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Abstract. In computational mathematics, when dealing with a large linear discrete problem (e.g., a linear system)
arising from the numerical discretization of a differential equation (DE), knowledge of the spectral distribution of
the associated matrix has proved to be useful information for designing/analyzing appropriate solvers—especially,
preconditioned Krylov and multigrid solvers—for the considered problem. Actually, this spectral information is of
interest also in itself as long as the eigenvalues of the aforementioned matrix represent physical quantities of interest,
which is the case for several problems from engineering and applied sciences (e.g., the study of natural vibration
frequencies in an elastic material). The theory of generalized locally Toeplitz (GLT) sequences is a powerful apparatus
for computing the asymptotic spectral distribution of matrices A,, arising from virtually any kind of numerical
discretization of DEs. Indeed, when the mesh-fineness parameter n tends to infinity, these matrices A,, give rise to a
sequence { An }n, which often turns out to be a GLT sequence or one of its “relatives”, i.e., a block GLT sequence
or a reduced GLT sequence. In particular, block GLT sequences are encountered in the discretization of systems of
DEs as well as in the higher-order finite element or discontinuous Galerkin approximation of scalar/vectorial DEs.
This work is a review, refinement, extension, and systematic exposition of the theory of block GLT sequences. It also
includes several emblematic applications of this theory in the context of DE discretizations.
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1. Introduction. The theory of generalized locally Toeplitz (GLT) sequences stems
from Tilli’s work on locally Toeplitz (LT) sequences [79] and from the spectral theory of
Toeplitz matrices [2, 21, 22, 23, 24, 59, 64, 80, 82, 83, 84]. It was then carried forward
in [50, 51, 75, 76], and it has been recently extended in [3, 4, 5, 6, 7, 8, 55, 56]. Itis a
powerful apparatus for computing the asymptotic spectral distribution of matrices arising
from the numerical discretization of continuous problems, such as integral equations (IEs)
and, especially, differential equations (DEs). Experience reveals that virtually any kind of
numerical method for the discretization of DEs gives rise to structured matrices A,, whose
asymptotic spectral distribution, as the mesh-fineness parameter n tends to infinity, can be
computed through the theory of GLT sequences. There exist many other applications of
this theory including, e.g., the analysis of signal decomposition methods [28] and geometric
means of matrices [50, Section 10.3], but the computation of the spectral distribution of DE
discretization matrices remains undoubtedly the main application. In Section 1.1, we take
an overview of this main application. In Section 1.2, we describe some practical uses of the
spectral distribution. In Section 1.3, we illustrate the key ideas behind the notion of GLT
sequences, with a special attention to the so-called block GLT sequences, so as to give readers
the flavor of what we are going to deal with in this work. In Section 1.4, we outline the
contributions and the structure of the present work.

1.1. GLT sequences: the tool for computing the spectral distribution of DE dis-
cretization matrices. Suppose we are given a linear DE, say

Au =g,

with A denoting the associated differential operator, and suppose we want to approximate the
solution of such DE by means of a certain (linear) numerical method. In this case, the actual
computation of the numerical solution reduces to solving a linear system

An Uy = 8n,

whose size d,, increases with n and ultimately tends to infinity as n — co. Hence, what we
actually have is not just a single linear system but a whole sequence of linear systems with
increasing size, and what is often observed in practice is that the sequence of discretization
matrices A,, enjoys an asymptotic spectral distribution, which is somehow connected to the
spectrum of the differential operator A associated with the DE. More precisely, it often happens
that, for a large set of test functions F' (usually, for all continuous functions F' with bounded
support), the following limit relation holds:

F(\(Ap)) = Mk(lD) /D ijl F(;‘i(’i(Y)))dy’

where \;(Ay), j = 1,...,d,, are the eigenvalues of A,,, D is a subset of some R¥, 114 (D) is
the k-dimensional volume of D, k : D C RF — C***, and \;(k(y)),i = 1,..., s, are the
eigenvalues of the s X s matrix k(y). In this situation, the matrix-valued function x is referred
to as the spectral symbol of the sequence { A,, },,. The spectral information contained in x can
be informally summarized as follows: assuming that n is large enough, the eigenvalues of
A,,, except possibly for a small portion of outliers, can be subdivided into s different subsets
of approximately the same cardinality, and the eigenvalues belonging to the ith subset are
approximately equal to the samples of the ith eigenvalue function \;(x(y)) over a uniform
grid in the domain D. For instance, if k = 1, d,, = ns, and D = [a, b], then, assuming we
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have no outliers, the eigenvalues of A,, are approximately equal to

h—
)\1;(/1<a+j a))’ j=1...,n, i=1,...,s,
n

for n large enough. Similarly, if k = 2, d,, = n?s, and D = [ay, b1] X [as, b2], then, assuming
we have no outliers, the eigenvalues of A,, are approximately equal to

bl—a
n

)\Z‘(I€<a1+j1 17a2+j2b2na2)), J1, 02 =1,...,n, t1=1,...,s,
for n large enough. It is then clear that the symbol  provides a “compact” and quite accurate
description of the spectrum of the matrices A,, (for n large enough).

The theory of GLT sequences is a powerful apparatus for computing the spectral symbol «.
Indeed, the sequence of discretization matrices { A,, },, turns out to be a GLT sequence with
symbol (or kernel) x for many classes of DEs and numerical methods, especially when the
numerical method belongs to the family of the so-called “local methods”. Local methods
are, for example, finite difference methods, finite element methods with “locally supported”
basis functions, and collocation methods; in short, all standard numerical methods for the
approximation of DEs. Depending on the considered DE and numerical method, the sequence
{A,}» might be a scalar GLT sequence (that is, a GLT sequence whose symbol x is a
scalar function)' or a block/reduced GLT sequence. In particular, block GLT sequences are
encountered in the discretization of vectorial DEs (systems of scalar DEs) as well as in the
higher-order finite element or discontinuous Galerkin approximation of scalar DEs. We refer
the reader to [50, Section 10.5], [51, Section 7.3], and [20, 49, 75, 76] for applications of the
theory of GLT sequences in the context of finite difference (FD) discretizations of DEs; to [50,
Section 10.6], [51, Section 7.4], and [10, 20, 42, 49, 57, 67, 76] for the finite element (FE)
case; to [12] for the finite volume (FV) case; to [50, Section 10.7], [51, Sections 7.5-7.7], and
[36, 45, 46,47, 48, 52, 57, 68] for the case of isogeometric analysis (IgA) discretizations, both
in the collocation and Galerkin frameworks; and to [40] for a further application to fractional
DEs. We also refer the reader to [50, Section 10.4] and [1, 72] for a look at the GLT approach
for sequences of matrices arising from IE discretizations.

1.2. Practical uses of the spectral distribution. Itis worth emphasizing that the asymp-
totic spectral distribution of DE discretization matrices, whose computation is the main
objective of the theory of GLT sequences, is not only interesting from a theoretical viewpoint
but can also be used for practical purposes. For example, it is known that the convergence prop-
erties of mainstream iterative solvers, such as multigrid and preconditioned Krylov methods,
strongly depend on the spectral features of the matrices to which they are applied. The spectral
distribution can then be exploited to design efficient solvers of this kind and to analyze/predict
their performance. In this regard, we recall that noteworthy estimates on the superlinear
convergence of the conjugate gradient method obtained by Beckermann and Kuijlaars in [9]
are closely related to the asymptotic spectral distribution of the considered matrices. More
recently, in the context of Galerkin and collocation IgA discretizations of elliptic DEs, the
spectral distribution computed through the theory of GLT sequences in a series of papers
[36, 45, 46, 47, 48] was exploited in [34, 35, 37] to devise and analyze optimal and robust
multigrid solvers for IgA linear systems. In addition to the design and analysis of appropriate
solvers, the spectral distribution of DE discretization matrices is of interest also in itself
whenever the eigenvalues of such matrices represent physical quantities of interest. This is

1A scalar GLT sequence is a GLT sequence in the classical sense of this word, and it is usually referred to as a
GLT sequence without further specifications.
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the case for a broad class of problems arising in engineering and applied sciences, such as
the study of natural vibration frequencies for an elastic material; see the review [57] and the
references therein.

1.3. Key ideas behind the notion of GLT sequences. Following Tilli [80], in this
section we tell the story that led to the birth of LT sequences, that is, the eminent ancestors of
GLT sequences. Special attention is devoted to understanding the reason why it was necessary
to go beyond classical (scalar) LT sequences and introduce the notion of block LT sequences.
Our main purpose here is to illustrate the key ideas behind the notions of LT and block LT
sequences, without entering into technical details. For this reason, the forthcoming discussion
will be quite informal and, in particular, we will not provide justifications to all the assertions
we will make. Precise mathematical definitions and proofs will come only later on in this
work.

As it is known, a Toeplitz matrix is a matrix whose entries are constant along each
diagonal. Matrices with a Toeplitz-related structure arise in many different areas of pure and
applied mathematics whenever one deals with a problem that has some kind of translation
invariance. For example, they are encountered

when dealing with Markov chains [15, 29, 63], subdivision algorithms [65], Riccati
equations [14], reconstruction of signals with missing data [32], inpainting problems [26],
and, of course, numerical discretizations of constant-coefficient DEs; see [50, 51] and the
references therein. Any function f € L!([—m, n1]) generates a sequence of Toeplitz matrices
T (f) = [fi—j]} j=1 viaits Fourier coefficients

1 i .
fr=— / f(8)e*0dg, keZ.
2 J_,

The asymptotic distribution of the singular values and eigenvalues of T, (f) has been com-
pletely characterized in terms of the generating function f. More specifically, for all continuous
functions F' with bounded support we have

1 « 1 [7
(11) dm 3 S F ) = 5 [ R
if f is real, we also have

1 — 1 (7
(1.2) lim g;F(AZ—(Tnm)): or | F(F @),

Equations (1.1)—(1.2) are usually referred to as the Szegd formulas for Toeplitz matrices; see
[50, Section 6.5] for their proof.
Now, consider the simple model problem

(1.3)

The discretization of this problem through any reasonable finite difference scheme over a
uniform grid of n points leads to the solution of a linear system whose matrix is Toeplitz
or “almost” Toeplitz. For example, in the case of the classical 3-point difference scheme
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(—1,2, —1), the resulting discretization matrix is

(1.4) T.(f) = , f(0) =2 —2cosb.

What is relevant to our purpose, however, is that the Toeplitz structure of the resulting matrices
is a direct consequence of the translation invariance of the differential operator in (1.3),
i.e., the second derivative. Note that the translation invariance is clear from the equation
u(x 4+ 7) = (u(x + 7))".

Since differential operators are translation-invariant only when they have constant co-
efficients, it is not reasonable to expect a Toeplitz structure in a matrix which discretizes a
differential operator with nonconstant coefficients. Consider, for instance, the Sturm-Liouville
problem

(1.5) { *(a(fi)ul(ﬂf))' =g(z), O0<az<l,

The generalized version of the (—1,2, —1) scheme leads to the matrix

[a1 +as —a3
2 2 2
—as3 as +as —as
2 2 2 2
(1.6) An = —Clg K K )
—a,_1
! TOn-g O Oy
where a; = a(ﬁ_l), 1= %, %, e JH-%. Observe that the matrix (1.6) reduces to the Toeplitz

matrix (1.4) if a(z) = 1, that is, when the differential operator has constant coefficients. It
is clear, however, that A,, is not Toeplitz if a(x) is not constant. Nevertheless, the singular
values and eigenvalues of A,, are nicely distributed, according to

(1.7) Jim lznjp(a-(A ) = 1/1 " F(a(@)£(0))dods
’ n—oo 1 £ e o 0o J_x
and
n 1 s
(8) Jm S FOa) =g [ [ Faws@)as,

where f(0) = 2 — 2 cos @ as in (1.4); for the proof of these formulas, see [50, Section 10.5.1].
Observe that, if a(x) = 1, then the equations (1.7)—(1.8) reduce to the Szeg8 formulas (1.1)—
(1.2) for T,,(f). In view of this, equations (1.7)—(1.8) can be thought of as weighted Szegs
formulas with a(z) as weight function. If we examine the asymptotic formulas (1.7)—(1.8)
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in more detail, then we see that the distribution of the singular values and eigenvalues is
completely determined by two independent functions, namely a(z) and f(¢). The former
comes from the differential problem (1.5), while the latter depends only on the finite difference
scheme adopted to discretize the problem (in our case, this is the generalized version of the 3-
point scheme (—1,2, —1)). It is natural to ask what happens if a different scheme (for example,
a 5-point scheme) is used to discretize problem (1.5): are the singular values and eigenvalues
of the resulting matrices still nicely distributed, maybe according to some weighted Szegd
formulas like in equations (1.7)—(1.8)? The answer, quite general, is affirmative (see [50,
Section 10.5.2] for a discussion of this topic). Going back to (1.6), the sequence of matrices
{A,}» turns out to be much more structured than it might be expected: it is what we call
a locally Toeplitz sequence (more precisely, it is locally Toeplitz with respect to the weight
function a(z) and the generating function f(#)). In order to justify our terminology, we can
intuitively argue as follows. A matrix [, j]? j=1 has Toeplitz structure if ;11 j41 = o j or,
equivalently, if its entries are constant along the diagonals. Consider one of the above matrices
A, for a large value of n (large, say, with respect to the derivative of a(z)). If, from any
entry of A,,, we shift downwards by one position along the same diagonal, then the new entry
differs from the old one by a quantity which tends to zero as n tends to infinity (the difference
is O(1/n) if, for example, a(z) is Lipschitz continuous over [0, 1]). Now consider any given
diagonal of A,, (the main diagonal, for instance). For large n, the first element is close to
2a(0), while the last one is close to 2a(1) (and hence A,, is not Toeplitz if a(0) # a(1)).
Nevertheless, the transition from 2 a(0) to 2 a(1) along the diagonal is more and more gradual
as n increases and, in a sense, we can say that the transition is continuous in the limit (just as
the function 2 a(x)). As a consequence, when n is very large with respect to k, any principal
submatrix of A,, made of k consecutive rows and columns possesses a sort of approximate
Toeplitz structure.

Another distinguished example of a locally Toeplitz sequence (quite similar to the above
but simpler to handle) is given by the sequence of matrices { B, }.,, where

[2a(z1) —a(xy)

—a(z2) 2a(ze) —a(ze)

—a(Tn-1) 2a(Tn-1) —a(Tn-1)
—a(zy,) 2a(xy,) |

= D, (a)T,,(2 — 2cosb),

and D, (a) is the diagonal sampling matrix containing the samples of the function a(x) over
the uniform grid z; = >, i =1,...,n,
a(x1)

Da(a)= diag a(w:) = )

i=1,...,n
a(xy)

Looking at a relatively small submatrix of B,, (according to a “local” perspective), one easily
recognizes an approximate Toeplitz structure weighted through the function a(z). For instance,
the 2 x 2 leading principal submatrix

[ 2a(xy) —a(a:l)}

—a(xa) 2a(xs)
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is approximately equal to

a@ﬁ[_? _;}:a@QTﬂ2—2am®

because the difference between these two matrices goes to 0 in the spectral norm as n — oo.
Similarly, if C| s is a submatrix of size | /7| obtained as the intersection of [ /7] consecu-
tive rows apd columns of B,,, Fheq Clym) & a(xi)TL\/@ (2 — 2cos0), where a(x;) is any of
the evaluations of a(x) appearing in C |v/n)- More precisely, one can prove that

where the error F| /| tends to zero in the spectral norm as n — oo (the norm ||E| || is
proportional to the modulus of continuity of a evaluated at [/n|/n). The latter assertion
remains true if [/n] is replaced by any other integer k,, such that k,, = o(n). In other words,
if we explore “locally” the matrix B,, using an ideal microscope and considering a large value
of n, then we realize that the “local” structure of B,, is approximately the Toeplitz structure
generated by 2 — 2 cos 6 and weighted through the function a(x).

So far, we have only discussed classical (i.e., scalar) locally Toeplitz sequences, whose
asymptotic singular value and eigenvalue distributions are naturally characterized in terms of
scalar functions such as a(z) f () in (1.7) and (1.8). The remainder of this section is devoted
to understanding how block locally Toeplitz sequences enter the scene.

As it is known, an s-block Toeplitz matrix (or simply a block Toeplitz matrix if s
is clear from the context) is a matrix whose “entries” are constant along each diagonal
with the only difference with respect to traditional Toeplitz matrices being the fact that
these “entries” are s X s matrices (blocks). Any function f : [—m, 7] — C*** with entries
fij € L'([—m,7]) generates a sequence of s-block Toeplitz matrices T, (f) = [fi—;]f';—, via
its Fourier coefficients

_ i " —ik6
fo=g | FOC*d0,  kez

—T

(the integrals are computed componentwise). The asymptotic distribution of the singular
values and eigenvalues of T}, (f) has been completely characterized in terms of the generating
function f. More specifically, for all continuous functions F' with bounded support, we have

L [T T FE0)

)

(1.9) m1%§:ﬂmﬂuﬁn

n—oo d, 7 2w —r S

if f(0) is Hermitian for every 6, we also have

_ 1 [T EL FAO))

- )
27 J_, S

1 &
(1.10) Jim - Z; F(N(Tu(f)))
where d,, = ns is the size of T, (f). Equations (1.9)—(1.10) are usually referred to as the
Szegd formulas for block Toeplitz matrices; see [80] for their proof.

Now, consider the classical Lagrangian p-degree finite element discretization of the
translation-invariant problem (1.3) on a uniform mesh in [0, 1] with stepsize % If p =1, then
the resulting discretization matrix is again a scalar Toeplitz matrix, namely T;,_1(2 — 2 cos §).
If p > 2, then the situation changes. For instance, for p = 2, the resulting discretization matrix
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is given by’
1.11)
Ko KT
K, Ky, K{
K, Ky, Kt
K Ko
This is a 2 x 2 block Toeplitz matrix deprived of its last row and column. More specifically,
K1) = To(fP)-,

where

: e 1 16 —8 — 8¢l?
2] - K K i0 KT 0 _ — .
f (9)— O+ 1€ + 1€ _3 78786710 14+2COS0 :

The eigenvalues and singular values of the sequence { K 2 (1)}, are distributed as those of
{T,,(f?1)},, according to equations (1.9)~(1.10) with f = f[?l and s = 2. For p > 2, the
situation is completely analogous: the resulting discretization matrix Ky[f ) (1) is a p-block
Toeplitz matrix T, (f*!) deprived of its last row and column, and the eigenvalues and singular
values of {KT[LP ) (1)},, are distributed as those of {T},(f")},, according to equations (1.9)—
(1.10) with f = flPl and s = p.

Let us now consider the same Lagrangian p-degree finite element discretization as before
but applied this time to the variable-coefficient problem (1.5). For p = 2, the resulting
discretization matrix is given by

[a(5)Ko a(;) KT |
a(2)K1 a(2)Ko a(2)K{
a())E1  a(})Ko a(p)KT

KP(a) ~

= (i_diag a(%)Ig)iKLQ](U = (Dn(afz)Tn(fm))J

Dy(als) = diag a(i)IQ:

i=1,...,n n

The sequence of matrices
LiJ(a) = Dy(als) Ty (f2)

2In what follows, we use the notation X _ to indicate the matrix X deprived of its last row and column.
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is an emblematic example of a block locally Toeplitz sequence. The singular values and
eigenvalues of LE ] (a), exactly as those of K| 7[12] (a), are nicely distributed according to

L& LT Floua(z) fR(0)))

nhﬁn;o i 2 F(oi(H,)) = 727r/0 [ﬂ 1 . dédz
and

o1& Lot Ty F((a(z) £21(9)))

where H,, is either LE](a) or K2 (a) and d,, is either 2n or 2n — 1 depending on H.,.
Considerations analogous to those reported above concerning the local (block) Toeplitz
structure of LLQ ] (a) apply to this case as well. In particular, if we explore “locally” the matrix
Lg ] (a) using an ideal microscope and considering a large value of n, then we realize that the
“local” structure of LI (a) is approximately the block Toeplitz structure generated by f[?(6)
and weighted through the function a(x). The case p > 2 is completely analogous to the case
p = 2 discussed here. We will come back to higher-order finite element discretizations of (1.5)
in Section 6.2.

1.4. Contributions and structure of the present work. In the very recent works [55,
56], starting from the original intuition in [76, Section 3.3], the block version of the theory of
GLT sequences—also known as the theory of block GLT sequences—has been developed in
a systematic way as an extension of the theory of (scalar) GLT sequences [50, 51]. Such an
extension is of the utmost importance in practical applications. In particular, it provides the
necessary tools for computing the spectral distribution of block structured matrices arising
from the discretization of systems of DEs [76, Section 3.3] and from the higher-order FE
or discontinuous Galerkin (DG) approximation of scalar/vectorial DEs; see Section 1.3 and
[11, 43, 54, 57]. A few applications of the theory of block GLT sequences developed in
[55, 56] have been presented in [49, 52].

It was soon noticed, however, that the theory of block GLT sequences in [55, 56] is not the
most convenient extension of the theory of GLT sequences in [50, 51]. Indeed, the presentation
in [55, 56] is unnecessarily complicated and, moreover, it is also incomplete because several
results from [50, 51] have been ignored. In addition, many important theoretical advances
obtained in recent works [3, 4, 5, 6, 7, 8] have not been generalized to the block case. The
purpose of the present work is twofold.

o Firstly, we review, refine, and considerably extend the papers [55, 56] by presenting in
a systematic way the most convenient and complete version of the theory of block GLT
sequences, that is, the correct generalization to the block case of the theory of GLT sequences
covered in [50, 51]. We also extend to the block case several important results from
[3.4,5, 6,7, 8], which allow us to both simplify the presentation and make it more elegant
with respect to all previous works [50, 51, 55, 56, 75, 76].

e Secondly, we present several emblematic applications of the theory of block GLT sequences
in the context of DE discretizations, including (but not limited to) those already addressed
in [49, 52].

The present work is structured as a long research article in book form. Chapter 2 collects the

necessary preliminaries. Chapters 3 and 4 cover the theory of block GLT sequences, which is

finally summarized in Chapter 5. Chapter 6 is devoted to applications.
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2. Mathematical background. This chapter collects the necessary preliminaries for
developing the theory of block GLT sequences.

2.1. Notation and terminology.

e O,, and I,,, denote, respectively, the m x m zero matrix and the m x m identity matrix.
Sometimes, when the size m can be inferred from the context, O and I are used instead of
O, and I,,,. The symbol O is also used to indicate rectangular zero matrices whose sizes
are clear from the context.

e Forevery s € Nandevery o, 5 =1,..., s, we denote by ESﬁ) the s X s matrix having 1 in
position («, 8) and 0 elsewhere.

e Forevery s,n € N, we denote by II,, s the permutation matrix given by

Is & ef
I, ®el n
Hn,s: . :Zek®-[s®e£,
: k=1
I, ®el
where ® denotes the tensor (Kronecker) product (see Section 2.2.2) and ey, ..., e, are

the vectors of the canonical basis of C”. For every s, 7, n € N, we define the permutation
matrix

(21) Hn7s7r = Hn,s & Ir~

e The eigenvalues and the singular values of a matrix X € C™>*™ are denoted by \;(X),
j=1,...,m,and 0;(X), j = 1,...,m, respectively. The maximum and minimum
singular values of X are also denoted by o ax (X ) and opmin (X)), respectively. The spectrum
of X is denoted by A(X).

e If 1 < p < o0, the symbol | - |, denotes both the p-norm of vectors and the associated
operator norm for matrices:

1 .
|X| _ (2211 |$i|p) /I)’ lf 1 S p < 0, X € Cm
2 . )
maxi—1,.. m ||, if p= o0,
X
| X |, = max | X|p, X eCcmxm,
xx%%" IxIp

The 2-norm | - |5 is also known as the spectral (or Euclidean) norm; it will be preferably
denoted by || - |-

e Given X € C™*™ and 1 < p < oo, || X||, denotes the Schatten p-norm of X, which is
defined as the p-norm of the vector (o1(X),...,0m(X)). The Schatten 1-norm is also
called the trace-norm. The Schatten 2-norm || X ||2 coincides with the classical Frobenius
norm (3-;"_ |2 |2)1/2. The Schatten co-norm || X || oo = Gmax (X)) is the classical 2-norm
| X ||. For more on Schatten p-norms, see [13].

e R(X) and (X)) are, respectively, the real and imaginary parts of the (square) matrix X,
ie., R(X) = # and 3(X) = XEiX* , where X* is the conjugate transpose of X and i
is the imaginary unit.

o If X € C™*™ we denote by X T the Moore-Penrose pseudoinverse of X.

e C.(C) (resp., C.(R)) is the space of complex-valued continuous functions defined on C

(resp., R) and with bounded support.
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If z € Cand € > 0, we denote by D(z,¢) the open disk with center z and radius ¢, i.e.,
D(zye) ={w € C: |lw—2z| <e}. If S C Cande > 0, we denote by D(5,¢) the
g-expansion of S, which is defined as D(S,¢) = (J, g D(z,€).

e Y is the characteristic (indicator) function of the set F.

e A concave bounded continuous function ¢ : [0,00) — [0, 00) such that ¢(0) = 0 and
© > 0on (0,00) is referred to as a gauge function. It can be shown that any gauge function
¢ is non-decreasing and subadditive, i.e., o(x + y) < p(x) + ¢(y) for all z,y € [0, 00);
see, e.g., [50, Exercise 2.4].

If g : D — C is continuous over D, with D C C* for some k, we denote by wg(~) the
modulus of continuity of g,

wy(6) = sup_ lg(x) —g(¥)l, §>0.
xX,y&€
‘x_;"‘oogé

A matrix-valued function a : [0,1] — C"*" is said to be Riemann-integrable if its com-
ponents aqs : [0,1] = C, o, 8 = 1,...,r, are Riemann-integrable. We remark that a
complex-valued function g is Riemann-integrable when its real and imaginary parts R(g)
and $(g) are Riemann-integrable in the classical sense.

1. denotes the Lebesgue measure in R*. Throughout this work, unless stated otherwise, all
the terminology from measure theory (such as “measurable set”, “measurable function”,
“a.e.”, etc.) is always referred to the Lebesgue measure.

Let D CR* letr > 1,and 1 < p < co. A matrix-valued function f : D — C"*" is said
to be measurable (resp., continuous, a.e. continuous, bounded, in L? (D), in C*° (D), etc.)
if its components f,g : D — C, o, 8 = 1,...,r, are measurable (resp., continuous, a.e.
continuous, bounded, in L? (D), in C*° (D), etc.). The space of functions f : D — C"*"
belonging to L? (D) will be denoted by LP (D, r) in order to emphasize the dependence
on r. For the space of scalar functions LP(D, 1), we will preferably use the traditional
simpler notation L? (D).

Let f,,, f : D C RF — C"*" be measurable. We say that f,, converges to f in measure
(resp., a.e., in LP(D), etc.) if (f,n)ap converges to fo s in measure (resp., a.e., in L (D),
etc.)foralla,5=1,...,7.

If D is any measurable subset of some R* and r € N, we set

93”(%) ={f:D — C™": fismeasurable}.

If D = [0,1] x [—7, 7], we preferably use the notation 90t(") instead of ng):

M) = {k:[0,1] x [-7,7] = C™" : & is measurable}.

We use a notation borrowed from probability theory to indicate sets. For example, if
f,g : D CRE — C™7, then {omax(f) > 0} = {x € D : omax(f(x)) > 0},
ur{|lf — gll > €} is the measure of the set {x € D : || f(x) — g(x)|| > €}, etc.

A function of the form f(0) = >75__, f; e with f_,,..., f, € C"™*" is said to be a
(r x r matrix-valued) trigonometric polynomial. If f_, # O, or f, # O, then the number
q is referred to as the degree of f.

A sequence of matrices is a sequence of the form {A,,},,, where A,, is a square matrix of
size d,, such that d,, — oo as n — oo.

Given s € N, an s-block matrix-sequence is a special sequence of matrices of the form

{A,}n, where A, is a square matrix of size d,, = sn.
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2.2. Preliminaries on matrix analysis.

2.2.1. Matrix norms. For the reader’s convenience, we report in this section some
matrix-norm inequalities that we shall use throughout this work. Given a matrix X € C™*™,
important bounds for the 2-norm || X|| in terms of the components of X are the following [50,
pp- 29-30]:

22 |zl < IX|,  dji=1,...,m, X eC™™
(2.3) IXN < VX[ X oo < max(|X[1,[X]oo) < D |2gl, X eC™™,

ij=1
Since || X || = omax(X) and rank(X) is the number of nonzero singular values of X, we have

IXI < X1l < rank(X)|X ]| < ml|X[, X €T,

Another important trace-norm inequality is the following [50, p. 33]:

m
XN <> Jwigl, X ecCmm,

ij=1

The last inequality provides a bound for the Frobenius norm in terms of the spectral norm and
the trace-norm:
2.4)

m m

1X N2 = | D 0i(X)* <\ | omax(X) D 0u(X) = VIXTIX[, X eCmem.
i=1 i=1

2.2.2. Tensor products and direct sums. If X, Y are matrices of any dimension, say
X € Cmixm2 gnd Y e Ch>% | then the tensor (Kronecker) product of X and Y is the
mily X moly matrix defined by

1Y o Tim,Y
XY = [IUY] i=1,....,m1 — ’

j:l ..... mo
L, 1Y tee xmﬂngY

and the direct sum of X and Y is the (mq + £1) X (mz + £2) matrix defined by
X @Y =diag(X,Y) = [g )(2] .

Tensor products and direct sums possess a lot of nice algebraic properties.
(i) Associativity: for all matrices X,Y, Z,

(XoY)®Z=X® (Y ® Z),
XaYV)eZ=Xa (Y aZ2).

(ii) If Xq, X2 can be multiplied and Y7, Y5 can be multiplied, then

(X1 0 Y7)(X2 @ Ys) = (X1X2) ® (Y1Y2),
(Xl SV Yl)(XZ S7] Yﬁ) - (Xle) ) (Y1Y2)
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(iii) For all matrices X,Y,

(XQY) =X*®Y", XoV)=xTeyT
(XeY) =X*oY™, Xo)'=XxTov?.

(iv) Bilinearity (of tensor products): for each fixed matrix X, the application
Y—=XQ®Y
is linear on C%***2 for all /1, ¢ € N; for each fixed matrix Y, the application
X—XQY

is linear on C™**™2 for all m1, mo € N.
From (i)—(iv), a lot of other properties follow. For example, if v is a column vector and X, Y
are matrices that can be multiplied, then (v X)Y = (v X)([1]®Y) =ve(XY). If X,Y
are invertible, then X ® Y is invertible with inverse X ' ® Y 1. If X, Y are normal (resp.,
Hermitian, symmetric, unitary), then X ® Y is also normal (resp., Hermitian, symmetric,
unitary). If X € C™*™ and Y € C**¥, then the eigenvalues and singular values of X ® Y’
are given by

NXN ) i=1,....m, j=1,...,4},
{0:(X)o;(Y):i=1,...,m, j=1,...,4},

and the eigenvalues and singular values of X @ Y are given by

N(X), \j(Y):ri=1,...,m, j=1,...,(},
{oi(X), 0;(Y):i=1,....m, j=1,...,0};

see [50, Exercise 2.5]. In particular, forall X € C™*™, Y € C**¢,and 1 < p < oo, we have

X @Y, =X 1Y ll,
(XN + 1Y I)P, i 1< p < oo,

||X@Y|p—»<||xnp,|Y||p>|p—{maX(HX” R

2.3. Preliminaries on measure and integration theory.

2.3.1. Measurability. The following lemma is derived from the results in [13, Sec-
tion VL.1]. It will be used essentially everywhere in this work, either explicitly or implicitly.

LEMMA 2.1. Let f : D C R*¥ — C"*" be measurable and g : C" — C be continuous
and symmetric in its v arguments, i.e., g(A1,..., ) = g(Ap)s- .-, Ap(ry) for all permu-
tations p of {1,...,r}. Then, the function x — g(A (f(X)),..., A\ (f(X))) is well-defined
(independently of the ordering of the eigenvalues of f(x)) and measurable. As a consequence:
o the function x — g(o1(f(x)),...,0.(f(x))) is measurable;
e the functions x — Y ._, F(\;(f(x))) and x — >_._, F(0:(f(x))) are measurable for

all continuous F' : C — C;

o the function x — || f(x)||,, is measurable for all p € [1, 0.

REMARK 2.2 (Existence of an ordering for the eigenvalues \;(f(x))). Let the function
f: D C RF — C"*" be measurable. In the case where all the eigenvalues of the matrix
f(x) are real for almost every x € D, one can define the eigenvalue function A;(f(x)) as a
measurable function taking the value of the ith largest eigenvalue of f(x). In general, even if
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f is continuous, we are not able to find r continuous functions acting as eigenvalue functions;
see [13, Example VI.1.3]. Thus, a convenient ordering on the eigenvalues A, (f(x)) cannot
be prescribed beforehand. In such cases, A;(f(x)) has not to be intended as a function in x
but as an element of the spectrum A(f(x)) ordered in an arbitrary way. Lemma 2.1 is then
important as it allows us to work with the spectrum as a whole, without having to specify which
ordering we are imposing on the eigenvalues \;(f(x)). In what follows, when we talk about
the ith eigenvalue function \;(f(x)), we are implicitly assuming that this function exists as a
measurable function; more precisely, we are assuming that there exist » measurable functions
Xi(f(x)),i=1,...,r,from D to C such that, for each fixed x € D, the eigenvalues of f(x)

are given by A1 (f(x)),..., A (f(x)).

2.3.2. Essential range of matrix-valued functions. If f : D C R*¥ — C"™" isa
measurable matrix-valued function, then the essential range of f is denoted by ER(f) and is
defined as follows:

ER(f)={z€C: wm{3je{l,....,r}: X\;j(f) € D(z,¢)} >0 foralle > 0}

={ze€C: pp{minj—1, ,|A;(f) — 2] <e} >0 foralle > 0}.
Note that ER(f) is well-defined because the function x +— min;j—;
measurable by Lemma 2.1. In the case where the eigenvalue functions \;(f) : D — C,

j =1,...,r, are measurable, we have
ER(f) = |J ERON ()
=1

LEMMA 2.3. Let f : D C R* — C"*" be measurable. Then ER(f) is closed and
A(f) CER(S) ae.

Proof. We show that the complement of ER(f) is open. If z € C\ER(f), then
pe{37 € {1,...,7} : Aj(f) € D(2,6)} = 0 for some ¢ > 0. Each point w € D(z,¢)
has a neighborhood D(w, §) such that D(w,d) C D(z,¢), and consequently it follows that
we{dj € {1,...,7} = Ni(f) € D(w,8)} = 0. We conclude that D(z,¢) C C\ER(f),
hence C\ER(f) is open.

To prove that A(f) C ER(f) ae., let

B:{D(q,;); g=a+ib, abeQ, meN}.

B is a topological basis of C, i.e., for each open set U C C and each u € U, there exists
an element of B which contains u and is contained in U. Since C\ER(f) is open and every
z € C\ER(f) has a neighborhood D(z, ) such that

wef3j e {1,...r}  \(f) € D(z,e)} =0

(by definition of ER(f)), for each z € C\ER(f) there exists an element of B, say
D, = D(q., i)’ such that z € D, C C\ER(f) and

/Lk{zl‘] € {L"'ar} : /\J(f) GDZ}:O'
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Let C be the subset of B givenby C = {D, : z € C\ER(f)}. Since B is countable, C is
countable as well, say C = {C;: £ =1,2,...}, and we have

AN ZERMN = U Bie{l..ork: () =2}
z€C\ER(S)
c U {Eie{t..r}:M(hHeD)
z€C\ER(S)
=JEief{t,....r}: M) € Gl
(=1

which completes the proof because the last set is a countable union of sets having zero measure,
and so it has zero measure as well. a

2.3.3. LP-norms of matrix-valued functions. Let D be any measurable subset of some
RF,letr > 1, and let 1 < p < oco. For any measurable function f : D — C"*" we define

1/p .
1120 = { (o 1FGOg) 7, it 1< p <o,
esssup,cpllf(x)][, if p=oc.
Note that this definition is well-posed by Lemma 2.1. In the case where r = 1, it reduces to

the classical definition of LP-norms for scalar functions. As highlighted in [38, p. 164], for
every p € [1, o], there exist constants A,, B, > 0 such that, for all f € LP(D,r),

r
Al flEs < D7 apllhe < Byl £I17ss if 1 <p<oo,
a,B=1
Al fllLe < max  |[fagllLe < BoollfllL=,  if p=o0.
a,B=1,...,r

This means that LP(D,r), which we have defined in Section 2.1 as the set of functions
f: D — C"7 such that each component f, g belongs to LP(D), can also be defined as the
set of measurable functions f : D — C"*" such that || f||» < co. Moreover, if we identify
two functions f,g € LP(D,r) whenever f(x) = g(x) for almost every x € D, then the
map f — ||f||z» is @ norm on LP(D,r), which induces on L?(D,r) the componentwise
LP convergence, that is, f,, — f in LP(D,r) according to the norm || - || » if and only if
(fm)ap = fapin LP(D) foralla, S =1,...,7.

2.3.4. Convergence in measure and the topology Tieasuree The convergence in mea-
sure plays a central role in the theory of block GLT sequences. A basic lemma about this
convergence is reported below [16, Corollary 2.2.6].

LEMMA 2.4. Let fr, Gm, f,g : D C R*¥ — C™*" be measurable functions.

o If fr, — [ in measure and g, — g in measure, then o fp, + g, — af + B¢ in measure
forall o, 5 € C.

o If fon — [ in measure, g,, — g in measure, and ui(D) < oo, then fp,gm — fg in
measure.

Let ¢ : [0,00) — [0,00) be a gauge function, let D C RF be a measurable set with
0 < pr(D) < oo, and let

Smg) ={f:D — C"™": fismeasurable}.
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Suppose first that 7 = 1. If we define

_ 1 (1)
prﬁeasure(f) - Mk(D) /Dcp(|f‘)7 f € DjtD ’

1
drﬁeasure(f7 g) = prfleasure(f - g), f?g € mgj)v

then dfeasure is a complete pseudometric on zmg) such that a sequence {f,}m C img)
converges to f € Dﬁg) according to dieasure if and only if f,,, — f in measure. In particular,
dicasure(f, g) = 0if and only if f — g in measure, that is, if and only if f = g a.e. The
topology induced on ,‘Jﬁg) by dfeasure 18 the same for all gauge functions ¢; it is denoted by

Tmeasure and 1is referred to as the topology of convergence in measure on SJI(DU.
Suppose now that r > 1. If we define

ﬁrﬁeasure(f) = ﬁmax pmeasure(foé,@’) f € gﬁ(r)

drﬁeasure(fv g) = pmeasure(f - g)7 fa g€ m(DT)v

then ciﬁfleasure is a complete pseudometric on Emg) such that a sequence {fm}m C smﬁ?
converges to f € smg‘) according to d;ﬁeasure if and only if f,,, — f in measure. In particular,
cfﬁﬁeasure(f, g) = 0if and only if f — ¢ in measure, that is, if and only if f = g a.e. The
topology induced on im(DT) by df casure is the same for all gauge functions ¢; it is denoted by
Tmeasure and is referred to as the topology of convergence in measure on sm(D”.

Now, let
/ D i1 ‘P(O'i(f))7 Femd),
D T

drﬁeasure(f, g) = prfleasure(f - 9)7 f7 g€ 9jt(DT)

By using the Rotfel’d theorem [13, Theorem IV.2.14], it is not difficult to see that dicasure iS
another pseudometric on zmg% which is also metrically equivalent to czrﬁeasure. Indeed, taking
into account that || f|| = omax(f), by (2.2), (2.3), the subadditivity and the monotonicity of ¢,

we have

©
Pmeasure

N 1
Drneasure (f)= max pmea%ure (f 0[3) max /D o(If af )

apiX adndX (D)
<755 || A1) <t

el §) = o [ T PO ] o
</ (aﬁzlmm) (D) Jp 32 i)
<r?  max | Prreasure(fag) =7 *Direasure (f)-

a,f=1,.

In particular, dieasure induces on E)ﬁg) the topology Tieasure Of convergence in measure and it

is complete on Sﬁg), just as (f,fleasure. Throughout this work, we will use the notations

xT

— ¥ —Jv —
Pmeasure = Pmeasures dmeasure - dmeasure? ’ll)(il') -
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LEMMA 2.5. Let g,,, g : D C R¥ — C"*" be measurable functions defined on a set D
with 0 < (D) < oo. If

2.5) lim — )/ 251 F(0(9m = 9)) = F(0), VFeCO.(R),

m—oo (D r

then g,, — g in measure.
Proof. Suppose by contradiction that g,, /> ¢ in measure. Then, there exist £, > 0 and
a subsequence { g, }:; such that, for all 4,

prdllgm, —gll > €} > 0.

Take a real function F' € C.(R) such that F(0) = 1 = maxycr F(y) and F(y) =
0over {y € R : |yl > €}. By the previous inequality and taking into account that
lgm; — 9]l = Omax(gm, — g), for all i, we have

1 > e F(oi(gm, — 9))
k(D) /D

r

1 / T T
B F(oyom — o)+ [ F(,(gm, — 9))
T4k(D) | Sllgm, ~gll<e) ; ’ {lgm; —gllze} ; ’

o |/, J
< —= T+ (r—1)
rix(D) [ Ugm—gl<e}  J{llgm;—gl>e} ]

Tik{llgm, — gl <e} + (r = Duedllgm, — gl > €}

<
B r k(D)
mi > (5
:1_/“0{”9 i g”_g} SF(O)— ,
r k(D) r k(D)
which is a contradiction to (2.5). O

REMARK 2.6. Let f : D — C"*" be a measurable function defined on a set D C R*
with 0 < (D) < oo, and assume that

LS o)
M(D)/D - —F(0), VFeCu(R).

Then f = O, a.e. Indeed, by Lemma 2.5, the previous equation implies that f — O, in
measure, i.e., f = O, a.e.

2.3.5. Riemann-integrable functions. A function a : [0, 1] — C is said to be Riemann-
integrable if its real and imaginary parts %(a), S(a) : [0,1] — R are Riemann-integrable in
the classical sense. Recall that any Riemann-integrable function is bounded by definition. A
matrix-valued function a : [0, 1] — C"*" is said to be Riemann-integrable if its components
aeg ¢ [0,1] = C, a, 8 = 1,...,r, are Riemann-integrable. We report below a list of
properties possessed by Riemann-integrable functions that will be used in this work, either
explicitly or implicitly.

e If a,5 € Cand a,b : [0,1] — C are Riemann-integrable, then «a + £b is Riemann-
integrable.

e Ifa,b: [0,1] — C are Riemann-integrable, then ab is Riemann-integrable.

e Ifa :[0,1] — Cis Riemann-integrable and ' : C— C is continuous, then F'(a) : [0,1]— C
is Riemann-integrable.
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e Ifa: [0,1] — C is Riemann-integrable, then a belongs to L>°([0, 1]) and its Lebesgue and
Riemann integrals over [0, 1] coincide.

e Ifa: [0,1] — Cis bounded, then a is Riemann-integrable if and only if a is continuous a.e.
Note that the last two properties imply the first three. The proof of the second-to-last property
can be found in [69, pp. 73-74] or [16, Theorem 2.10.1]. The last property is Lebesgue’s
characterization theorem of Riemann-integrable functions [69, p. 104]. A further property of
Riemann-integrable functions that will be used in this work is reported in the next lemma [50,
Lemma 2.9].

LEMMA 2.7. Let a : [0,1] — R be Riemann-integrable. For eachn € N, consider the
partition of (0, 1] given by the intervals

1
Ii,n(z 7Z:|a i:l,...,n,
n n

and let

Qi € [ inf a(z), sup a(x)}, i=1,...,n.
€l n z€l;

Then

n ) ) 1 n 1
Z UinX1,, — 0 ae inf0,1], nhﬁn;o - ; Qi = A a(x)dx.

i=1
2.4. Singular value and eigenvalue distribution of a sequence of matrices.

2.4.1. The notion of singular value and eigenvalue distribution. We here introduce
the fundamental definitions of singular value and eigenvalue (or spectral) distribution for a
given sequence of matrices.
DEFINITION 2.8 (Singular value and eigenvalue distribution of a sequence of matrices).
Let { A, },, be a sequence of matrices with A,, of size dy,, and let f : D C R — C™*" be a
measurable matrix-valued function defined on a set D with 0 < pu(D) < oc.
o We say that { A, },, has a (asymptotic) singular value distribution described by f, and we
write {Aptn ~o [, if
LN L[ i Fedfx)
(2.6)  lim i ; F(o;(Ay)) D) /D - dx, VF e C.(R).

In this case, the function f is referred to as the singular value symbol of { A, }n.
o We say that { A, }n, has an (asymptotic) eigenvalue (or spectral) distribution described by f,
and we write {Ap}n ~a f, if

dn r ) <
2.7 lim iZF(Aj(An)) _ ung) /D Di1 F(j\z(f( )))dx7 VF € C.(C).

n—oo d,, 4
j=1

In this case, the function f is referred to as the eigenvalue (or spectral) symbol of { A }n.
Note that Definition 2.8 is well-posed by Lemma 2.1, which ensures that the functions
x> F(oi(f(x))) and x — Y. F(X\;(f(x))) are measurable. In this work, when-
ever we write a relation such as { A, },, ~, f or {A,}, ~ f,itis understood that f is as in
Definition 2.8, that is, f is a measurable function taking values in C"*" for some » > 1 and
defined on a subset D of some R¥ with 0 < p,(D) < oo.
REMARK 2.9 (Informal meaning of the singular value and eigenvalue distribution). The
informal meaning behind the spectral distribution (2.7) is the following: assuming that f
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possesses r a.e. continuous eigenvalue functions A;(f(x)), ¢ = 1,...,r, then the eigenvalues
of A,,, except possibly for o(d,,) outliers, can be subdivided into r different subsets of
approximately the same cardinality, and, for n large enough, the eigenvalues belonging to
the ith subset are approximately equal to the samples of the ith eigenvalue function A; (f(x))
over a uniform grid in the domain D. For instance, if £ = 1, d,, = nr, and D = [a, ], then,
assuming we have no outliers, the eigenvalues of A,, are approximately equal to

)\i(f(a—i—jb;a)), j=1,...n, di=1,...,r

for n large enough. Similarly, if k = 2, d,, = n?r, and D = [ay, b1] X [az, b2], then, assuming
we have no outliers, the eigenvalues of A,, are approximately equal to

/\Z-(f(al I Sl AP ). dn=leon i=l.n
n n
for n large enough; and so on for £ > 3. A completely analogous meaning can also be given
for the singular value distribution (2.6).
REMARK 2.10 (Rearrangement). Let D = [a1,b1] X --- X [ag,br] C R¥, and let
f: D — C"*" be a measurable function possessing r real-valued a.e. continuous eigenvalue
functions A\;(f(x)), i =1,...,r. Compute for each p € N the uniform samples

by — ag,

. bi—a . . . .
Ai(f(al—'—Jl lp 17"'7ak+]k ))7 Jla"'a]k:la"'7p7 z:la"'7{r7

sort them in non-decreasing order, and put them into a vector (¢1,62,...,5.,%). Let
¢, : [0,1] — R be the piecewise linear non-decreasing function that interpolates the samples
(So = S1,61,52, - - -, Sy ) OVer the nodes (0, #, %, 1), e,
i . k
¢P<W>:gi7 ZZOa"'arpa
. t 1+1 .
¢, linear on [k, k}, z:O,...,rpk—l.
rpf’ rp

When p — oo, the function ¢, converges a.e. to a function ¢, which is non-decreasing on
(0, 1) and satisfies

' _ 1L P )
(2.8) /OF(qﬁ(t))dt_uk(D)/D L . dx, VF e C.(C).

The proof of this result is omitted because it is rather technical; it involves arguments from
[50, solution of Exercise 3.1] and [6]. The function ¢ is referred to as the canonical rearranged
version of f. What is interesting about ¢ is that, by (2.8), if {A,, }, ~x f,then {A,},, ~»x &,
i.e., if f is a spectral symbol of { A, },, then the same is true for ¢. Moreover, ¢ is a univariate
non-decreasing scalar function, and hence it is much easier to handle than f. According to
Remark 2.9, if we have {4,,},, ~» f (and hence also { A, },, ~x ¢), then, for n large enough,
the eigenvalues of A,,, with the possible exception of o(d,,) outliers, are approximately equal
to the samples of ¢ over a uniform grid in [0, 1]. Precise error estimates as well as an analysis
under suitable assumptions may be produced by following [19] and the references therein,
possibly also considering the numerics in [44].

REMARK 2.11 (Canonical rearranged version and quantile function). The canonical
rearranged version ¢, under the different name of quantile function, was carefully consid-
ered in [17, 18]. In a less systematic way, the same notion was introduced in [33], when
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dealing with the spectral analysis of preconditioning strategies for large Toeplitz linear sys-
tems. According to the generalization presented in [18], consider the probability space
(Q,F,P),where Q = D x {1,2,...,r} and P is the uniform probability over {2 defined as
the product of the normalized Lebesgue measure on D and the normalized counting measure on
{1,2,...,r}. If we define the F-measurable function (random variable) X : 2 — R by setting
X (x,1) = A\i(f(x)), then ¢ coincides a.e. with the quantile function associated with X, i.e.,
Qx(p) =inf{v eR: P(X <v) > p}.

2.4.2. Clustering and attraction. In what follows, if S C C and € > 0, we denote by

D(S, ¢) the e-expansion of S, which is defined as D(S,¢) = [J, g D(2,€).

DEFINITION 2.12 (Clustering of a sequence of matrices). Let { A, },, be a sequence of

matrices with Ay, of size d,,, and let S C C be a nonempty subset of C.

o We say that { A, },, is strongly clustered at S (in the sense of the eigenvalues), or equivalently,
that the eigenvalues of { A, },, are strongly clustered at S, if, for every ¢ > 0, the number
of eigenvalues of A,, lying outside D (S, €) is bounded by a constant C. independent of n;
that is, for every e > 0,

2.9) #{je{1,... d}: N(An) & D(S,e)} = O(1).

o We say that { A, },, is weakly clustered at S (in the sense of the eigenvalues), or equivalently,
that the eigenvalues of { A, },, are weakly clustered at S, if, for every ¢ > 0,

(2.10) £ € {1, da} s N(An) & D(S,€)} = o(dn).

By replacing “eigenvalues” with “singular values” and \;(A,,) with c;(Ay) in (2.9)~(2.10),
we obtain the definitions of a sequence of matrices strongly or weakly clustered at a nonempty
subset of C in the sense of the singular values.

Throughout this work, when we speak of strong/weak cluster, a sequence of matrices
strongly/weakly clustered, etc., without further specifications, it is understood “in the sense of
the eigenvalues”. When the clustering is intended in the sense of the singular values, this is
specified every time.

DEFINITION 2.13 (Spectral attraction). Let { Ay, },, be a sequence of matrices with A,, of
size d,,, and let z € C. We say that z strongly attracts the spectrum A(A,,) with infinite order
if, once we have ordered the eigenvalues of A,, according to their distance from z,

M (An) = 2[ < [A2(4n) — 2] <. < |Ag, (An) — 2],
the following limit relation holds for each fixed j > 1 :
Jim |X;(An) = 2[ = 0.

THEOREM 2.14. If { A} ~» f, then { Ay}, is weakly clustered at the essential range
ER(f) and every point of ER(f) strongly attracts the spectrum A(A,,) with infinite order.

Proof. Denote by D C R¥ and C™*" the domain and codomain of f, respectively, and let
d,, be the size of A,,. Set S = ER(f) and fix € > 0. For any § > 0, let F, 5 be a function in
C¢(C) such that

0<F.;<1 overC,
F.;=1 over SN D(0,1/6),
F.s=0 outside D(5,¢).


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK GLT SEQUENCES: UNIDIMENSIONAL CASE 49

Note that such a function exists by Urysohn’s lemma [71, Lemma 2.12] because SN D(0,1/6)
is a compact set contained in the open set D(S, ¢) (recall that S is closed by Lemma 2.3).
Clearly, we have F; 5 < X p(s,), hence

#{je{l,....dn}: N\j(A,) ¢ D(S,e)}

dn
L #e{l o d}s (A € D(S,)}
d,
1 d'rL 1 n
=1- J;XD(S,E)(AJ(A <1- E;Fs,é

Passing to the limit as n — oo and using the assumption {A, }, ~» f, we obtain
n)

I €{L . dn} s Aj(An) ¢ D(S,e)}

lim sup
n—oo

dn
D1 Fes (N (f (%))
(D / r ax,

for every 6 > 0. To complete the proof that { A, },, is weakly clustered at .S, we show that

2.11) hm/ Y Fe,éﬁ/\j(f(X)))

6—0 D

dx = (D).

Since F s — 1 pointwise over S as § — 0 and A(f) C S a.e. by Lemma 2.3,

Y Fes (N (f(x)))

r

—1 ae.inD.

Hence, (2.11) follows immediately from the dominated convergence theorem.
To show that each point of S strongly attracts A(A,,) with infinite order, fix a point s € S.
For any ¢ > 0, take F. € C.(C) such that 0 < F. < 1 over C, F. = 1 over D(s,¢) and
F. = 0 outside D(s,2¢). Since X p(s,e) < F: < Xp(s,2¢) and {A, }n ~x f, we have
dn

2o

dn
nog 1 / iy FeOy(f(x )))dXZ pef3j € {1,y - N(f) € D(s.e)}
m r k(D)
Passing to the limit as n — oo, we obtain

A E (L)t A(An) € D(s,22))
n—00 d,
_mf3j e {Lr} s M) € D(s,e))
- r k(D) ’
By definition of the essential range, the right-hand side of (2.12) is positive for every € > 0.
This implies that s strongly attracts A(A,,) with infinite order. d
COROLLARY 2.15. If {A,}n ~A [ and A(A,,) is contained in S C C for all n, then
ER(f) is contained in the closure S.
Proof. By Theorem 2.14, each point of ER(f) strongly attracts A(A,,) with infinite order.
If z ¢ S, there exists a disk D(z, ) which does not intersect S. Since A(A,) C S for all n, it
is clear that z cannot attract A(A,,) with infinite order, hence z ¢ ER(f). We conclude that
ER(f)cS. O

(2.12)
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2.4.3. Zero-distributed sequences. A sequence of matrices {Z,, },, with Z,, of size d,,
is said to be zero-distributed if {Z,,},, ~, 0, i.e.,

> F(0j(Z,)) =F(0), VFeC(R).

It is clear that, for any r > 1, {Z,,},, ~, 01is equivalent to {Z,},, ~» O,. Theorem 2.16

provides a characterization of zero-distributed sequences together with a sufficient condition

for detecting such sequences. For the related proof, see [50, Theorems 3.2 and 3.3].
THEOREM 2.16. Let {Z,, },, be a sequence of matrices with Z,, of size d,.

1. {Z.}n ~o Oifand only if Z,, = R,, + N, with nli_}n;@(rank(Rn)/dn) = n11_>1r010 IN,| = o0.

2. {Zn}n ~o Oif there exists p € [1,00) such that nlgrolo(HZan/dn) =0.

2.4.4. Sparsely unbounded and sparsely vanishing sequences of matrices. The no-
tions of sparsely unbounded and sparsely vanishing sequences of matrices play an important
role within the framework of the theory of block GLT sequences.

DEFINITION 2.17 (Sparsely unbounded sequence of matrices). A sequence of matrices
{A,}n with A,, of size d,, is said to be sparsely unbounded (s.u.) if for every M > 0 there
exists nyy such that, forn > nyy,

#{ie{l,...,d,}: 0i(An) > M} <
dn -

(M)7

where A}im r(M) =0.
—00

For the proofs of the next three propositions, we refer the reader to Proposition 5.3 of
[50] and Propositions 2.2 and 2.3 of [55]. Note that the proof in [50] is made for d,, = n and
the proofs in [55] are made for d,, = sn for a fixed s € N, but the extension to the case of a
general d,, tending to infinity is straightforward.

PROPOSITION 2.18. Let {A,}, be a sequence of matrices with A,, of size d,,. The
following are equivalent.
1. {An}n is s

j 1,...,d,}: oi(A, M

2. lim limsup #{ €Al vdn} i 0i(An) > M} =

M—00 n—soo dn

0.

3. For every M > ( there exists nyy such that, for n > nyy,

An = An,]bf + An,M: rank(An,M) < T(M)d'ru ||An,MH < Ma
where lim r(M) = 0.
M—o0
PROPOSITION 2.19. If { A, }n, {4} are s.u., then {A,, AL}, is s.u.

PROPOSITION 2.20. If {Ap}n ~o [, then {A},, is s.u.

REMARK 2.21. Let {4, },, be an s.u. sequence of Hermitian matrices with A,, of size d,,.
Then, the following stronger version of condition 3 in Proposition 2.18 is satisfied: for every
M > 0 there exists n,; such that, forn > nyy,

An = An,M + An,hf; rank(An,M) < T(M)dnv ||An,JWH < M,

where lim /o (M) = 0, the matrices An » and fln, s are Hermitian, and for all functions
g : R — R satisfying g(0) = 0 we have

9(An v+ Anr) = g(Annr) + 9(An ).


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK GLT SEQUENCES: UNIDIMENSIONAL CASE 51

This stronger version of condition 3 has been proved in [50, p. 157 (lines 21-34) and p. 158
(lines 1-8)] for the case “d,, = n”, but the extension to the general case “d,, — co asn — o0”
is immediate.’

Strictly related to the notion of sparsely unbounded sequences of matrices is the notion of
sparsely vanishing sequences of matrices.

DEFINITION 2.22 (Sparsely vanishing sequence of matrices). A sequence of matrices
{A,}n with A,, of size d,, is said to be sparsely vanishing (s.v.) if for every M > 0 there
exists nyy such that, forn > nyy,

#{ie{l,....d,}: 0i(A,) <1/M} -,
d, -

(M),

where lim r(M) = 0.

M — o0

REMARK 2.23. If {A4,,}, is s.v., then the sequence of Moore-Penrose pseudoinverses
{Al'},, is s.u. This follows immediately from the fact that the singular values of AT are given
by 1/01(A),...,1/0.(A),0,...,0, where o1 (A),...,o.(A) are the nonzero singular values
of A (r = rank(A)).

REMARK 2.24. A sequence of matrices { A, },, with A,, of size d,, is s.v. if and only if

lim lim sup #li e {l,...,dn}: 0i(4n) <1/M} _

M—00 pn—oo dn

0;

see [50, Remark 8.6].

Proposition 2.25 is the analog to Proposition 2.20 for s.v. sequences of matrices [56,
Proposition 2.3].

PROPOSITION 2.25. If {Ap}n ~o f, then { A} is s.v. if and only if [ is invertible a.e.

2.4.5. Spectral distribution of sequences of perturbed/compressed/expanded Her-
mitian matrices. Theorem 2.26 reports from [8] a recent important result about the spectral
distribution of sequences of perturbed Hermitian matrices. It nicely extends previous results
obtained in [53, 58].

THEOREM 2.26. Let { X, },, {Y,}n be sequences of matrices with X,,,Y,, of size d,
and set A, = X,, + Y,,. Assume that the following conditions are met.

1. Every X,, is Hermitian and {X,, },, ~x f.
2 [Yalla = o).
Then {Ap}n ~x f.

REMARK 2.27. If ||Y,,|| < C for some constant C' independent of n and ||Y,,||1 = o(d,,),
then Y, satisfies the second assumption in Theorem 2.26 by (2.4).

Theorem 2.28 concerns the singular value and spectral distribution of sequences of
matrices obtained as a compression (or expansion) of another sequence of matrices. For the
proof, we refer the reader to [62, Theorem 4.3 and Corollary 4.4].

THEOREM 2.28. Let { X, }, be a sequence of matrices with X, of size d,,, and let { P, },
be a sequence such that P,, € C%*%n PP, =15, 0 <d,, and d,/d, — 1 asn — oc.
1. We have { X} ~o fifand only if { PX X, Py} ~o f.

2. In the case where the matrices X,, are Hermitian, we have { X, },, ~x [ if and only if
{P;:ann}n ~A f

3Note that the condition g(0) = 0 is missing in [50], but it is actually necessary. Luckily, the absence of
this condition does not affect the validity of [50, proof of Theorem 8.9] because, by replacing therein p,,, s with
Pm, M + f(0) — pm,as(0) if necessary, it may be assumed without loss of generality that p,, a7 (0) = f(0), so
that the function g = f — p,,, s satisfies g(0) = 0.
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2.5. Approximating classes of sequences.

2.5.1. Definition of a.c.s. and the a.c.s. topology T,.s.. The formal definition of a.c.s.
is given below.

DEFINITION 2.29 (Approximating class of sequences). Let {A,}, be a sequence of
matrices with Ay, of size dy,, and let {{ By, m }n }m be a sequence of sequences of matrices with
By,m of size dy,. We say that {{ By, m }n }m is an approximating class of sequences (a.c.s.) for
{4, }n if the following condition is met: for every m there exists n, such that, for n > n,,

An = Bum+ Rum + Nom, rank(R,, 1) < c(m)dy, | Nom || < w(m),

where Ny, ¢(m), w(m) depend only on m and n"}gréo c(m) = "}iinoow(m) =0.

Roughly speaking, {{ B m }n }m is an a.c.s. for { A, },, if, for all sufficiently large m, the
sequence { By, ., }», approximates (asymptotically) the sequence {A,, },, in the sense that A,,
is eventually equal to B, ,,, plus a small-rank matrix (with respect to the matrix size d,,) plus
a small-norm matrix.

It turns out that, for each fixed sequence of positive integers d,, such that d,, — oo,
the notion of a.c.s. is a notion of convergence in the space of all sequences of matrices
corresponding to {d, },, i.e.,

(2.13) & = {{An}n . A, € C>dn for every n} )

To be precise, for every ¢ : [0, 00) — [0, 00) and every square matrix A € C**¢, let

L
PPA) = 5 3 ploi(A))

and define
Pies.({An}n) = limsup p?(A,), {An}n €8,
n— oo
(214) dfcs({An}n’ {Bﬂ}n) = pfcs({An - Bﬂ}n)? {An}nv {Bn}n S éa

THEOREM 2.30. Let ¢ : [0,00) — [0, 00) be a gauge function. Fix a sequence of positive
integers d,, such that d,, — 0o, and let & be the space (2.13). The following properties hold.
1. dfcs in (2.14) is a complete pseudometric on & such that dycs ({An}tn, {Bn}n) = 0 if

and only if { A,, — By} is zero-distributed.
2. Suppose {A,}n € & and {{By i }n}m C &. Then, {{Bpn m tn}m is an a.c.s. for {A,},
if and only if dcs.({An}n, {Bnm}n) — 0as m — oc.

Theorem 2.30 was proved in [7]. It justifies the convergence notation {B,, , }» 2o
{A;, } n, which will be used to indicate that {{ B, m }n } m is an a.c.s. for { 4,, },. The topology
induced on & by the pseudometric dy.s. is the same for all gauge functions ¢; it is denoted
by Tacs., and it is referred to as the a.c.s. topology. Throughout this work, we will use the
notations

oz
T l4x

Pacs. = p:fc_s,; dacs. = d;b_c_s,a ¢($)

2.5.2. Tacs. and Tipeasure- Theorem 2.32 highlights important connections between 7, .
and Tieasure OF, to be more precise, between the pseudometrics dic.s. and dieasure inducing these
two topologies. Actually, the connections between T, ¢ s. and Tieasure are so deep that they may
lead to a “bridge”, in the precise mathematical sense established in [27], between measure
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theory and the asymptotic linear algebra theory underlying the notion of a.c.s.; a bridge that
could be exploited to obtain matrix theory results from measure theory results and vice versa.
For deeper insights on this topic, we suggest reading [7, Section 1].

LEMMA 2.31. Let {A,}n be a sequence of matrices with A,, of size d,,, and let
f: D C RF — C"*" be a measurable matrix-valued function defined on a set D with
0 < pr(D) < oo. If {Ap}n ~o f, then

dn
1
(2.15) Jim — ZF (0;(A

7l

L [ TP,

for all bounded continuous functions F : R — C.

Proof. The lemma simply says that if {A,},, ~, f, then the limit relation (2.15) holds
not only for F' € C.(R), as per Definition 2.8, but also for any continuous bounded function
F : R — C. To prove it, fix a continuous bounded function F' : R — C, and let F},, € C.(R)
such that F},, — F pointwise over R, F,,, = F on [0, m], and || F;p,||cc < ||F||o- Then, for
every n, m we have

L L [ S @),
@16 |5-> " Flo(a) - 5 /D ‘ d

[ Dol /ZHFm<»ML

The second term on the right-hand side tends to 0 as n — oo because {4, }, ~, f and
F,, € C.(R). The third term on the right-hand side tends to 0 as m — oo by the domi-
nated convergence theorem since F},, — F' pointwise and the convergence is dominated by
|1Em — Flloo < 2||F|lco. Finally, considering that F,,, = F on [0, m], the first term on the
right-hand side satisfies

| L 8n
4 ZF(Uj(An)) e ZFm(Uj(A )
< 2HF”OO#{j e{l,....dp}: 0;(An) > m}.

dn
Since { A, } is s.u. by Proposition 2.20, we have
] 1,... o (A
lim limsup #{je{l,....dn}: 0;(An) > m}

m—0 p_300 dn

=0

by Proposition 2.18. Hence, passing first to the limsup,,_, .. and then to the lim,,_, ., in
(2.16), we obtain

dn

e YL FeGe), |
Jim |30 Floy(4,) s [ S0 ag <o

n
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as desired. 0

As a consequence of Lemma 2.31 and the definitions of pfc. and pieasure, We immediately
obtain the following theorem.

THEOREM 2.32. If {An}n ~o [, then pies.({An}n) = Dieasure(f) for every bounded
continuous function ¢ : [0,00) — [0, 00).

2.5.3. The a.c.s. tools for computing singular value and eigenvalue distributions.
The importance of the a.c.s. notion resides in Theorems 2.33 and 2.34, for which we refer the
reader to [55, Theorems 3.1 and 3.2].

THEOREM 2.33. Let { A}, }nn, { Bn,m }n be sequences of matrices and f, f,: D—C"*"
be measurable functions defined on a set D C R* with 0 < py,(D) < oo. Assume that:

1. {Bpm}tn ~o fm forevery m;
2. {Bumtn &5 {A

3. fm — [ in measure.

Then {An}n ~o f.

THEOREM 2.34. Let {A,}n, {Bn,m}n be sequences of Hermitian matrices, and let
fy fm : D — C"*" be measurable functions defined on a set D C R* with 0 < (D) < oo.
Assume that:

1. {Bnm}n ~x fm for every m;
2. {Bumtn 5 {A )

3. fm — [ in measure.

Then {An}n ~a f.

REMARK 2.35. Let {A, }, and { B,, },, be sequences of matrices with A,, and B,, of size
dy,, and suppose that dycs ({An }n, {Bn}n) = 0 (which is equivalent to {A,, — By}, ~» 0
by Theorem 2.30). By Theorems 2.33 and 2.34,

L4 {An}n ~o f — {Bn}n ~o f;
e if the matrices A,, and B,, are Hermitian, then {4, },, ~x f <= {Bn}n ~x [.

2.5.4. The a.c.s. algebra. Theorem 2.36 collects important algebraic properties pos-
sessed by the a.c.s. For the proof, we refer the reader to [55, Theorem 2.3].
THEOREM 2.36. Let { Ay}, { A7 Yns { Brym by { B, i I n be sequences of matrices such

that { By, }n =3 {An}n and {B.mn 28X LA },.. Then, the following properties hold.
L ABy o }n =5 { A0
2. {aBym + BB b =3 {aA, + BAL Y, forall o, B € C.
3 I {An}n, {A} }n are s.u., then { By, By, . }n X LALA Y.
4. If {C}n is s.u., then { By, ;,Ch }n, it {A,Cp}n.
Another important algebraic property of a.c.s. is stated in the next theorem [49, Lemma 1].
THEOREM 2.37. Let s € N, let {A, = [Anij]5 ;=1 }n and {B™ = [BYD]5 1} be
sequences of block matrices, and suppose that

n,ij

(B

Then {BS™ }, <% {An ).

2.5.5. A criterion to identify a.c.s. In practical applications, it often happens that a
sequence of sequences of matrices {{B), m }n }m is given together with another sequence of
matrices {4, },, and one would like to show that {B,, ,,,}», 5% [ A,},, without resorting
to Definition 2.29. A way for solving this problem consists in choosing a suitable gauge
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function ¢ and proving that dfcs ({ Bn,m }n, {An}n) — 0 as m — oco. Another criterion is
provided in the next theorem [50, Corollary 5.3].

THEOREM 2.38. Let { A, }n, {Bn.m }n be sequences of matrices with A,,, B, ., of size
dn, and let 1 < p < oo. Suppose that for every m there exists n,, such that, for n > n,,,

||An - Bn,m”g S E(myn)dru

where lim limsupe(m,n) = 0. Then { By m}n =3 {A, 0.

m—00 noo

2.6. Block Toeplitz matrices. A matrix of the form

[ Ay Ay o o Ay
Ay ' ‘ :
[Ai—jmjzl = : : € Csnxen,
: . - A
Ay o 0 Ay A |

with blocks Ay, € C**%, fork = —(n —1),...,n — 1, is called an s-block Toeplitz matrix. If
s = 1, it is simply referred to as a Toeplitz matrix. Given a function f € L!([—n, 7], s), its
Fourier coefficients are denoted by

1" .
fr= %/ f(O)e ™ dg e C*, ke,

where the integrals are computed componentwise. The nth (s-block) Toeplitz matrix associated
with f is defined as

1) = imsligen € €75

We call {T,,(f)}n the (s-block) Toeplitz sequence associated with f, which in turn is called
the generating function of {7, (f)}..
For each fixed s,n € N, the map T, () : L*([—, 7], s) — C*"**" is linear, i.e.,

17 To(af + Bg) = aT,(f) + BT, (g), o, B eC, fr9 € L'([-m,x),s).

Moreover, it is clear from the definition that T}, (1) = I,,. If f € L'([—7, 7], s), let f* be
its conjugate transpose. It is not difficult to show that

(2.18) T.(f) =T.(f"),  felLl'(-m7]s), sneN

In particular, if f is Hermitian a.e., then the matrices 7, (f) are Hermitian.

Theorem 2.39 is a fundamental result about block Toeplitz matrices. It provides the
singular value distribution of block Toeplitz sequences generated by a matrix-valued function
f € L*([—=,7], s) and the spectral distribution of block Toeplitz sequences generated by a
Hermitian matrix-valued function f € L!([—m, 7], s). For the eigenvalues it goes back to
Szegd [59], and for the singular values it was established by Avram [2] and Parter [64]. They as-
sumed that f € L°°([—m, 7], s) and s = 1; see [23, Section 5] and [24, Section 10.14] for more
on the subject in the case of L™ generating functions. The extension to f € L!([—m, 7], s)
with s = 1 was performed by Tyrtyshnikov and Zamarashkin [82, 83, 84], and the final
generalization to f € L!([—m, 7], s) with s > 1 is due to Tilli [80]. We also refer the reader
to [50, Section 6.5] for a proof of Theorem 2.39 based on the notion of approximating classes
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of sequences; the proof in [50, Section 6.5] is made only for s = 1, but the argument is general
and can be extended to matrix-valued generating functions.

THEOREM 2.39. If f € L' ([—m, 7], s), then {T,,(f)}n ~o f. If moreover f is Hermitian
a.e., then {T,,(f)}n ~a f.

Important inequalities involving Toeplitz matrices and Schatten p-norms originally ap-
peared in [77, Corollary 4.2]. They have been generalized to block Toeplitz matrices in [74,
Corollary 3.5]. We report them in the next theorem for future use.

THEOREM 2.40. Let f € LP([—m,w|, s) and n € N. Then, using the natural convention
1/00 = 0, the inequality | T,,(f)|l, < (n/27r)1/p||f||Lp holds for all p € [1, oc].

The next theorem shows that the product of block Toeplitz matrices generated by L*°
functions is “close” to the block Toeplitz matrix generated by the product of the generating
functions. For the corresponding proof, see [55, Theorem 2.5].

THEOREM 2.41. Let f; € L*>®°([—7,7],s), fori =1,...,q. Then,

p M To(f) = T (T £,

n—o00 n

=0.

We end this section with a result highlighting the connection between block Toeplitz
matrices and block matrices with block Toeplitz blocks. It generalizes [49, Lemma 3]. Recall
that II,, ¢ , denotes the special permutation matrix (2.1).

THEOREM 2.42. Let n € N, let fi; : [-m, 7] — C™" be in L*([—n,7],7), for
i,j =1,...,s and set f = [fi;]{ ;_1. The block matrix T,, = [T,,(fi;)]; j=, is similar via
the permutation (2.1) to the block Toeplitz matrix T,,(f), that is, W, s , T, 1L . = T, (f).

n,s,r

Proof. Since T, = >} E® g To(fig) and T (f) = 227 i, Tn(Ei(;) ® fi;) by the

ij=1 i
linearity of the map T, (+), it is enough to show that

M, (E@T, (gL, =Th(E®g), Vg e LY([-m nl,r), VE e C**°.

n,s,r

By the properties of tensor products (see Section 2.2.2),

Hnﬁs,r(E @ Tn (g))HZ,s,r

(- 11

er@I,@el @1,

(E @ Tu(g)) [Z ef @I, e @1,
(=1

(er@ I @ef @ L) E@T,(9)(ef @ I, @ e, ®1,)

“R‘
N
I
—

ere] @ E® (e} @ 1,)Tn(g)(ec® I,

NERINGE

ere] ®ERgr 1= Y epe] @(E@ gk =Ti(E®g),

k,e=1 k=1

~
Il

as required. 0

2.7. Block diagonal sampling matrices. If n € N and a : [0,1] — C**%, then we
define the s-block diagonal sampling matrix D,,(a) as the following block diagonal matrix of
size sn X sn:

D, (a) = diag a(%) = é a(%).

i=1,...,n i=1
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If (C**#)%1] denotes the space of all functions a : [0,1] — C***, then the map
D, (+) : (C*)I01 5 C5m%s s linear, i.e.,

Dy(aa+ Bb) = aDy(a) + BDu(b),  a,B€C,  abe (C*)1.

Moreover, it is clear from the definition that D, (E) = T, (F) for all constant matrices
E € C**¢ and D, (a)* = D,(a*) for all a € (C***)[%1, The next result, which is the
version of Theorem 2.42 for block diagonal sampling matrices, highlights the connection
between block diagonal sampling matrices and block matrices with block diagonal sampling
blocks. It is a generalization of [49, Lemma 4].

THEOREM 2.43. Letn € N, let a;; : [0,1] — C™", fori,j = 1,...,s, and set
a = [ai;]; j—y. The block matrix Dy, = [Dy,(ai;); ;—, is similar via the permutation (2.1) to
the block diagonal sampling matrix Dy, (a), that is, L, s . Dy IIE | = Dy (a).

Proof. With obvious adaptations, it is the same as the proof of Theorem 2.42. g

Throughout this work, if n, s € Nand a : [0, 1] — C, we denote by D,, ;(a) the s-block
diagonal sampling matrix given by

D,, s(a) = Dy (als).
Note that D,, 1(a) = Dy (a) forevery a : [0,1] — C.

3. Block locally Toeplitz sequences. The theory of (scalar) LT sequences dates back
to Tilli’s pioneering paper [79]. It was then carried forward in [75, 76], and it was finally
developed in a systematic way in [50, Chapter 7] and [51, Chapter 4]. The theory of block
LT sequences was originally suggested in [76, Section 3.3] and has been recently addressed
in [55] in a systematic way. It should be said, however, that the approach followed in [55],
besides being unnecessarily complicated, is not the “right” generalization to the block case
of the theory of LT sequences presented in [50, 51]. In particular, block LT sequences have
been defined in [55] in terms of Hadamard products, which have now been discovered to be
pointless. In this chapter, we develop the theory of block LT sequences by following the “right”
approach, which allows us to considerably simplify the presentation with respect to [55] and
to extend to the block case several results from [50, 51] that have been ignored in [55]. The
topic is presented here on an abstract level, whereas for motivations and insights we refer the
reader to Chapter 1; see also the introduction of Tilli’s paper [79] and [50, Section 7.1].

3.1. The block LT operator. Similarly to the case of (scalar) LT sequences, the theory
of block LT sequences begins with the definition of block LT operators. The definition given
here is formulated only for scalar functions a : [0,1] — C. It is formally the same as the
definition of (scalar) LT operator given in [50, Chapter 7], and it is much simpler than the one
given in [55]; in particular, it does not involve any Hadamard product.

DEFINITION 3.1 (Block locally Toeplitz operator). Let m,n, s € N, leta : [0,1] — C,
and let f € L*([—m, )], s). The block locally Toeplitz (LT) operator is defined as the following
sn X sn matrix:

LT:Ln(aa f) = Dm(a) ® Tl_n/mJ (f) D Os(nmodm)

. 1
= diag |:a<m>TLn/mJ(f):| ® Os(nmodm)

i=1,...,m

m

@ a(%)TLn/mJ (f) ) Os(nmodm)'

=1

It is understood that LT} (a, f) = Osn when n < m and that the term Oy, moa m) 1S not
present when n is a multiple of m. Moreover, here and in what follows, the tensor product
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operation R is always applied before the direct sum @, exactly as in the case of numbers,
where multiplication is always applied before addition.

In this section we investigate the properties of the block LT operator. We first note that
Definition 3.1 reduces to the definition of (scalar) LT operator [50, Definition 7.1] if s = 1.
Moreover, for every m,n, s € N, every a,b : [0,1] — C, every f,g € L([~m,n],s), and
every a, 8 € C, we have

3.1 LT (a, f)* = LT} (@, [*),
(.2) LT(aa+ b, ) = aLT} (a, f) + BLT (b, f),

(3.3) LT (a,af + Bg) = aLT(a, f) + BLT;(a, 9),

m

G4 LT (@ Dl = 1D (@)1 [Ty (£ ||1<—Z\(")\||fuL1Ln/mJ,

where in the last inequality we invoked Theorem 2.40.

REMARK 3.2. Leta : [0,1] — C be a bounded function, and take any sequence
{fe}x € LY([-m,7],s) such that f, — fin L*([—m,7],s). By (3.3) and (3.4), for every
k,n,m, we have

LT3 (@, ) = LT (a, fi)lln = LT (0, f = fi)lln < nllalloll £ = frllLr-
By Theorem 2.38, this implies that { LT (a, fi)}n =3 {LT"(a, f)}n as k — oo for every
m € N.
PROPOSITION 3.3. Let a; : [0,1] — C be bounded, and let f; € L>([—m,7],s) for
1 =1,...,q. Then, for every n,m € N,

;n(aiafz LTm(Hawaz)

(3.5) <e(|n/m])n,

where
q

g

i=1

T T (fe) = T (T £i)
k

e(k) =

o0

and lim (k) = 0 by Theorem 2.41. In particular, for every m € N,

k—o0

(3.6) ({HLTm ai, fi) } {LTm<Haszfl)} )

Proof. By the properties of tensor products and direct sums, we have

gl(ai’fz - LTy <Ha27Hfz>
= HDm <H ai) by <H TLn/mj (.fz TLn/mj (H )) S Os(nmodm)
= 7=1 =1
=1 i=1 3

HH?:l TL"/mJ (fi) — TUr/mJ (Hz 1fl)H1
oo Ln/m]

1

1
q

[~

i=1

<n
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This proves (3.5). Since e(k) — 0 as k — oo by Theorem 2.41, equation (3.6) follows
immediately from (3.5) and Theorems 2.16 and 2.30. a

THEOREM 3.4. Suppose that a\*7) : [0,1] — C is Riemann-integrable and that
f@9) € L®°([—m,7),s), fori=1,...,pand j = 1,...,q;. Then, for every m € N,

P 4
{Z T] L7 (a9, f6) } Z H 0D () 109 (9),
i=1 j=1 i=1j=1
where
i) () = N liod) (
3.7) i (@) =3 alh (—)X[k Ly (@),
b1 m m m
Proof. By Proposition 3.3 and Remark 2.35, it is enough to show that
P di o qi o
S (T 11r0) )~ Tk 0)
i=1 j=1 j=1 i=1j=1
Note that

p qi qi
STy (H a9 T] fw))
i=1 j=1

j=1
p qi o qi o

(38) = <Z Dm (H a(Z’J)) @ TLn/mJ (H f(27])>> S Os(nmodm)'
i=1 =1 =1

Recalling (2.17), for every k = 1,...,m, the kth diagonal block of size s|n/m] of the
matrix (3.8) is given by

p qi
Z(H at (= - ))Tln/mJ (H A ) = Tin/m| (Z H (. )f(m>
) Jj= i=1j=1
It follows that the singular values of the matrix (3.8) are
P Lk . n
o Tnm( a®i) (= f(m)), (=1,....s|—|, k=1,...,m,
(Bl (ST () )

plus further s(n modm) = o(n) singular values which are equal to 0. Therefore, by The-
orem 2.39, since Y7 []1L, a2 (£)f09) € L([—m, 7, s), for any F € C.(R), we
have

(3.9)

Tim. % f: F(a, (zp: L (f‘[ o), f—[ f(m))))
r=1 =1 j=1 j=1
gy melnfm L9 1R DB (B i
11 (™1 N AW
m;Q/ ZF<02<ZHQ(J)(m)Jv(J) ))

i=1 j=1
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/ s ZF(@ (Zna<w> “16)) )aoas
i=1 j=1

This concludes the proof. 0
THEOREM 3.5. Suppose that a(»7) [0,1] — C is Riemann-integrable and that
f@9) € L®°([—m,7),s), fori=1,...,pand j = 1,...,q;. Then, for every m € N,

{%(zp: ﬁ LT:ln(a(i,j)’f(i,J) )} ~> %(Z H a(z j) f(1 j) )>

i=1j=1 i=1j=1

where a%’j ) is defined in (3.7).
Proof. The proof follows the same pattern as the proof of Theorem 3.4. By Proposition 3.3
and Remark 2.35, it is enough to show that

{m@mm@ ”H f<m>))} ~N‘E(ZH @) 10) )

Note that
p qi qi
%(Z L (H a9 T] f@,j)))
i=1 =1 j=1
p qi qi
i=1 j=1 =1

Recalling (2.17) and (2.18), for every k = 1, ..., m, the kth diagonal block of size s|n/m |
of the matrix (3.10) is given by

p qi qi P 4
§R< ( i (F )Tnm ( fu,j))):Tnm (%( Qi (E fm)))
(01 (8 s () = (o 1)
It follows that the eigenvalues of the matrix (3.10) are
P 4 o k o n
A (Tnm (éR( PACN fw)))), 0=1,...,s|—|, k=1,...,m,
£\ +ln/m] ;E (m) {mJ

plus further s(n mod m) = o(n) eigenvalues which are equal to 0. Therefore, by Theorem 2.39,
since R(YT_ [T02, a2 (£)f09)) € L([—m, 7], s), following the same derivation as
in (3.9), we obtain, for any F' € C.(C),

s 3 # (v (5 e (T 11 )

// ZF(“( <ZH@”> )£ (0 )>)>d9dz.

=1 j5=1

This concludes the proof. 0
PROPOSITION 3.6. Let a : [0,1] — C be a Riemann-integrable function, and let
f € LY([—n, 7], s). Then, for every m € N,

(LT (a, f)}n ~o am(z)f(0),
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where

@) = 3a( S a0

Proof. Fix m € N, and take any sequence { fx}, C L°°([—m, 7], s) such that f, — f a.e.
and in L' ([—, 7], s). We have:
o (LT (a, fi)}tn =5 {LT(a, f)}, by Remark 3.2;
o {LT(a, fx)}n ~o am(z)fr(0) by Theorem 3.4;
e a4, (2)fx(0) = am(z)f(0) a.e. (and hence also in measure).
We conclude that { LT (a, f)}n ~o am(x)f(6) by Theorem 2.33. a

3.2. Definition of block LT sequences. The notion of block LT sequences is formalized
in the next definition.

DEFINITION 3.7 (Block locally Toeplitz sequence). Let { A}, be an s-block matrix-
sequence, let a : [0,1] — C be Riemann-integrable, and f € L'([—m,7],s). We say that
{A,}n is an (s-block) locally Toeplitz (LT) sequence with symbol a(x)f (), and we write
{Antn ~ir a(2) f(0), if {LT7(a, f)}n =3 {An}n

In what follows, unless specified otherwise, whenever we write a relation such as
{An}n ~rr a(x)f(0), it is understood that {A,}, is an s-block matrix-sequence, that
a : [0,1] — C is Riemann-integrable, and that f € L!([—7, 7], s), as in Definition 3.7. Note
that Definition 3.7 reduces to the definition of (scalar) LT sequences [50, Definition 7.2] if
s = 1. LT sequences are then special cases of block LT sequences.

3.3. Fundamental examples of block LT sequences. In this section we provide three
fundamental examples of block LT sequences: zero-distributed sequences, sequences of block
diagonal sampling matrices, and block Toeplitz sequences. These may be regarded as the
“building blocks” of the theory of block GLT sequences because from them we can construct
through algebraic operations a lot of other matrix-sequences which will turn out to be block
GLT sequences.

3.3.1. Zero-distributed sequences. We show that any zero-distributed sequence is a
block LT sequence with symbol given by the zero matrix.

THEOREM 3.8. Let {Z,, },, be an s-block matrix-sequence. The following are equivalent.
1. {Z,}n ~5 0.
2. {Osn}n B3 {Z ).
3. {Z}n ~1r Os.

Proof. (1 <= 2) By Theorem 2.30, we have {Oy,}, =3 {Z,}, if and only if
dacs.({Osn}n,{Zn}n) =0if and only if {Z,, },, ~, 0.

(2 <= 3) This equivalence follows from Definition 3.7 and the observation that
LT™(0,0;) = Osp, and 005 = O;. O

3.3.2. Sequences of block diagonal sampling matrices. We are going to see in Theo-
rem 3.11 that {D,, s(a)}n, = {Dx(als)}n ~ir a(z)ls whenever a : [0,1] — C is Riemann-
integrable. To prove Theorem 3.11 we shall need the following lemmas; cf. [50, Lemmas 5.6
and 7.1].

LEMMA 3.9. Let C be an £ x { matrix and suppose that

IClp < et
where p € [1,00), € > 0, and ¢’ < L. Then we can write C' in the form

C=R+N, rank(R)<ewil,  |N|<ewr.
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LEMMA 3.10. For every m € N, let {x(m, k)}i, be a sequence of numbers such that
x(m, k) = x(m) as k — oo and x(m) — 0 as m — oo. Then, there exists a sequence
{m(k)}r € N such that m(k) — oo and x(m(k), k) — 0.

THEOREM 3.11. Ifa : [0,1] — C is Riemann-integrable, then {D,, s(a)}n ~rr a(z)Is.

Proof. The proof consists of two steps. We first show that the thesis holds if a is
continuous. Then, by using an approximation argument, we show that it holds even in the case
where a is only supposed to be Riemann-integrable.

Step 1. We prove that if a € C([0, 1]) and w,(+) is the modulus of continuity of a, then

Dnas(a) = LT,,T(G,’ Is) + Rn,m + Nn,m7
(3.11)

1
rank(Ron) < sm, [ Noll Swa(+2).
m n

a.c.s.

Since w, () — 0 as & — 0, the convergence { LT (a, Is)}n, — {Dy s(a)}, (and hence the
relation {D,, s(a)}n ~uir a(x);) follows immediately from Definition 2.29 (take n,, = m2,
c(m) = 1/m,w(m) = w.(2/m)).

The matrix LT (a, I5) is the sn x sn block diagonal matrix given by

LTran(aa Is) = Dm(a) & Ia[n/m] D Os(nmod'm)'
Fori=1,...,m|n/m],let k = k(i) be the index in {1, ..., m} such that
(k—1Dn/m]+1<i<kln/m].

In other words, & is the index such that the ith s x s diagonal block of LT (a, I;) is given by

(LT (a, L)) = a(k/m)I,. Taking into account that the ith s X s diagonal block of D,, s(a)
is given by (D, s(a))s = a(i/n)I,, forevery i = 1,...,m|n/m|, we obtain

i )
(5ot
m n
k i 1 m
o) o) <o+ 2)
m n m n

where the last inequality follows from the fact that

k (k=1)[n/m| SE_(lﬂ—l)(n/m—l):l_i_k:—lgl

(LT (a, 1s))ii — (Dn,s(@))iill =

+

Therefore, if l~)n,s7m(a) and ZA)n,&m(a) are the sn x sn block diagonal matrices whose ith

~ N

s x s diagonal blocks (D, s,m(a))i and (Dy, s.m(a))i; are defined by

. _ [ ali/m)i,, i i <mln/m],
(Dn,s,m(@))i = { 0, otherwise,

) _ fa(i/n)I,, if i >m|n/m],
(Dn,s,m(a))ii = { O., otherwise,

then D, s(a) = Dn,sym(a) + Dy s,m(a) and

Dn,s(a) - LTrTLn(aa Is) = Dn,s,m(a) + Dn,s,m(a) - LT;LW(aajs) = Rn,m + Nn,ma
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where R, ,, = lA)n,&m(a) and N, ., = Dy s.m(a) — LT (a, I,) satisfy
rank(Ry, ) < s(nmodm) < sm,

1 m
INoull = max (LT3 @, 12))is = (D))l < w470,

=1,....m|n/m m n

This completes the proof of (3.11).
Step 2. Let a : [0,1] — C be any Riemann-integrable function. Take any sequence
of continuous functions a,, : [0,1] — C such that a,, — a in L'([0,1]). By Step 1,

{Dn s(@m)}n ~rr am(x)Is. Hence, {LT*(am, I;)}n 8% {Dns(am)}n as k — oo, ie.,
for every m, k there is n,, 3 such that, for n > n, 1,

Dn,S(am) = LT::(am, 1) + Rymk + Nomoks
rank (R m ) < c(m,k)n, || Nopml < w(m, k),

where limy_,o c(m, k) = limg_, oo w(m, k) = 0. Moreover, we have the convergence
{Dp s(am)}n 0% {Dp,s(a)}n. Indeed,

HDms(a) - Dn,s(am)”]- = SZ

where

(3.12) e(m,n) = %Z a

By the Riemann-integrability of |a — a,,| and the fact that a,,, — a in L([0, 1]), the quantity
e(m,n) satisfies
1

lim lim e(m,n) =s lim la(x) — am(z)|dz = s lim |la —am||p2 =0.
m—00 N—r 00 m— o0 0 m—r o0

a.c.s.

By Theorem 2.38, this implies that {D,, s(am)}n — {Dn.s(a)}n. Thus, for every m there
exists n,,, such that, forn > n,,,

(am)+an+Nnma

Dn,s(a) - Dns
c(m)n, ”Nn,mHSw( m),

rank(R,, ) <

where lim,, o ¢(m) = lim,, oo w(m) = 0. It follows that, for every m,k and every
n > max(Mm,, M, k),

D, s(a) = LT¥(a,I,) + [LT¥(am, I;) — LT (a, I,)]
(Rn m + Rn m k) + (Nn,m + Nn,m,k)a
(c(m) + c(m, k))n,

I Nnm + Npmokl| < w(m) +w(im, k),

_l’_
+
rank(Ry, m + Romk) <

k
SN
ILTy (am, Is) = LTy (a, L)l < ?Z

o(3) - on ()] - i,
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where the last inequality follows from (3.2)—(3.4) and £(m, k) is defined as in (3.12) with “n”
replaced by “k”. Let {m(k)} be a sequence such that m (k) — oo and

kli_}rgo e(m(k), k) = kli_)rrolo c(m(k), k) = kli_)n;ow(m(k), k) = 0.

Note that such a sequence exists by Lemma 3.10 (apply the lemma with z(m, k) = e(m, k) +
c(m, k) +w(m, k)). Then, for every k and every n > max (1, (k), Mm(k),k)»

Dy s(a) = LTJf(a, I;) + [LTr]f(CLM(k)v Is) — LTr]f(aa Is)}
+ (Bom(k) T Bom(e)k)  Nome) + Nosm(e) k)
rank(Ry, (k) + B mr) k) < (c(m(k)) + c(m(k), k))n,
[ Nom(k) + Nogmi) il < w(m(k)) +w(m(k), k),
| LT ey, 1) = LT (@ 1)1 < e(mk), k).

The application of Lemma 3.9 allows one to decompose LT (@i, Is) — LTy (a, I5) as
the sum of a small-rank term Rn k> with the rank bounded by \/— ) n, plus a small-
norm term N, ;, with norm bounded by \/7 This shows that { LT (a, I,)}, =53

{Dp,s(a)}n, hence {D,, s(a)}, ~11 a(z)Is.

3.3.3. Block Toeplitz sequences.

THEOREM 3.12. If f € LY([—m, 7], s), then {T,,(f)}n ~1r f(0).

Proof. The proof consists of two steps. We first show that the thesis holds if f is a
matrix-valued trigonometric polynomial. Then, by using an approximation argument, we
prove the theorem under the sole assumption that f € L([—7, 7], s).

Step 1. We show that if f is a matrix-valued trigonometric polynomial of degree ¢, then

(3.13) T.(f) = LT (1, f) + Rum., rank(R,, ) < s(2¢+1)m

a.c.s.

Once this is done, the convergence {LT"(1, )}, — {Tn(f)}. (and hence the rela-
tion {T,,(f)}n ~ir f(0)) follows immediately from Definition 2.29 (take n,, = m?,
c(m) = (2¢ + 1)/m, w(m) = 0).

Since f has degree g, we can write f() = ],_ p fie €79 Moreover, the matrix
LT™(1, f) is given by

LT;;”(L f) = 1Im ®TL7L/mJ (f) @ Os(nmndm)'

A direct comparison between the matrix 7, (f) and the matrix LT"(1, f) shows that if
n/m > 2q + 1, then the number of nonzero rows of the difference T,,(f) — LT*(1, f) is at
most s(2gm — ¢ + (nmodm)). Hence, if n/m > 2q + 1,

T.(f) = LT (1, f) + Rum, rank(R, ) < s(2¢gm —q+ (nmodm)) < s(2¢+ 1)m

This completes the proof of (3.13) for n/m > 2q + 1, but it is clear that (3.13) holds even if
n/m < 2q + 1 because in this case s(2¢q + 1)m is greater than the matrix size sn.

Step 2. Let f € L'([—m,7],s). Since the set of trigonometric polynomials is dense in
LY([—n,7]) (see, e.g., [50, Lemma 2.2]), there is a sequence of matrix-valued trigonomet-
ric polynomials f,, : [~m, 7] — C*** such that f,, — f in L*([-7,7],s). By Step 1,
{T(fr)}n ~r1 fn(0). Hence, {LTE (1, f) b 23 {T(fin) }n as k — oo, i.e., for every
m, k there is 1y, ; such that, for n > ny, ,

Tn(fm) = LTrlf(]w fm) + Rn,m,k + Nn,m,k7
rank(Ry, m,k) < c(m, k)n, [Nkl < w(m, k),
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where limy_, o ¢(m, k) = limg_,oc w(m, k) = 0. Moreover, by Theorem 2.40,

1T (f) = Ta(fm)lly = IT0lf = fa)lly < 2llf = fmllzr,

a.c.s.

and so {10, (fm)}n — {Tn(f)}n by Theorem 2.38. Thus, for every m there exists n,, such
that, forn > n,,,

rank(Rn, ) ( ) ||Nn,'m|| §w(m),

where lim,, o ¢(m) = lim,,_ 0 w(m) = 0. It follows that, for every m,k and every
n > max(Mm, M k),
To(f) = LTy (1, f) + [LTE(L, frn) — LT (1, f)]
+ (Bnm + Rome) + (Nogm + Nomok),
rank(Ry, ;m + Ry mk) < (c(m) + c(m, k))n,
HNn,m + Npym kH <w(m) +w(m, k),

ILTY (1, fm) = LT (L )l = ILTY (A, fon = Pl < 2l fon = Fllo,

where the last inequality follows from (3.4). Let {m(k)} be a sequence such that m(k) — oo
and

lim c(m(k), k) = lim w(m(k),k) =0.

k—o0 k—o0

Note that such a sequence exists by Lemma 3.10 (apply the lemma with z(m, k) = ¢(m, k) +
w(m, k)). Then, for every k and every n > max (N (k) M (k). k )»

To(f) = LT (1, f) + [LT (L, frngry) — LT3 (1, £)]
+ (Rom) + Bomr) k) + (Nogme) + Nom(e) k)
rank (R, k) + By, e) < (c(m(k)) + c(m(k), k))n,
[ Nn,m(k) + Nogmiy il < w(m(k)) +w(m(k), k),
VETEL, fongey) = ETEQL Hlls < 0l fongey — fllns.

The application of Lemma 3.9 allows one to decompose LT (1, f,x)) — LT (1, f) as the

sum of a small-rank term R, j, with the rank bounded by /]| Jm(e) — fllz1 n, plus a
small-norm term N,,; with norm bounded by /] Jm) — fllgr. This shows that
{LTFQ, )}n =5 {Tn(f)}n, hence {T(F)}n ~ir f(6). O

3.4. Singular value and spectral distribution of sums of products of block LT se-
quences. The main results of this section are Theorems 3.14 and 3.15. In order to prove them,
we shall need the following lemma.

LEMMA 3.13. If {An}n ~rr a(x) f(0), then { A} ~o a(x)f(0) and { A}y is s

Proof. We have:

o (LT (a, f)}n =5 {A,},, by definition of block LT sequences;

o {LT(a, f)}n ~o am () f(0) With ap, (z) = >0, a(%)X[%%>(x) by Proposition 3.6;

e a,,(2)f(0) — a(z)f(0) a.e. (and hence also in measure) by Lemma 2.7 because a(z) is
Riemann-integrable.
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We conclude that {4, },, ~, a(z)f(0) by Theorem 2.33, and so { A, },, is s.u. by Proposi-
tion 2.20. a .

THEOREM 3.14. If {ASY, ~orr a9 (2) £ (0), fori =1,...,pand j = 1,..., g
then

{iﬁAg,ﬁ} ZH‘“J) )£ (6),

i=1 j=1 i=1 j=1
Proof. Let
P g N P
A”:ZHASJ)’ nm ZHLTm (&4 fzj)

i=1j=1 i=1y=1

P4

:ZHQM FED@O), ko ZHa” F9) (),
1=1 j=1 i=1j=1
where

(m) Za(”)( ) 1%)(3«")

Since {LT™ (a9, fGDYY, 2<% £ AU by definition of block LT sequences, we have:
o {Apm}n 28X {A,}, by Lemma 3.13, Proposition 2.19, and Theorem 2.36;
o {Aym}n ~o Em(z,0) by Theorem 3.4;
e t,(2,0) = r(x,0) ae. (and hence also in measure) by Lemma 2.7 because each a7 (x)
is Riemann-integrable.
We conclude that {4, },, ~, k(z,0) by Theorem 2.33. O
THEOREM 3.15. If { AU}, ~rr a9 (2) fED(0), fori = 1,...,pandj =1, ..., q;
then

(B )} o o)

i=1 j=1 i=1 j=1

Proof. The proof is essentially the same as the proof of Theorem 3.14. Define the
matrices A,,, A, and the functions x(z, ), £, (2, ) as in the proof of Theorem 3.14. Since
(LT (a9 @)Y, 2% £ AU} by definition of block LT sequences, we have:

o {(R(Anm)}n % {R(A,)}, by Lemma 3.13, Proposition 2.19, and Theorem 2.36;

o {R(Anm)}tn ~r R(km(x,6)) by Theorem 3.5;

o R(km(x,0)) — RN(k(x,0)) a.e. (and hence also in measure) by Lemma 2.7 because each
a®9)(z) is Riemann-integrable.

We conclude that {f2(A4,,)}n ~x R(x(x,0)) by Theorem 2.34. 0

3.5. Algebraic properties of block LT sequences. Proposition 3.16 collects the most
elementary algebraic properties of block LT sequences, which follow from Definition 3.7, the
properties of the block LT operator (see (3.1)—(3.3)), and Theorem 2.36.

PROPOSITION 3.16. The following properties hold.

o If {Au} ~ur a(@)f(0), then { A3}, ~ur al2) F(0)* = (a(a) £(9))".
o If{A,}n ~rr a(x)f(0), then {aAy}y ~1r aa(x) f(0) forall a € C.

o IF{AD}, ~ur a(@) f(0), i = 1,...,r, then {1, A}, ~ir a(@) S0, £:(6).
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o IF{AVY, ~irai(@)f(0),i=1,...,7, then {1_, AV}, ~ir SO0, ai(z) £(6).
In Theorem 3.17, we show, under mild assumptions, that the product of block LT se-
quences is again a block LT sequence with symbol given by the product of the symbols.
THEOREM 3.17. Suppose that { Ay, }n ~11 a(x) f(0) and {A,},, ~ir a(z) f(0), where
f e LP([-n,x),s), f € LI([—m,7],s), and 1 < p,q < oo are conjugate exponents. Then

{An AL}y ~rr alz)a(x) £(0)£(6).

_ Proof. By Lemma 3.13, every block LT sequence is s.u., so in particular {4, },, and
{A,}n are s.u. Since, by definition of block LT sequences,

(LT (a, e “5 {An}n, L@ H)}n =5 {Ankn,
Theorem 2.36 yields
(LT (a, F)LT @, f)hn =% {AnAn )}
Using Proposition 3.3, especially (3.6), we obtain
(LT} (ad, f)}n =5 {AnAndn,

hence { A, Ay} ~r alz)a(z) f(0) £(6). 0

As a consequence of Theorems 3.11, 3.12, and 3.17, we immediately obtain the following
result.

THEOREM 3.18. Ifa : [0,1] — C is Riemann-integrable and f € L' ([—7, 7], s), then

{Dn,s(a)Tn(f) }n ~ir () f(0).

3.6. Characterizations of block LT sequences. Theorem 3.18 shows that, for any
a, f as in Definition 3.7, there always exists an s-block matrix-sequence { A, },, such that
{An}n ~11 a(z) f(0). Indeed, it suffices to take A, = Dy, s(a)T,,(f). Theorem 3.19 shows
that the sequences of the form {D,, ;(a)T,,(f)}, play a central role in the world of block LT
sequences. Indeed,

{Antn ~ira(@) f(0) = dacs.({Antn, {Dn,S(a)Tn(f)}n) =0.

THEOREM 3.19. Let {A,},, be an s-block matrix-sequence, let a : [0,1] — C be

a Riemann-integrable function, and let f € L'([—7,7],s). The following conditions are
equivalent.
1. {An}n ~LT a(m)f(ﬁ)
2. For all sequences {am }m, {fm}m, {{A%m)}n}m such that

e a,, : [0,1] — C is Riemann-integrable and f,, € L*([—=, 7], s),

o 4, () frn(0) = a(z) f(0) in measure,

. {A’E;rn)}n ~LT @ () fm (0),

we have {A%m)}n 25 (A
3. There exist sequences {am }m, {fm }m such that

e a,, : [0,1] — Cis continuous, ||am|lc < ||| for all m, and a,,, — a a.e.,

o fm : [—m, ] = C°*% is a matrix-valued trigonometric polynomial, ||(fm)ag|loc <
ess sup[fﬁm]\fafﬂ for all m and all o, = 1,...,s, and f,, — [ ae. and in
Ll([iﬂa ﬂ—]a S)’

b {Dn,S(am)Tn(fm)}n 2 {An}n
4. There exist sequences {am Ym, { fm tm, {{Aﬁ{”)}n}m such that
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e a,, :[0,1] — C is Riemann-integrable and f,, € L*([—~, 7], s),

o a,,(x)fin(0) = a(x)f(0) in measure,

o (A} ~ir (@) fin(6) and {AS™}, 25 {4},
5. ADns(a)T(f)}n = {Antn
6. Ay, = D, s(a)T,(f) + Z,, for every n, where {Z,,},, is zero-distributed.

Proof. (1 = 2) Suppose that {A,}, ~ir a(z)f(9), and let {am}tm, {fm}m>

{{A%m) }n }m be sequences with the properties specified in item 2. By Theorems 2.32 and 3.14,
we have

da.c.s.({A%m)}na {An}n) = pa.c.s.({A»(nm) - An}n)
= pmeasure(am(x)fm(e) - a(m)f(@))
= dmeasure(am(x)fm(9)7 a(x)f(e))a

which tends to 0 as m — oo because @, () fm () — a(z) f(#) in measure.

(2 = 3) Since any Riemann-integrable function is bounded by definition, we have
a € L*([0, 1]). Hence, by [50, Theorem 2.2], there exists a sequence of continuous functions
am, ¢ [0,1] = Csuch that ||am||c < ||a||L for all m and a,,, — a a.e. The sequence {a, }m
satisfies the properties in item 3. Note also that a,, — a in L*([0,1]) by the dominated
convergence theorem.

Since f € LY([—m, 7], s), by [50, Lemma 2.7], there exists a sequence of matrix-valued
trigonometric polynomials f,, : [—m, 7] — C*** such that [|( fim)asllec < esssupi_, [fasl
for all m and all o, 3 = 1,...,s, and f,,, — f a.e. and in L' ([—7,7],s). The sequence
{fm }m satisfies the properties in item 3.

Since a, () frn(0) = a(z) f(0) in L1(]0,1] x [—m, ], s) (and hence also in measure),
item 2 and Theorem 3.18 imply that {D,, <(am)Tn(fr)}n == {A,}n, and the proof is
complete.

(3 = 4) Simply note that, under the assumptions in item 3, ., () fi, (0) — a(z) f(0)
in measure, and { Dy, s(am) L0 (fm)}n ~LT @m(2) fm(6) by Theorem 3.18.

(4 = 1) Let {B,},, ~ir a(x)f(0); we can take, e.g., B,, = D,, s(a)T},(f) thanks to
Theorem 3.18. By Theorems 2.32 and 3.14,

da.c.s.({Aqgm)}nv {Bn}n) = pdcs({Aglm) - Bn}n)
= pmeasure(am(z)fm(g) - a(l')f(e))
= dmeasure(am (.I)fm(e), a(aj)f(@)),

which tends to 0 as m — oo because a,, () fm (0) — a(z) f(0) in measure. As a consequence,
{A%m)}n 2% (B}, and since {A%m)}n %% {A,}, by assumption, we conclude that
dacs.({An}n, {Bn}n) = 0. Considering that {LT™(a, f)}n =5 {B,},, we infer that
{LT(a, )}n =5 {An}ns ie, {An}n ~ir a(z) £(0).

(5 < 6) Item 5 is equivalent to dycs. ({An}n, {Dn.s(a)T(f)}n) = 0, which, by
Theorem 2.30, is equivalent to {A,, — D,, s(a)T5,(f)}n ~o O.

(2 == 5) Obvious (take a,, = a, f,, = f and AS™ = D, ,(a)T,(f)).

(5 = 4) Obvious (take a,, = a, fr, = fand AT = D,, ()T, (f)). DO

4. Block generalized locally Toeplitz sequences. In this chapter we develop the theory
of block GLT sequences by correcting and extending the results in [76, Section 3.3] and [56].
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4.1. Equivalent definitions of block GLT sequences. Block GLT sequences can be
defined in several different ways. We begin with what we may call the “classical definition”.
DEFINITION 4.1 (Block generalized locally Toeplitz sequences). Let {A,},, be an s-
block matrix-sequence, and let k : [0,1] X [—7,w] — C**¢ be measurable. We say that
{A,}n is an (s-block) generalized locally Toeplitz (GLT) sequence with symbol k, and we
write { Ay }n ~acrr K, Iif the following condition is met.
For every m € N there exists a finite number of s-block LT sequences
(AN ~orr ali? (@) f5(0), i =1, Ny j = 1,..., My, such
that: B
. va"i ij”{ ! a%])( )fT(,i’J)(H) — k(x,0) in measure;

o [N ALY BN (A}

In what follows, unless specified otherwise, whenever we write a relation such as
{A.}n ~arr K, it is understood that { A, },, is an s-block matrix-sequence and & : [0, 1] X
[—7, ] — C*** is measurable, as in Definition 4.1. In the case s = 1, it can be shown that
Definition 4.1 is equivalent to the definition of (scalar) GLT sequences given in [50, Chapter 8],
that is, the set of GLT sequences defined here for s = 1 is the same as the set of GLT sequences
defined in [50, Chapter 8].

REMARK 4.2. It is clear that any sum of products of s-block LT sequences is an s-block
GLT sequence. More precisely, if {AY"}, ~ip altd) (z) f@9(0), fori = 1,...,p and
j: 1,...,qi,then

{zp:ﬁAg,j)} NGLTZH“(”) (2)£5(0).

i=1j=1 i=1 j=1

REMARK 4.3. If a : [0, 1] — C**%, then

Z Dy (ai;E Z Du(aijIs)Du(EL) Z Da,s(aij) Tu(E).

1,7=1 1,7=1 1,7=1

Hence, by Remark 4.2 and Theorem 3.18, if a is Riemann-integrable, then

{Da@)}n ~aur Y aii(@) B = alx).
i,j=1
REMARK 4.4. Let {An}n ~gLr K and {Bn}n ~GLT 5 Then, {A;}n ~grr k¥ and
{aA,+BB,}n ~cur ak+pE forall a, 8 € C. This follows immediately from Definition 4.1,
Proposition 3.16, and Theorem 2.36.
In the remainder of this section, we present another equivalent definition of block GLT
sequences, which is illuminating for many purposes. Let

&) = {{An}n : {An}n is an s-block matrix-sequence},
oms) — {k :10,1] X [-m, 7] = C°*°: & is measurable},
£ % MO = {({Anknon) (A} € 61, 5 € M),

We make the following observations.
e &) is a *-algebra with respect to the natural pointwise operations (namely,

{Ant = {45} ac{ A} + B{Bn}n = {0 Ay + BBy }n, {An}n{Bntn = {4nBn}n),

and it is also a pseudometric space with respect to the pseudometric d, . inducing the a.c.s.
topology Tacs.-
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e M) is a *-algebra with respect to the natural pointwise operations, and it is also a pseu-
dometric space with respect to the pseudometric dpeasure inducing the topology Tieasure OF
convergence in measure.

o &) x M) is a *-algebra with respect to the natural pointwise operations (namely,
({An}tn, 8)" = ({A3}ns 7). a({An}tn, &) + B{Bn}tn, §) = ({aAn + BBn}n, ar + BE),
({An}n, K){Bntn, &) = ({AnBpn}n, kE)), and it is also a pseudometric space with respect
to the product pseudometric

(da.c.s. X dmeasure)(({An}n7 K:)7 ({Bn}’ﬂ7 6)) = da.c.s.({An}n7 {Bn}n) + dmeasure("fa f)

inducing the product topology Tacs. X Tmeasure-
Let A®®) be the *-subalgebra of &(*) x 9M(*) generated by the set of “s-block LT pairs”

£ = {({An}nal2) f(6) € £ x MO+ {A,}, ~ax alx) f(6)).

Using Proposition 3.16, it is not difficult to see that

AG) = {(zp: ﬁ ALI) Ep: ﬁ a(i,j)(x)f(i,j)(9)> .

i=1j=1 i=1j=1

p,q1,---, QI) S N7 {A»E;’J)}n ~LT a(lj)(‘r)f(lj) (9) for all Z)j}

We can now reformulate Definition 4.1 as follows.

DEFINITION 4.5 (Block generalized locally Toeplitz sequence). Let {A,}, be an
s-block matrix-sequence, and let r : [0,1] X [—m, 7] — C*** be measurable. We say
that {Ay},, is an (s-block) generalized locally Toeplitz (GLT) sequence with symbol k,
and we write {An}n ~crr K, if the pair ({An}n, k) belongs to the closure of A in
(@fd(s) X M) dy o ¥ dmeasure)- In other words, the set of “s-block GLT pairs”

.1 GO = {({An}n, k) € &) x M)+ {A,), ~eir K}

is defined as the closure of A in (éa(s) X M) dy o ¥ dimeasure )-
In the light of this algebraic-topological definition of block GLT sequences, the following
theorem is obvious.
THEOREM 4.6. Let {A,}n be an s-block matrix-sequence, and let the function
K :[0,1] x [=m, 7] = C°*° be measurable. Suppose that:
1. {Bp m}n ~cLr Km for every m;
2. {Bn,m}n g) {An}n)
3. Km — K In measure.
Then {An}n ~GLT K.

4.2. Singular value and spectral distribution of block GLT sequences. In this section
we prove the main singular value and eigenvalue distribution results for block GLT sequences.
THEOREM 4.7. If { A} ~crr K, then {An}n ~o K.

Proof. By definition, for every m € N, there exist block LT sequences {AS,%B b ~rLT
agfl’])(x)f,(,i’J)(O), i=1,...,Np,j=1,..., My, ,such that:
. ZNm HMm’i a(i’j)(x)f(i’j)(ﬁ) — k(x,0) in measure;
i=1 j=1 m \ m 5 5
o {ZIMTLT AR}, 255 {Anta.
Moreover, by Theorem 3.14,
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o {(SHILS Avil}, ~o S TLS 0 (@) 17 (6).
We conclude” that {A,}n ~o Kby Theorem 2.33. 0

REMARK 4.8. Any block GLT sequence {A,, },, is s.u. This follows from Theorem 4.7
and Proposition 2.20.

Using Theorem 4.7 we now show that the symbol of a block GLT sequence is essentially
unique and that the symbol of a block GLT sequence formed by Hermitian matrices is
Hermitian a.e.

PROPOSITION 4.9. If {An}n ~crr & and {Ap}n ~acrr & then k = € a.e.

Proof. By Remark 4.4 we have {Og,}, = {An — An}n ~cur & — & Hence, by
Theorem 4.7, we also have {Og, }n, ~» £ — &, i.e.,

F(0) = % /01 /j 2= F(Jj(n(:’e) — E(l”g)))dedx, VF € C.(R).

We conclude that K — £ = Oj a.e. by Remark 2.6. a
PROPOSITION 4.10. If { A}, ~cur k and the A,, are Hermitian, then « is Hermitian

a.e.
Proof. Since the A,, are Hermitian, by Remark 4.4, we have {A,}, ~cLr ~ and
{A.}» ~crr K*. Thus, by Proposition 4.9, kK = k* a.e. 1]
THEOREM 4.11. If { A}, ~crr k and the A,, are Hermitian, then {A,},, ~x K.
Proof. By definition, for every m € N there exist block LT sequences {Agffn) Y ~or
(i’j)( )f(i’j)(G) i=1,...,Np,j=1,..., My, ;, such that:
o« Y Nm H falh D) (z )f(i’j)( 0) — k(z,0) in measure;
o (SIILD AR, 55 {Auh.
Thus:
o {R(XZNm ]_[M”” AL ]))} 5% {R(A,)}s, by Theorem 2.36;

. {3‘% N’" ;V[’; i Aﬁfﬂ,?)} ~y %(ZN'” jw’ﬁ : §f;”( )fﬁi’ﬁ(e)) by Theorem 3.15;

(Zz 1 H n %’J)(I)fr(rw)( 0)) — R(x(x,0)) in measure.

We conclude that {$(A4,,)}» ~x R(x) by Theorem 2.34. Since the matrices A,, are Hermitian,
we have R(A,) = A, and (k) = £ a.e. by Proposition 4.10. Hence, the spectral distribution
{R(An)}n ~x R(k) yields {Ap }, ~a K. 0

We end this section with a spectral distribution result for (compressions of) block GLT
sequences formed by perturbed Hermitian matrices.

THEOREM 4.12. Let {A, }n, ~crr £ and Ay, = X, + Yy, Assume that
1. every X,, is Hermitian,
2. [[Yallz = o(v/n).
Then {P}; A, Pp}n ~ox K for every sequence { P, },, such that P, € Co¥on, P*P, = Is
On, < sn, and 0,,/sn — 1. In particular, { A}, ~o x K (take P, = Igp).

Proof. {Yy, }, is zero-distributed by Theorem 2.16, so {Y}, }, ~crLr Os by Theorem 3.8.
Since X,, = A,, —Y,, and the matrices X,, are Hermitian, we have {X,},, ~cir k by
Remark 4.4 and {X,,},, ~, 1 k by Theorems 4.7 and 4.11. Consider the decomposition

n?

P*A,P, = P*X,P, + P*Y,P,.

Let ]3n = [Pn | O] be the sn x sn matrix obtained from P,, by adding zeros, and observe that
P*BP, = P*BP, @ O,,_s, forall B € C*"**"  We have:
o {P*X,Pp}n ~ox by Theorem 2.28;
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o [BYuPlls = B2V Bulls < 1851 [Yall2 1Ball = [¥allz = o(v/) = 0(/3). where
the inequality follows from [13, Proposition IV.2.4] and the unitary invariance of || - ||2,
while the second equality follows from the fact that the nonzero singular values of P, and
P are all equal to 1 due to the relation P*P, = P*P, & Oq,_5, = Is5, ® Oqn_s,; in
particular, { P*Y,, P, }, is zero-distributed by Theorem 2.16.

We conclude that d, s ({ P} X, Py }n, {PfAnPr}y) = 0. The singular value distribution

{P}A, P}~k follows from Remark 2.35, and the spectral distribution { P¥A,, P, },, ~x &

follows from Theorem 2.26. a

REMARK 4.13 (Extensions of the spectral distribution results to the non-Hermitian case).

As shown in this section, the theory of block GLT sequences allows one to compute the spectral
distribution of a given block GLT sequence { A, },, in the case where A,, is either a Hermitian
matrix or a (small) perturbation of a Hermitian matrix. Similar (but less powerful) results can
be formulated in the case where A, is either a normal matrix or a (small) perturbation of a
normal matrix. The real challenge consists in obtaining spectral distribution results in the
case where A,, is a purely non-normal matrix. In this direction, the most promising tools can
be found in [22, 81]. In [38, 39, 41], the tools from [81] have been refined and successfully
employed in the case where A,, belongs to the algebra generated by block Toeplitz matrices
and their inverses. The main results obtained so far are [39, Theorems 9 and 10]; extending
them further is certainly an interesting topic for future research.

4.3. Block GLT sequences and matrix-valued measurable functions. We prove in
this section that every s X s matrix-valued measurable function « : [0, 1] x [—m, 7] — C***
is the symbol of a suitable s-block GLT sequence {4, },. In combination with the results
already proved before, this will allow us to show that the map associating with each s-block
GLT sequence {4, }, its symbol & is an isometry with respect to d, s on the space ¥ () of
s-block GLT sequences and djyeqsure ON the space M) of s x s matrix-valued measurable
functions defined on [0, 1] x [—7, 7].

LEMMA 4.14. Let  : [0, 1] x [—m,w| — C**° be any measurable function. Then, there
exists a sequence of s-block GLT pairs ({ Ay, m }n, £m) such that Kk, — K in measure.

Proof. By [50, Lemma 2.8], for every o, 5 = 1,...,s, there exists a sequence of
measurable functions Ky, 3 : [0, 1] X [—m, 7] — C such that &, s is of the form

§ j0
Rm a,@ z, e a]mozﬂ IJ )
j=—Nnm

with Ny, € Nand a; m.p : [0, 1] = C belonging to C*°([0, 1]), and Ky, o3 — Kap a.e. Take

K (,0) = [Hm aﬁ(w 0)]a ,B=1
N,

= Z Ko (2, 0)ES) = @5 map (@) €0 B,
a,B=1 a,8=1j=—N,,

@

No

An,m = Z Z Dn s CL] m, (y,@)T ( UGE(SB))

a,f=1j=—Npn,

Clearly, k,, — & a.e. and hence also in measure. Moreover, {A,, 1, }n ~cLr Km by Theo-
rem 3.18 and Remark 4.4. 0

THEOREM 4.15. Let  : [0,1] x [—m, 7] = C**¢ be any measurable function. Then
there exists an s-block matrix-sequence { Ay, }r, such that { A} ~acrr K.

Proof. By Lemma 4.14, there exist s-block GLT sequences {A,, m }n ~cLr Km such that
Km — K in measure. Since {K, },» converges in measure, it is a Cauchy sequence with respect
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to the pseudometric dpmeasure inducing the convergence in measure. It follows that {{ A, 1} }m
is a Cauchy sequence with respect to the pseudometric d, ;. inducing the a.c.s. convergence
because, for each pair of indices m,m’, we have {A,, ,, — Ap ' }n ~GLT KEm — Kms DY
Remark 4.4, { A m — An,m’ }n ~o Km — Km by Theorem 4.7, and

da.c.s.({An,m}n; {Amm'}n) = pa.c.s.({An,m - An,m’}n)
= pmeasure(ﬁm - /fm’)

- dmeasure(nma Hm')

by Theorem 2.32. Since d, . is complete on the space & (s) of s-block matrix-sequences (by
Theorem 2.30), we infer that {A,, y }n 20X {A,, }, for some s-block matrix-sequence {4, }.
We conclude that { A,, },, ~grr £ by Theorem 4.6. 0

REMARK 4.16 (Isometry between s-block GLT sequences and s X s matrix-valued
measurable functions). With the notation used in Definition 4.5, suppose we identify two
s-block matrix-sequences { A, } ., {Bn}n € &) whenever their difference {A,, — B, }, is
zero-distributed and two measurable functions , £ € (%) whenever their difference x — &
equals O, a.e. Let (5) € &%) be the subspace of &(*) consisting of s-block GLT sequences
and consider the application J from ¥(*) to MM () that associates with each {A,}, € ¥
its symbol x € 9(®). This application is well-defined by Proposition 4.9. Moreover, if
{An}n ~arr K, then {By}, ~crr & is equivalent to {4,, — Bp}, ~ 0 by Remark 4.4
and Theorems 3.8 and 4.7. This means that, after identifying two s-block matrix-sequences
{An}n, {Bn}n whenever {A,, — B}, ~o 0, the application J is still well-defined and,
moreover, it is injective. By Theorem 4.15, J is also surjective. Finally, by Theorems 2.32
and 4.7, given any gauge function ¢, if {A, }, ~crr < and { B, }», ~arr &, then

dﬁc.s.({An}WJ {Bn}n) = pﬁc,s.({An - Bn}ﬂ) = prﬁeasure(‘% - 5) = drﬁeasure(ﬁvg)’

which means that J is an isometry with respect to d.. on (s) and A easure ON ms).

4.4. The block GLT algebra. The next theorems are of fundamental importance. In
particular, the first one shows that the set of s-block GLT pairs G(*) defined in (4.1) is a
*_subalgebra of &%) x 9(*),

THEOREM 4.17. Let { A}, ~crr K and { By }n ~crr & Then:

1. {A;‘;}n ~GLT E*,'
2. {aA, + BBn}n ~orr ak + BE forall o, B € C;
3. {Aan}n ~GLT ’if'

Proof. The first two statements have already been settled before (see Remark 4.4). We
prove the third one. By Definition 4.5, there exist ({ A m }n, £m)s {Bn,mtn,&m) € A®)
such that ({An.mn, fm) = {An}tn, k) and {Bnmtn:Em) = {Bn}n,§) in the space
(@@(S) X m(s)7 Tacs. X Tmeasure)’ ie.
hd {An,m}n ﬁ {An}n and {Bn,m}n ﬁ {Bn}n;
® K, — K in measure and &,,, — £ in measure.

Considering that every block GLT sequence is s.u. (see Remark 4.8), from Theorem 2.36 and
Lemma 2.4, we obtain:

L4 {An,mBn,m}n ﬂ) {Aan}n;

® K,&n — K€ in measure.

Since ({An.mBn.mtn, kmém) € AP, by definition we have { A, B, }n ~crr KE. 0
THEOREM 4.18. If {A,,},, ~cir K and k is invertible a.e., then { Al },, ~crr k%

Proof. Since  is measurable and invertible a.e., its inverse x ! is a well-defined mea-
surable function. Thus, by Theorem 4.15, there exists an s-block GLT sequence {B,, },
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such that {B,,},, ~gir £~ *. By Theorem 4.17 we have { B, A,, — Isn}n ~cir £~ 1k — I,
which implies {B,,A;, — I }n ~o 0 by Theorem 4.7, since s~k — I, = O, a.e. Hence,
{BoAn}n % {I,,}n. Since & is invertible ae., {A,}, is s.v. by Theorem 4.7 and
Proposition 2.25. It follows that AIL is s.u. (see Remark 2.23), and so, by Theorem 2.36,
{B,A AT}, 5 (A6}, ie.,

(4.2) {B A, Al — AT}, ~, 0.
Now we observe that, by definition of AIL,

A Al =T, + S, rank(S,,) = #{i € {1,...,sn}: 0;(A,) = 0}.
Considering that { 4,, }, is s.v., we have

lim rank(Sy,)

n—00 n

=0.
Hence, from (4.2) we obtain
{Bn + Zn - AIL}n ~o Oa

where Z,, = B,,S,, is zero-distributed by Theorem 2.16. Thus, AL = B,, + Z,, and it follows
from Theorems 3.8 and 4.17 that { Al },, ~grr 1. 0

THEOREM 4.19. If { A, }», ~crr K and each A,, is Hermitian, then { f (Ay)}n ~crr f(K)
for any continuous function f : C — C.

Proof. Since every A, is Hermitian by assumption and « is Hermitian a.e. by Proposi-
tion 4.10, it suffices to prove the theorem for real continuous functions f : R — R. Indeed,
suppose we have proved the theorem for this kind of functions, and let f : C — C be any
continuous complex function. Denote by «, 5 : R — R the real and imaginary parts of the
restriction of f to R. Then, «, § are continuous functions such that f(z) = a(x) 4+ i8(z) for
all z € R, and since the eigenvalues of A,, are real, we have f(4,) = a(A,) +i5(A4,). In
view of the relations {a(4,)}n ~crr (k) and {B(A4,) }n ~acrr B(k), Theorem 4.17 yields
{f(Ax)}n ~crr a(k) +iB8(k), and so { A}, ~crr f(k) because a(k) +i8(k) = f(k) a.e.
as x is Hermitian a.e.

Let f : R — R be a real continuous function. For each M > 0, let {p, a}m be a
sequence of polynomials that converges uniformly to f over [—M, M]:

im || f = pm,asloo,— g, = 0.
m— 00

Note that such a sequence exists by the Weierstrass theorem; see, e.g., [70, Theorem 7.26]. By
replacing p., ar With pr, ar + £(0) — pim,ar(0) if necessary, we may assume, without loss of
generality, that p,,, »7(0) = f(0). Since any block GLT sequence is s.u. (by Remark 4.8), the
sequence {4, }, is s.u. Hence, by Remark 2.21, for all M > 0 there exists nj; such that, for
n 2N,

(43) An = An,M + An,Ma rank(An,M) S T(M)na ||121n,M|| S M7

where r(M) — 0as M — oo, the matrices flm M and flm am are Hermitian, and for all
functions g : R — R satisfying g(0) = 0, we have

9(An s+ Apar) = g(Anar) + 9(Anar).

s
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Taking into account that (f — py, ar)(0) = 0, for every M > 0, every m and every n > nay,
we can write

f(An) = pm,]V[(An) + f(An) - pm,]\/I(An)
= Dt (An) + (f = Pmat) (Anar) + (f = mont) (Anar)
= pm,M(An) + Rn,m,M + Nn,m,Mv

where, in view of (4.3), the matrices

Rn,m,M = (f _pm,M)(An,M)a Nn,m,lw = (f _pm,M)(An,M)

satisfy

rank(R,, m ar) < rank(A, ar) < r(M)n,
[ Nomaell < |1 f = pm,M”oo,[fjw,M]-

Choose a sequence { M, },, such that

4.4) M, — o0, 1f = Pm, Mo oo [~ My 0, — O

f(An) = pm o, (An) + Bom p,, + Nomo,,
rank(Rp, m ar,,,) < 7(Mp)n,

Ny at | < N = Prat oo, [= Mo M5

which implies that
{Pm,m,, (An) }n =5 {f(An)}n-
Moreover, by Theorem 4.17,

{pm,hfm (An)}n ~GLT pm,Mm(H)-
Finally, by (4.4),

1£5) = P ()l = 2% 1( = g, ) (i ()

geeey

IN

1 = Pt oo, (=it ey — O 2ce,

which implies that

Pm.M,, (k) = f(K) ae.
All the hypotheses of Theorem 4.6 are then satisfied and {f(A,)}n ~air (k). O

4.5. Topological density results for block GLT sequences. Theorem 4.6 admits the
following simple but important converse, which will allow us to prove the main result of this
section (Theorem 4.21).

THEOREM 4.20. Let {A,,},, ~cir k and { By, m }n ~GLr Km for every m. Then

{Bnm}n 5 {4} <= EKm — K inmeasure.
Proof. By Remark 4.16,
da.c.s.({An}n7 {Bmm}n) = dmeasure(/ﬁ I{m),

and the proof is complete. a
THEOREM 4.21. Let {A,, }, ~cur k. Then, for all functions a; p,, fim, 1 =1,..., Ny,
such that
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1. a;m : [0,1] — C**¢ is Riemann-integrable and f; ., € L*([—m, ], 5),

2. Zz " @i m( ) fim(0) — Kk(x,0) in measure,
we have {Z "t Do(ai,m)To(fim) },, % L Ap Y. In particular, { Ay}, admits an a.c.s. of
the form

{ S Dn,s<a£:z?j>n(é”ESé)}n}m

,f=1j=—Nn

-{{ 3 DA T 1) |

J=—Nm

(4.5)

where N, € N, agg?j : [0,1] — C belongs to C*°([0, 1]),

(m) 1(s) (m) 1s
Z aaﬁanﬁ - [ aB,j]a,ﬁ:h

a,f=1
and
Nm,
Z Z ; lJGE(S) Z agm) (z) €99 = k(x,0) ae.
a,f=1j=—Nm j=—Nm
Proof. Let a; m, fim, @ =1,..., Ny, be functions with the properties specified in the

statement of the theorem. Then

{ZD azm fzm} NGLTZazm fzm )

by Remark 4.3 and Theorems 3.12 and 4.17. Therefore, the convergence

{ZD (@ Tlfim) | 25 (400,

follows from Theorem 4.20 applied with

nmff‘;D (@) Tafim)s o fam ) fim(0):

To obtain for {4, }, an a.c.s. of the form (4.5), we use the result of this theorem in com-
bination with [50, Lemma 2.8]. The details are as follows. By [50, Lemma 2.8], for every
a, B =1,...,s, there exists a sequence of measurable functions x,, o : [0, 1] X [-m, 7] — C
such that ,,, o is of the form

N,
9 1j6
Rm ozﬁ €, aﬁ ] )

with N,,, € Nand a(m) [0,1] — C belonging to C*°([0,1]) and Ky, a3 — Kag a.e. Then,
—1 Fm.a — _1 ka = k a.e., and so, by the result of this theorem,
=1 fm.asBal = Tosmn Fap oy d s0, by the result of this th

s Np,
{Z S Du(alR 10T (IJ"ES[;)} 5 {An}n. D

a,f=1j=—N,, n
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REMARK 4.22 (Topological density in the space of block GLT sequences). With the
notation introduced in Section 4.1, we recall that the set of s-block GLT pairs

g s) == {({An}nv ) S g(s) X i)in(s) : {An}n ~GLT Ii}

is closed in (& (&) % M) 106 X Tmeasure) Dy Definition 4.5. Consider the subset of G
consisting of the s-block GLT pairs of the form

(ti(anmm, iamm(e)),

where a; : [0, 1] — C belongs to C*°([0, 1]), f; is a trigonometric monomial in {eijeE((X‘}) :
j€Z, 1<, pB<s}foralli=1,...,N,and N € N. Then, according to Theorem 4.21,
this subset is dense in G(*), i.e., its closure in ((5"(5) X Dﬁ(s), Tacs. X Tmeasure) cOincides precisely
with G,

4.6. Characterizations of block GLT sequences. The next result is a characterization
theorem for block GLT sequences. All the provided characterizations have already been proved
before, but it is anyway useful to collect them in a single statement.

THEOREM 4.23. Let { A,, }, be an s-block matrix-sequence, and let & : [0, 1] x [—7, 7] —
C**5 be a measurable function. The following conditions are equivalent.

]. {An}n ~GLT K.
2. For all sequences {Km }m, {{Bn,m }n}m such that
L4 {Bn,m}n ~GLT fimfor every m,
® K., — K In measure,
we have { By, i }n 255 {Ap o
3. There exist functions a; y,, fim, ¢ =1,..., Np, such that
® a;.m : [0,1] = Cbelongsto C=([0,1]) and f; , is a trigonometric monomial belonging
to {eij‘gE((jg 1 jE€Z, 1<, 8 < s},
. zf " Qg (T )fi m(0) = K(z,0) ae,
L4 {Z " Dn S az m) n(fi,m)}n ﬁ {An}n
4. There exist sequences {Km }m, {{Bn,m }n }m such that

e {By.m}n ~cLr Km for everym,
® K,, — K In measure,

4 {Bn,m}n ﬂ} {An}n

Proof. The implication 1 = 2 follows from Theorem 4.20. The implication 2 = 3 fol-
lows from the observation that we can find functions a@; ,, fim, % = 1,..., Ny, with the first
two properties specified in item 3 (by [50, Lemma 2.8], as we have already seen in the proof of
Theorem 4.21) and, moreover, {sz\; Dy, s(aim)Tn(fiim)}n ~crr Zf\il @im () fi.m ()
(by Theorems 3.18 and 4.17). The implication 3 = 4 is obvious (it suffices to take

Bom = S0 Dy (@) To(fim) and ki (2,0) = SN a0 () fin(6)). Finally, the
implication 4 :> 1 is Theorem 4.6. a

4.7. Sequences of block diagonal sampling matrices. We have encountered in Sec-
tion 3.3 and Remark 4.3 the three most important examples of block GLT sequences, i.e., zero-
distributed sequences, block Toeplitz sequences, and sequences of block diagonal sampling
matrices. Concerning the latter kind of sequences, we have proved that {D,,(a)},, ~crr a(z)
whenever a : [0,1] — C**° is Riemann-integrable. From a mathematical point of view,
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however, the GLT relation {D,,(a)},, ~crr a(z) makes sense for all measurable functions
a : [0,1] — C**%, and it is therefore natural to ask whether we can drop the Riemann-
integrability assumption. In Theorem 4.24 we show that the relation {D,,(a)},, ~crr a(z)
holds for all functions a : [0, 1] — C*** that are continuous a.e. in [0, 1]. Since a function
a : [0,1] — C**¢ is Riemann-integrable if and only if a is bounded and continuous a.e. (see
Section 2.3.5), Theorem 4.24 is an extension of both Theorem 3.11 and Remark 4.3. More
precisely, in Theorem 4.24 we are dropping the boundedness assumption.

THEOREM 4.24. Ifa : [0,1] — C**? is continuous a.e., then { Dy, (a)}n, ~crr a(z).

Proof. By looking at the decomposition of D,,(a) considered in Remark 4.3, it is immedi-
ately clear that, in order to prove the theorem, it is enough to show that

(46) {Dn,s(a)}n ~GLT a(x)-[s

whenever a : [0,1] — C is a scalar a.e. continuous function. Moreover, for an arbitrary
a.e. continuous function « : [0,1] — C, we can write a = oy — a— + if4 — i5_, where
oz, B+ : [0,1] — R are nonnegative a.e. continuous functions; simply take

ay = max(R(a),0), a_ = —min(R(a),0),
B+ = max($(a),0), B- = —min(¥(a), 0).

Hence, by Theorem 4.17 and the linearity of D,, ,(a) with respect to its argument a, it suffices
to prove the relation {D,, s(a)}, ~crr a(x) in the case where a : [0, 1] — R is a nonnegative
a.e. continuous function.

Let a : [0,1] — [0,00) be a nonnegative a.e. continuous function. Denote by a,, the
truncation of ¢ at level m, i.e.,

a(z), if a(z) < m,
am () = { m, if a(z) > m.

Since a,, is bounded and continuous a.e., a,, is Riemann-integrable, hence
{Dn,s(am)}n ~GLT Um (1})[8
by Theorem 3.11. Moreover, it is clear that a,,, — a pointwise, so
a,, — a in measure.

We show that

{Dn,s(am)}n =5 {Dn,s (a)}ny

after which the application of Theorem 4.6 concludes the proof. In order to show that

{Dy.s(am)}n =5 {D,s(a)}n, we observe that D, ((a,,) = Dp(am) @ I, and

D, s(a) = Dp(a) ® I,. Therefore, since it was proved in [50, pp. 153-154] that
a.c.s.

{Dn(am)}n — {Dn(a)}n, it is immediately clear from the definition of a.c.s. and the
properties of tensor products that {D,, <(am)}n =3 {Dy.<(a)}n. 0

4.8. Sequences of block matrices with block GLT blocks. This section is devoted to
proving the following theorem, which says that, up to a suitable permutation transformation, a
sequence of block matrices with block GLT blocks is a block GLT sequence whose symbol
is obtained by “putting together” the symbols of each block GLT block. Recall that II,, , ,.
denotes the special permutation matrix (2.1).

THEOREM 4.25. Fori,j = 1,...,s, let {A, ;j}n be an r-block GLT sequence with
symbol r;j : [0,1] X [=m, ] — C™*7". Set A, = [Ani]7 ;=1 and k = [kijl; j_y. Then,
{Hn,s,rAnHz;s7r}7L is an rs-block GLT sequence with symbol k.
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Proof. The proof consists of the following two steps.
Step 1. We first prove the theorem under the additional assumption that A,, ;; is of the form

4.7 nz] ZD Gy z] f@ zg)

where L;; € N, ag;; : [0,1] — C"*" is continuous a.e., and fr ;; : [—m, 7] — C"*" belongs
to L' ([—, 7], ). Note that the symbol of {A,, ;;},, is

sz xZ, 0 Zafzj fiv] )

By setting L = max; j=1,. s L;; and adding zero matrices of the form D,,(O,)T,,(O,) in the
summation (4.7) whenever L;; < L, we can assume, without loss of generality, that

nzj ZD a[zg flzy) Hzg Zz, 9 Zalz] fézj )

with L independent of 4, j. Then,

s An HZsr ZHnsr aéw) n(fé,ij)]ij:1 Hg,s,r

Hn,s,r Z E(s) ®D ai,ij)Tn(fE,ij) Hz;,s,r

1,7=1

S

nr | O (B @ Di(ari) (e ® Tolfei)) | 00,

=1

Il
&~ <\
Mh I\Mh
— —

=

~
Il
—

i

Z nsr (BS @ Dy(agi) )L, s (Lo @ T foi7))11

By Theorems 2.42 and 2.43,
Mo (Bj; ® Du(aei))IY ., = Dal(Bf © ap),
Hn’s,r(IS®Tn(f ))Hgsr :Tn(Is®fZ,ij)'
It follows that
L s
Hn,s,rAan;sJ- = Z Z Dn(EZ(JS) ® a&ij)Tn(Is & f@ij).
£=11i,5=1

Thus, by Theorems 3.12, 4.17, and 4.24, {II,, 5 , A
with symbol

I} , . }n is an rs-block GLT sequence

L s
k(2,0) =3 3" BY @ agij (@) fris(0) = [ (.05 1.

l=11,j=1
Step 2. We now prove the theorem in its full generality. Since {A,, ;;}, is an r-block GLT
sequence with symbol «;;, by Theorem 4.21 (applied with s = r), there exist functions a%},
fL,UZ) = . Ll(;n), such that
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. aénzj) [0,1] — C™*" belongs to C*°(]0, 1]) and f@(?j) : [=m, 7] = C"™" is a trigonometric
polynomial,
m L m
o 1\ (2,0) =" a7 (2) £ (0) = kij(x,0) ae
L£7 m dC.S.
i {An ij /=1 D ( 27,])) (f€1] )} {A’ﬂ;lj}n
Set AJ™ = [A;WZ]” L and £ = [k E;n)]” 1~ We have:
L4 {Hn s r (m)HTs r}n ~GLT :‘i(m) by Step 1,
e (™) — K a.e. (and hence also in measure);
o (T o, AT | Y, 2% (11, ., A,IZ |}, because {AS™ 1}, 2% {A4,}, by Theo-
rem 2.37.
We conclude that {IL,, s  ApIT} , . }n ~crr & by Theorem 4.6. o

4.9. Further possible definitions of block GLT sequences. In this section, we discuss
a couple of possible alternative definitions of block GLT sequences. We will use the same
notation as in Definition 4.5.

By Definition 4.5 and Theorem 4.17, the set of s-block GLT pairs

g(s) _ {({An}mK«) : {An}n ~GLT K} C &) s (s

is a closed *-subalgebra of &) % omls), By Theorems 3.8, 3.12, and 4.24, G(®) contains the
set

B = {({T(f)}n. w(,0) = () : f €L} ([~m,7],5)}

U {({Dn(a)}n, k(z,0) = a(x)) : a:[0,1] — C*** is continuous a.c.}

U {({Zn}na 5(1579) = Os) : {Zn}n ~o 0}-
By the results in Section 4.5, the algebra generated by B(*) is dense in G(*). In conclusion,

the set of s-block GLT pairs G'®) is the closed *-subalgebra of &) x 9M®) generated by
B®), i.e., the smallest closed *-subalgebra of &) x M) containing B®).

Looking more carefully at the results in Section 4.5, we also note that, if we let

) = {({Dns( Vn, k(z,0) = a(x)Is) : a:[0,1] — C belongs to C*°(]0, 1})}
U (TP ES)) ki, 0) = €9EL)) : jeZ, 1< a,B < s},

then

the set of s-block GLT pairs G'®) is the closure of the subalgebra of &®) x 9 generated
by C(®).

5. Summary of the theory. We conclude the theory of block GLT sequences by pro-
viding a self-contained summary, which contains everything one needs to know in order to
understand the applications presented in the next chapter. It is assumed that anyone who reads
this summary is aware of the notation and terminology used throughout this work, which will
be only partially repeated here for the sake of brevity. The reader can find most of the notation
and terminology in Section 2.1.

Matrix norms. Here is a list of important inequalities involving p-norms and Schatten
p-norms of matrices.

N1 || X]| < V|X[1]X]|oo < max(|X]|1,|X]|x) forall X € C™*™,

N2. || X1 <rank(X)||X]|| < m|X|| forall X € C™*™,
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N3. ||XH1 < Zzljzl |-rij| for all X € Cmxm,
N4. [ X2 < VIIX[[[|X]]1 forall X € Cm>™.

Sequences of matrices and block matrix-sequences. A sequence of matrices is a sequence
of the form {A,},, where A,, is a square matrix of size d,, such that d,, — oo as n — oo.
If {A4,,}, is a sequence of matrices with A4,, of size d,,, then we say that {A,, },, is sparsely
unbounded (s.u.) if

#li € {1 dy}: 04(An) > M} _

P . ;
and we say that { A, },, is sparsely vanishing (s.v.) if
) 1,... :oi(A 1/M
lim limsup #i € {1 dn} : 0i(An) < 1/M} =0.

M—0o pnooo dy,

An s-block matrix-sequence is a sequence of matrices { Ay, },, such that the size of the nth
matrix is d,, = sn.

Singular value and eigenvalue distribution of a sequence of matrices. Let {4, }, be a

sequence of matrices with A,, of size d,,, and let f : D C R* — C™*" be a measurable

function defined on a set D with 0 < px(D) < 0.

e We say that {4, }, has a singular value distribution described by f, and we write
{An}n ~o f ,if

F(oi(An)) = WjD) /D Z”:1F(:’i(f(x)))c1><, VF € C.(R).

In this case, f is called the singular value symbol of { A, },.
e We say that {A,, },, has a spectral (or eigenvalue) distribution described by f, and we write

{An}n ~X f’ if

dn

FOuAn) = s [ Zm O g yr e

. 1
a5

i

In this case, f is called the spectral (or eigenvalue) symbol of {A,, },,.

When we write a relation such as {A, }, ~, f or {4, }, ~x [, itis understood that { A},
is a sequence of matrices and f is a measurable function defined on a subset D of some R*
with 0 < pg (D) < oo and taking values in C"*" for some r > 1. In what follows, “iff” is an
abbreviation of “if and only if”.
S1. If {A,}, ~5 f,then {A,}, is s.u.
S2. If {A,}, ~o f,then {A,}, iss.v.iff f is invertible a.e.
S3. If {A,}, ~x fand A(A,,) C S forall n, then A(f) C S ae.
S4. If A, = X,, + Y,, € C4*dn and

e cach X, is Hermitian and {X,, },, ~x [,

o lim (d,) 7Y, ]2 = 0.

then {A,}, ~x f.
S5. Let X,, € C4*¥dn and P,, € C¥*% where P'P, = I, , 6, < d,, 0,/d, — 1.

o {Xnln ~o fiff {PFX,Pyln ~o f.

e If the matrices X, are Hermitian, then {X,, }, ~» fiff {P* X, P}, ~x f.
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Informal meaning. Assuming that f : D C R¥ — C" " possesses 7 a.e. continuous
eigenvalue functions \;(f(x)), ¢ = 1,...,r, then the spectral distribution { A, },, ~ f has
the following informal meaning: all the eigenvalues of A,,, except possibly for o(d,,) outliers
(with d,, being the size of A,,), can be subdivided into r different subsets of approximately the
same cardinality and the eigenvalues belonging to the ith subset are approximately equal to
the samples of the ith eigenvalue function A;(f(x)) over a uniform grid in the domain D (for
n large enough). For instance, if k = 1, d,, = nr, and D = [a, ], then, assuming we have no
outliers, the eigenvalues of A,, are approximately equal to

b_
/\Z-<f(a+j na)) J=1,...n, di=1,....r

for n large enough. Similarly, if k = 2, d,, = n?r, and D = [ay, b1] X [az, b2], then, assuming
we have no outliers, the eigenvalues of A,, are approximately equal to

b —a . ba—as o .
)\i(f(a/l+]l n aa2+.72 n ))7 Jla]2:17"'ana ’L:la"'a/ra

for n large enough. A completely analogous meaning can also be given for the singular value
distribution { A, },, ~o f-

Rearrangement. Assuming that D = [a;,b;] X - - - X [ay, bg] is an hyperrectangle in R* and
f: D — C"*" is a measurable function possessing r real-valued a.e. continuous eigenvalue

functions \;(f(x)), 7 =1,...,r, compute, for each p € N, the uniform samples
b —ay by — ay, . . :
)\i(f(a/l+]1 ey Ok + Jk ))7 jla"'7]}€:1a"'ap7 ’Lzl,...7’f‘7
sort them in non-decreasing order, and put them into a vector (¢1,<2,...,,,x). Let
¢, : [0,1] — R be the piecewise linear non-decreasing function that interpolates the samples
(S0 =S1,51,S25 - - - , S ) OVer the nodes (0, #, %, oo 1) ie.,
AN . k
¢p(w)—§i, ’L—O,...,Tp,
. 1+ 1 , &
linear on | —-, —— |, 1=0,...,7p" — 1.
i [m’“ rok } "

When p — oo, the function ¢, converges a.e. to a function ¢, which is non-decreasing on
(0,1) and satisfies

: _ 1 [ SLFOUE),
/0 F(o(t))dt = uk(D)/D - dx, VFeC.(C).

The function ¢ is referred to as the canonical rearranged version of f. What is interesting
about ¢ is that if {4, },, ~ f, then {A,},, ~x ¢. In particular, if we have {A, },, ~x f (and
hence also {A,, },, ~x ), then, for n large enough, the eigenvalues of A,,, with the possible
exception of o(d,,) outliers (d,, = size(A,,)), are approximately equal to the samples of ¢
over a uniform grid in [0, 1].

Clustering and attraction. In what follows, if f : D C R* — C"*" is a measurable
matrix-valued function, its essential range is denoted by ER(f) and is defined as

ER(f)={2z€C: m{3je{l,....,r}: X\j(f) € D(z,e)} >0 foralle > 0}.
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o Let {A,}, be asequence of matrices with A,, of size d,,, and let S be a nonempty subset

of C. We say that {A, },, is weakly clustered at .S' if
lim #{je{l,....d}: \j(An) ¢ D(S,e)}

n—o0 d,

=0, Ve >0.

e Let {4,}, be a sequence of matrices with A,, of size d,,, and let z € C. We say that
z strongly attracts the spectrum A(A,,) with infinite order if, once we have ordered the
eigenvalues of A,, according to their distance from z,

[A(An) = 2] < [A2(4n) — 2] <. < Aa, (An) — 2],
the following limit relation holds for each fixed j > 1:
nh_)rrgo A (A,) — 2| =0.

CA1l If {4}, ~x f, then {4,}, is weakly clustered at ER(f) and each z € ER(Y)
strongly attracts A(A,,) with infinite order.

Zero-distributed sequences. A sequence of matrices {Z,}, such that {Z,}, ~, 0 is
referred to as a zero-distributed sequence. In other words, {Z,, },, is zero-distributed iff

ol
lim < ;F(gi(zn)) =F(0), VFeC.R),

n—oo

where d,, is the size of Z,,. Given a sequence of matrices {Z,, },, with Z,, of size d,,, the
following properties hold. In what follows, we use the natural convention C'/oo = 0 for all
numbers C'.

71. {Z,}, ~, 0iff Z, = R, + N,, with nler;O(dn)_lrank(Rn) = nh_)rrgo IN,|| = 0.

Z2. {Z,}n ~o 0if there exists a p € [1, 00] such that lim (d,,)"*/?(|Z, |, = 0.
n—oo

Sequences of block diagonal sampling matrices. If n € Nand a : [0,1] — C***, then the
nth block (or s-block) diagonal sampling matrix generated by a is the sn X sn block diagonal
matrix given by

Dn(a) = diag a(i).
i=1,...,n n
{Dy(a)} is the sequence of block (or s-block) diagonal sampling matrices generated by a.
In what follows, we denote by E!%-1] the space of all functions from [0, 1] to the set E.
D 1. Forevery n € N the map D,,(-) : (C**#)I0:1 — Csnxsn
e islinear: D, (aa + b) = aD,(a) + 8D, (b);
e satisfies Dy, (a)* = D, (a*).
D2. If a;; : [0,1] — C™7, for i,j = 1,...,s, and we define a = [a;;]
D, = [Dn(am)] then Hn,s,anHT = Dn(a)

n,s,r

i j=1 and
fi=1>
Block Toeplitz sequences. If n € Nand f : [, 7] — C**¢ is a function in L ([, ], 5),
then the nth (s-block) Toeplitz matrix generated by f is the sn X sn matrix given by

To(f) = [fi-ililj=1,
where the s x s blocks f}, are the Fourier coefficients of f,

1 [" ;
fk . f(e) e—1k0d9 c (CSXS, ke Z,

:27r

—Tr
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and the integrals in the previous formula are computed componentwise. {7, (f)},, is the (s-
block) Toeplitz sequence generated by f. In what follows, for any function f in LP([—m, 7], s),
we define

Il = { (Jp Hf(x)Hgdx)l/p’ if 1 <p< oo,

esssupep | F), if p = ox.

T 1. Forevery n € N the map T),(-) : L' ([—, 7], 5) — Cs"Xsn
e islinear: T, (af + Bg) = oL, (f) + BTn(9);
e satisfies T,,(f)* = T ().

T2. If f is Hermitian a.e., then 7, ( f) is Hermitian for all n € N.

T3. If1 <p<ocand f € LP([-m,7],s), then || T, (f)|l, < (n/27)"/P| | Lo-

T4. If f € LY([—m,7],s), then {T,,(f)}n ~» f. If in addition f is Hermitian a.e., then
(L0l )b ~r J-

TS5. If fi,..., f; € L®([—m, 7], s), then n™ || [T, T (fi) — T (TT02, fi)ll1 — O.

T6. If fi; € L'([—m,7],7), for i,j = 1,...,s and we set f = [fi;]{,—, and
T, = [Tn(fij)]f,j:p then IT,, ¢, T,,11Z . . = T,,(f).

n,s,r

Approximating classes of sequences. Let { A,, },, be a sequence of matrices and {{By,.;m }n } m
be a sequence of sequences of matrices with A,, and B,, ,,, of size d,,. We say that {{By, m }n }m
is an approximating class of sequences (a.c.s.) for { A, },, if the following condition is met:
for every m there exists n,,, such that, for n > n,,,

An = Bn,m + Rn,'m + Nn,'ma rank(Rn,m) < C(m)dna HNn,mH < w(m),
where 1., ¢(m), w(m) depend only on m, and

lim ¢(m) = lim w(m)=0.
m—0o0 m—o0
We use the abbreviation “a.c.s.” for both the singular “approximating class of sequences” and
the plural “approximating classes of sequences”. It turns out that, for each fixed sequence of
positive integers d,, such that d,, — oo, the notion of a.c.s. is a notion of convergence in the
space & = {{A,}n : A, € Ci*dn for every n}. More precisely, for every gauge function
@ and every A € C/*¢, let

4
PPA) = 5 3 ploi(A)

and define
pfcs({A’ﬂ}ﬂ) = hm Sup p(An)7 {An}n S (5)7
n— oo
dfc.s.({An}na {Bn}n) = pfc.s.({An — Bn}n), {An}na {Bn}n €&

Then, df.. is a distance on & such that dfcs.({An}n, {Bn}n) = 0iff {A, — By}, is zero-
distributed. Moreover, di.s. turns & into a complete pseudometric space (&, di..), where
the statement “{{B,, i, } n } m converges to { A, },,” is equivalent to “{{ By, 1 } n } m is an a.c.s.
for {A,,},,”. In particular, we can reformulate the definition of a.c.s. in the following way: a
sequence of sequences of matrices {{ By, m }n }m is said to be an a.c.s. for { Ay} if {Bn.m}n
converges to {Ap}y in (&,dics) as m — oo, i.e, if dfcs ({Bnmtn, {An}tn) — 0 as
m — oo. The theory of a.c.s. may then be interpreted as an approximation theory for sequences
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of matrices, and for this reason we will use the convergence notation { B, 1, }n, 2oy {4, }n to
indicate that {{By, s, }n }m is an a.c.s. for {4, },. In view of what follows, let D C R” be a
measurable set such that 0 < (D) < oo and, for every gauge function ¢, define

S p(0i(f(x))) ,
prfleasure / 1 dx ) f S mgj)a
% e (1 9) = pmeasm<f 9), frgems).

Then, dfeasure 1S a distance on Dﬁg) such that dieasure (f, g) = 0iff f = g a.e. Moreover,

¥ easure UINS zmg) into a complete pseudometric space (smgk diheasure ), Where the statement

“fm converges to f” is equivalent to “f,,, converges to f in measure”.

ACS1. If {A,}n ~o f,then ples ({An}n) = pPieasure (f) for all gauge functions .

ACS2. {A,}, ~, f iff there exist sequences of matrices {B,, m}n ~o fm such that
{Bnm}n 2o {4} and f,, — f in measure.

ACS 3. Suppose each A,, is Hermitian. Then, {A,}, ~» f iff there exist sequences of
Hermitian matrices { By, m }n ~x fm such that { B, m}n % (A and f — f
in measure.

ACS4. If {By . }n 2% {A,}, and {Bm}n 8% (AL}, with A,, and A/, of the same size
dy, then
e {B; m}n e 1A% s
e {aBym + BBy tn X LA, + ALY}, forall a, € C,

° {Bn,mB;L7m}n 20X {4, A],}, whenever {A, },, {A]}, are s.u.,
o {By,mChln 5% [A,C, ), whenever {C,},, is s.u.
ACSS5. If Ay, = [Ay )8 - BYY = [BYD)5 iy and {B7)}, 2% (AU, for i, j =

n z]]z ji=
1,...,s then {B{™}, 2% {A,},.
ACS6. Let p € [1,00] and assume for each m there is n,, such that, for n > n,,,
|Ay — Buomllp < e(m,n)(d,)'/P, where lim,, o limsup,,_, .. £(m,n) = 0 and
dy, is the size of both A,, and B,, ,,,. Then {B,, 1 }n LN {A.}n-

Block generalized locally Toeplitz sequences. An s-block generalized locally Toeplitz
(GLT) sequence {A,}, is a special s-block matrix-sequence equipped with a measurable
function x : [0,1] x [—m, 7] — C**%, the so-called symbol (or kernel). Unless specified
otherwise, the notation { A, },, ~gLr < means that { A, },, is an s-block GLT sequence with
symbol x € M), The symbol of an s-block GLT sequence is unique in the sense that
if {A,}n ~crr < and {An}n ~cir & then k = € ae. in [0,1] X [—m,7]. Conversely,
if {A,}n ~cur kand k = € ae.in [0,1] x [—m, 7], then {A,},, ~crr & In addition, any
measurable function x : [0, 1] X [—7, 7] — C**# is the symbol of some s-block GLT sequence
{An}n~
GLT 1. If {A,},» ~cir &, then {A,}, ~o k. If {A,}n ~crr & and the matrices A,, are

Hermitian, then « is Hermitian a.e. and {4, },, ~ &.
GLT2. If {A,},, ~aur & with 4, = X, +Y,,, and

e every X,, is Hermitian,

o« 0 2V, 0,

then {P:A,P,}, ~o, k for every sequence {P,}, such that P, € C*"*%,

P*P, =15,,0, < sn,and 6, /sn — 1.
GLT 3. We have

o {Tu(f) b ~arr w(2,0) = F(0) if f € L}([—m,7],5),

e {D,(a)}n ~crr k(x,0) = a(z) if a : [0,1] — C°*° is continuous a.e.,
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L] {Zn}n ~GLT H(J},H) = OS iff {Zn}n ~o 0.

GLT4. If {An}n ~gLr K and {Bn}n ~grr &, then
L4 {A;}n ~GLT K:*’
e {aA, + BBn}n ~cir ak + pE forall o, 5 € C,
L {Aan}n ~GLT K/é-a
o {Al}, ~gur k1 if K is invertible a.e.

GLTS5. If {A,}n ~cur ~ and each A,, is Hermitian, then {f(A.)}n ~cur f(k) for every
continuous function f : C — C.

GLT6. If {A, ;j}n ~oir Kij € M), fori,j =1,...,s, and we set k = [Hij]f7j:1 and
Ap = [An il j—1. then {IL, o ARTIE Y ~err k€ M),

GLT7. {A,}, ~air k iff there exist s-block GLT sequences { By, 1, }n ~GLr Km such that
{Bn.m}n 2% {4, }n and K,,, — & in measure.

GLTS. If {A,}, ~cir < and {B,},, ~air &, then, for every gauge function ¢, we have
dfc.s.({An}na {Bn}n) - drﬁeasure("ia 5)

GLT9. If {A,}n ~aLr K, then there exist functions a; m, fi.m, @ = 1,..., Ny, such that
® a; . : [0,1] — C belongs to C*°([0, 1]) and f; ,,, is a trigonometric monomial in

{eijeESﬂ) cj€Z, 1<, <s}),

° Zf\;"{ @im (@) fim(0) = K(x,0) ae.,
L4 {Zf\r:"i Dn(az,mIS)Tn(fz,m)}n dC_b> {An}n

6. Applications. In this chapter we present several emblematic applications of the theory
of block GLT sequences to the computation of the singular value and eigenvalue distribution of
sequences of matrices arising from the numerical discretization of DEs. In order to understand
the content of this chapter, it is enough that the reader knows the summary of Chapter 5 and
possesses the necessary prerequisites, most of which have been addressed in Chapter 2. Indeed,
our derivations here will never refer to Chapters 14, i.e., they will only rely on the summary
of Chapter 5.

6.1. FD discretization of systems of DEs. Consider the following system of DEs:

as ()u]
6.1)
ul(o) = 07 ul(l) = 07
w(0) =0, up(1) =0

In this section we consider the classical central FD discretization of (6.1). Through the theory
of block GLT sequences we show that, under suitable assumptions on the DE coefficients
ai1, 012, a21, a2z, the corresponding sequence of (normalized) FD discretization matrices
enjoys a spectral distribution described by a 2 x 2 matrix-valued function. We remark that
the number 2, which identifies the matrix space C?*2 where the spectral symbol takes values,
coincides with the number of equations that compose the system (6.1). In what follows, we
use the notation

a; M
ﬂ2 (&%) Y2
tridiag [ 5 | aj [ 7] =
=1,...,n
! ﬂn—l [e77} f)/n—l
Bn  Qn
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FD discretization. Let n > 1, set h = n%rl and z; = jh, for j = 0,...,n 4+ 1. Using the
classical central FD schemes (—1,2, —1) and 3 (—1,0, 1) for the discretization of, respectively,
the (negative) second derivative and the first derivative, for each j = 1, ..., n, we obtain the
following approximations:

—uy (xj11) + 2u1 (25) —wa (1)

(a1 (2)uf (z) + ar2(z)uy(2)]],—,, = ai1(z;)

h2
U\ T 5 — U\ T ;5 _
+ an(ay) 22t J“)Qh 2log1),
uy(2541) —ui(wj1)

[az1(2)u} (2) + azz(2)uz(2)]|,—,, = a21(z;) + aga(z;)uz(z;).

2h

This means that the nodal values of the solutions w1, us of (6.1) satisfy approximately the
equations

an (@) [~ur(@j1) + 2ur(2) = wa(zj-1)] + Sana(@;) [ua(@j41) — ua(zj-1)]

= h2fl (xj)v
1
2021(25) [ur(z541) = ua(zj-1)] + hage(z;)uz(z;)
= hf2 (J)j),
for j = 1,...,n. We then approximate the solution u; (respectively, uz) by the piecewise
linear function that takes the value u; ; (respectively, ug ;) at z; forall j = 0,...,n + 1,
where u1 9 = U1 41 = U2 = uzni1 = 0 and the vectors uy = (uy1,...,u;,)" and
us = (u21,...,u2.,)" solve the linear system

a11 (%) [~u1 i1 4 2u1; — u1 1] + sa1a(x;) [ug 41 — uj—1] = h® fi(z;),

2
1
5021(25) [ur 1 — wrj-1] + hage(zj)uz ; = hfa(z;),
for j = 1,...,n. This linear system can be rewritten in matrix form as follows:
up| h2f1
o))

where f1 = [f1(x;)]7_;, f2 = [fo(x;)]}1,

I il vt |l it B o | LA AR

and

Ky, (a11) = tridiag[ *011(%') ‘ 2(111(%') ‘ *all(frj) ]

j=1,....,n
= < diag all(zj))Tn(Q — 2cosf),
j=1,....n
Hn(alg) = tridiag[ —%alg(ij) ‘ 0 ‘ %alg(mj) ]
Jj=1,....,n

:( diag au(xj)>Tn(—isin9),

j=1,....n
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H,(as) = ;riltiiag[ —za21(z;) | 0| 2azi(z;) |
j=1,...,n

:< diag agl(mj))Tn(—isinf)),

j=1,..n

Mn(agg) = dllag agg(l‘j).
J=1,...,n

In view of (6.3), the linear system (6.2) is equivalent to

vVi| h2f1
ool =[]

where vi = uy, vo = hus, and

_ Kn(all) Hn(a12)

©4 Bn = |:Hn(a21) M, (022)} '

GLT analysis of the FD discretization matrices. In the main result of this section (Theo-
rem 6.1), we show that {Hn7anH£72},L is a 2-block GLT sequence whose symbol x(z, )
is a 2 X 2 matrix-valued function obtained by replacing the GLT sequences {K,,(a11) }n,
{Hpn(a12) }n, {Hn(a21)}n, {My,(a22)}r appearing in (6.4) with the corresponding symbols
a11(z)(2—2cos ), —iaja(x) sin 0, —iag () sin 6, agq (). In this regard, note that, assuming
for instance that a11, a12, a1, aze € C([0,1]), we have

(6.5) {Ky(a11)}n ~crr a11(x)(2 — 2cos b)),
(6.6) {Hn(a12)}n ~crr —iai2(z)sin 6,
6.7 {Hn(az21)}n ~crr —iag(z)sind,
(6.8) {M(a22)}n ~crr azz(x).

To prove (6.5), it suffices to observe that

1K (a11) — Dr(a11)Th(2 — 2 cos 6)]]

S dlag all(xj) —Dn(an) HTn(Q—QCOSH)H
Jj=1,....,n
= max lar(a) = an1 ()] I1T(2 — 2c080) | < dwa, (B),
j=1,...,n

where wy,, () is the modulus of continuity of a;1. Since w,,, (h) — 0 as n — oo, we have
{Kn(a11) — Dp(a11)T(2 — 2cos8)},, ~, 0by Z1, and so GLT 3 and GLT 4 immediately
yield (6.5). The relations (6.6)—(6.8) are proved in the same way.

THEOREM 6.1. Suppose that a1, a12,a21, a2 € C([0,1]), and set C,, = Hn,anHP;C’Q.
Then

a11(x)(2 —2cosf) —iaja(x)sinfd

6.9) {Cn}n ~aur ki, 0) = —iagi(x)sinf aso () ’
and we have

(6.10) {Crn}tn ~o K(z,0).

If moreover as1 = —aq9, then we also have

(6.11) {Cr}n ~x k(z,0).
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12 ‘ \
graph of ¢ .
10+ . eigenvalues of C), -
8+ ..'. A
6L ,
4 i ooo‘.... -
0 .n-"‘*"'""T""" | | | | | | |

0 01 02 03 04 05 06 07 08 09 1

FIG. 6.1. Comparison between the spectrum of Cy, and the rearranged version ¢ of the symbol k(x, 0) for
a11(z) = 2 + cos(mz), a12(z) = —a21(x) = e~ T sin(wz), as2(x) = 2z + sin(wz), and n = 40.

Proof. The GLT relation (6.9) follows immediately from (6.4)—(6.8) and GLT 6. The
singular value distribution (6.10) follows from (6.9) and GLT 1. It only remains to prove
(6.11) in the case where as; = —aq2. In this case, we have

Kn(au) Hn(a12)-
_—Hn(alg) Mn(a22)_ .

B, =

Consider the symmetric approximation of B,, given by

B f{(an) H,(a12)]
Bn = n(alz) Mn(a22>_’

where

K,(a11) = ;rilcliag[ —aii(zj—1) \ 2a11 () \ —ay(z;) ],
j=

]‘i’n(alg) tl‘lldlag[ a12(m] 1 ‘ 0 ‘ 2a12(x3) ]
J

It is not difficult to see that || B,, — B,|| — 0 as n — oo by invoking the inequality N 1. Thus,

setting C,, = II,, o B, 11 2, we have ||C), —Coll = |Bn — By|| — 0as n — oo. Therefore:

e in view of the decomposition C,, = C,, + (C,, — C,,), we have {C,},, ~air K(z, 0) by
(6.9), Z1, GLT 3, and GLT 4, so in particular, {C,, },, ~» x(x, ) by GLT 1 because C,, is
symmetr}c,

<V2n||Cp — Coll = o(y/n) as n — occ.
Thus, (6.11) follows from GLT 2. 0

EXAMPLE 6.2. Suppose that ai1,a12,a21,022 € C([O, 1]) and as; = —aqa, so that
{Cp}n ~ k(zx,0) by Theorem 6.1. The eigenvalue functions of x(z, §) are given by

CL11($)(2 — 2cos 9) + azz(l‘)
2
V/(a11(2)(2 — 2cos ) — aza(x))? + 4(a12(z) sin )2
2

)\172(;%(33‘, 9)) =

+

and are continuous on [0, 1] x [—m, 7]. Let ¢ be the canonical rearranged version of x(z, )
obtained as the limit of the piecewise linear functions ¢, according to the construction in
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Chapter 5 (fifth paragraph). Figure 6.1 displays the graph of ¢ and the eigenvalues A1, ..., Aoy,
of Cy, for ay1(z) = 24 cos(mx), a12(x) = —ag (z) = e * sin(wx), ase(x) = 2z +sin(wx),
and n = 40. The graph of ¢ has been obtained by plotting the graph of ¢, corresponding
to a large value of p. The eigenvalues of C,,, which turn out to be real although C,, is not
symmetric, have been sorted in non-decreasing order and placed at the points (¢4, A,) with
ty = 5=, q=1,...,2n. We clearly see from the figure an excellent agreement between ¢ and
the eigenvalues of C',, as predicted in Chapter 5 (fifth paragraph). In particular, we observe no
outliers in this case.

6.2. Higher-order FE discretization of diffusion equations. Consider the diffusion
problem

(6.12) { —(a(x)w/(x)) = f(z), x€(0,1),

u(0) = u(l) =0.

In this section we consider the higher-order FE discretization of (6.12). Through the theory of
block GLT sequences we show that the corresponding sequence of (normalized) FE discretiza-
tion matrices enjoys a spectral distribution described by a (p — k) x (p — k) matrix-valued
function, where p and k represent, respectively, the degree and the smoothness of the piecewise
polynomial functions involved in the FE approximation. Note that this result represents a
remarkable argument in support of [54, Conjecture 2].

FE discretization. The weak form of (6.12) reads as follows [25, Chapter 8]: find
u € H}([0,1]) such that

/ a(z)u (z)w'(z)dx = / f(x)w(z)de, Yw € Hy([0,1]).
0 0

In the FE method [66, Chapter 4], we fix a set of basis functions {¢1, ..., pn} C H3([0,1]),
and we look for an approximation of the exact solution in the space W = span(y1,...,¢nN)
by solving the following discrete problem: find uyy € W such that

/ a(z)upy (z)w'(z)dz :/ f(x)w(x)de, Vwe W.
0 0

Since {¢1,...,¢n} is a basis of W, we can write uyy = Zjvzl u;¢; for a unique vector
u=(uy,...,u N)T. By linearity, the computation of uyy (i.e., of u) reduces to solving the
linear system

Au="{,
where f = ( fol f(z)p fo dac) and A is the stiffness matrix,
1 N
(6.13) A= { / a(z)¢}(z)¢;(z)dz
0 i,j=1

p-degree C* B-spline basis functions. Following the higher-order FE approach, the basis
functions ¢1,...,¢nx Wwill be chosen as piecewise polynomials of degree p > 1. More
precisely, forp,n > 1and 0 < k < p—1,1et By [, &), -, Bu(p—k)+k+1,lp,k) : R = Rbe
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the B-splines of degree p and smoothness C'* defined on the knot sequence

{1, Ta—k)+prrt2}
(6.14) _{0,...,0, rotz 2 onztoonol 1,...,1}.
\x/np_kn np_kn n ~- n \7:1—4
We collect here a few properties of By [ 1] - - - s Bu(p—k)+k+1,[p,k] that we shall need later on.

For the formal definition of B-splines as well as for the proof of the properties listed below,
see [31, 73].
e The support of the ith B-spline is given by

(6.15) supp(Bi (p,k]) = [Tis Titp+1ls i=1,...,n(p—k)+k+1.
e Except for the first and the last one, all the other B-splines vanish on the boundary of [0, 1],
ie.,
Bi,[p,k](o) = Bi,[p,k](l) =0, t=2,... ,n(p — k) + k.
° {BL[PJC]’ ce Bn(p_k)+k+17[p,k]} is a basis for the space of piecewise polynomial functions

of degree p and smoothness C*, that is,

Vi ok = {v € c*([0,1]) : U|[Lj} €P, for i=0,...,n—1},

n

where P, is the space of polynomials of degree less than or equal to p. Moreover,
{Ba,[p.k]» - - - > Bn(p—k)+k,[p.k] } 18 @ basis for the space

Wn,[p,k] = {’LU S Vn,[p,k] : w(O) = w(l) = 0}.

e The B-splines form a non-negative partition of unity over [0, 1]:

(6.16) Bipk) = 0 over R, i=1,....,np—k)+k+1,
n(p—k)+k+1
6.17) Z Bipx =1 over [0,1].
i=1

e The derivatives of the B-splines satisfy

n(p—k)+k+1
(6.18) Z B} (x| < Cpn over R,

i=1

where C), is a constant depending only on p. Note that the derivatives B (p,k] Ay not be

defined at some of the grid points 0, 2, 2, ..., =1 1 in the case of C* smoothness (k = 0).
In (6.18) it is assumed that the undefined values are excluded from the summation.
o Foreveryy = (Y1, -, Yn(p—t)k+1) € R*P7OHFHL we have
n(p—k)+k+1 2 1 ,n(p—k)+k+1 2
(6.19) Z YiBi [p.x] = < Z yiBi,[p,k]> > %p lyl?,
= £2(j0,1)) i=1

where ¢, is a constant depending only on p.
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e All the B-splines, except for the first £ + 1 and the last k 4 1, are uniformly shifted-scaled
versions of p — k fixed reference functions 31 1, - - -, Bp—k,[p,k]» namely the first p — k
B-splines defined on the reference knot sequence

1
0,01, 1, n:{p*]
—— p—k

The precise formula we shall need later on is the following: setting

kE+1
(6.20) Y= {“L] ,
p—k
for the B-splines By, 2 (k)]s - - + s Bry1+4(n—v)(p—k),[p,k] W€ have
621) Brt1t -k 1)+, p.8) (€) = By p.ry (2 — 7 + 1),
r=1,...,n—v, q=1,...,p—k.

We point out that the supports of the reference B-splines 3, [, satisfy

(622) supp(ﬁl,[p,k]) - Supp(ﬁ2,[p,k]) c...C SuPp(ﬁp—k,[p}k]) = [05 T]]

Figures 6.2 and 6.3 display the graphs of the B-splines By [, &), - - -, Bu(p—k)+k+1,[p,k] fOT
the degree p = 3 and the smoothness k£ = 1, and the graphs of the associated reference
B-splines 31 [, x], B2, [p,k]-

The basis functions 1, ..., N are defined as follows:

(6.23) ©i = Bit1,[pk)5 i=1,....n(p—k)+k—1.

In particular, we have N = n(p — k) + k — Land W = span(¢1, ..., on) = Wi [p 4]
GLT analysis of the higher-order FE discretization matrices. The stiffness matrix (6.13)
resulting from the choice of the basis functions as in (6.23) will be denoted by A,, ,, (@),

1 n(p—k)+k—1
(6.24) A k() = [/0 a(@)Bj 41 g (@) By pa (x)da
i,j=1
The main result of this section is Theorem 6.5, which gives the spectral distribution of the
normalized sequence {n~'A,, 1, 1j(a)},. The proof of Theorem 6.5 requires Lemma 6.4,
which provides an approximate construction of the matrix A,, ,, (1) corresponding to the

constant-coefficient case where a(x) = 1 identically. In view of what follows, define the
(p — k) x (p — k) blocks

p—k
= [/ B o) B iy (= E)dt} , LeZ,
R i,j=1
and the (p — k) x (p — k) matrix-valued function rp, y : [—m, 7] — CP=R)xP=k)
e ieo [0] (6] e 4 (gl T g—ito

(6.25) wpw (0) = D K ye K[pkﬁZ(K[pk] + (K ) e )

LET
Due to the compact support of the reference B-splines 31 (1], - - - Bp—r,[p,k] (s€€ (6.22)),

there is only a finite number of nonzero blocks K [[ﬁ] ¥ and, consequently, the series in (6.25) is

actually a finite sum.
NOTATION 6.3. From now on, we will use the following notation.
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1
0.8
0.6 -
0.4+
0.2
0 1 \ \ L L 1 1 ) |
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
FIG. 6.2. B-splines By [p ks - - - » Bn(p—k)+k+1,[p,k) Jor p = 3and k = 1, with n = 10.
1
0.8+
0.6

0.4
0.2

FIG. 6.3. Reference B-splines By [p ], B2,[p,k] forp = 3and k = 1.

elfpn > 1,0 < k < p—1, and X is a matrix of size n(p — k) + k — 1, we de-
note by X the principal submatrix of X corresponding to the row and column indices
,j=k+1,...;k+(n—v)(p—k),wherev = [(k+ 1)/(p — k)] as in (6.20).

e Ifpn>1,0<k<p-—1,and X is a matrix of size n(p — k) + k — 1,wedenotebe
the block diagonal matrix

N Trp—t)—k
X = X ZIk(p,k)fk & X a[1],
1

where it is understood that the block Iy, )y is not present if k(p — k) — k = 0, i.e., if

k =0ork =p— 1. Note that X has the following key properties:

— its size (n + k)(p — k) is a multiple of p — k, and it is such that the difference
n+k)(p—k)—(n(p—k)+k—1)=k(p — k)—k + 1 > 0 is independent of n;

— it contains X as a principal submatrix in such a way that X is the principal subma-
trix of X corresponding to the row and column indices i, = k(p — k) + 1,...,
k(p— k) + (n—v)(p - k);

— it satisfies the matrix identity X = P~ o k]f( Py p,k, Where Py, (1 is the
(n+k)(p—k)x (n(p—k)+ k — 1) matrix given by
~ 0 -
Pn,[p,k] = In(p—k)+k—1 5
OT

— its eigenvalues (respectively, singular values) are given by the eigenvalues (respectively,
singular values) of X plus further k(p — k) — k + 1 eigenvalues (respectively, singular
values) that are equal to 1.

LEMMA 6.4. Let p,n > 1and 0 < k < p — 1. Then

An,[p,k] (1) = nTn—l/(H[p,k])'
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Proof. By (6.15) and (6.21), forall7, R =1,...,n—v,and ¢,Q = 1,...,p — k, we
have
(A, p.k] (1) (p=k) (r=1) 40, (= k) (R=1)+Q
1
= /0 Bt 14 o-0) (R-1)+ QoK) (F) Bt 14 k) (r—1) g, p.1 (T) T
= RBllc+1+(p7k)(R71)+Q,[p,k](m)Bl/chlJr(pfk)(rf1)+q,[10,k](x)dx
=n? / 52),[;),1@] (nx — R+ 1)6;,[17},6] (nx —r+1)dz
R
= n/Rﬂég,[p,k] (Y)Bg,ip.x) (v — 7+ R)dy
and
(T (1)) = (K™
n—v\Kp,k])) (p—k)(r—1)+q,(p—k)(R—1)+Q lp,k] /4@

= /Rﬁ/Q,[p,k] (y)ﬂ;,[p,k] (y —r+ R)dya

which completes the proof. 0
THEOREM 6.5. Leta € L*([0,1]),p>1,and 0 < k < p — 1. Then
(6.26) {nilAny[pJv] (a)}n ~o a(l‘)li[p7k](9).

Proof. We first note that it is enough to prove (6.26) with A,, 1, xj(a) replaced by
/Aln’[p,k] (a) because we have observed in Notation 6.3 that, except for k(p — k) — k + 1
additional singular values (respectively, eigenvalues) that are equal to 1, the singular values
(respectively, eigenvalues) of A,, [, x(a) are the same as the singular values (respectively,
eigenvalues) of A,, |, (). In view of GLT 1 and the symmetry of A,, , j(a), in order to
prove (6.26) with A,, [, 5 (a) replaced by A,, , 41(a), it is enough to show that

(6.27) {(n " A (@)} ~arr a(@) kg (0).

The proof of (6.27) consists of the following three steps.

Step 1. We first prove (6.27) in the constant-coefficient case where a(x) = 1 identically. In
this case, by Lemma 6.4, n= A, , (1) = T,—, (k[ 4)). Considering that n=1A4,, 1, (1)
is the principal submatrix of n_ljln’[py %] (1) corresponding to the row and column indices
ih,wj=kp—k)+1,...,k(p— k) + (n —v)(p — k), we infer that

nilAn’[p}k](l) = Tn+k(li[p7k]) + Rn’[%k], rank(Rnﬁ[p)k]) < 2(p - k‘)(k + I/).

Hence, the desired relation {n‘lfln,[n k(1) }n ~cLr Kip,x) (0) follows from Z 1, GLT 3, and
GLT4.
Step 2. Now we prove (6.27) in the case where a € C([0, 1]). Let

Z (@) =0 Ay (@) = n 7 Dyyp(ady— i) Ap . (1)-

By (6.14), (6.15), and (6.18), forallr, R =1,...,n —v,and q,Q = 1,...,p — k, we have

(120, 1p,k) (@) (=) (r—1)+4,(p—k) (R—1)+ Q]


http://etna.ricam.oeaw.ac.at
http://www.kent.edu
http://www.ricam.oeaw.ac.at

ETNA

Kent State University and
Johann Radon Institute (RICAM)

BLOCK GLT SEQUENCES: UNIDIMENSIONAL CASE 95

= |(An,(pk1 (@) (k) (r— 1) 0, (p— k) (R-1)+Q

: -
— dlag a 1, k)An, k (1)>
((i—k+1,...,k+nu (TH'k) g P4 (p—k)(r—1)+q,(p—k)(R—1)+Q
1
k+r
[l et

* Blt1t (k) (B-1)4Q. ook (D) Bhs 14 (o k) (r—1) 4, oot (£)

Tk4+1+(p—k)(r—1)+q+p+1 k +r
/ a7

k+1+(p—k)(r—1)+q

* Bt 14 (0 k) (R=1) 4@ [p.k] (B) Bt 14 (0 k) (r— 1) g, po] ()2

(r+p)/n
< ang /
(

r—1)/n

alx —a(%

)‘dx <C2(p+ 1)nwa(2;p)7

where w, (-) is the modulus of continuity of a and the last inequality is justified by the fact
that the maximum distance of a point x in the interval [(r — 1)/n, (r + p)/n] from the point
(k +1)/(n + k) is not larger than 2p/n. It follows that each entry of Zm[p)k] (a) is bounded
in modulus by Dpw,(1/n), where D, is a constant depending only on p. Moreover, by (6.15),
the matrix Zn,m k] (a) is banded with bandwidth bounded by a constant w,, depending only
on p. Thus, by N1, ||Zn,[p}k] (a)|| < wpDpwe(l/n) — 0 asn — oo. Considering that
Zy 1.k (@) is the principal submatrix of Z, (, 4)(a) corresponding to the row and column
indicesi,7 = k(p—k)+1,...,k(p—k) + (n —v)(p — k), we arrive at

Zn pk)(@) = No [p.k) + B [p,4]

where || N, 1|l = ||Zn,[p7k] (a)|]| = 0asn — oo and rank(R,, [, ) < 2(p — k)(k +v). It
follows from Z 1 that { Z,, [, 11(a)},, is zero-distributed. Since

n A, (@) =0 Dyy(aly— k) A ) (1) + Zo g (@),

we conclude that {nilfln,[p’k] (a)}n ~arr a(x)kpp, ) (0) by Step 1, GLT 3, and GLT 4.

Step 3. Finally, we prove (6.27) in the general case where a € L1([0, 1]). By the density of
C([0,1]) in L([0, 1]), there exist functions a,, € C([0,1]) such that a,,, — a in L'([0, 1]).
By Step 2,

{nilﬁn,[p,k] (am)}n ~GLT Am, (x)“[p,k} (0)
Moreover,
A (2)Kp, k) (0) — a(w)k[p k) (0) in measure.

We show that

(6.28) (A, o (am) e =5 {7 A, g (@) e
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Once this is done, the thesis (6.27) follows immediately from GLT 7. To prove (6.28), we
note that, by N3 and (6.18),

”An,[p.,k] (a) - An,[p,k] (am)Hl = ”An,[p,k] (a) - An,[p,k] (am)Hl

n(p—k)+k—1 1
< ¥ /0[a(x)—am<x>]B;-H_,[p,k](x)B;H,[p,k](x)dx
ij=1
1 n(p—k)+k—1
< / 0@) = am@)| S 1Bl g (@) Byt gy (@)
Q=1

< C§n2||a —aml|Lr-

Thus, the a.c.s. convergence (6.28) follows from ACS 6. O
REMARK 6.6 (Space-time higher-order FE-DG discretization of time-dependent diffusion
equations). Consider the time-dependent diffusion equation

Ou(t,x) — Oy (a(x)0u(t,x)) = f(t,x), (t,z) € (0,T) x (0,1),
(6.29) u(t,0) = u(t, 1) = 0, te(0,7),
u(0,x) =0, x € (0,1).

If we discretize (6.29) by the space-time higher-order FE-DG approximation technique consid-
ered in [11], then the resulting (normalized) FE-DG discretization matrices enjoy an asymptotic
spectral distribution described by a (¢+1)(p—k) x (¢+1)(p— k) matrix-valued function. This
result was proved in [11, Theorem A.6] by a direct (complicated and cumbersome) approach.
By following step by step the proof of Theorem 6.5, we can give an alternative (much more
lucid and simpler) proof of [11, Theorem A.6] based on the theory of block GLT sequences.
REMARK 6.7 (Formal structure of the symbol). From a formal point of view (i.e.,
disregarding the regularity of a(z) and u(x)), problem (6.12) can be rewritten in the form

{ —a(z)u"(z) — d'(2)d'(z) = f(x), xe€(0,1),
u(0) = u(1) = 0.

From this reformulation, it appears more clearly that the (singular value and spectral) symbol

a(z)K[p,k (0) consists of the following two “ingredients”.

e The coefficient of the higher-order differential operator, namely a(zx), in the physical
variable z. To make a parallelism with Hérmander’s theory [60], the higher-order differential
operator —a(x)u” (x) is the so-called principal symbol of the complete differential operator
—a(z)u”(z) — o’ (z)u'(z) and a(z) is then the coefficient of the principal symbol.

e The trigonometric polynomial associated with the FE discretization of the higher-order
derivative —u" (), namely r,, ;] (6), in the Fourier variable 6. To see that y, 5 (6) is really
the trigonometric polynomial associated with the FE discretization of —u// (), simply note
that i, 1) (0) is the (singular value and spectral) symbol of the sequence of FE matrices
{n='A, [pk(1)}n, which arises from the FE discretization of the Poisson problem

_U//(l.) = f(x)a T € (07 1)7
u(0) = u(1) = 0.

We observe that the term —a’(z)u’(2), which only depends on lower-order derivatives of u(z),
does not enter the expression of the symbol.
EXAMPLE 6.8. Let A1 »(7, 0) be the two eigenvalue functions of a(x) k[, 1) (0). Figure 6.4
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graphs of A1 s(z,0) T T
. 71 ™~
12 |+ eigenvalues of n™' A, 11(a) o o

FI1G. 6.4. Comparison between the spectrum of n™ 1An’ [p,k] (a) and the two eigenvalue functions of the symbol
a(z)kp k) (0) for a(x) = 2 +sin(nz) and p = 2, k = 0, n = 40.

2+ graph of ¢
« eigenvalues of n™' 4, |, 1y(a)
1 ..‘,
OF ..o..'0'000'o.o..o'.""........ 4
~1 ,."' i

6 07 08 09 1

3 04 05 O

0 01 02 0.

and the rearranged version ¢ of the symbol

FIG. 6.5. Comparison between the spectrum of n~1 Ay, [p )
1, n = 40.

K (a
a(z)kp k) (0) for a(z) = e™F(1 — 2z —sin(7x)) andp = 3, k =

displays the graphs of Ay o(, 0) and the eigenvalues Ay, ..., Ap(p—k)+k—1 Of n_lAny[p,k] (a)
for a(x) = 2 + sin(wz) and p = 2, k = 0, n = 40. The eigenvalues of n~' A,, 1, 11 (a) have
been plotted over a uniform grid on the domain [0, 1] x [—m, 7]. We clearly see from the
figure an excellent agreement between A; »(z, #) and the eigenvalues of n™'A,, 1, ;) (a), as
predicted in Chapter 5 (fourth paragraph).

EXAMPLE 6.9. Let ¢ be the canonical rearranged version of a(z)#, 4 (#) obtained as
the limit of the piecewise linear functions ¢, according to the construction in Chapter 5 (fifth
paragraph). Figure 6.5 displays the graph of ¢ and the eigenvalues A1, ..., App—g)45—1 Of
n~'A, px(a) for a(z) = e"*(1 — 2z — sin(7z)) and p = 3, k = 1, n = 40. The graph
of ¢ has been obtained by plotting the graph of ¢, corresponding to a large value of p. The
eigenvalues of n’lAm[% %] (@) have been sorted in non-decreasing order and placed at the
points (tg, Aq) with tg = W, g=1,...,n(p—k)+ k — 1. We clearly see from the
figure an excellent agreement between ¢ and the eigenvalues of n= ' A,, , 11(a).
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6.3. Higher-order FE discretization of convection-diffusion-reaction equations. Sup-
pose we add to the diffusion equation (6.12) a convection and a reaction term. In this way, we
obtain the following convection-diffusion-reaction problem:

630, ~(a(x)u' (@)’ + b (@) + e(@)ulx) = f(2). x € (0,1),
' u(0) = u(1) = 0.

Based on Remark 6.7, we expect that the term b(x)u’(x) 4+ ¢(z)u(zx), which only involves

lower-order derivatives of u(x), does not enter the expression of the symbol. In other words,

if we consider for problem (6.30) the same higher-order FE discretization as in Section 6.2,

then the symbol of the resulting sequence of (normalized) FE discretization matrices should
be again a(x)k[, k) (0) as per Theorem 6.5. We are going to show that this is in fact the case.

FE discretization. The weak form of (6.30) reads as follows [25, Chapter 8]: find
u € HE(]0,1]) such that

a(u, w) = f(w), Yw € H([0,1]),

a(u,w)z/o a(x)u’(x)w'(x)da:—i—/o b(x)u’(m)w(m)dx—i—/@ c(x)u(z)w(z)dz,
f(w):/o f(z)w(z)da.

In the FE method, we fix a set of basis functions {¢1, ..., pn} C HZ([0,1]), and we look for
an approximation of the exact solution in the space W = span(¢p1, ..., pn) by solving the
following discrete problem: find uyy € W such that

a(uw, w) = f(w), Yw e W.

Since {¢1,...,¢n} is a basis for W, we can write uyy = ijl u;; for a unique vector

u = (uy,...,ux)?. By linearity, the computation of uyy (i.e., of u) reduces to solving the
linear system

Su="f,

where f = (f(¢1),...,f(on))T and S is the stiffness matrix,

S = [a(py, @i)]?fj:r

Note that S admits the following decomposition:
(6.31) S=A+27,

where
N

a-|[ (), (@)¢t(e)c]

ij=1
is the (symmetric) diffusion matrix and

N N

ij=1

2=\ 1 o @eitaas] | [ 1 (o) (o))

ij=1
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is the sum of the convection and reaction matrices.

GLT analysis of the higher-order FE discretization matrices. Following the higher-order
FE approach as in Section 6.2, the basis functions ¢1, ..., @ are chosen as in (6.23). The
stiffness matrix resulting from this choice will be denoted by S,, (, 1] (a, b, ¢). According
to (6.31), it can be decomposed as follows:

(632) S”a[lhk] (a, b, C) = A’rL,[p,k] (a) —+ Zn,[p,k] (b7 c)’
where
1 n(p—k)+k—1
Anp(a) = [/0 a()Bj 41 . (7) z{+1,[p,k]($)d$:|‘ » :
1,j=

1 n(p—k)+k—1
Zy i) (byc) = [/0 b(x)B;-H’[p’k] (%) Bij1,[p.k] (a:)da?]

i,j=1
1 n(p—k)+k—1
+ { /0 (@) Bj 1, p.h] () Biy1,p.) (x)dx}

i,7=1

Note that A, [, x1(a) is the same as in (6.24) and Theorem 6.5. The main result of this section is
Theorem 6.10, which shows that Theorem 6.5 holds unchanged with .S, ,, x1(a, b, ¢) in place of
A, [p,k](a). This highlights a general aspect: lower-order terms such as b(x)u'(x) 4 c(z)u(x)
do not enter the expression of the symbol and do not affect in any way the asymptotic singular
value and eigenvalue distribution of DE discretization matrices.

THEOREM 6.10. Let a,b,c € L*([0,1]), p>1,and 0 < k < p — 1. Then

{n_lSn’[pvk} (a,b,¢)}n ~ox alx)kpp K (0),

where ki, 11 (0) is defined in (6.25).
Proof. Throughout this proof, we make use of Notation 6.3, and we use the letter C' to
denote a generic constant independent of n. We are going to show that

(6.33) | Z5,p,k1 (b, €) |2 < Cn.

Once this is done, the thesis is proved. Indeed, by (6.33) and the definition of ZAn,[IL k] (b,c)
(see Notation 6.3), we immediately obtain

”ZAny[p,k] (b,o)ll2 < Cn,

which in turn implies that {n_lZAny[p,k} (b, ¢)}n is zero-distributed by Z 2. In view of the
decomposition

n71*§7l,[[),k] (av ba C) = nilAnv[ka] (a) + nilZA"v[pvk] (b’ C)

(see (6.32)), by (6.27), GLT 3, and GLT 4, we get {n’lgm[p’k] (a,b,¢)}n ~arr a(x)kpr (0).
Thus, {n’1§n7[p,k} (a,b,¢)}n ~ox a(z)k[p k) (0) by GLT 1 and GLT 2, which immediately
implies that {n =S, 1, k1 (a,b,¢) }n ~ox a(@)kpp K (0).
It only remains to prove (6.33). Using N3 and (6.16)—(6.18), we obtain
n(p—k)+k—1
1201 ® 02 < 12l € 3 1(Zugpg 6,0

i,j=1
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n(p— k)+k 1

/ (%) B] 41 p i) (%) Biga,[p,x) (2)dw

+/O (%) Bjy1,1p,k) (%) Big1,[p,x) (v)dx

n(p k)—i—k 1 n(p—k)+k—1

/ bz Blpn@) S By @)z
=1
n(p k)+k 1 n(p—k)+k—1
/| Biips@) S B (@)lda
=1

< Cpnllbl[zr + HC||L1 < Cn,

and (6.33) is proved. O

6.4. Higher-order FE discretization of systems of DEs. Consider again the same sys-
tem of DEs as in Section 6.1, i.e.,

—ay1(z)uf (z) + ara(z)us(z) = fi(z), x€(0,1),

634 as1 (z)u) (z) + aga(z)uz(x) = fo(z), x € (0,1),
’Uq(O) = O, Ul(l) = O,
uz(0) =0, wug(l) =0.

In this section we consider the higher-order FE discretization of (6.34). Through the theory
of block GLT sequences we show that, under suitable assumptions on the DE coefficients
ai1, 012, a21, azs, the corresponding sequence of (normalized) FE discretization matrices
enjoys a spectral distribution described by a 2(p — k) x 2(p — k) matrix-valued function,
where p and k are, respectively, the degree and the smoothness of the piecewise polynomial
functions involved in the FE approximation, while the number 2 in front of (p — k) coincides
with the number of equations that compose the system (6.34).

FE discretization. The weak form of (6.34) reads as follows: find uy, us € H{ ([0, 1]) such
that, for all w € HE([0,1]),

fol ay (x)uy (z)w' (z dx+f0 a2 (z)uhy(r)w(z)dr = fo f1(z)w(x)de,
Ji a2 (@) (2)w(@)dz + [ az(@)us()w(e)de = [; fo(z)w(z)dz.

In the FE method, we fix a set of basis functions {¢1, ..., ox} C HZ([0,1]), and we look for
approximations 1)y, 2,y of the exact solutions w1, us in the space VW = span(¢1, ..., ¢ON)
by solving the following discrete problem: find w1 yy, u2y € W such that, for all w € W,

1 1
Jo arn (@) yy (@) (@)de + [ ara(z)uh yy(@)w(@)de = [ fi(z)w(z)dz,
1 1
Jo @212y (@)w(@)ds + [ ag(@)uz w(@)w(z)de = [y fo(z)w(z)da.
Since {p1,...,on} is a basis of W, we can write uiy = Zjvzl ui j¢; and
Uy = Zjvzl ug,;; for unique vectors u; = (ug1,. .., ul,N)Tand up = (ug1,-..,uz.n)r.

By linearity, the computation of u; yy, uz v (i.e., of uj, usz) reduces to solving the linear
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system
w|  |f

o s[o] - M |
where f; = [fol f1(z)pi(z)dz ]z o f Uo fo(z )dz] ,and S is the stiffness matrix,
which has the following block structure

A(au) H(a12)

6.36 S = )

(6:36) {H(agl) M(az)

where, for any g € L'([0,1]),

I 1N
637) A = | [ swei@eiwas]
o N
(6.38) H(g) = /0 g(x)¢f(x)ei(z)dz| .
639) Mig) = | [ s@es@ipla)ds
LJo lij=1

Note that, for any p # 0, the system (6.35) is equivalent to

B [Vi] = [P0
Vo - fg ’

1

where vi = uj, vo = p~ “ug and

B®) = (p "N ®In)S (In ® ply)

_ |:p1[N ON:| |:A(a11> H(alg):| |:IN ON:|
ON IN H(agl) M((ZQQ) ON pIN
=i i)

GLT analysis of the higher-order FE discretization matrices. Following the higher-order
FE approach as in Sections 6.2 and 6.3, the basis functions ¢1, . . ., ¢ are chosen as in (6.23).
The stiffness matrix S resulting from this choice and its normalized version B() corresponding
to p = n will be denoted by S, 1, 1(A) and By, ,, ) (A), respectively, where

H a2)
A nfpk) (011)  Hy fp k) (012
(4) = [ pk](a21) M, 1) (a22) |’
1 (
K]

|
(6.41) B, p.x)(A) = [ ( (aﬁl) 75\14[1;,, ?;23)] ’
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where, for any g € L'([0,1]),

1 Jn(p—k)+k—1
A pk)(9) = /0 9@)Bj 41 1.1y (@) Blia jpa) (x)dx_ e ,
1 Jn(p—k)+k—1
(6.42) Hy, pi(9) = _/o 9(@)Bj 41 1y (2) Bit1 p.x) (x)dx_ i ;
qn(p—k)+k—1

1
Mn,[p,k](g): /09($)Bj+1,[p,k](fE)BiJrl,[p,k](ff)dm

L lij=1

Note that A,, [, 4(g) is the same as in (6.24) and Theorem 6.5 with the only difference
that a is replaced by g. The main result of this section is Theorem 6.14, which gives the

spectral distribution of the sequence {B,, , 1](A)},. In view of what follows, define the
(p — k) x (p — k) blocks

- - p*k
‘
K[[p]k] /ﬂ;,[p,k} OB pyt—0dt . LeZ,
R d4,5=1
a _ | 7
A= | [ Bpn®sput-0a| . tez,
R d4,5=1
| 17"
M[p,k] = / ﬂj,[p,k} (t)ﬁi,[p,k] (t — g)dt , lez,
R lij=1
and the matrix-valued functions K, ), (p.r)s Kip.a) © [, 7] — CP=R)>P=k),
lto (0] 0 4 K \T —ito
643)  mpug(O) = K[ = KL+ ST (KfL, e + (K] Te ),
tez £>0
@ ieo _ prlo] (0] it _ (gl T —ito
©44)  &u(0) = Hi, e —H[p,kﬁZ(H,,k] (Hp ) e )
tez £>0
4 i 0 4 el 4 —i
645)  pupug(0) =Y M =l 4 Z(M[ 0 (vl ) e 59).
LEZL £>0
Due to the compact support of the reference B-splines 31 [ 1] - - - s Bp—k,[p,k] (s€€ (6.22)),
there are only a finite number of nonzero blocks K [[ ] K H, [[ﬁ] k)’ M, [[;f} K Consequently, the

series in (6.43)—(6.45) are actually finite sums. We are now ready to state and prove a few
lemmas that we shall use in the proof of Theorem 6.14. In what follows, we use the same
notation as in Section 6.2 (see Notation 6.3).

LEMMA 6.11. Letp,n > 1and 0 < k < p — 1. Then,

(6.46) Ay oy (1) = 0Ty (Kpp )
(6.47) Hy (p1)(1) = Trn (§pp.1)s
(6.48) M p, i) (1) = 07 T (pp,1)-
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Proof. The proof of (6.46) is given in Lemma 6.4. The proofs of (6.47) and (6.48) are
essentially the same as the proof of (6.46). 0
LEMMA 6.12. Let p > 1 and 0 < k < p — 1. Then, for all functions g € L*([0,1]),

(6.49) {n_lAn,[p,k] (9)}n ~arLr 9(z)k[p k) (0),
(6.50) {f{n,[p,k] (9)}n ~arr 9(2)Epp.0 (0),
(6.51) {nMn,[p,k] (g)}n ~GLT g(x),u[p,k] (6)

Proof. Except for the fact that g is replaced by a, relation (6.49) is nothing else but (6.27),
which has been proved on the basis of (6.46) in Steps 1-3 of the proof of Theorem 6.5. The
proofs of (6.50) and (6.51) are completely analogous to the proof of (6.49); they are based
on (6.47) and (6.48) instead of (6.46). 0

The last lemma shows that H, ,, 11(g) is “almost” skew-symmetric whenever g is con-
tinuous. In this regard, we note that H,, |, (1) is skew-symmetric, as it is clear from
equation (6.42) with g = 1 and the fact that, forevery ¢,j = 1,...,n(p— k) + k — 1,

1
/ i1,k (2) B fpky (2)da = —/O Bji1,p.k) (2)Biyy pp g (v)da.

LEMMA 6.13. Letp,n > 1land 0 <k <p—1.Fori=1,...,n(p— k) + k — 1, let x;
be any point in the support of the B-spline B; 1 1, x]. Then, for all functions g € C([0,1]),

(6.52) HHn,[p,k] (g> - An,[p,k] (g)Hn,[p,k](l)H < ng(n_l)v
(6.53) [ Hp . (9) — Hyp o) (D) A i (9) | < Cag(n™1),

where C'is a constant independent of n and Ay, 1, 1)(9) = diag;_y ., p—i)+k—1 9(Ti)-
Proof. Throughout this proof, the letter C' denotes a generic constant independent of n.
Fori,j=1,...,n(p—k) + k — 1, we have

1
(H i1 (9))i5 = / 9(@) By 51 (@) Bisr g (2)da
_ / 9(@) B} 41 sy (2) Byt ooy (@)dz
supp(Bit1,[p,k))
— g(z,) / By g () Bt g (2)da
Supp(BH»l [p k])

+ / (92) = 9@ Bl g (1) Big g (2)dlz
supp(Bi41,[p,k])

= (An,[p,k] (g))u(Hn,[p,k](l))lj + Zzg
By (6.15) and (6.16)~(6.18),

| Zij| =

/ (B )(g(x) g(xi))B;‘H,[p,k] (%) Bij1,[p,x) (z)d
supp(Bi+1,[p,k]
/ (B ) |g(l‘) (xl)| ‘Ej-f—l [p k ( )| Mgi‘l’l,[p,k] ($)|dx
SUpp(Bit1,[p,k]

< max lg(x) — g(z;)] C’pn/ dz

x€supp(Biy1,[p.k]) supp(Bit+1,(p.k])
(6.54) < Cwy(n™1).
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In view of (6.15), the matrix Z = H,, 1, 11(9) — An,p,k](9) Hy,p,1] (1), just as the matrices
H,, [p.1)(g) and Hy, 1, (1), is banded with bandwidth bounded by a constant C' independent
of n. Thus, (6.54) and N 1 imply that || Z|| < Cw,(n~'), which proves (6.52). The proof of
(6.53) is completely analogous (simply repeat the above steps using g(z;) in place of g(x;)

and supp(B;41,[p,k)) in place of supp(B;i1,[p,k))- 0
THEOREM 6.14. Let a11, a12, a1, a2z € L1([0,1]), p > 1, and 0 < k < p — 1. Then,

Bt (D~ . 0) = | 21N o2 €t

If moreover ag; = —aq2 € C([0,1]), then we also have

(6.55) {Bon,ip,k) (A) n ~x M,y (2, 0).

Proof. Keeping in mind Notation 6.3, define

5 nlA (an1) H, (a12)
B A) = R n,[p,k]\ 011 p,[p,k] 12
i (4) Hy, piy(az21)  nMy 1k (aze)

Since
An,[p,k] (a11) = [p k] A 1, [P,k (a11)P, n,[p,k]»
Hy, pry(a12) = Py ) 1 Hn p kg (a12) Pk
H,, px(az21) = Py, o Ho k1 (@21) P p 4]
My p, ](a22) = P;,[p k] (a22) n,[p,k]»

from (6.41) we obtain

ikl O

(0] P

(6.56) B, pk(A) =
n,[p,k]

- Popi O
B”’[p’k](A)[ 5" p [pk]]

By Lemma 6.12 and GLT 6 we have {Bn,mk] (A)}n ~crr Nip,k(z,0). It follows that
{Bn,[pjc] (A)}n ~o n[p,k] (1‘, 9) by GLT1 and {Bn,[p,k] (A) n ~o U[p,k] (33, 0) by SSs.
It only remains to prove that { By, [ 1 (A) }n ~x 7Mp,x) (2, 0) under the assumption that

az = —aiz2 € C([0,1]). This assumption ensures that Bn’[p,k] (A) is “almost” Hermitian.
More precisely, if x; is any point in the support of the B-spline B; ;1 [, x], by Lemma 6.13, we
have

(6.57) Bn,[p,k] (A) =Ch+ Zn,
where
C = n- A ,[p,k] (all) An,[p,k] (a12)ﬁn,[p,k](]—)‘|
Hy, . (DA, .k (a21) nM,, [p.x)(a22)
is symmetric by the skew-symmetry of H, [, (1) and the hypothesis az; = —ai2, and Z,, is

defined by

0O Y,
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with
Yo = Hyp.k)(012) = Do pk) (@12) Hin p, 1y (1),
Wa = Hp [y k)(a21) = Hy, [p,1) (1) By, p,0 (a21)-
By Lemma 6.13 and the continuity of as; = —aqo,

1Z0|l = max([[Yz, |, [Wall) < Cwayy (n™") — 0

The thesis (6.55) now follows from GLT 2, taking into account the decomposition (6.57) and
equation (6.56). 0

6.5. Higher-order isogeometric Galerkin discretization of eigenvalue problems. Let
R be the set of positive real numbers. Consider the following eigenvalue problem: find

eigenvalues \; € R™ and eigenfunctions u;, for j = 1,2, ..., 0o, such that
—(a(z)u)(z)) = N\;jb(x)u;(x), x €,
655 (ala)u (@) = Asbla)u; (@)
uj(z) =0, x € 01,

where ) is a bounded open interval in R and we assume that a,b € L!(Q) and a,b > 0 a.e.
in €. It can be shown that the eigenvalues A; must necessarily be real and positive. This can
be formally seen by multiplying (6.58) by u;(x) and integrating over Q:

_ - Jo(a( ) u;(z)dz fQ ))2dz
fQ )2dx fQ ))2dx

)\j > 0.

Isogeometric Galerkin discretization. The weak form of (6.58) reads as follows: find
eigenvalues \; € R™ and eigenfunctions u; € HY(Q), for j = 1,2,..., 00, such that

a(uj, w) = \j(buj,w), Vw e Hé(Q),

where
a(uj,w):/Qa(z)ug-(x)w’(x)dx, (buj,w):/Qb(oz)uj(x)w(:c)dx.

In the standard Galerkin method, we fix a set of basis functions {1, ..., on} C H3 (), we
define the so-called approximation space W = span(y1, . . ., ¢ ), and we find approximations
of the exact eigenpairs (\;,u;), 7 = 1,2, ..., 00, by solving the following (Galerkin) problem:
find \j v € R* and u;yy € W, for j = 1,..., N, such that

(6.59) a(ujw,w) = Ajw(bujw,w), VYweW.

Assuming that the exact and numerical eigenvalues are arranged in non-decreasing order, then
the pair (A; v, u;,v) is taken as an approximation of the pair (\;,u;), forallj =1,..., N,
as prescribed in [78, Chapter 6], where one can find an error analysis for such a choice. The
numbers Ajw/Aj — 1, j =1,..., N, are referred to as the (relative) eigenvalue errors. In
view of the canonical identification of each function w € W with its coefficient vector with
respect to the basis {¢1, .. ., ¢n }, solving the Galerkin problem (6.59) is equivalent to solving
the generalized eigenvalue problem

(6.60) Aujw = AjwMujwy,
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where u; )y is the coefficient vector of u, 1y with respect to {¢1,...,¢n} and
N
(66D A=l pllims = | [ a@g@ens]
Q ij=1
N
(6.2 M= (050l = | [ Mg
Q ij=1

The matrices A and M are referred to as the stiffness and mass matrices, respectively. Due
to our assumption that a,b > 0 a.e. on 2, both A and M are symmetric positive definite

regardless of the chosen basis functions 1, . .., @nx. Moreover, it is clear from (6.60) that the
numerical eigenvalues A; ), j = 1,..., N, are just the eigenvalues of the matrix
L=M"A.

In the isogeometric Galerkin method [30, 61], we assume that the physical domain {2 is
described by a global geometry function G : [0,1] — Q, which is invertible and satisfies
G(0([0,1])) = 9. We fix a set of basis functions {¢1, ..., ¢x} defined on the reference
(parametric) domain [0, 1] and vanishing on the boundary ([0, 1]), and we find approximations
to the exact eigenpairs (\;,u;), 7 = 1,2,...,00, by using the standard Galerkin method
described above, in which the basis functions (1, ..., N are chosen as

(6.63) wi(z) = (G 2)) = ¢i(2), = =G(%), i=1,...,N.

The resulting stiffness and mass matrices A and M are given by (6.61) and (6.62), with
the basis functions ¢; defined as in (6.63). If we assume that G and ¢;, i = 1,..., N, are
sufficiently regular, then we can apply standard differential calculus to obtain for A and M the
following expressions:

1 . N
a(G(2)) oy oy oy 1s
(6.64) A= [/ ———= @ (&)@ (2)dE ,
o |GM(@)] Y ij=1
1 N
669) w=| [wc@ic@le@emar
0 i,j=1
GLT analysis of the higher-order isogeometric Galerkin matrices. In the higher-order
isogeometric Galerkin approach, a suitable choice of basis functions @1, . .., @y is as follows:
(666) @L :Bi+l7[p,k]7 1= 1,...,Tl(p—k')+k— 1,
where By [p 1], - - s Br(p—k)+k+1,[p,k] are the p-degree C* B-splines introduced in Section 6.2.
If, for any functions o, 3 € L([0,1]), we define
1 n(p—k)+k—1
Anipaa(@) = | [ @@ B sy @B p@is]
1,j=
1 n(p—k)+k—1
My p1)(B) = {/O B(2)Bj+1,1p.k) (2) Bi1,p.k) (i)df} ;
i,j=1

then the stiffness and mass matrices (6.64) and (6.65) resulting from the choice of the basis
functions as in (6.66) are nothing else but A,, ,, ) (ac) and M,, 1, 1] (bg), where
a(G(2))

ag(#) = GE ba (&) = b(G(2))|G'(2)].
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The main result of this section is Theorem 6.17. It provides formal mathematical proofs
to the main results that are discussed in the engineering review [57] by giving the spectral
distribution of the normalized sequences

{n'A, o (ac) tn, {nM,, [p.11(bc) }n, {n"2L, ;px(ac, bc)tn,

where

Ly pxy(ac, ba) = (M, 1p 1 (ba)) ™ A o (ac)

is the matrix whose eigenvalues are just the numerical eigenvalues produced by the considered
higher-order isogeometric Galerkin method. To prove Theorem 6.17, some preliminary work
is necessary. In what follows, we use the same notation as in Section 6.2 (see Notation 6.3).
LEMMA 6.15. Let p > 1 and 0 < k < p — 1. Then, for all functions g € L*([0,1]),
{nilAn,[p,k] (g)}n ~GLT g(j)ﬁ[p,k] (9)7
{nMn,[p,k] (g)}n ~GLT g(‘%):u[p,k'] (6)

Proof. See Lemma 6.12. 0

LEMMA 6.16. Letp > 1 and 0 < k < p— 1. Then jup;, 1 (0) is Hermitian positive definite
forall 0 € [—m,m].

Proof. By Lemma 6.15,

{nMn,[p,k](l)}n ~GLT ,u[p,k](o)a
and since an[p, k(1) is symmetric, we infer from GLT 1 that
(6.67) (N, 1 iy (1) 3n ~x By r) (6)-

By (6.19), for every y € R*P~F)*+k=1 e have

1 ,n(p—k)+k-1 2
yT(nMn,[p,k] (1))y = n/ ( Z yiBi+1v[ka] (£)> dz
0 i=1
n(p—k)+k—1 2
=n Z YiBit1,[p.k] > ellyl?
1=1

L2([0,1])

Hence, by the minimax principle for eigenvalues [13, Corollary I1I.1.2],

y2 (nM,, 1px(1)y

Amin(nM,, 1)) = min >c
( ,[p,k]( )) y£0 Hy”Q P
for all n, which implies that

(6.68) Amin (M, 41(1)) > min(cp, 1)

for all n. Taking into account that Ain (4(p,x) (9)) is a continuous function of & just as fuf;, 1 (6),
by (6.67), (6.68), and S 3 we have

)\min(,uf[p,k'] (9)) Z Il’liIl(Cp, 1)
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for almost every 6 € [—m, ], that is, for all § € [—x, ], thanks to the continuity of
Amin (Kp,x](€)). We then conclude that s, () is Hermitian positive definite for all
0 € [—m, 7. a

THEOREM 6.17. Let Q be a bounded open interval in R, and let a,b € L' () with
a,b>0ae Letp>1and0 <k <p—1. Let G :[0,1] — Q be such that G' # 0 a.e. in
[0,1] and

L aG@)
aG(x) |G/(.’i')| €L ([07 1])
Then,
. a(G(z
669 {1 Ay g (a6)n ~on (@) (0) = Mn[p,k] (6).
(6.70) (M1 (56}~ b6 (@) (6) = B(GE)IG ()] i (6),

{02 ip 1) (a6, b6) Yn ~ox (ba (&) k1 (0) " (ac (2) k0 (0))
a(G(%)) -
(671) = W(MP’H(G)) 1,‘1[1,’]@] (9)
Proof. We first note that it is enough to prove (6.69)~6.71) with Ay, 1 k) M, p.k]»
L, [px) replaced by, respectively, An [p,k]s M Jp.k]> Ln,[p,k]» that is,

672) {0 A, g (ae)bn ~o ac (@)K (0) = 7(G(/;((§))|)’f[p,k}(9)v

(6.73) (N, 1 41 (b6) In ~ox be (@) ) (0) = b(G(2))|G(2)] i1 (0),

{07 Loy (06:56)n ~ox (b (@) ()~ (a6(@) 101 (6)
«(G(2) -
6.74 __aG@) ) N
o NG (G @) Hirk @) ik (0)
Moreover, (6.72) and (6.73) follow immediately from Lemma 6.15 and the symmetry of
A, (p1(ac) and M, (, 4 (be). It only remains to prove (6.74). The first observation is that

0Ly, pay(ac,be) = (nM,, 1 (be)) " (™ A, s (ac))
(6.75) ~ (NMoy 1) (b)) T2 (0 A g (a6)) (MM, 4 (b6)) Y2,

where X ~ Y means that the matrix X is similar to Y’; note that Mm[p,k] (bg) is positive

definite because b > 0 a.e. in [0, 1] by the assumptions on b and G, hence (Mm[zmk’] (ba))~/?

is well-defined. By combining the equality in (6.75) with Lemmas 6.15, 6.16, and GLT 4, we
immediately obtain

(6.76) {n"2Lypuy(ac,bc) tn ~orr (ba (@) (0)) ™ (ac (@) (0))-

The singular value distribution in (6.74) follows from (6.76) and GLT 1. Moreover, by
Lemmas 6.15, 6.16, GLT 4, and GLT 5 (applied with f(z) = |z|1/2), we have

{(n My 1 a1 (b6)) "2 (0 A g (aG)) (WM, 1 i (b)) ™2 Y
~aur (b () (0)) ™2 (a6 (2) 1.1 (9)) (ba () g 10 (0)) 72,
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100 \ \
graph of ¢
80| e eigenvalues of 77/72[/7%[}7’]{](&@, bg) 4
60 - 2
40 - R
20 + _.,..-"""" |
0 q"""”\.""“.\... I I 1 1 1

FIG. 6.6. Comparison between the spectrum of the matrix n’QLnY [p,k] (ag, ba) and the rearranged version

@ of the symbol (b () p[p, k) (6’))_1(ac(§:)n[p,k](9))f0r a(z) =1+ b(z) = 2 —sin(3z), G(&) = &, and
p =25, k=23 n=40.

Considering that (nM,, , 5 (ba))~Y/2(n " A, 141 (ac)) (WM, 4 (be)) ~1/? is symmetric,
from GLT 1 we get

{0,110 (b)) ™2 (0™ Ay 19 (a6)) (0My .1 (b6) ™2}
~ox (06 () pp.0 (0)) ™1 (a6 (&) ip,a) (0)) (bar () i,y (6)) 72,

which is equivalent to

{00, 1y (b)) ™2 (07 Ay .y (06) (0D .1y (b)) T2
~x (06 (). (0)) " (a (8)kpp 4 ()

by Definition 2.8, since

(b (2) pip,y (0)) ™ (ac ()i, (0))
~ (be(2) g,y (0)) ™2 (a (&) K, (0)) (ba (&) ppp i (0)) 72

for all (£,0) € [0,1] x [—m,x]. In view of the similarity in (6.75), we conclude that the
eigenvalue distribution in (6.74) is satisfied. 0

EXAMPLE 6.18. Let us denote by ¢ the canonical rearranged version of the symbol
(b () pp,x) (0)) " (aG (2) K,k (0)) obtained as the limit of the piecewise linear functions ¢,,
according to the construction in Chapter 5 (fifth paragraph). Figure 6.6 displays the graph
of ¢ and the eigenvalues Ay, ..., A\p(p—i)+k—1 Of n_2Ln7[p’k](ag, bg) for a(z) = 1+ =z,
b(x) = 2 —sin(3x), G(&) = &, and p = 5, k = 3, n = 40. The graph of ¢ has been
obtained by plotting the graph of ¢, corresponding to a large value of p. The eigenvalues
of n*2Ln,[p,k] (ag, b)) have been sorted in non-decreasing order and placed at the points
(tq, Aq) with t, = m, g=1,...,n(p— k) + k — 1. We clearly see from the figure
an excellent agreement between ¢ and the eigenvalues of 2L, 1, ) (ac b ). However, we
also note the presence of an outlier at the right end of the spectrum.

The reader who is interested in the engineering implications of Theorem 6.17 is referred
to the recent review [57].
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