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WAVE-RAY MULTIGRID METHOD FOR STANDING WAVE EQUATIONS *

A. BRANDTT AND 1. LIVSHITST

Abstract. Multigrid methods are known for their high efficiency in the solution of definite elliptic problems.
However, difficulties that appear in highly indefinite problems, such as standing wave equations, cause a total loss of
efficiency in the standard multigrid solver. The aim of this paper is to isolate these difficulties, analyze them, suggest
how to deal with them, and then test the suggestions with numerical experiments. The modified multigrid methods
introduced here exhibit the same high convergence rates as usually obtained for definite elliptic problems, for nearly
the same cost. They also yield a very efficient treatment of the radiation boundary conditions.
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1. Introduction. What are the properties of highly indefinite problems that make their
solution by standard multigrid methods inefficient?

First, there is the well-known limitation on the coarsest-grid mesh-size, which should be
sufficiently fine, in fact much finer than the wavelength of the oscillatory solution, to avoid
large phase errors (cf. Sec. 6 below).

To solve these coarsest grid equations one has to apply the slowly converging Kaczmarz
relaxation (or some similar procedure): the faster Gauss-Seidel relaxation causes smooth
components of the error to diverge. As a result, the solution will €4$¢3) operations (in
two-dimensional problems), wheré is the number of coarse grid points.

Another basic difficulty is posed by the nonlocal character ofréukation boundary
conditions(RBC) that usually accompany highly indefinite equations, making their discrete
expression extremely costly.

The basic approach which has guided the present work was already stated in Sec. 3.2 of
[2] and in [7]. It is based on the fact that the problematic error components (the ones which
cannot be reduced by the standard multigrid process applied to the Helmholtz equation) can
be factorized by representing it as the product of a certain high-frequency Fourier component
and a smooth envelope function (a ray function). The idea is then to reduce this type of error
by approximating these smooth envelope functions on the coarse grids.

However, a substantial number of important algorithmic aspects still had to be clarified
or invented, especially with regard to the levels of transition between wave and ray represen-
tation (such as the use of rotated coordinates for the ray representation, increasing a number
of ray functions on the finest ray grid, optimal scaling, optimal weighting, etc.).

We started our work with the model one-dimensional Helmholtz equation, with different
types of coefficients: constant, smooth and discontinuous. For this problem we developed an
efficient multigrid solver [6]. In the present paper we describe the next step of our research:
A solver for the two-dimensional Helmholtz equations with constant coefficients. The solver
is developed in th&ull Approximation Schem@AS) multigrid version, and for full under-
standing the reader is well advised to acquire some familiarity with this version (see, e.g., [1]
or [3]).

The presented approach can clearly be extended to higher-dimensional problems. The
extension to variable coefficients is briefly discussed in Sec. 10. The approach developed
here for obtaining a fast multigrid solver can also be used in a new type of setting where only
geometrical optics (ray tracing) needs to be used throughout a very large problem domain,
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whereas the full, costly wave equations (as well as suitable intermediate levels, introduced
herein) can be restricted to special small subdomains where the pure geometrical optics rep-
resentation breaks down (see Sec. 10).

2. Characteristic Components. For simplicity, our whole discussion is restricted to a
model problem — the scalar two-dimensional standing wave equation (Helmholtz equation)

(21) Au(xvy) + k2u(l‘, y) = f(xvy)a (l‘, y) € %27

with constant coefficient, wheref (z, y) = 0 outside some compact 8§ C R2.
The purpose is to construct an efficient multigrid solver for discretized standing wave
equations, e.g., with the second-order discretization
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wherew; ; ~ u(ih, jh) andf; ; = f(ih, jh), with the radiation boundary conditions. The
problem is considered in a computational dom@jiwhose exact size will be discussed later,

but it clearly should contaif2 .

We focus here on thaighly indefinite problem, meaning that the wavelenélgh of
the solutions to the homogeneous equations is much smaller than the didroétey i.e.,
dk > 1. Otherwise the problem can already be solved by simpler modifications to the
standard multigrid solver (see [5]).

To develop an efficient solver, we need to satisfy the basic multigrid rule: Each Fourier
error component needs an appropriate grid on which it is treated efficiently. This does not
happen straightforwardly.

Let us first note that any Fourier component of the faffit>+#2¥) with k7 + k2 =
k2, satisfies the homogeneo(t = 0) Helmholtz equation (2.1). These components will
be called here therincipal componentsand their frequenciels = (&1, k2) will be called
principal frequenciesin the plane of frequencies, the circle of principal frequencies will be
called theprincipal circle. To have an efficient discretization for principal components, and
also for components with frequencies close to the principal circle (we call such components
characteristig, we discretized the principal circle, e.g., by a unifolattice of L lattice
frequencies

(2.3) k'= (K}, kh) = (kcos[0(l — 1) + o], ksin[0(l — 1) +6o]), 1=1,...,L,

whered = 2T and0 < 6, < 6 (see Sec. 8).
Let us consider a solution of the homogeneous equation (2.1) in the following form

27
u(x, y) — / Uteik(x cos(t)+y sin(t))dt
0

or, equivalently,
L . l l
(2.4) uz,y) = Yz, y)eiFrethay),
=1

where the functiong,;(x, y) are not uniquely defined but always can be chosen so that they
are a combination of Fourier components with frequencies smaller or comparailefte-

m/L. Note, that if we consider (2.4) with a largér § becomes smaller, and the coefficient
functionsi; (z, y) in the expansion (2.4) become smoother.
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With the discretization (2.2) or any other discretization of (2.1), theme grid on which
characteristic components can be treated efficiently. On the fine grids, where they are accu-
rately approximated by the discrete equations, they are invisible to any local relaxation since
their errors can have very small residuals. Indeed, the size of such components is not deter-
mined locally, on the scale of the fine mesh-size, but on a much larger scale. On the other
hand, on coarser grids such components cannot be approximated, because the grid does not
resolve their oscillations. (In fact, to approximate such components by (2.2) the mesh-size
h needs to benuchsmaller than the Wavelengﬁé!; to avoid large phase error accumulated
over the domain diameterhk < O((dk)~'/?) must be satisfied.)

Thus, there is a need for an alternative approach for reducing characteristic error com-
ponents. Ours is based on the fact that the erfory) that cannot be reduced by a usual
multigrid cycle can be represented, similarly to (2.4), by

L
N - 1
v(z,y) =Y di(w, y)errthay),
=1

where, by choosing sufficiently large the 9;(x, y) are smooth enough to be approximated
on coarse levels.

Turning to optical terminology, we call the functiofi§ x, y) andd;(z, y) theray func-
tions and the equations satisfied by them thg equations The grids on which the wave
equations and the ray equations are treated are callesiabe gridsand theray grids, re-
spectively.

To reduce the error (2.4), in addition to the usual multigrid cycles on wave grids, we use
ray cycles: They include recursive derivation of ray equations on increasingly coarser ray
grids, having increasingly finer lattices (large). The equations on each grid are based on
the residuals of the previous ( ndixter) grid, except that boundary conditions are defined and
interpolated from the nexiarsergrid. The resulting ray equations are relaxed on each level,
On the coarsest ray level they are solved and the radiation boundary conditions are imposed,
facilitated by the nearly pure ray representation (very smaogtkvith large L) obtained on
sufficiently coarse levels.

3. Ray Levels: Grids and Lattices. Any function on then-th level of the ray cycle
(n=1,...,N) has the representation

L
(3.1) =3 ap (e, y)e ey,
=1

where the(k!, kb) are given by (2.3) withl, = L™.

For each principal componesft®1#+%2v) e define a rotated Cartesian coordinate sys-
tem(¢,n), such that the directiofiis parallel to the vectofk:, k2). In these coordinates, this
principal component is of the forei*¢, i.e.,¢ is its propagation direction. The ray function
a}*(z, y) will be discretized on a correspondingly rotatgiti, with mesh-sizé:; in the prop-
agation direction and mesh-sizg in the perpendicular direction. The levels are enumerated
so thatn = N is the level with the coarsest grid (largésgt = (hg, h;) and finest lattice, i.e.,
largestL™).

An advantage of working with the rotated grids is that identical and relatively simple
procedures can be used for different ray functions.

Another, more basic advantage is the possibility of using the most economical ray grids.
The actual mesh and lattice sizes are determined by requiring that at the highest levEl (
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we haveh; = 2C/k andhy; = C/k andL™ = 8, where typicallyl.25 < C' < 2.5. This
implies thath? = C(L™)?/32k andh;y = CL™ /8k.
Forn > 1, the size of the lattice and the mesh-sizes are calculated as

In_ 2L 1 if n iseven,
T Lt if n isodd

n __ n—1
h¢ = 2h€’ ,
pn - { 2np~1 if n iseven,
- n—1 H H
n hyy if n isodd
or, in terms ofL™,

hn C(L™)?/64k if n iseven,
€=\ o(@m?/326 if n isodd

oL
=
"7 Rk

When the number of lattice points is increased by factor two, the maximal coarsening of
the mesh-sizes is chosen to satiafy* = O(hglk) (i.e, he becomes four times an, —
two times coarser before the next lattice refinement), hence the two main terms of the ray
equation (see (7) below) will have the same mesh coupling, making the equation “h-elliptic”
(see [3]). This choice of coarsening corresponds to the fact that ray soltiffotisat we
need are much smoother in the propagation direction than perpendicularly, in a way which is
exactly exploited by havingfl ~ he/k. Also, and most important, these mesh-sizes enable
a representation of a given ring of frequencies (specifically: a ring of v@][fhgl) around
the principal circle) using aninimal numbelof ray components (minimal™), i.e., using a
maximal distance between lattice points. This type of coarsening is also important for an
effective and accuratseparatiorof the ray components from each other (see Sec. 4).

The rectangular domain covered by the grid on whiglis defined, as well as the grid it-

self, will be denoted}'; it is formed from a basic rectangl® = {(z,y) : ||z| < d} /2, |y| <

d3/2} by rotating itQL—Tf radians. At the highest level, the sizésandd’ are chosen so that

Q; all contain the wave computational domain on le¥$l, which will be designated as the
“wave-to-ray switching level”; its exact choice will be discussed in Sec. 4. At each lower
(n > 1) level thed} anddy are defined so that eaélj completely includes the associated
higher-level rectangle@@g1 if [ is even and botlﬁ)?l:ll)/2 andQ?ljrll)/2 if [ is odd, where

I + 1 is taken moduld.”—1), with at least four additional mesh-sizes in each direction.

4. Ray Equations and Separation.In this section our description will be given in terms
of a Correction Schemg@CS) multigrid version which will however change in Sec. 5 below.
This means that at each lower ray lewelthe represented ray functions are designed in turn
to approximate theorrection needed at the next higher level— 1, while the functions
computed on the highest ray levelre designed to approximate the correction needed for
the solution on the wave levet = M,. of the “wave multigrid cycle”.

The error component that needs to be reduced on a ray grid has the form

(4.1) v(z,y) = bz, y)e ety
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whered(z, y) is smooth. A right-hand-side, that corresponds to each such error component,
can similarly be represented as

(4.2) r(a,y) = #(w,y)e'Frothay),

and it, as we will see, actually approximates corresponaisiglualson the next finer level.
Substitution of (4.1) and (4.2) into Eq. (2.1) (withbeing the solution and the right-
hand-side) gives us an equation for the ray function y).

Li(2,y) = V22 (2,Y) + Oyy (2, y) + 2ik10, (2, y) + 2ik20y (2, y) = 7(z, y).
In the rotated coordinates it simplifies to
(4.3) Li(&,m) = dee(€,m) + Dyn(&,m) + 2ikde (€, m) = #(E,m).

The operatof will be approximated by the following second-order finite-difference stencil:

_1_ _1_
1 1 2};"; 1 1 22h”12‘2 1 1
Th _ 1 2k _ 1 k1 _yxo 1
(44) L'=| 32 ( ha?  he 2h52) ( g T he zh,g) 2he? | o
1 1
2hy2 2h?

which is centered at the mid-poifg, n); for orientationx marks the coefficient at the grid-

point (£ + he/2,m). This discretization has several advantages: First, the symbol of the
operator defined by (4.4) proves to be close to the symbol of the finest-grid discrete wave
operator for the desired characteristic components, i.e, the ray operators (4.4) provide an ex-
cellent approximation to (2.2) within a minimal number of lattice points, meaning a minimal
number of ray functions. Another important property of (4.4), which makes this discretiza-
tion attractive, is that its symbol is bounded away from zero (i.e., it is stable) for all other
components.

The ray equation (4.3) is almost first-ordetisince the terni,, is small compared to
ke for any function visible on the grid. Hence, the ray equations (4.4) can almost be solved
by one sweep of a suitable line relaxation, costing only a number of operations proportional
to the number of grid points. Thus, unlike regular multigrid cycles, in the ray cycles (in two
dimensions) there is no need to visit the coarsest possible levels in order to save computa-
tional work — the cost of solving ray equations on any ray grid is comparable to the cost
of one relaxation sweep there. The coarsest ray level is thus mainly determined by other
considerations, discussed later.

One purpose of the ray cycles is to approximate the smooth ray functions that correspond
to those residuals left unreduced after the wave cycle. This approximation can be done if each
ray grid obtainsts ownappropriate part of the residuals, i.e., a residual function of the form
(4.2), wherer(z,y) is sufficiently smooth to be well approximated on that grid. Hence,
we need a procedure that for such a wave residual funetiony) in a characteristic ring
calculates smooth (on scd¥) functions#}* (x, y) so that

o
~ an l
r(@,y) = SOy (), ef (n,y) = e,
=1

where the(k}, kL) are defined as in (2.3), with = L™. We call such a proceduseparation
and we first describe it here in general terms.
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A basic tool for the separation is a simple one-dimensional three-point weighting (con-
volution) operatoMV = (wp, w1, wp). Consider a one-dimensional functig(r) on a grid
with a mesh-sizé having the form

(45) g(a) — al(a)e—ip(x + QQ(OC) _’_013(04)6111)(17

where thez;(«) are smooth, compared &3P, functions andr/2 < ph < 7. The weight-
ing coefficientavy andw; are chosen so that the result of applying the convolution weighting
operator tgoy

(Wg)(a) = wog(e — h) + wig(er) + wog(ar + h)
is an approximation to the functian,(«); Specifically,

Wg=g, if g=const,

Wg=0, if g(a)=etr,

Itis easy to findvy andw, that satisfy these conditions.

A two-dimensionalveighting operator can be constructed as a tensor product of two one-
dimensional operators: It approximates the functions which are smooth in both directions and
nearly annihilates some high-frequency components.

More precisely, consider a functigii¢, ) which can be represented as

(4.6) g€ m) =D g el Fhetram,
l

defined in the ¢, ) coordinate system, where tipé = (p}, pb) are some given frequencies,
sufficiently remote from each other, apd¢, n) are smooth functions. We assume thas
defined on a grid), with mesh-sizéar = (h¢, h,)), and our purpose is to approximajieon
some gridQ?; with a coarser mesh-size in tti&, ;) coordinate system. We also suppose
that a sequence of grids in th&, n;) coordinates is given

D — Qs — ... Qy,

where the vector mesh-size@f is approximatelh and the relatiof;_; — €2; means that
(2 coincides with2,_; or that it is obtained from;_, by doubling the mesh-size in at least
one direction. An approximation ) is then evaluated as follows:

(4.7) g~ W (W23 (o (W2 g me ™ WhsH7am])) L)),
wherel(g’ ]’”) is an interpolation operator from grie, to grid Q2;, and each Qi1 —
1, is a two-dimensional weighting operator, i.e., a tensor product of two one-dimensional
welghtlng operators. Each of the latter can be applied in eithef; ttoe 1;, or one of the two
diagonal directions (diagonal means employing either the left-lower and the right-upper, or
the left-upper and the right-lower diagonally neighboring grid-points).

What are the actual weighting directions we chose in our algorithm? Assume that on the
current fine grid2;_;, a functiong to which a weighting is applied can be represented as

g(avﬂ) = gs(aa 5) + eipagh(a, 5);
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where« is either§;, n; or one of the diagonal directiong, is perpendicular tay; g; is a
smooth function ofx on the fine-grid scale and should be represented on the next coarser
grid, while e’?*g; (o, 3) is a high-frequency function af and should not be transferred to

the next coarser grid (because it is either too high-frequency there and aliases with smooth
components, or it “belongs” to another neighboring ray function). If all of the above is true,
the weighting needs to be applied in thelirection.

To construct the CS right-hand-sidk on thefinestray grid, the residual function on a
wavegrid with mesh-sizé& (k') serves ag; the wave level used for this purpose is denoted
M,.. (See details of calculating in the Appendix A.)

To approximate a right-hand sid¢ on coarsers > 1) ray levels for thé-th problem,

g is taken from the next fingin — 1) ray level: Specifically,

g(&m) = By, if 1 iseven

and
g(€7 77) = (l 1)/2R871)/2 + €(l+1)/2Rnl;1)/2 /el s if [ is Odd

whereR” ! is the residual function calculated on the— 1) level for thej-th ray problem.
(See further details in Sec. 8.)

5. FAS and RBC. The discussion so far has been in terms of the CS multigrid version.
Namely, each level has representecbarectionto a finer level. However, the need to intro-
duce the radiation boundary conditio®BC) on the coarsest ray grids, and the need to use
larger domains for coarser levels, imply the use offb# Approximation Schem@AS). As
in previous works (see, e.g., [1] or [3]) the difference between the CS and the FAS is that
instead of thecorrectionv™ (x, y) (the function which is eventually interpolated to a finer
(higher) level and corrects its current approximation), the function for which the coarse-grid
equations are directly written is™ (z,y) = v™(x,y) + " (x,y), whereu™(z,y) repre-
sents some known fixed approximation to therent solution so thatu™ (x, y) is actually
the intendedull solution

On a wave grid, as in previous works]" is taken to be/”" , (u™*!) in regions where
the latter can be defined; heff, , is some fine-to-coarse transfer (injection or averaging)
andu™*! is the current solution on the next finer level. In other regions (outside the domain
whereu™ 1! is defined)z™ is taken to be the latest approximatiof? obtained during the
last “visit” to level m. In either case, thig™ is indeed fixed throughout the current “visit”
to levelm. (By avisit to levelm we mean all the processing on leveland on lower levels
(coarser grids) which takes place between a switching from level 1 to levelm and the
first following switching back from level: to levelm + 1. The purpose of such a visit is the
calculation of the correction™.)

On a ray leveh, however, it is more appropriate to take the initial approximation to the
ray functiond; (¢, ) to be everywhere the value of (¢, n) at theprevious visitio this very
level. This ensures that the boundary conditions (which are brought herddvamlevels)
remain satisfied, and it saves us from the need to separate the solution approximation. Thus,
instead of the CS ray correction functi@fi(¢, ), the solution functioni}* (¢, n) actually
calculated and stored @f’ is the sum

ap(&n) = o (&) + 4 (€m).

Therefore, instead of an equation of the type (4.3) FA8 equationsactually employed in
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the calculations, are

7+ LG, wherever 77 can be defined

nan __
S Liw' = { Ly elsewhere
whereﬁ{’ coincides with thel. of (4.3) upon taking andr to be the Cartesian coordinates
of 7, i.e., £ is the propagation direction af*. As described abové! is defined, by a
local separation procedure, from the next-finer-level residuals. Note that due to using FAS,
an equation foi}* is well defined also in regions of the coarse grid not covered by the fine
grid (that is, where] cannot be defined from the fine-grid residuals).

Having calculated a solutiofa} to Eqg. (5.1) (see the cycle description below), it is of
course thelifferenceii;” — %, which actually represents the correctighand which is there-
fore interpolated to the next finer level aadded tothe appropriate ray function(s) on level
(n — 1); except thatt boundarieghe full values ofi} are directly interpolated and replace
the boundary values of the finer ray function(s). See algorithmic details in Sec. 7 below.

On fine enough wave grids{ > M.,.), too, the solution near the boundary is interpolated
directly from increasingly coarser grids, eventually from the ray grids. Indeed, near a bound-
ary distant from(2 the wave solution behaves like a combination of principal components
which are smooth on the scales of the fine wave levels.

On each of the grid§2)¥ at the lowest ray level, the RBC are imposed: Each entering
ray is represented on the grid (or divided between the two grids) with the closest propagation
direction, on which its boundary values are indeed very smooth. Note that the components
represented oft)¥ may actually have propagation direction deviating by up to O(r /L")
from the correspondingdirection (the propagation direction ef'). Hence, if

O ={(&n) : gl < d, Inl < d3'}

and

Qp c{(&m) - €] <dy,In| < dy},

for somed; and ford), dY, defined as in Sec. 3., anddf" > d; + d¥’ tan 6, then all the
exiting-onlyrays (rays which do not enter the domain but are creatél})rcan actually exit

only through the “exit boundary{(¢,n) : |¢| < d1,n = d2}. Hence on all other boundaries

of O we can impose as boundary conditions the incoming rays (or zero, if no incoming
rays are assumed). No boundary conditions are needed at the exit boun@gryifice the
discrete equations (4.4) and the order in which we relax them (from entrance to exit) ensure
that information propagation in the negatédirection is effectively prohibited.

6. Phase Errors. In the previous sections we mentioned that the finest wave mesh-size
should satisfy a certain condition so that the discrete solution that can be produced by the
solver is an accurate approximation to the differential solution.

The relative error for the wave discretization (2.2) for a compon@nt+#2v with k7 + k2 =
k? is given by

kth?/y
E"(ky, ko) &
(k1 k2) 2rk/d’

where24 < v < 48. Therefore, in order to have relative errors smaller thdmwoughout the
computational domain, it is required that

(6.1) dk3h?/(2my) < e.
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For fast convergence, the discrete solution in the ray representation needs to have a small
phase error as well, so that it can efficiently approximate the characteristic error left by the
wave grids.

In this context the choice of the lattice frequencies proves to be an important issue. Ob-
viously, the ray operators provide much better approximation to those characteristic compo-
nents which are close to the lattice components, and they are much less accurate for those
farther away. If the same principal frequencies are always picked as the lattice ones, then the
same frequencies always have the worst approximation. An easy way to improve the situation
is thus to vary the set of lattice points. One possibility is to use two sets: regular

(6.2) k""" = k(cos((l —1)8,sin((l — 1)9)),

and staggered
(6.3) k" = k(cos((l —1/2)0),sin((I — 1/2)9)),

where in each cade=1,... L™ andf = 27 /L".
The relative error for the ray discretization (4.4) for a comporé&fits 9= is thus given by

h? h2 h2
b0, 0.0~ 150, + 5500k + 5 020;
(0., 0n) ~ 27k /d ’

with the choice of the ray parameters given in Sec. 8, whésehe size of the computational
domain. Analysis of the ray phase error shows then that in order to have ray relative errors to
be smaller tham, the numbet.? of lattice points on the coarsest ray giid should satisfy

the following condition:

kd
(64) 5(LN)2ﬁ4 < &
where 5 is equal to eithed or 2 depending on whether only regular or both regular and
staggered lattices are employed at that level.
A heuristic explanation of the choice gffollows: The maximal relative error appears when
(0¢ +k, 0,) is a principal component which is maximally distant from the lattice points where
the ray operator indeed provides an excellent approximation to the wave finest grid operator.
The values of#;, 6,)) can be thus estimated as

O ~ k0%/2, 0, ~ ko),

wheref = 7 /L. If not one but two different sets of lattice points are employed, then the
worst approximation that could be provided by using two ray cycles will show up not for the
same “distant” component (since the most “distant” component of the first ray cycle becomes
a lattice one of the next ray cycle) but rather for a “middle” component With /2L~

which has an “average” approximation in both types of the ray cycles.

If both (6.1) and (6.4) are satisfied witR = 1/¢ then the ray approximation is good
enough to provide an average convergenceRaper ray cycle for all characteristic compo-
nents.

If, however, the finest wave mesh-size does not satisfy (6.1)avthl/R, in order to
provide the fast convergence of the algorithm, the ray operator should be modified by adding
some additional terms so that it approximates the finest discrete wave operator, rather than
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the differential one. This addition is shown to be important in various numerical experiments,
although it has been omitted in those reported below, since the aceutae is sufficiently
small. To derive the correction terms, one has to calculate the First Differential Approxi-
mation (F'DA) to the discrete operator (2.4) applied to the wave function in the ray form
v(w,y) = o(x,y)e'Frothay);

FDA(L}”v(x7 y)) = ei(klx"'kw)(([/r + h2L4)9),

with L"0 = A0+ 21k 0, + 2iko0,, (the ray differential operator (4.3) in thie, y) coordinate
system) and

(KR
o= F1Th), ©
v 12 3

a a1 o . i, . . 1, .
(kfvsc‘f'kgvy)_5(k%%x"‘kgvyy)"‘g(k?l”:c:c:c“‘kﬂyyy)"'ﬁ(U:c:c:c:c“‘vyyyy)-
Herel is the finest wave mesh-size, afid, k) is the lattice frequency for which the ray
equations are written. The modified ray operator in(they) coordinates is theh” + h2?L¢.

7. Wave Cycle. The outer part of the algorithm is a regular FASNéve cycle host-
ing two ray cyclesat a certain stage. To describe it, the wave grids (levels) are humbered
1,2,..., M, where 1 is the coarsest grid, with uniform mesh-gizgusually in the range
5k~ < hy < 10k™1), and each subsequent grid has the uniform meshksize: h,,—1/2.
Grid M is the target level, where the target equations (2.2) are given,/withhj;. The
grids are all aligned (coarser grid lines are obtained by taking every other line of the next
finer level). The domain covered by grid,, is {(z,y) : || < am,|y| < amn}, Where
ap = d/2, anda,, = am41 + Knhm, i.e., each coarser grid is widened byK,,, mesh-
seizes in each direction. (In our model algorithm we fyt = 4 if m > M,., andK,, =0
otherwise).

On each wave leveh, FAS equations are given by (2.2), with= v™, h = h,,, and
with a right-hand-sid¢™ given by

fi,j If m = ]\/[,
o= ey A (L) if m <M, and ], canbe defined
(L™a™); if m <M, and r cannotbe defined

wherer™ = [m  (fm*tt — L™+1gm*), which can be defined only at points interior to
Qumy1; 170, is an adjoint interpolation operator from the finer levek- 1 to levelm; o™+

is the latest solution approximation on level+ 1, L™ andL™*! are the wave operators of
type (2.2) on levelsn andm + 1, respectively, an@™ is some fixed approximation to the
solution on leveln, whose choice has been discussed in Sec. 5.

The V cycle has two subsequent parts, or “legs”. In the first leg the algorithm proceeds
sequentially from the finest wave levgh = M) to the coarsest ongn = 1). On each
level m, several relaxation sweeps are performed, them(if> 1) the residuals and the
approximate solution are transferred to the next coarser grid to define its right-hand side
(f™h.

In the second leg of the V cycle the algorithm proceeds sequentially from the coarsest
level (m = 1) to the finest(im = AM). On each leveln several relaxation sweeps are
performed, then in the particular case that M, two ray cyclegsee Sec. 8) are performed,
and then the correction to the solution is interpolated to the interior points of the next finer
grid, i.e.,

(7.1) ™t = gmt (™ g™,
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Here I"*1 is an interpolation operator and"*! is the former latest approximation to the
solution on levein + 1 (formed just before the visit to level and used in calculating™, as
part of definingf™). On the fine levelém > M,.) the value®n the boundargre interpolated
directly as

(7.2) ™t = [ (™),

m

On coarse wave gridsi{ < M,.), the boundary conditions are injected from the finer
grids in the fine-to-coarse leg of the wave cycle, and no boundary corrections are introduced
by these levels in the coarse-to-fine leg of the cycle @& ' = @™*! on the boundary).

Let us carefully follow the behavior of different error components through this multigrid
cycle on the wave grids (excluding the ray cycles). For the majority of components, on the
grids withkh < 1, the relaxation properties for (2.2) are similar to those for definite elliptic
operators, which means an efficient reduction of high-frequency components. The smoothing
factors (i.e., the convergence factors per sweep for the high-frequency components on each
scale) are presented in Table 1. One can see that on the levelsiwithl andkh 2> 4, the
smoothing factors of the Gauss-Seidel relaxation are quite high, and only a few relaxation
sweeps on each level suffice to reduce high-frequency components by an order of magnitude.
However, the fast convergence is not always desirable, since it might be damaging when
obtained forerroneous componentse., those which have large relative errors on the relaxed
grids.

kh | 0125 | 05 | 1.0 | 125 ] 1.5 | 2.0 | 3.0 | 40 | 6.0 | 8.0
w1 | 050 | 0.52| 0.65| 0.80| div | div | 0.66| 0.20| 0.07| 0.04
ue | 0.80 | 0.82] 0.92| 0.98| 1.02| 1.04 | 0.93| 0.40| 0.13| 0.07

Table 1. Herep; andps are the smoothing factors for Gauss-Seidel and Kaczmarz relaxations, re-
spectively, in lexicographic ordering on different grids. The precise meaning of the “divergence” that
appears fokh = 2 is given in Table 3.

A Fourier component’(“1+«2¥) s erroneously approximated on the gfidf its relative
error B (wy, w-) satisfies

(73) Eh’(wl,wQ) > 1.

For equations (2.2) erroneous components happen to be close to the principal circle, i.e., their

frequencies satisfy
Vw2 +w?=k(1+96), |§ <1

The symbol of (2.1) fori(«1#+«29) js given by—w? + k2, while the symbol of the difference
operator (2.2) i%? + 2h~2(cos(w1 h) + cos(wz2h) — 2). Hence, the relative error for such a
componentis

2h=2(cos(w1h) + cos(wah) — 2) + w?
—w? + k2 :

E" (w1, ws) = '

For any frequency componefat; , w2) which satisfies (7.3) holds

(7.4) (1 —6_) < yJon? + w2 < k(1+64)

with §_ andd, presented in Table 2.
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kh 1025 | 05 | 1.0 1.25 | 1.5 | 2.0 | 3.0 | 4.0
6+ | .003|.011| .05| .08 | .13 | any | any | any
0_|.003| .01 |.04| .06 |.07| .11 .16 | .21

Table 2. Limits of poorly approximated components. On the grids with> 5 all components have

a small relative error — characteristic components are too oscillatory to be visible there. Relaxation
on such grids is not damaging for those components. By “any”, we meamltha@mponents with
y/w12 + w2 > k which are visible on the grid have a bad approximation there.

In Table 3 the amplification factors of Gauss-Seidel and Kaczmarz relaxation for com-
ponents in the range (7.4) are shown. It is clear from the Table that on grid&vith0.5,
the influence of the Gauss-Seidel relaxation on the erroneous components is negligible, and
therefore it can be applied without significant damage; by Table 1, 3—-4 sweeps would suffice
to reduce high-frequency components on these grids.

kh | 025 | 05 | 1.0 | 1.25 | 1.5 | 20 | 3.0 | 4.0
o | 1.04| 1.14| 2.00| div | div | div | 1.00| 1.00
w1 | 0.9910.99| 0.96| 0.90| 0.71| div | 0.00| 0.00
pe | 1.00( 099 0.99| 0.97| 0.90| 0.20| 0.05| 0.01

Table 3. Here o is the maximal divergence factor over all components per Gauss-Seidel relaxation
sweepju, areus are the strongest (i.e., the smallest) convergence factors in the range (7.4) for a Gauss-
Seidel and a Kaczmarz relaxation sweep, respectively.kkorz 2, the Gauss-Seidel relaxation has

a bad divergence, since the “diagonal” coefficient of (2.2) becomes very small, compared to the other
coefficients.

Actually, on a sufficiently fine grids (witkh < 0.125), the fast red-black Gauss-Seidel,
with the smoothing factor5, can be applied. However, its use on the coarser levels is not
advisable, since its divergence qualities are even stronger than the ones of the lexicographic
Gauss-Seidel(, in Table 2).

When h is close tol/k, the Gauss-Seidel divergence becomes too strong for some
smooth components. Hence, we choose to use the slower but always converging Kaczmarz
relaxation on such grids. Relaxation on all levels witlg 1/k would then provide an effi-
cient reduction of all error componenté~#+«2v) in the range

k
(7.5) Vorz+w2>Z 1<, <2
«

*

On levels with1/k < h < 5/k, both Gauss-Seidel and Kaczmarz relaxation schemes
strongly change components (7.4), introducing their erroneous approximations. Therefore,
any relaxation on these grids should be avoided.

On a level with mesh-sizé > 5/k, no characteristic components are visible, and the
convergence factor for the Gauss-Seidel relaxation there is very good (smadl) faror
components which are represented there, i.e., the ones with

k
(7.6) Vw2 + w2 < g—, 5< B, < 10.

Indeed, such a level can be chosen as the coarsest wave level, since one Gauss-Seidel re-
laxation sweep on it sufficiently convergab visible components, including those smooth
components which are also visible on much coarser levels.

In the next Table we specify the number and the type of relaxation sweeps actually ap-
plied on the wave levels in the experiments reported below. As one can see, many Kaczmarz
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sweeps are applied on the level with = 1 in order to reduce the width of the characteristic
ring. An alternative here is to employ one additiora} level, finer than the finest used by

our current algorithm, and, by this, approximate a wider range of characteristic components.
We found it simpler to use the wave approach. The number of sweeps is bounded, i.e., it does
not depend on the size of the domain. Also, this level is much coarser than the finest wave
grid, so the cost of even 30 sweeps is small.

kh 1/16 1/8 1/4 1/2 1 2 4 8
N 2 2 4 4 30 0 0 2
Type | G-S(r-b) | G-S(r-b) | G-S(I) | G-S(I) | K(I) | none| none| G-S(I)

Table 4. Hereh is the wave mesh-sizéy is the number of relaxation sweeps applied on griéind
“Type” stands for the type of relaxation: “G-S” meaning Gauss-Seidel and “K” — Kaczmarz relaxations;
“I”and “r-b” in parenthesis stands for the relaxation ordering: lexicographic or red-black, respectively.

In the numerical experiments reported below we have aabitinterpolation operators.
Applying instead linear interpolation leads to a mild drop in the convergence rates, but still
provides a good multigrid efficiency. However, it is advisable to use the higher-order (cubic)
interpolation at least on relatively coarse grids where it is inexpensive.

From (7.5) and (7.6) we see that the characteristic compongéfits+«~2%) which cannot
efficiently be reduced on the wave grids lie roughly in the range

wk wk
(7.7) 5 <yJwi+wd < o

These are the components that should be reduced by the ray cycles, discussed next.

8. Ray Cycles. The residuals for the ray cycles are calculated not directly on the “wave-
to-ray switching” levelM,., (khy,,. ~ (1,1)) but on a sufficiently fine wave grid (levéll,
with kh,y, < (1, 1)), so that they still yield accurate approximation to the target (finest) wave
equation. That levelX/;) should be fine enough to yield with the discretization (2.2) a good
point-wise approximation to the characteristic error components. In practice the residuals
of that wave level are transferred, when they are needed, through intermediate levels (by
applying full-weighting operators) to the wave levél., where the ray separation starts (see
Sec. 4).

The ray cycle can be regarded as a modified V cycle. As a usual V cycle it consists of two
legs and employs several grids (levels?, ... N, whereN is the coarsest antlis the finest
level. On the finest ray levdl! ray problems are represented: Each ray prollédefined
in the appropriate rotated coordinatésn) (¢ being in propagation direction ef) on a grid
with mesh-sizéh; = (hé,h},), with 2.5k~ < h% <5k~ 'and1.25k™! < h, < 2.5k

There isnoneed to choose the finest ray grid to be finer than that, since on this scale all
characteristic components which concerns in the ray cycles still have an accurate resolution.

The coarsening of the ray grids is performed according to the smoothness of the ray
functions, needed to be represent on these grids. Each coarser tipéth has mesh-sizes
hg =2h¢~" and

hn 2hp~1 if n iseven,
T kTt i no isodd

and the number of ray problems represented there is equal to

In_ 2L™ 1 if n iseven,
1 L"' if n isodd
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In the first leg of the ray cycle (i.e., when the algorithm proceeds sequentially from finer
to coarser grids) several relaxation sweeps (two Kaczmarz sweeps in our model algorithm)
are done on each ray level, except for the coarsest one.

Following relaxation, a switch is made to a coarser level, and the following transfers
are made. I is even, meaning that the number of ray functions remains the same on the
coarser grid, the residual transfer is done as in a regular V-cycle with coarsening only in the
propagation direction (no separation is applied). Otherwise, the next coarser level employs
twice as many ray functions; half of them correspond to the same principal lattice components
that already appeared on the coarser lattice (correspondingfia¢neay level), and another
half are represented only on the finer latticedrserray level). Ifn — 1 andn are the finer
and the coarser levels, correspondingly, then the coarse-grid resitiuais evaluated by the
following two formulae:

(8.1) f'gl-',-l = W:),l—lRln_lv

(8.2) Py =W lep M 3 (RPN + el Il (RY D] feb,

whereW,!_; is a successive combination of simple weighting separation operators, con-
structed as described in Sec. 4. and in the Appendix A, that acts from the grid on levil

to the grid on leveh; R;?‘l are the ray residuals, calculated on the ray levell; and/Z/,

are interpolation operators (cubic, in our experiments) which transfer the residuals from the
grid in coordinate$¢;’,. ,, nj’.,) to the grid with the same mesh—siz(éz%“l, h;;*l) but in the
coordinates which coincide witft};, n5,). Finally, the FAS right-hand-side is calculated as

in (5.1).

On the coarsest ray levall ray problems represented there are solved almost directly,
by one sweep of line relaxation (see Sec. 4) which includes imposing the RBC as described
in Sec. 5.

In the second leg of the ray cycle (which means proceeding from coarser to finer levels),
the correctiort},

(8.3) o= (A -,

calculated on a coarse ray grid(a;* being the current approximation aﬁﬁ — the initial
one), is interpolated to the next finer grid to improve the interior values of one or two finer
ray functions. Namely, if: is odd

(8.4) art=d I,

and, ifn is even

~n—1
(8.5) ap ' =dy A+ INTROR 4 e IOy + e I (05)] /(2677

where2l + 1 is taken modula.™; I"~! is an interpolation operator Iﬁ{“l from Q3 or

from Qg orfromQy, | as needed; andl' " is the former approximate solution 6}~

(the latest approximation there, from which the residtfe{r§1 were calculated in forming
(8.1)—(8.2)). On the boundaries of the fine domains not the correction (8.3), but rather the
coarse-grid solutiong]’ themselves, using procedures similar to (8.4)—(8.5), directly replace
the former boundary values.
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Forn = 1, the corrections to the ray functions serve to improve the interior values of the
wave functionu™,

L
(8.6) u™ =" Y I (0 e
=1

while on the boundaries 61,,, the values oi.™ are given by

"

8.7) W =30 e,
=1

wherem = M, andI]", is an interpolation (cubic, in our experiments) operator from the ray
grid Q7 (defined in the proper rotated coordinate system) to the wavegyifdefined in the

(z,y) coordinate system) and™ is the approximation on the wave lev#,. just before the

ray cycle (i.e., the approximation from which the finest ray residéjafze calculated). Then

the algorithm proceeds (with several relaxation sweeps on each wave level) to the wave level
m = My as described in (7.1)—(7.2).

No relaxation can be performed in the second leg of the ray cycle, since the ray coarse-
grid correction is distributed between the fine-grid ray functions not according to the weights
of residuals obtained from them, but with equal weights. Hence, after the coarse-grid correc-
tion the right-hand-side and the approximate solutions on the finer grids are not compatible.

Each wave cycle employs two ray cycles. The residuals for the first ray cycle are calcu-
lated when the second leg of the wave cycle reaches the wavellgye¢hen these residuals
are transferred to the levéll,., etc. After the first ray cycle has accomplished its work, the
algorithm returns back to the wave representation, proceeding from the wavé/gvelthe
finer wave levels, as described in Sec. 7, and reaches the wavellgyelhere the wave
residuals for the second ray cycle are calculated and transferred back to thefjevel

In our algorithm, on the finest ray level (with = 1 and L™ = 8) we use two sets of
lattice points: Regular

it = keos( = ) ]sin( - D))

4
™
)
where in each cade=1,...8.
At lower ray levels © > 1), if there are some, however, only regular sets (With= 0 in
(2.3)) are used in both cycles.
Let us now estimate what are the values:dffor which the algorithm still can employ
only oneray level. The values of. and R in (6.4) we are interested in ae = 8 and
R = /16, meaningR? = 16 as a convergence factor for two ray cycless is the smooth-
ing factor of two red-black Gauss-Seidel relaxation sweeps, performed on the finest wave
level. We, indeed, would like to see the same factor for all error components, including the
characteristic ones treated by the ray cycles.) The following estimates can be obtained:

and staggered

),sin((l 1)

N

T
8

S

k,° = k(cos((l —-1)

(8.8) kd < 1280,
if two types of the lattices (regulandstaggered) are employed, and
(8.9) kd < 80,

if only one lattice type is used in the algorithm.



ETNA

Kent State University
etna@mcs.kent.edu

A. Brandt and I. Livshits 177

9. Numerical Results. The model problem chosen for tests of the wave-ray multigrid
algorithm is

(9.1) Au(w,y) + ku(z,y) = f(z,y), (v,y) € R,

wheref is randomly defined if /22 4+ y2 < Ry, or otherwise it is set to zero .

The computational work is measuredvilork units— the unit being the number of arith-
metic operations required in the relaxation of the equations (2.2) on the finest wave grid. One
cycle of the algorithm can be shown to cost about 7 work units (about 4 of them on the finest
grid), invested in relaxation (2 sweeps on the finest level), residual calculation, separation,
and interpolation.

We have tested the algorithm described above for different parameters of the model prob-
lem and of the algorithm itself.

Since we are interested in showing an efficient solver for the highly indefinite problems,
in our experiments we always choose the wave nuniband the computational domain
diameterd so that

(9.2) kd > 1.

The results of computations for different valuesdofith fixed k = 1 andRy, = 5 are
presented in Table 5. The algorithm employs one ray level with 8 lattice points, alternating
using the regular lattice and the staggered one (see Sec. 8).

kd Cc2 C3 C4 C5 C6 Cc7 C8 C9

10 | 1.8e-02| 5.4e-04| 2.0e-05| 9.2e-07 | 4.8e-08| 2.6e-09| 1.5e-10| 8.7e-12
20 | 7.0e-03| 2.1e-04| 8.7e-06| 4.4e-07 | 2.4e-08| 1.3e-09| 7.5e-11| 4.4e-12
40 | 3.7e-03| 1.2e-04| 4.7e-06| 2.3e-07| 1.2e-08| 6.9e-10| 4.0e-11| 2.3e-12
80 | 2.1e-03| 8.5e-05| 3.7e-06| 1.6e-07| 7.6e-09| 3.8e-10| 2.1e-11| 1.2e-12
160 | 1.2e-03| 8.2e-05| 5.5e-06| 3.2e-07| 1.7e-08| 9.1e-10| 5.0e-11| 3.1le-12

Table 5. This Table shows thé. norm of the residual function, calculated on the finest wave grid
before each cycle. The results are calculated for (9.1) With 1 and Ry = 5 for different sizes of
the computational domaith C'# stands for the number of the cycle before which the residual norm is
calculated. The finest wave level{{ = 8) has a mesh-sizis = 0.0625, the residuals for the ray cycle
are calculated on levéll, = 6, whose mesh-size g5 = 0.25; the separation process starts on level
M, = 4 with mesh-sizérs = 1.0. The number and the type of relaxation sweeps on the wave levels is
specified in Table 4.

Clearly, the algorithm exhibits excellent convergence even for large valuks, @nd
this is indeed achieved by a relatively cheap procedure.

In Table 6 we present the results for the algorithm which employs one ray level and uses
only a regularlattice for both ray cycles, and the results for the algorithm that emeys
ray levels at each ray cycle (with two types of lattices being used on the first ray level, but not
on the second) and compare them with the results from the previous Table.

kd=10 | kd=20 | kd=40 | kd =80 | kd = 160
Ry, 18.0 17.8 17.7 19.3 18.0
R, 17.7 11.9 6.7 5.7 3.1
Ry 17.8 18.6 13.3 115 11.0

Table 6. R, is the asymptotic convergence factor per cycle forth@orm of the residual function for
(9.1)performed by the algorithms that employs one ray level and uses both regular and staggered lattice
(L =8andg = 2in (6.4)); R, is the asymptotic convergence factor performed by the algorithms that
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employs only a regular latticd.(= 8 and3 = 1); R, is the asymptotic convergence factor performed
by the “two-ray levels” algorithmif = 16 and3 = 1).

The algorithm which uses only one lattice typge.J slows down when the value éfl
is roughly close to the estimate (8.8), and the slowdowR;rtan similarly be explained by
(6.4). We expecR,,, to slow down wherkd exceeds the estimate (8.9).

In the previous Tables we presented the results for a fixed valkieTatble 7 shows how
changes irk influence the performance when for all valuestofve run the wave-ray cycle
with the same parameters as chosen abovg forl.

k=066 | k=07 |k=08| k=10 k=12 | k=13 | k=133
R 17.5 18.7 18.7 17.7 18.9 14.0 11.9

Table 7. HereR is the asymptotic convergence factor per cycle forfth@orm of the residual function
for (9.1) performed by the algorithms that employs one ray level and uses both regular and staggered
lattice for different values of the wave numberParameters of the algorithm are as in Tablé 5 40.

We see that the algorithm shows a good convergence anywhere in thegérge: <
1.33. The convergence factor decreasesifoutside this range. This can easily be corrected
just by choosing different algorithmic parameters, so that they again satisfy in terbis of
the relations which hold in the above model algorithmXog [.66,1.33]. For example, for
k € [1.33,2.66] all the wave-to-ray transfer mesh-sizes (thos&ff M, and(2,,) should be
chosen twice finer than fdr € [0.66, 1.33], and fork € [.33,.66] — twice coarser, etc. We
emphasize that with a proper scaling this algorithm works equally welirigralue ofk.

10. Remarks and Future Work. In the work presented here, we have developed a
multigrid wave-ray algorithm for solving two-dimensional standing wave equations. Our
solvers exhibit high efficiency, permit a natural introduction of radiation boundary conditions,
eliminate constraints on the size of the domains considered and the mesh-size of the grids,
and use fast relaxation schemes on the finest, i.e., the most expensive, levels.

The present article has focused on the fast convergence of the multigrid cycles, not on the
accuracyof the obtained solution. A series of experiments has showr(if¥at) accuracy is
indeed achieved, provided each of the coarse-level (wave and ray) domains is large enough —
its diameter increasing as the finest mesh-sizkecreases. The rate of the needed increase
is mild, however, keeping the total number of grid points on all levels@tii—2). Detailed
derivation of the required domain sizes, together with numerical results of accuracy and of
corresponding FMG algorithms, will be given elsewhere.

The method developed here needs to be and can be extended in a number of ways. The
extension tahree dimensiong relatively straightforward, although the circular lattices of
the present work will have to be replaced by spherical ones, requiring a tessellation of the
unit sphere.

Also relatively simple is the introduction of boundary conditions for the wave equations,
such as Dirichlet or Neumann or mixed, along some given curves (or surfaces), in addition to
the exterior RBC. This will imply certain relations between the various ray functions of a ray
level along such boundaries, corresponding to the reflection relations in geometrical optics.

The extension to the case driable coefficienkt = k(z, y) is more complicated. It has
been studied in [6] for the one-dimensional case, but the higher dimensional algorithms are
substantially different, as amply shown by the present article. Ink@asey) variesslowly
(meaning that its changes over a distance of one wavelength are small compared to itself),
there should be no difficulty in applying the separation and other local procedures. On each
ray level of the algorithm, each of thegrids will correspond not to a fixed lattice point, but
to a fixed solution of the eikonal equation, the grid direcidallowing the continuously car-
rying propagation direction. In case @bruptchanges irk(z, y), relations between different
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rays, corresponding to reflection and refraction will necessarily enter.

A different case is that of amall-scale disturbancé.e., a small region, comparable in
diameter to the wavelength, over which eitltér:, y) or the direction of the normal to the
boundary or to a curve of discontinuity insignificantly changes. Such a region, together
with a several-wavelength neighborhood around it, should be well resolved by a grid, on
which the wave equation is discretized. Due to its small size, the fast multigrid solver does
not need on that region by itself a ray-level acceleration, hence the precise ray discretization
there is immaterial. In the neighborhood, however, the ray discretization is crucial: it would
supply on one hand the rays entering into the region, and on the other obtain from it the
exiting rays. This can be achieved provided the FAS cycle includes, at least on exit regions,
a separation process not only for the residuals but also for the solution, i.é:f Hre built
there not as in Sec. 6 above, but by separatghb1 (or by separating the wave solutiaf-,
in casen = 1). Thus, in such a situation, these are the wave levels that would mediate the
relation between incoming and outgoing rays.

This procedure can be regarded as a numerical extension of the WKB method, providing
a general tool for calculating diffraction effects only around arbitrary obstacles and other
disturbances. Typically, most of the problem domain will be treateddnmetrical optics
i.e., very coarseay levels, with finer discretization reaching into wave levels being introduced
around regions of small-scale disturbances, where geometrical optics by itself would break
down.

11. Appendix A. Here we present a more detailed description of the separation process
used in our model algorithm to approximate the ray residual functipns= 1,...,8, on
the finest ray level with mesh-sizg4/kg,2/ko), whereky = 27, andj € Z is chosen so
thatk = k/ko € [0.66,1.33].

The separation starts with the wave functiguefined on the wave levéll,. with mesh-
size(1/ko, 1/ko) as follows

r=Iyr o[ e R,

wherel?™, j = Mo,..., M, + 1 are full-weighting operatorsg™o = fMo — [ MoyMo
is the wave residual function; is the current solution approximatiorf?© is the FAS
right-hand-side and.?° is the operator (2.2) on the wave level = M. This function is
than interpolated to the rotated coordingi€s;) and multiplied bye~%¢, giving as a result
the functionry (&, 7).

The first separation operatdr; is applied torq(£,n). Wy is a tensor product of two
perpendicular “diagonal” one-dimensional weighting operators with the frequency parameter
(see Sec. 4) taken equal to 2. The resulting functidg, ), defined on the grid with mesh-
size(he, hy) = (2/ko, 2/ko), is given by

7’1(5771) = mln(laE) X [WO(TO(fan)]

The next separation operatir;, applied tor; (£, 7) is a tensor product of a weighting
operator in thet direction defined by the frequency paramaterx(1, k), and a weighting
operator in the) direction defined by the frequency parame&&rmax(1, k).

The resulting functioms (¢, n) is defined on the grid with mesh-siz¢/ ko, 2/kq) and is

given by
r2(&,m) = Wi(ri(§,m)).

Finally, a weighting operator in thedirection defined by the frequency parameténmax(1, EQ)
is applied tar,, yielding the target functiof(§, ) on the same grid witkhe, hy,) = (4/ko, 2/ ko).
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12. Appendix B. The numerical results shown in Table 5 where obtained by applying
the algorithm briefly described below in the form of a flowchart. We hope that this flowchart
will help the reader to go through some computational details. The algorithm employs eight
wave and one ray (with eight ray functions) levels.

Wave—Ray Cycle

First Leg of Wave Cycle: from finest levél = 8 (hg = 0.0625)

to coarsest level 1h( = 8)

Second Leg of Wave Cycle: from level 1 to levdh = 6 (hg = 0.25)

(No changes of boundary values)

On levelm = M, calculate wave residuat§® = f™ — L™u™

Transferr™ by full-weighting procedure to levél{,. = 4 (hy = 1.0):

for (m = My — 1;m > M,;m = m — 1) r™ = FullWeightingr™*1)

Employ Ray Cycle with Regular Lattice Set with! as input

and corrected solution approximatiaf{- as output.

Second Leg of Wave Cycle: from lev&l,. to level M

(On boundariesu™ = I _;u™ ', m = My +1,...M,)

On levelm = M, calculate wave residuai§* = f™ — L™

Transferr™ by full-weighting procedure to levél/, = 4

for (m = My — 1;m > M,;m = m — 1) r™ = FullWeightingr™*1)

Employ Ray Cycle with Staggered Lattice Set with~ as input

and corrected solution approximatiaf{- as output.

Second Leg of Wave Cycle: from lev&l,. to level M

(On boundariesu™ = I _ju™ Y, m = M, +1,... M)

End of Wave Ray Cycle
Ray Cycle

for(l=1;1<8;l=1+1)do

Interpolate input residual defined in (x,y) coordinates on grid

with mesh(1, 1) to grid in (&, ;) coordinates with mesfi, 1) and

"divide” it by I-th lattice Fourier componeny;: ro = ( (g'g)")r)/el

Residual separation:

From grid with mesk(1, 1) to grid with mesh (2,2)1 = Wy(ro)
From grid with mesh2, 2) to grid with mesh (4,2), = W1 (r1)
From grid with mesH4, 2) to grid with mesh (4,2f; = W5(r2)

On level with mesh-sizét, 2):
Use previous values df; as initial approxmatlor&l
Calculate FAS right-hand- sujﬁa =7+ Ly
Introduce RBC and make one line relaxation, resulting
Calculate correction;, — ; and interpolate it to grid ifiz, i) coor-
dinates with mesii1, 1), resultingd;
Correct interior values of wave approximate solution, = u + ¢;0;

end for

(Boundary values ofi: u = > d;e')

End Ray Cycle
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