — R% asin (3.4).
At first, we fix some notation for certain multivariate objects. Based on the definition of a
rank-1 lattice A(z, M) in (2.5), we define a transformed rank-1 lattice as

2

8mz_j[ l: (UJK o ’L/)g)wé] (.I‘g) '(/Jé(xz)max(—%ﬂje—%)

(3.35) Ay(z, M) :={y; =v¢(x;) :x; € A(z,M),j=0,...,M —1}.
Accordingly, we denote the transformed reconstructing rank-1 lattice by Ay (z, M, I).
Besides the weight function w, also the density g of the transformation 1) is of product

form as defined in (3.3), i.e., it is the product of univariate densities g;(y;),7 = 1,...,d.
Hence, based on the functions ¢y, in (3.11) this product form extends to

d
(3.36) ex(y) = [ on, (i)
j=1

Similar to (3.12), the multivariate weighted Ly (R¢,w) scalar product reads as

d
(i h)raquonsy = [ TLestws) () T d.
1l

and similar to (3.13), the multivariate Fourier coefficients are naturally given with respect to
this scalar product as

(3.37) e = (B, k) 1y (R 0)-
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As before in (3.14), we define the multivariate Fourier partial sum as

Sth(y) == Z I pic(y)-

kel

Let f € Lo(T?). Then for each I C Z? the system {&k }ie s spans the space of transformed
trigonometric polynomials

(3.38) II;, := span { & 2k v (o) L g ¢ I} .
’ w(o)

Similar to (2.7), for transformed trigonometric polynomials h € IIy ,, transformed lattice
nodes y; € Ay(z, M, I), and k € I, we have the exact integration property of the form

inc= [ hly) Veliwlyle 2 0 dy = [ px e miexdx
R Td

g
L
g
—

_ i N\ a—2mikex; i ] Q(Yj) —27ik-p " (y;) _ T A
(339 =47 > fxj)e =17 : h(y;) o) = h.

Il
<

Generally, the multivariate approximated Fourier coefficients of the form

1 o(y;) S
A h(y;) 7). g2miky T y;) h(y;) ex(y;)

k=37 I\ wiy;) M ]Z::O J J
approximate the multivariate Fourier coefficients P Finally, the multivariate version of the
approximated Fourier partial sum is given by

(3.40) SPh(x) =Y hig exc(y)-
kel

Similarly to the 7”(T%)-norm in (1.2), we define a norm of weighted Fourier coefficients hac
of the form

Hh”?{m(]&d) = Z whe (k) 2™ e
kezd

With these rewritten objects we transfer the approximation error bounds in Theorems 2.2
and 2.3 for functions defined on the torus to RY.

3.5.1. L..-approximation error. Based on the L, (T%)-approximation error bound
(2.8) and the conditions proposed in Theorem 3.5, we prove a similar upper bound for the
approximation error ||k — Sfd h|| in terms of a weighted L..-norm on R<.

N

THEOREM 3.6. Let be given d € N, m € Ny, a hyperbolic cross I]‘%, with N > 24+1
and a reconstructing rank-1 lattice A(z, M, I j‘(,) Let 1) be a multivariate transformation as
defined in (3.4) with its corresponding density function o in product form (3.3). Let w be a
weight function as in (3.10), and consider a multivariate function h € Ly(R?, w) N H™ (R?).
Let X > . Furthermore, for all multi-indices m = (my, ..., mq)" € N¢ with [m|, <m
andall j,=0,....m,{=1,...,d, we assume

0" (ol (ye) € Co(R), &7 [Y] (w) € C((—1/2,1/2))
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and

- max
Je=0,...,myg

< 0.
Loo(T)

8m[’_jz [ (wg o '(bg)’(/)éil (l‘g) wé(xe)max(—%ﬂjl—%)

Then there is an approximation error estimate of the form

A
|- st (re, /)
Proof. Letm € N,d € N, and let h € Ly(R%,w) N H™ (RY). By assumption, the
criteria in Theorem 3.5 are fulfilled, and thus the transformed function f of the form (3.27) is
in H™ (T<). This f is also in H™(T?) due to the norm equivalence (2.2), and furthermore, it
has a continuous representative because of the inclusion H™(T4) < A™~*(T%) «— C(T9)
with A > 1 asin (2.3). Hence, for f € A™~*(T%) N C(T?) we have the approximation error

bound

(3.41) 1f — Sf\ldfoLoo(Td) S 2NN f||gm-a(ra)

S N7 | ggm (ga).-

as stated in Theorem 2.2.
With the inverse transformation x = 1)~ (y) we have

hy = (h, ), v w) = (5 e%ik'o)Lz(Td) = fx

and
(3.42) Bl ey = D wne(®)*™ ucl® = >~ wne(®)*™ [ fiel® = £ 3m (e
kezd kezd
as well as
I =Sl _(ae ) = esssubyes )| S [ 13) = 3 hncndty)
TN Ve o(y) keIt
= €SS SUPycpa h(y) w((y)) _ Z ;Lk e27rik~'¢—1()’)
oy kel
_ / 7 2mik-x
= esssup,era |(Y(x)) V(i (x)¢ (x) = Y hye
keIg
= ||f - nglvf||Loo(Td)
and
(3.43) | — SPa | =|If =S £l
: I}i\, L(X,(Rd,\/g) Igr Loo (T4)-

In total, by combining (3.43), (3.41), (2.4), and (3.42), we have shown that for a function
f € H™(T?) N C(T?), the approximation error can be bounded by

o= S5l (e, ) = IS = St Slnmey < 2N X
< 2Ca N fllagm vy = 2Ca AN~ [lgym ey < o0

with A > % and some constant Cg y > 1. 0
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3.5.2. Lo-approximation error. Similarly, based on the Ly(T%)-approximation error
bound (2.9) and the conditions proposed in Theorem 3.5, we prove an upper bound for the
approximation error ||h — S ?d h| in terms of a weighted Ly-norm on R¢.

N

THEOREM 3.7. Let be given d € N, m € Ny, a hyperbolic cross ij[ with N > 2911 and
a reconstructing rank-1 lattice A(z, M, 1 j‘f,) Let 1) be a multivariate transformation as in (3.4)
and w be a multivariate weight function as in (3.10). We consider a multivariate function
h € Ly(R4, w) N H™ (RY). Furthermore, for all multi-indices m = (my, ..., mg) € Nd
with |mll, <mandall jo=0,...,m,0=1,...,d we assume

07 [o] (ye) € Co(R), 0 [¥] (w¢) € C((—1/2,1/2))

and

< 0.
Loo(T)

- max
Je=0,...,m;

e ie [ (we owe)wé} (20) W (ag) ™o~ 3:23e=3)

Then there is an approximation error estimate of the form

1h = S7a Bl Lyt ) S N ™™ (log N)™D/2 | hl|3pm (ga)-

Proof. Letm € N,d € N, and let h € Ly(R?%, w) N H™ (RY). By assumption, the

criteria in Theorem 3.5 are fulfilled, and thus the transformed function f of the form (3.27) is
in H™(T?). This f is also in H™(T¢) due to the norm equivalence (2.2), and it furthermore
has a continuous representative because of the inclusion H™(T%) < C(T) in (2.3). For
f € H™(T?) NC(T?), Theorem 2.3 yields the approximation error bound of the form

(3.44) 1f = 574 fllLacray < CapN =P (log NY /2] I35 (ra)

with some constant Cy 5 := C(d, 3) > 0. With the inverse transformation = ¢~ (y), we
have

Inc = (B, 01) 1y ety = (F1€2™°) Ly re) = fic

and

1Rl ey = D wne ()™ ucl® = wne(®)*™ | ficl® = 1 F[I34m ey
kezd keZd

as in (3.42), as well as

(3.45)
2

1h = S1g hll, ®aw) = /R ) = D hep(y)| w(@)dy = |1 = Sig flI7 e

keld,
and
Ih~ S Bllagay = I = S Fllzacre.

In total, by combining (3.45), (3.44), and (3.42), we have shown that for f € H™(T4)NC(T4),
the approximation error can be bounded by

| — S?g]hHLQ (Rd’w) =|f- S?}t{,f“Lz(’H‘d) N Cd,ﬁNfﬁ(log N)(dfl)/2||f|\7{5(1rd)
= CasN P (log N) = D/2||h|3m ey < 00

with some constant Cyq g > 0. d
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4. Algorithms. In this chapter we start including the parameters 77, u € R? in families
of multivariate parameterized transformations (o, n) as in (3.4), in families of multivariate
parameterized weight functions w(o, ) as in (3.10), and in all related functions and objects.

We adapt the algorithms described in [8, Algorithm 3.1 and 3.2] that are based on
one-dimensional fast Fourier transforms (FFTs). They are used for the fast reconstruction
of approximated Fourier coefficients ﬁ{{‘ and the evaluation of a transformed multivariate
trigonometric polynomials, in particular, in the approximated Fourier series S}‘h both given
in (3.40). We introduce matrix-vector products of the form

h=Ah ad h=M'A*h
with n, u € R?,

w\y;, L :
b h(yj) M for Yy € Aw(o,n) (Z, M)) h:= (hk)kEINa
i ) o i

and the transformed Fourier matrices A and A* given by

A — (ezﬂikw*l(y.m)) e CMxIl,
yjeAw(o,n)(va)ﬂkEI

A¥ = (e—%ik'w*l(y]’m)) c CHIxM
k617 Y eAw(o,n) (Z,]\/f)
We incorporate the previously described idea that the functions h € Ly(R%, w) N H™ (R?)
are transformed into functions f on the torus T? of the form (3.27) via transformations
x; = 9 (y;,n) so that we have samples

) S = by o). )07 ) = Flym ) = £ )

depending on the particular choices for n, u € R

REMARK 4.1. We identify T¢ with different cubes. On the one hand, when defining
rank-1 lattices A(z, M) in (2.5), we identify it with [0, 1)%. On the other hand, in order to
apply the transformations 1, we need to consider T¢ ~ [~1 1)¢ which we achieve by

272
reassigning all lattice points x; € A(z, M) via

1 1
X — <<xj+2> mod 1> 3
forall j =0,...,M — 1.

We already have showcased in Figure 3.1 that the definition of ¢ in (3.1) allows a
range of functions with different slopes, which manifests in algebraic or exponential density
functions p. In Figure 4.1 we highlight these differences once more with transformed rank-1
lattices Ay (o) (2, M) as defined in (3.35). We consider the two-dimensional rank-1 lattice
A(z, M) generated by z = (1,3) " and M = 31. We compare the transformed lattices for
the algebraic transformation and the error function transformation of the form (3.5) in their
two-dimensional versions given by

4.1

.
2mxy 2099 1 1
X,1M) = , , x,m) = (nrerf™ " (2x1), neerf™ " (2x
P(x,m) <\/14x§ \/1436%) P(x,m) = (m (21),m2 (222))

T
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T
1) with 1(x. = 201 L"‘z
Az, M) A1) (2 M) with h(x, 1) (Vl—.’l'ﬂf' \/174@) Ayp(o1) (2, M) with (x,1) = (erf " (221), erf ! (222)) "

6 T T 6 T T T

N 41

0.25 -

—0.25 |-

. . .
. ) .
) . .
. . )
. . .
. . .
. . .
. . L)
0~ . L .
. . .
. . .
. . .
. ) .
) ) .
) . )
. . )
.

. . 14l

—0.5 |-

0.5 —6 —4 -2 0 2 4

| | | |
—0.5 —-0.25 0 0.25

FIG. 4.1. A two-dimensional lattice A(z, M) withz = (1,3) T, M = 31 on the left and the resulting trans-
formed lattice Ay (o.x) (z, M) for the algebraic transformation in the center and for the error function transformation

on the right, as given in (4.1), and both used with m = 1.

Algorithm 4.1 Evaluation at rank-1 lattice.

Input: M eN lattice size of Ay (o n)(2z, M)
Y/ generating vector of Ay, (2, M)
Iczd frequency set of finite cardinality
h= (iLk> Fourier coefficients of h € Ilj (0.1
kel
. M-1
g=1(0)=

for each k € I do .
Jk-z mod M = Jk-z mod M + Pk

end for
h =iFFT_1D(g)
h=Mh
R , M-1
Output: h=Ah= (h(yj) \/W) function values of & € Il (0.
E o(y;m) §=0 ? ?

Forn = (1n1,m2) " = (1,1)7, the graphs in the center and on the right-hand side of Figure 4.1
reveal that the algebraic transformation causes a wider spread of the lattice nodes close to the
center, whereas the slope of the error function transformation increases drastically towards the
boundary points, which we only notice for larger values M and much finer lattices with more
nodes closer to the boundary of the cube (—3, 1)2

4.1. Evaluation of transformed multivariate trigonometric polynomials. Given a
frequency set I C Z of finite cardinality |I| < oo, we consider the multivariate trigonometric
polynomial h € Il y(o.n) as in (3.38) with Fourier coefficients hx. The evaluation of h at

lattice points y; € Ay (o,n)(z, M) simplifies to

w(yj, 1) - Zﬁk o2miky " (y;.m)
ovism) &

M—-1 ) M—-1 )
_ 7 2mil-L ~  2rilL
= E hk | e M = E gee i
£=0 kel, £=0

k-z=¢ ( mod M)
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Algorithm 4.2 Reconstruction from sampling values along a transformed reconstructing rank-1
lattice.

Input: Icz? frequency set of finite cardinality
MeN lattice size of Ay (o,n) (2, M, I)
zc 7 generating vector of Ay, ) (2, M, )

M-1
h= (h(yli) %)j:o function values of i € I y(0,m)

g =FFT_1D(h)
forA eachk € I do

hi = 37 0z mod M
end for

Output: h=M1A*h= (ﬁk) . Fourier coefficients supported on
el

with

- Y e
kel,
k-z=¢ ( mod M)

In total, the evaluation of such a function is realized by simply precomputing (g¢) ?i 61 and

applying a one-dimensional inverse fast Fourier transform; see Algorithm 4.1.

4.2. Reconstruction of transformed multivariate trigonometric polynomials. For
the reconstruction of a multivariate trigonometric polynomial & € Tl y(o.,) as in (3.38)
from lattice points y; € Ay (o,n)(2, M, I), we utilize the exact integration property (3.39) and
the fact that we have

0,m)

M—-1 .
42) ) (QQWiLk—Ay)-Z)J _ {M fork -z = k - h (mod M),

- 0  otherwise,
Jj=0

and thus, A*A = MI with I € Cl/I*I/l being the identity matrix. For fixed parameters
1, 1 € R?, we have input sample points of the form

w(y;, 1)
h(yj) j :h(w(xjan)) \/w(ql)(xjvn)vu’) 1/"(Xj777) :f(xjﬂ’laﬂ) :f(xj)'
o(yj;m)
For the reconstruction of the Fourier coefficients hy we use a single one-dimensional fast
Fourier transform. The entries of the resulting vector ( gg)f)igl are renumbered by means of
the unique inverse mapping k — k - z mod M see Algorithm 4.2.

4.3. Discrete approximation error. In order to use Algorithms 4.1 and 4.2 to illustrate
the proposed error bounds of Theorems 3.6 and 3.7, we sample the approximated Fourier
partial sum S2h in order to discretize and thus approximate the error

h—Sth SGET)
N )
which is equal to || f — S* f|| L. (T4) as shown in the proof of Theorem 3.6. Based on the given
sample data in the vector

M-1

h = (h(y]‘) w(Yj?“))
=0

o(y;,m)
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with lattice points y; € Ay o,r)(2, M, I), we apply Algorithm 4.2 yielding a vector of ap-
proximated Fourier coefficients via h = M~'A*h, which we use as input for Algorithm 4.1.
After applying both algorithms we have computed the vector

M—1

hugpros = M~ AAD = [ [0 g gy
appro ( oly;.m) 4, (v;)

Jj=0

In [10, Corollary 1] it was shown that under mild assumptions, for each frequency
set I C Z% that induces a reconstructing rank-1 lattice, there is an M & N such that
|I| < M < |I)?. Furthermore, in (4.2) we already observed that for a reconstruction rank-1
lattice Ao (2, M, I), we have A*A = MI with I € CHI*!!] being the identity matrix.
However, AA* € CM*M js generally not an identity matrix. Hence, there is a gap between
the initially given values h and the resulting vector hyypr0x Which we quantify with the discrete
approximation error

@3) b= haprorlle,, = max

w(ijp’)
m (h()’j) - Sfr\;ivh(Yj))| .

But it is important to note that we only discuss this particular discretization approach, which
is exclusively sampling on the rank-1 lattice nodes and does not measure the quality of the
approximation at any point outside the rank-1 lattice. Nevertheless, for hyperbolic crosses 1 ff[
we still have the upper bound

4.4) h — happrox|[ee. < || — SIA;eh”L

d w(o,p)
S (R 'V etorm )

= If = 874 Fllogeray < 2N llgim gy

for appropriately chosen parameters 1, € R? as shown in Theorem 3.6. Hence, the
theoretical results predict a certain decay rate of the discretized approximation error for
increasing N € N with fixed m € N and suitably chosen parameter 7 and p.

On the other hand, for the Ly-approximation error we lack a similar discretization ap-
proach. However, by Theorem 3.7 we know that for fixed m € N and suitably chosen
parameters 1) and p, the error ||h — S?;\,]hHLQ(Rd,w) =|f- Sﬁ%fﬂh(w) is bounded above

by N~ (log N)@=D/2|| f||3m 1ay. By Parseval’s equation we have

||f_5;\1‘{,f||2L2(Td) =Y 1A= fP= D AP+ D 1A - AP

kezd keZI\IE keld
o
=18z + D (L= AP = 1AL).
kel

Hence, we can evaluate the Lo-approximation error if we use Algorithm 4.2 to reconstruct the
approximated Fourier coefficients fA{(\ and if it is possible to calculate the Fourier coefficients
fk for all k € I]C{,. Later on, we present an example where the Fourier coefficients fk can
be computed for all k € Z¢. Generally this is not possible, so that we have to resort on the
theoretical approach based on norm equivalences presented earlier in this paper in order to
obtain the information if the Fourier coefficients fk are square summable.
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5. Examples. Based on the algebraic transformation (3.6) and the error function transfor-
mations (3.8) we discuss certain choices of test functions h and weight functions w for which
the proposed smoothness conditions (3.28) in Theorem 3.5 are fulfilled. In both cases we
proceed similarly: We fix a family of multivariate weight functions w(o, ut), p € R, as well
as the test function h in Lo(R% w(o, u)) N H™ (R?). Then we fix a family of multivariate
transformations (o, 1), € RY, of the form (3.5). Afterwards we calculate lower bounds
for g1 and m such that f(x,n, p) := h(1(x,m)) \/w(@(x,n), p) ¥ (x,n) is in H7 (T¢) for
Sobolev smoothness orders m = 0, 1, 2, 3. Finally, we switch to dimension d = 2, and, based
on the calculated parameter bounds, we use Algorithms 4.1 and 4.2 for numerical tests of
the L,-approximation error bound proposed in Theorems 3.6 and discuss the possibility to
evaluate the Fourier coefficients ﬁk.

Throughout this section we repeatedly specify parameter vectors that have the same
number in each entry, for which we recall the short notation of just using a single bold number,
e.g,1=(1,...,1)7 that appeared earlier in the definition of rank-1 lattices A(z, M) in (2.5).

5.1. Algebraic transformation. The test function is of the form

1
G-1 M) = T

with [lylle, == \/y? + ...+ 2 fory € R% According to [1, pp. 363-364], for d = 1 this
function is rather difficult to approximate by classical approximation methods. We fix the
algebraic weight function (3.15) in its multivariate version of the form

d 1 >HJ’
(52) Wy ) = (
1St

with o= (11, ..., ig) T € R and the algebraic transformation (x, 1) = ((1b; (25,7;))4-,) "
in the form (3.5) with x € (—3, 3)? and the parameter n = (11, ...,74) " € R?. The univari-

ate components of the transformation are given by

2n;x; 2n;
53 i\XTj,15) = L 3 i Tj,M5) = . )
(5.3) d’]( j 77]) (1—4:8?)% 7/}]( J 77]) (1—4.%‘?)%
_ Yj 1
O Wi m) = = 0i (i) = ———— -
’ 2(n? +y3)? 202 +12)%

For n; = 1 we have stated the definition of 1;(o, 1) earlier in (3.6). For the resulting
weighted Hilbert space La(R%, w(o, p)), we have a system {¢x }y.cza of product functions
given in (3.36) with univariate components (¢, )9_, as in (3.11) of the form

1 "y 3 kg (n24y2)" 3
ok (3o mys 1) 2= 5 (L 97) 0 )T e,

which are orthogonal with respect to the weighted scalar product

[SII-N

(h1, h2) Ly (R (o)) =T

d
/Rd H(l +15) 7 ha(y) ha(y) dy.
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The Fourier coefficients iy of an arbitrary function i € La(R%, w(o, u)) are of the form

= (7 91) Ly (R (o))

hy) ex(y,n, p) w(y, u) dy
]Rd

d
2

9

d
% —3  _rikjy; (n? 2__;
/d h(y) ||(1+y32)_7(17j2+yj2) ie kjyi(nj+y;)~ 2 dy.
R Ny
j=1

The test function h in (5.1) combined with the weight function (5.2) and the transforma-
tions (5.3) lead to transformed functions f in the sense of (3.27) of the form

f(X7777N) = h(¢1($1an1)7”'7¢d($d7nd \/w] Q/Jj x]ﬂ?j) lj‘j)w (xjvnj)
1

Jj=

-1

4n d 1—433 H 5
: = I (1 —4a2) 72,

In Figure 5.1 we provide a side-by-side comparison of the graphs of these transformed
functions d = 2 for fixed pu = (4,4)7 with varying n = (n1,72) € R, 1/2 < ny,m2 < 2,
and for fixed n = (1,1) " with varying g = (p1, p2) ", 0 < pq, pro < 10.

We proceed to determine the values 7, u € R for which f(o,n, i) in (5.4) is an element
of H™ (T?) by investigating the conditions (3.28) in Theorem 3.5. First of all, we observe
that for n1,...,m4 > 0, the components v, ...,1, of the function ¥ (o,n) in (5.3) are
transformations in the sense of (3.1) by being increasing, continuously differentiable, and
invertible functions. Furthermore, forall { = 1,...,d, it is easy to verify that the first three
derivatives of all 1;(o,7;) are in fact continuous on (—3 f) for n; > 0 and that the first
three derivatives of g;(o,7;) are in Co(R) for all non- zero n; € R. Finally, we verify the
Lo-conditions (3.28) in Theorem 3.5 for m = 0,1,2,3. We suppose that for £ = 1,...,d
we have m = my, and we need to inspect if the appearing L., (T)-norms are finite for all
jg = 0, ey

e Let m = 0. Then we only have a condition for the norm

1

H\/we Ye(@e,me), pe) (e, o) (Yy(xe, me)) ™2

1—43[:[ e
1-— 1—776)15

which is finite for p, > 0.
e Let m = 1. We have to consider two conditions. For j; = 0 we have

Loo (T)

)

Lo (T)

1

H 92 [\/Wf(wf(l‘bnf)vuﬁ)'(pé(ﬂ?g,r]g)] Wh(we,me) 2

Leo(T)

)

= ) (= + B+ 6(1+ (g — 1)a))
Lo (T)

L+4(n; — )3 (1 +4(nf —1)x7)?

and this is finite if pp > 2.
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FIG. 5.1. Plots of the two-dimensional transformed function f(o,n, p) for various combinations of the
parameters p and m with an algebraic weight function w(o, ) in (5.2) and the algebraic transformation 1)(o,n)
in (5.3). Horizontally, p = (4,4)7 is fixed, vertically 1 = (1,1)7 is fixed. The individual univariate functions
f((z1,0),m, w), f((0,22),m, i) are shown with dashed lines.

For j, = 1 we have

H\/we(’t/w(me, N ACTR DICACTEDE

Loo (T)

He
1-— 456‘2 E 3
2ne ( D) £ 2> (1—4a27)"2 )
14+ 4(n; — 1)af D

and this is finite for pp > 3.
e Likewise, after verifying the individual conditions, we conclude that for m = 2 we
have a lower bound of 11, > 9 and for m = 3 of py > 15.

In total, f is at least an Lo (T¢)-function for all pi1, . .., g > 0, itis at least in H., (T%) for
[y fa > 3, at leastin H2, (T4) for puy, ..., pq > 9, and at least an H2, (T%)-function

for py, ..., uq > 15. Apparently, the parameters 71, . . . , 74 in the transformation (o, ) do
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——pu=0—pn=4 p=10—-=—p=16

I I

1071 - .|
1072 -
1073 -
10—4 -
10—5 -
10—6 -
10—7 -
10—8 -
10—9 -
10—10 -
10—11 -

1 = Dapprox e /Il e

FIG. 5.2. Comparison of the discrete Lo -approximation error ||h—happrox|| ¢ /||h||e., of the two-dimensional
test function (5.1) in combination with the algebraic transformation (o, ) (5.3) and the algebraic weight function
w(o, ) (5.2) in their two-dimensional versions with fixedn = 1 and p € {0,4,10,16} .

not have an impact on the Sobolev smoothness of f(o,n, u) as in (5.4) according to this
specific set of conditions. In other words, if 77 is able to control the smoothness of f, then
we can not recognize it with these conditions—at least for this particular combination of the
transformation v and the weight function w.

5.1.1. Discussion of the L..-approximation error. Next we discuss the application
of the multivariate L. (R?)-approximation error bound in Theorem 3.6 for d = 2 with the
two-dimensional test function & in (5.1), the weight function (5.2), the transformations (5.3),
and the resulting transformed functions f given in (5.4).

Let a reconstructing rank-1 lattice A(z, M, I%) with N > 8 be given. We have already
evaluated the sufficient conditions proposed in Theorem 3.5, yielding lower bounds for gz > 0
such that f is at least of Sobolev smoothness order m = 0,1,2,3, i.e., f € Hgﬁx('ﬂ‘z),
and thus f € H™(T?). We fix A\ = 1, and for m € Ny, we choose u,n7 € R? such that
f € H™H(T?) — A™(T?). As outlined in (4.4) we expect the discrete approximation
error (4.3) to be bounded by

N°  foru; >0,
N1 forp; > 3,
N=2  forp; > 9,
N3 for u; > 15.

(5.5) Hh - happroxnfoo < ||f - S?}’foLOO(W) §

For N =8,...,80,7=1,and € {0,4,10,16}, we actually observe this behavior for the
relative discrete approximation error ||h — hypprox||e.. /||h|¢.. as seen in Figure 5.2.

5.1.2. Discussion of the L;-approximation error. We switch to dimension d = 1. In
Theorem 3.7 we proved that when f of the form (3.17) is in H™(T) N C(T), we have

| — S?}vhHLz(R,w) =|f - S;\}Vf”Lz(T) SNTT

For one particular special case with explicitly computable Fourier coefficients fk we observe
that their rate of decay is consistent with the theoretical propositions. The conditions of
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Theorem 3.4 yield, for m = 1, 2, 3, that

HY(T) foru> 3,
(5.6) FelHXT) forp>9,
H3(T) for pu > 15.

We compare these lower bounds with the specific lower bounds for the chosen A in (5.1).
Fixing n = 1, the transformed function f in (5.4) simplifies to

Fla 1, p) = flo,p) = (1 —4a?)7(F3),

We then explicitly calculate that

J

for > 2, as well as

J

for y > T and so forth, which is summarized for m = 1,2,3 as

17

2 2

1 _3

dr = <M+2> /16952‘1—4332’# 2 dr < oo
T

d2 2

da?

[f1(; 1)

dz =4 (2u+1)? / (1- (4p—2)x2)2 ’1 —4x2‘”7% dz < o0
T

HYT) forpu >
(5.7) f € HXT) forp>
H3(T) forpu>

el N Y
o=t

Due to the norm equivalence (2.2), we know that the absolute Fourier coefficients | fk| ofa
function f € H]" (T) decay at least as fast as |k|~". In our particular example with the above
function f(x, 1) we have a decay twice as fast, which is observed by considering k € Z \ {0}
and calculating that

; 2V/2
2\ —27ikx _ 3
A(l—4x e dx—iﬂzwz for = 3,
; ; 24+/2
|fk|:\/§ /(1_4x2)26—2ﬂ1kwdx:4\[4 fOI'/ngv
i W@I ?|k” — 15]
; 48+/2|m?|k|* — 15
2\3 —2rwikx _ _ 11
/T(l—lm e dz = TS for u = 5.

The general L,-parameter bounds in (5.6) look relatively coarse in comparison to the
exact bounds in (5.7). However, generally we can not compute the Fourier coefficients fk of a
transformed function f, which makes the conditions proposed in Theorem 3.4 so powerful as
they work independently of the particular choice of h € Lo(R,w) N H™(R) at the cost of not
yielding the most precise lower parameter bounds.

5.2. Error function transformation. In this section we settle for the constant function

h(y) = 1. We could choose h(y) = e WIZ or even the algebraic function h(y) = W
&)

in (5.1), but they all have the same problem that we are not able to compute their Fourier
coefficients hx. We proceed in the same way as in the previous section with the algebraic
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transformation. We fix the multivariate version of the Gaussian weight function (3.16), reading
as

d
1 H 22
(58) W(y,lJf) = 4 € 'ujyja
i)

with g1 € R, as well as the error function transformation ¥ (x,n) = ((¢;(z;, 77]»))?:1)T

in the form (3.5) with x € (—3, %)% and the parameter n = (11,...,74)" € R? and its

univariate components given by
— erf =1 (2z,))?
(5.9) ¥j(xj,m;) = n;erf " (2x;), Vi(xj,m) = n; Vel (2e))"

-1 1 Ys 1 _(%)2
¥ (g mg) = 5 erf 0 ) Q(yjﬂ?j)Z\/—Ze il
J 7r77j

For n; = 1 we have already stated the definition of ¢;(o, 1) in (3.8). For the resulting
weighted Hilbert space La(R%, w(o, ), we have a system {¢y }ycza of product functions
given in (3.36) with univariate components (¢, )?:1 asin (3.11) of the form

1 $(u3—L)y}+mik; exf (2L
c'ij(yjanja,Ufj):;e Tyt (”1),
J

which are orthogonal with respect to the weighted scalar product
(hh h2)L2(Rd w(o,m)) s /d H e_MJyJ h1 hg( ) dy.
T2 JR

The Fourier coefficients fi of an arbitrary function h € Ly (R4, w(o, ) are of the form

e = (1) gy o) = / h(y) Pty ) ly. 1) dy
J:1 77] vr
d

d . Yy _ 1,24 1,2
j=1

The constant test function h(y) = 1 combined with the weight function (5.8) and the transfor-
mations (5.9) lead to transformed functions f in the sense of (3.27) of the form

f(Xﬂ%N) = h(d)l(wlanl)»'-'ad}d irdand H \/wj ¢] xjvn]) M])dj (%ﬂ?g)

d
(5.10) H 3 o3 (1 0] eri ! (225)°

In Figure 5.3 we provide a side-by-side comparison of the graphs of these transformed
functions with d = 1 for fixed 2 = 3 with varying 1/2 < n? < 3 and for fixed n = 1 with
varying 1 < p? < 10.
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—m (7 0%) = (05,8) —— (%, 1) = (1,3) wn () = (1) —— (%, %) = (1,3)
S-- (6t = (2,3) (7, 1?) = (3,3) --- (% ?) = (1,6) (n*, 1*) = (1,10)
2.5 2.5
2 2
1.5 1.5

-05 -03 -0.1 0.1 0.3 0.5

FIG. 5.3. Plots of the univariate transformed function f for various combinations of the parameters | and n
with a Gaussian weight function w (5.8) and the error function transformation (5.9). On the left-hand side with fixed
w? = 3 and on the right-hand side with fixed n> = 1.

We proceed to determine the values 1, u € R? for which f(o,n, u) in (5.10) is an
element of H™ (T<) by investigating the conditions (3.28) in Theorem 3.5. First of all, we
observe that for 7, ...,74 > 0, the components ¥, . . ., 14 of the function ¥(o,n) in (5.9)
are transformations in the sense of (3.1) by being increasing, continuously differentiable, and
invertible functions. Furthermore, for all / = 1,....d, it is easy to see that its first three
derivatives of all ¢;(o, ;) are in fact continuous on ( 2, f) for n; > 0 and that the first
three derivatives of g, (o, n;) are in Co(RR) for all non-zero 7; € R. Finally, we verify the L
conditions (3.28) in Theorem 3.5 for m = 0, 1, 2, 3. We suppose that for { = 1, ..., d we have
m = my and need to inspect if the appearing Lo, (T)-norms are finite for all j, =0, ..., m:

e Let m = 0. We have

Wty I ARy
LOO(T) Loo (T)
for n?u? > 0.
e Letm = 1. We have to verify two conditions. For j, = 0 we have
0 1
H |:\/w€(’(/}5(l'€777€)7,uf)wZ(mﬂvnf)] CACTN T
Oy Leo(T)
= W & Herf_l(Qxe) e~z (njui=2) erf 7} (220)
n; Loo(T)
being finite for n?u? > 2. For j, = 1 we have
| orCeterano, o) vioesne) i Gors)?
Leo(T)

— ot ||e— 3 (nini—2)(erf ! (22,)?

Loo(T)’

and this is finite if the exponent is negative or zero, which is the case for n%u? > 2.
e Let m = 2. We verify three conditions. For j, = 0

1

82
H@xQ [\/WZ(W(W, M), te) %(334,774)} Yp(we,me) 2
0

< 0

Loo(T)
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for all 72 > 4. For j, = 1

0 1
Ha {\/W(W(xe,m%ue)1&2(335,775)} ACTRNE < o0
Te Loo(T)
for all n7 2 > 4. For j, = 2
Hmemwwwmmmwumﬁ <o
Lo (T)

for all nZu? > 6.
e For m = 3 the individual conditions for £ = 0, 1,2, 3 are finite in case of n7u? > 6,
n2p2 > 6, nZu2 > 8, and nZu? > 10, respectively. Hence, we need nZu2 > 10 in

order to have f € H3, (T%).
In total we have calculated that
Hoi(TY) for mpui > 2,
f e HZ(TY)  for n2ii2 > 6,
H3 (T for n7ug > 10.

Contrary to the previous section concerned with the algebraic transformation (5.3), the
Ls-approximation error can not be discussed this time as we are not able to compute the
Fourier coefficients

fx :/ F(x,m, ) e~ 270 dx
’]I‘d
¢ ;1 2,2 -1 2 .
Z/h(d)(x,n)) Hn]? ei(l—u,- n?erf ! (2x;) 0= 2mik; T qy
T !
Jj=1

regardless of the chosen h. Even for trivial choices of h we are not able to integrate the
transformed weight function.

Hence, we only discuss the application of the weighted L, (R?)-approximation error
bound from Theorem 3.6 for the dimension d = 2. With the constant test function given by
h(y) = h(y1,y2) = 1 for d = 2, the weight function (5.8), the transformations (5.9), and the
corresponding transformed functions f in (5.10) read as

fx =11 \/wj(l/fj(xjvnj)»uj)¢}(Ijﬂ7j)~

Jj=1

Let be given N > 8, the two-dimensional hyperbolic cross I3 as in (1.5), and a reconstructing
rank-1 lattice A(z, M, I%,). We have already evaluated the sufficient conditions proposed in
Theorem 3.4 yielding lower bounds for 77, p¢ > 0 such that f is at least of Sobolev smoothness
orderm = 0,1,2,3,1i.e., f € H" (T?) and thus f € H™(T?). We fix A\ = 1, and for m € Ny

we choose 7 = (n1,m2) ", = (p1, 12) " € R? such that f € H™H1(T?) — A™(T?). As
outlined in (4.4), we expect the discrete approximation error (4.3) to be bounded by

NO  for n7u3 >0,
—t for niug > 2,

N2 for n7u3 > 6,
N3 for n7u3 > 10.

‘h - happroxnfao < ||f - S?]r{]f“Loo(Tz) fj
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——(n,p)=(1,1) ——(n,p) = (1,V3) ——(mp =11 ——(np)=(1,V3)
(n, 1) = (1,V6) = (n,p) = (1,V10) (n, 1) = (1,V6) —=— (n, 1) = (1,V10)
h’(y) =1 h(y) = e*?-/f*l/%
1071 [ T ] T
102 U 1
-3 |
4 %874 L IR (el e :
= 100 12 g8l |
~ 1876 [ 4~ 107 Wxx’%“*ws«xw&
28 10-7 |- i ;\'8 10-41 W)@‘””MMNNXMWWXM‘MMWWMM B
51078 17 i
A 107 4 A2 107° y
F 10-10 4 &
':‘: 10-11 1 | 'g‘ 1076 |- .
—12 |- -
= %8713 L = 1077k g
—14 | - 8| o
105 AP | 1
—16 | | | | -9 | | | |
10 0 20 40 60 80 10 0 20 40 60 80
N N

FIG. 5.4. Comparison of the discrete Lo-approximation error ||h — happrox||e. /||l e, When using the
Gaussian weight function w(o, ) as in (5.8) and the error function transformation (o, n) as in (5.9) with p €

{1,V/3,v6,V10} and fixedn = 1.

We actually observe this behavior numerically, as showcased in Figure 5.4, where we display
in the left graph the decay of the approximation error of the constant test function i(y) = 1
for N =38,...,80, fixedn = 1, and p € {1,v/3,v/6,v/10}. The outlier forn = o = 1 s
explained by the fact that the corresponding Fourier coefficients are trivial as these parameters
lead to a constant weight function w(y) = 1. We repeat this numerical test with the non-
constant test function h(y) = e~Yi=¥3 which is in Lo (R%, w(o, p)) for all p € R? with
W1, o > —2. Then we have a similar decay of the discrete approximation error as displayed
in the right graph of Figure 5.4.

6. Remarks on multiple rank-1 lattices and sparse frequency sets. Now that we are
able to construct functions on the torus T¢ with a guaranteed minimal Sobolev smoothness
degree m € Ny, we adapt the techniques of both multiple rank-1 lattices [12] and sparse FFT
algorithms [21]. Usually we consider the algebraic test function in (5.1), which was given by

1

d
=—— . yeR%
1+ [lyll7,

h(y)

6.1. Multiple rank-1 lattices. In Lemma 2.1 we recalled that under mild assumptions
it is possible to generate a reconstructing rank-1 lattice A(z, M, I') with some frequency set
I C 7% of finite cardinality |I| < oo such that

11| <M <|I]%.

Even though this upper bound is independent of the dimension d, the lattice size M is usually
close to |I]? and is therefore still quite large. In order to overcome this limitation of the single
rank-1 lattice approach, L. Kimmerer suggested the use of multiple rank-1 lattices which are
obtained by taking a union of s rank-1 lattices

A(Z17M1a"'7ZSaMS) = U A(ZJ7M])7

Jj=1,...,s
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see [11, 12]. Then it is possible to determine a reconstructing sampling set for multivariate
trigonometric polynomials in II; supported on the given frequency set I with a probability of
at least 1 — &5, where

53 = Cl eiCZS

is an upper bound for the probability that the approach fails and where Cy,C2 > 0 are
constants. In [11] it was proven that the upper bound for the lattice size improves with high
probability to

M < C|I|log|I]
for these particular reconstructing lattices. For the adaptation of this approach in the context

of families of transformations 1(o,n) with n € R?, we analogously consider unions of s
transformed rank-1 lattices

Al/;(o;r,)(zl,le~-,257Ms) = U Aw(om)(Zj,Mj)

Jj=1,...,s

in order to sample the test function h € Lo(R%, w).
For an example in dimension d = 2, we consider the test function & in (5.1), the algebraic

weight function
( ) - 1 M1 1 M2
wly,p) = 1 ¥ y% 1 I y% )

and the algebraic transformation

T
2my 2n212
(6.1) x,m) = )
vexm) (\/1 —dz? (/1 4x§>
based on their univariate versions in (5.2) and (5.3). We consider the sample data vector
( ) M—1
Wy, K
h=|hy;)/——=
( b5) o(y;j>m) >j_0

and the corresponding approximated data vector of the form

W(iju) A
happrox = ———— St h(y;
PP < o(yj,m) "% (yJ)>

M—-1

§=0
with lattice points y; in the multiple rank-1 lattice Aq/,(om) (z1, Ma, ..., 25, M, I) transformed

by the algebraic transformation (o, n) in (6.1). In (5.5) we already discussed that the
discretized approximation error defined in (4.3) is bounded above by

”h - happroxnfm < Hf - Sé\i{fHLm(T"’) 5 N—™

for p; > 0if m = 0 and for y; > 3m if m = 1,2,3. Similarly to the results of the nu-
merical test with single rank-1 lattices shown in Figure 5.2, we achieve this behavior of the
relative discrete approximation error |[h — hypprox||e.. /[/hle.. When applying the multiple
rank-1 algorithms described in [11, 12]. In particular, we adapted [11, Algorithm 6]. For
N=8,...,80, u € {0,4,10,16}, and n = 1, we initialize this algorithm with the param-
eters ¢ = 30,n = 30, and § = 0.5 and still have the proposed decay rates of the discrete
approximation errors as seen in Figure 6.1. A major advantage of this approach is that we
do not have to construct the generating vector z via component-by-component construction
methods, which generally takes quite some time.
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——(n,p)=(1,0) ——(n,pu)=(1,4)
(n,p) = (1,10) —— (n, u) = (1,16)

1072 |- & 2

B = Bapproxle /[ Bllex
=
(=)
&
T

FIG. 6.1. Comparison of the discrete £-approximation error |[h — happrox||e, /|1hlle., of the test function
(5.1) for multiple rank-1 lattices Aw(om)(zl, M, ..., zs, Ms) with the algebraic transformation (o, 1) (5.3)
and the algebraic weight function w(o, ) (5.2) in their two-dimensional versions with fixed m = 1 and p €
{0,4,10,16}.

6.2. The construction of sparse frequency sets. Once we set up the transformed func-
tion f on the torus of the form (3.17), we can make use of dimension incremental algorithms—
the sparse fast Fourier transforms (sparse FFT) (see [21, 29])—that reconstruct sparse multi-
variate trigonometric polynomials with an unknown support in a frequency domain I C Z<.
Based on a component-by-component construction of rank-1 lattices, the approach of [21, Al-
gorithm 1 and Algorithm 2] describes a dimension incremental construction of a frequency
set I C Z% belonging to the non-zero or approximately largest Fourier coefficients. This is
achieved by restricting the search space to a full grid [~ N, N]¢ N Z? of refinement N € N and
by assuming that the cardinality of the support of the multivariate trigonometric polynomial
is bounded by a sparsity constraint s € N. Then we end up with up to s non-zero Fourier
coefficients fk of the corresponding test function f.

We adapt these algorithms for transformed reconstructing rank-1 lattices Ay (o, »)(2, M, I)
by again calculating the relative discretized approximation error ||h — hupprox||e.. /|| B|le.. as
in (4.3) with the samples

M-1

j=0 j=0

but using an unknown frequency set I with cardinality |I| = s that was constructed via a

dimensional incremental construction method as outlined above.

6.2.1. An example for the algebraic transformation. We use the algebraic test func-
tion (5.1) in combination with the multivariate version of the algebraic weight function (5.2)
and the multivariate algebraic transformation based on (5.3) reading as

d 1 Hj 9 9 T
M1 NdTd
w(Yau’):H PR ) Q/J(X»n): PRI
=i\ Ty V1 —4a? V1 —4a?

with o = 4 and 7 = 1. Earlier we have used a similar setup for d = 2, where we choose a
hyperbolic cross I¢ as the frequency set.
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Projection of I, Projection of T generated by sparse FFT

10° T T T T
—+— I}, —o— sparseFFT

1071 |

,_‘

o
4
T

[ = happroxle.. /[ Ball .
=
f=]
s
:

—4 | | L L
10 103 1035 104 —-10 0 10 —10 0 10

%] = s

FIG. 6.2. Relative discrete approximation error ||h—happrox||e.. /1Nl e,, in dimension d = 5 for the algebraic
transformation with the hyperbolic cross 1 ]dv with N = 2, ..., 10 compared to the frequency set generated by the
sparse FFT algorithm (left). In the center and on the right are the two-dimensional projections of I 150 and of the
[frequency set generated by the sparse FFT algorithm.

Now we let the sparse FFT algorithm [21, Algorithm 2] determine a suitable frequency
set I. For dimension d = 5 and for each N = 2,3,...,10, we choose the algorithm ’a2r11’
in [29] and use the cardinality of the hyperbolic crosses I3, as the sparsity parameter ’spar-
sity_s” = s = |I3]. As expected, the resulting discretized relative approximation errors
l’h — hupprox||¢.. /| h]|¢.. are just as good as the ones where we fixed the hyperbolic cross
I f{,, but the two-dimensional projections of both frequency sets to their first two coordinates
differ substantially in size and shape even though they have the same cardinality as seen in
Figure 6.2.

6.2.2. An example of the error function transformation and logarithmic transfor-
mation. The sparse FFT algorithm is especially interesting for the error function trans-
formation (3.8) and the logarithmic transformation (3.9) because we can not calculate the
transformed Fourier coefficients hy given in (3.37). Again we simply let the sparse FFT
algorithm [21, Algorithm 2] construct a suitable frequency set I depending on the sparsity
seN.

We return to dimension d = 2 and use

hy) =e v

as the test function and consider the constant weight function w(y) = 1. We again apply two
different transformations. The two-dimensional error function transformation

P(x,m) = (merf " (2a1), moerf " (222)) T,

which we consider for n = 1, is based on its univariate version given in (5.9). The two-
dimensional logarithmic transformation is also based on its univariate version given in (3.9)

and reads as
1+ 224 14225\ "
= (mlog [ =2 log [ ——=22
Y(x,m) (771 0g<1_2x1> 112 og<1_2m2)>

which we consider only for n = 1, too.

At first we fix the refinement N = 20. Then the full 41 x 41-integer grid contains
(2-20+ 1)2 = 1681 elements. Again, we initialize the algorithm ’a2r1l’ in [29] with the
default threshold parameter ’threshold_theta’ of le-12 and denote the sparsity parameter
“sparsity_s’ as s € N. For the sparsity parameters s = 100 and s = 500, the error function
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_ 1422 1422 _
(e, 1) = erf ~H(2z1) erf ~H(222), s = 100 ¥(@,1) = log (1—2:1 ) log (1—2;; )’ 5 =100
20 T T T 20 T T T

10 : 4 10 e

—20 L L L —20 L L L
—20 —10 0 10 20 —20 —10 0 10 20

_ 1424 1422 _
(@, 1) = erf 1 (2z1) erf 1 (222), s = 500 P(,1) = log (1—22; ) log (172%)’ s =500
20 ‘ . ‘ 20

10

—-10 -10

.
[
.

—20 | RN | —20 |
—20 —-10 0 10 20 -20 —-10 0 10 20

FIG. 6.3. Two-dimensional frequency sets In with N = 20 and s € {100,500} for the error function
transformation (left column) and the logarithmic transformation (right column).

transformation leads to a frequency set Iy that reminds us of a hyperbolic cross, whereas the
logarithmic transformation leads to a frequency set that could also resemble an appropriately
scaled unit ball {x €Z?: (|Jz1|P + |x2|p)% < N} of a two-dimensional sequence space ¢,
with 0 < p < 1; see Figure 6.3.

Finally, we focus on the two-dimensional error function transformation with 7 = 1 and
compare the corresponding relative approximation errors ||h — hupprox e /|Ih||¢. calculated
by the spare FFT algorithm in two different setups. At first we keep the refinement N = 20
and consider increasing sparsity parameters s = 2,...,1681. Hence, for small values of
s we have frequency sets that look like hyperbolic crosses, as shown in the left column
of Figure 6.3, whose branches along the central axes become thicker as s increases and
eventually end up with the full 41 x 41-grid. Based on these frequency sets, the relative
approximation errors stagnate at a certain point, displayed on the left in Figure 6.4, because
the relatively small refinement value forces the algorithm to include frequencies within the
41 x 41 grid that do not significantly improve the approximation of h. In comparison, we
raise the refinement to N = 150 and let the sparsity parameter s run from 2 to 1681 again so
that the resulting frequency sets have the same cardinality as before but keep their hyperbolic
cross-like shape, which is shown on the right-hand side of Figure 6.4, where we have the
frequency set constructed by the sparse FFT algorithm for N = 150 and s = 1681. With these
frequency sets we now have steadily decreasing relative approximation errors for increasing
sparsity values, as displayed in the center plot of Figure 6.4.
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N=20,s=2,..., 1681 N=150,s=2,..., 1681 N =150,|1] = s = 1681

prox |- /[0l -

[ = Ty,

—100 - -

2 I I I I —2 I I I | I I
0 400 800 1,200 1,600 0 400 800 1,200 1,600 —100 0 100
s s N

FIG. 6.4. Relative approximation errors |[h — happrox || ¢ /|| h|le., calculated by the spare FFT algorithm
for the error function transformation withm = 1,s = 2,...,1681 and the refinement N = 20 on the left and
N = 150 in the center. The automatically constructed frequency set I for N = 150, s = 1681 is shown on the right.

6.2.3. An example with the tangent transformation. Finally, we consider a different
algebraic test function that is given in product form by

<
h(y):H 5
ale 1 +Y;

Additionally we consider the constant weight function w(y) = 1 and the multivariate tangent
transformation

Y@, m) == (m tan(ray), .. ., ngtan(rz,)) "

with 7 = 1 based on the univariate version defined in (3.7). The resulting transformed function
is of the form

1

d
(6.2) flz,1,p) = H T tan(rz,)?
i=1 !

This product form extends to the corresponding Fourier coefficients, i.e., e = H?zl izkj ,and

the one-dimensional Fourier coefficients izk_j are of the form

(6.3)
R 1/2 e—27rik'jz]- 1/2 % for k] = 07
hi, = ——dz,; = cos(mz;)? e ki%ide. = {1 for k| = 1,
. /1/2 1+ tan(mz;)2 7 /1/2 (mz;) J 1 | ]l.
0 otherwise.

Hence, over a full grid [— N, N]¢ N Z¢ with (2N + 1)? points, there are only 3¢ non-zero
multivariate Fourier coefficients hy. Again we verify this for the dimension d = 12 and
N = 4 with the sparse FFT algorithm; see [21, Algorithm 2] and [29]. We initialize this
algorithm with the test function f in (6.2), choose the algorithm ’a2r1l’, set the sparsity
parameter ’sparsity_s’ to 10% and the threshold parameter ’threshold_theta’ to le-12. This
results in an exact reconstruction as the algorithm indeed only detects the 3'2 = 531441 out of
(2-441)'2 ~ 2.8- 10! possible frequencies corresponding to the 12-dimensional integer unit

cube of radius 1 for which the transformed Fourier coefficients ﬁkj are non-zero, as calculated
in (6.3).
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7. Conclusion. In this paper we considered functions h € La(R¢, w(o, u)) N H™ (RY)
with a parameterized weight function w(o, u) : R — [0,00), u € RY, and we discussed
strategies for transforming them into functions f on the torus T¢. A parameterized trans-
formation ¢(o,n) : (—3,%)? — R? with parameter n € R? in combination with the
weight function w(o, p) allows us to control the degree of smoothness m € N of a func-
tion h defined on R?, which is preserved under the change of variables (o, 7). Hence,
the parameters 17 and p control which Sobolev space ;{i‘x(Td) the transformed functions

flo,m,p) = h((0,m)) /w(®(o,m), 1) ¥'(o,n) belong to. Due to the embedding of the

Sobolev space H™ (T<) into the Wiener algebra A(T%) of functions with absolutely summable
Fourier coefficients, we have information on the rate of decay of the Fourier coefficients fk
and hy without having to calculate them—which in a lot of cases is not possible. Thus, the
essential theoretical Lo- and L..-approximation error bounds on the torus T¢ proposed in
[30, Theorem 2.30] and [13, Theorem 3.3] can be transferred to R by means of the inverse
transformation ¢y~ (o, n) : R — (—3, 1) Furthermore, only slight modifications are nec-
essary to incorporate such transformations into algorithms based on single reconstructing
rank-1 lattices for the evaluation and the reconstruction of transformed multivariate trigono-
metric polynomials presented in [8, Algorithm 3.1 and 3.2]. Algorithms based on multiple
reconstructing rank-1 lattices [12] and sparse fast Fourier transformations [21] can be adjusted,

too.

Our numerical tests show that these algorithms are still working within the proposed
upper bounds for the approximation error. Additionally, special cases in which we can actually
calculate the Fourier coefficients confirm the theoretical parameter bounds for p and 7 that are
sufficient to achieve a certain degree of Sobolev smoothness under a change of variables. In
several examples we apply the adapted multiple rank-1 lattice methods and adjusted dimension
incremental construction methods for sparse frequency sets.

Acknowledgements. The authors thank Lutz Kidmmerer, Tino Ullrich, and Toni Volkmer
for fruitful discussions during the preparation of this paper. Furthermore, we thank Lutz
Kéammerer for the multiple lattice software (see [9, 11]) and Toni Volkmer for the software
“sparseFFTr11’ for computing the sparse fast Fourier transform based on reconstructing rank-1
lattices in a dimension incremental way; see [29]. The first named author gratefully ac-
knowledges the support by the funding of the European Union and the Free State of Saxony
(ESF).

REFERENCES

[1] J. P. BOYD, Chebyshev and Fourier Spectral Methods, 2nd ed., Dover, Mineola, 2001.

[2] G. BYRENHEID, L. KAMMERER, T. ULLRICH, AND T. VOLKMER, Tight error bounds for rank-1 lattice
sampling in spaces of hybrid mixed smoothness, Numer. Math., 136 (2017), pp. 993-1034.

[3] B.CHoOI, M. IWEN, AND F. KRAHMER, Sparse harmonic transforms: a new class of sublinear-time algorithms
for learning functions of many variables, Preprint on arXiv, 2018.
https://arxiv.org/abs/1808.04932

[4] R. CooLs, F. Y. Kuo, AND D. NUYENS, Constructing lattice rules based on weighted degree of exactness
and worst case error, Computing, 87 (2010), pp. 63-89.

[5] R. CooLs AND D. NUYENS, Fast algorithms for component-by-component construction of rank-1 lattice
rules in shift-invariant reproducing kernel Hilbert spaces, Math. Comp., 75 (2006), pp. 903-920.

[6] J. DICK, F. Y. Kuo, AND I. H. SLOAN, High-dimensional integration: the quasi-Monte Carlo way, Acta
Numer., 22 (2013), pp. 133-288.

[71 D. DUNG, V. N. TEMLYAKOV, AND T. ULLRICH, Hyperbolic Cross Approximation, Birkhduser, Cham, 2018.

[8] L. KAMMERER, High Dimensional Fast Fourier Transform Based on Rank-1 Lattice Sampling, PhD. Thesis,
Faculty of Mathematics, TU Chemnitz, Universitétsverlag Chemnitz, Chemnitz, 2014.

, Lattice Based Fast Fourier Transform, Matlab toolbox for the lattice and generated set based FFT,

2014. http://www.tu-chemnitz.de/~lkae/1lfft

(91


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
https://arxiv.org/abs/1808.04932
http://www.tu-chemnitz.de/~lkae/lfft

282

[10]

[11]
[12]
[13]
[14]
[15]

[16]

[17]
[18]
[19]

[20]
[21]

[22]
[23]
[24]
[25]
[26]
[27]
[28]

[29]

[30]

[31]

ETNA

Kent State University and
Johann Radon Institute (RICAM)

R. NASDALA AND D. POTTS

, Reconstructing multivariate trigonometric polynomials from samples along rank-1 lattices, in Ap-
proximation Theory XIV: San Antonio 2013, G. E. Fasshauer and L. L. Schumaker, eds., Springer, Cham,
2014, pp. 255-271.

, Constructing spatial discretizations for sparse multivariate trigonometric polynomials that allow for a

fast discrete Fourier transform, Appl. Comput. Harmon. Anal., 47 (2019), pp. 702-729.

, Multiple rank-1 lattices as sampling schemes for multivariate trigonometric polynomials, J. Fourier
Anal. Appl., 24 (2018), pp. 17-44.

L. KAMMERER, D. POTTS, AND T. VOLKMER, Approximation of multivariate periodic functions by trigono-
metric polynomials based on rank-1 lattice sampling, J. Complexity, 31 (2015), pp. 543-576.

, High-dimensional sparse FFT based on sampling along multiple rank-1 lattices, Preprint on arXiv,
2017. https://arxiv.org/abs/1711.05152

N. M. KOROBOV, Approximate evaulation of repeated integrals, Dokl. Akad. Nauk SSSR, 124 (1959),
pp- 1207-1210.

P. KRITZER, F. PILLICHSHAMMER, L. PLASKOTA, AND G. W. WASILKOWSKI, On efficient weighted
integration via a change of variables, Preprint on arXiv, 2018.
https://arxiv.org/abs/1812.04259

T. KUHN, W. SICKEL, AND T. ULLRICH, Approximation of mixed order Sobolev functions on the d-torus:
asymptotics, preasymptotics, and d-dependence, Constr. Approx., 42 (2015), pp. 353-398.

F. Y. Kuo, G. W. WASILKOWSKI, AND B. J. WATERHOUSE, Randomly shifted lattice rules for unbounded
integrands, J. Complexity, 22 (2006), pp. 630-651.

H. NIEDERREITER, Quasi-Monte Carlo methods and pseudo-random numbers, Bull. Amer. Math. Soc., 84
(1978), pp. 957-1041, 1978.

G. PLONKA, D. POTTS, G. STEIDL, AND M. TASCHE, Numerical Fourier Analysis, Birkhduser, Cham, 2018.

D. POTTS AND T. VOLKMER, Sparse high-dimensional FFT based on rank-1 lattice sampling, Appl. Comput.
Harmon. Anal., 41 (2016), pp. 713-748.

H.-J. SCHMEISSER AND H. TRIEBEL, Topics in Fourier analysis and Function Spaces, Wiley, Chichester,
1987.

J. SHEN, T. TANG, AND L.-L. WANG, Spectral Methods, Springer, Heidelberg, 2011.

I. H. SLOAN AND S. JOE, Lattice Methods for Multiple Integration, Oxford University Press, New York, 1994.

I. H. SLOAN AND P. J. KACHOYAN, Lattice methods for multiple integration: theory, error analysis and
examples, SIAM J. Numer. Anal., 24 (1987), pp. 116-128.

V. N. TEMLYAKOV, Reconstruction of periodic functions of several variables from the values at the nodes of
number-theoretic nets, Anal. Math., 12 (1986), pp. 287-305.

, Approximation of Periodic Functions, Nova Science Publishers, Commack, 1993.

T. ULLRICH, Smolyak’s Algorithm, Sparse Grid Approximation and Periodic Function Spaces with Dominating
Mixed Smoothness, PhD. Thesis, Fakultit fiir Mathematik und Informatik, Friedrich-Schiller-Universitit
Jena, Jena, 2007.

T. VOLKMER, sparseFFTrll, Matlab toolbox for computing the sparse fast Fourier transform based on
reconstructing rank-1 lattices in a dimension incremental way, 2015.
https://www-user.tu-chemnitz.de/~tovo/software.php.en

, Multivariate Approximation and High-Dimensional Sparse FFT Based on Rank-1 Lattice Sampling,
PhD. Thesis, Faculty of Mathematics, TU Chemnitz, Universititsverlag Chemnitz, Chemnitz, 2017.

J. VYBIRAL, Function Spaces with Dominating Mixed Smoothness, PhD. Thesis, Fakultit fiir Mathematik und
Informatik, Friedrich-Schiller-Universitét Jena, Jena, 2005.



http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at
https://arxiv.org/abs/1711.05152
https://arxiv.org/abs/1812.04259
https://www-user.tu-chemnitz.de/~tovo/software.php.en

