A THEORETICAL COMPARISON BETWEEN INNER PRODUCTS IN THE SHIFT-INVERT ARNOLDI METHOD AND THE SPECTRAL

TRANSFORMATION LANCZOS METHOD^∗

KARL MEERBERGEN^†

Abstract. The spectral transformation Lanczos method and the shift-invert Arnoldi method are probably the most popular methods for the solution of linear generalized eigenvalue problems originating from engineering applications, including structural and acoustic analyses and ~uid dynamics. The orthogonalization of the Krylov vectors requires inner products. Often, one employs the standard inner product, but in many engineering applications one uses the inner product using the mass matrix. In this paper, we make a theoretical comparison between these inner products in the framework of the shift-invert Arnoldi method. The conclusion is that when the square-root of the condition number of the mass matrix is small, the convergence behavior does not strongly depend on the choice of inner product. The theory is illustrated by numerical examples arising from structural and acoustic analyses. The theory is extended to the discretized Navier-Stokes equations.

Key words. Lanczos method, Arnoldi’s method, generalized eigenvalue problem, shift-invert.

AMS subject classi�cations. 65F15.

1. Introduction. This paper is concerned with the solution of generalized eigenvalue problems of the form Ax = λBx, A, B ∈ R^{n×n}, x ≠ 0 , (1.1)

where A may be symmetric or non-symmetric, and B is symmetric positive (semi) de�nite, by the spectral transformation Lanczos method [6, 18] and the shift-invert Arnoldi method [17]. Applications include the modal analysis of structures without damping, which leads to Ku = ω^2Mu, (1.2)

where K and M are symmetric matrices and often positive de�nite [9]. Typically, the number of wanted eigenmodes for representing the structural properties for low and mid frequencies ranges from a few tens to a few thousands. The modal extraction of acoustic �nite element models also leads to a problem of the form (1.2). The required number of eigenmodes is often small, since the modes are usually employed for a low frequency analysis. For the (Navier) Stokes problem, we have [ K C C^T 0 ] ( u p ) = λ [ M 0 0 0 ] ( u p ) , (1.3)

where M is symmetric positive de�nite, C is of full rank and K is symmetric (Stokes [14]) or nonsymmetric (Navier-Stokes). This eigenvalue problem arises in the determination of the stability of a steady state solution. Here only the rightmost eigenvalue is wanted [14, 3]. This paper concentrates on the solution of (1.2), but (1.3) will also be touched on. In both applications, M is a discretization of the continuous identity operator, i.e., the continuous inner product ⟨x, y⟩ is replaced by the discrete x^T My. As a result, the condition number of M is usually small. We study this speci�c case. The theory is illustrated by numerical examples arising from real applications.

∗Received November 11, 1997. Accepted for publication August 4, 1998. Recommended by R. Lehoucq. †LMS International, Interleuvenlaan 70, 3001 Leuven, Belgium. Current address: Rutherford Appleton Laboratory, Chilton, Didcot, OX11 0QX, UK. (K.Meerbergen@rl.ac.uk) 90

One approach to the solution of generalized eigenvalue problems is the shift-invert Arnoldi method [17, 20, 15]. Instead of solving (1.1) directly, one solves the shifted and inverted problem (A − σB)^{−1}Bx = θx (1.4)

by the Arnoldi method. The scalar σ is called the shift, which explains the name ‘shiftinvert’. If (θ, x) is an eigenpair of (A − σB)^{−1}B, then (σ + θ^{−1}, x) is an eigenpair of Ax = λBx. This relation demonstrates that λ’s can be computed from θ’s. Without loss of generality, we assume a shift σ = 0 is used. In general, A^{−1}B is a nonsymmetric matrix, even when A and B are symmetric, and this is the reason why the Arnoldi method is used. However, when A is symmetric and B is symmetric positive de�nite, A^{−1}B is self-adjoint with respect to the B-inner product. This implies that the Lanczos method can be used, when the B-inner product x^T By is employed instead of the standard inner product x^T y. This idea was proposed by Ericsson [5] and Nour-Omid, Parlett, Ericsson and Jensen [18]. A block version was proposed by Grimes, Lewis and Simon [10]. In the case where B is positive semi-de�nite, which, e.g. arises in applications of the form (1.3), the B-semi-inner product can be used in the Lanczos method or the Arnoldi method. This is suggested by Ericsson [5], Nour-Omid, Parlett, Ericsson and Jensen [18], and Meerbergen and Spence [16] and applied to linearized and discretized Navier-Stokes equations by Lehoucq and Scott [12].

In this paper, we show by both analysis and numerical examples that if the square root of the condition number of the mass matrix B is small, the choice of inner product does not in�uence the convergence speed. The choice of inner product should be based on other criteria than rate of convergence. We illustrate this for two classes of applications. When A is symmetric, the use of the B-inner product reduces the Arnoldi method to the Lanczos method. The Lanczos method has two advantages over the Arnoldi method. First, the eigenvalues have quadratic error bounds and their convergence is well understood [19, 20]. Second, the cost per iteration consists of the action of A^{−1}B on a vector and the orthogonalization of the new iteration vector against the previous ones. The cost for the construction of the Krylov basis is smaller than for the Arnoldi method, since only the last two basis vectors are used in the orthogonalization process. The Arnoldi method uses all vectors. The Lanczos method uses the B-inner product which can be quite expensive compared to the standard inner product. The overall orthogonalization cost, however, can be much smaller than for the Arnoldi method with standard inner product, when the number of iteration vectors is large. This is often the case for a structural analysis for low and mid frequencies since a large number of eigenmodes is wanted. The use of the standard inner product instead of the B-inner product may be preferred when A is nonsymmetric and the Arnoldi method needs to be used anyway, so full orthogonalization against all previous basis vectors cannot be avoided. Lehoucq and Scott [12] demonstrate for discretized Navier-Stokes applications that the B-inner product is more expensive than the standard inner product, but leads to a more reliable Arnoldi method.

A side effect of the use of B-orthogonalization is that the approximate eigenvectors are B-orthogonal, when A is symmetric. This is very natural since the exact eigenvectors corresponding to different eigenvalues are B-orthogonal. In �nite element applications, it is assumed that the computed eigenmodes satisfy this property. This is automatically satis�ed by the Lanczos method with B-orthogonalization, but not by the Arnoldi method.

The plan of this paper is as follows. In §2, a theoretical comparison between standard and B orthogonalization is established. In §3, we present an easy way of obtaining B-orthogonal eigenvectors from the Arnoldi method when A is symmetric. In §4, we illustrate the theory by numerical examples. Section 5 generalizes the ideas from §2 to the Navier-Stokes problem. Finally, we summarize the main conclusions in §6. We assume computations in exact arithmetic.

2. A relation between standard and B-orthogonalization. In this section, a theoretical study of the Arnoldi method with standard orthogonalization and B-orthogonalization is established for the eigenvalue problem (1.2). The goal is to relate the residual norms as well as the Hessenberg matrix (which is tridiagonal for the Lanczos method) and the computed eigenvalues for both types of inner product. The analysis assumes exact arithmetic.

First, in §2.1, some preliminaries and notation are presented. Second, §2.2 puts both types of orthogonalization into a single theoretical framework: we present the algorithm and some properties. The relation between standard and B-inner products in the Arnoldi method will be formulated and derived in §2.3.

2.1. Notation and preliminaries. This section is devoted to some notation and matrix properties. In general, we use the Euclidean norm for vectors and matrices, denoted by ‖ · ‖_2 or ‖ · ‖. The matrix Frobenius norm is denoted by ‖ · ‖_F . Let κ(C) denote the condition number of the matrix C.

First, since B is a positive de�nite matrix, there exists L ∈ R^{n×n} such that B = L^T L. LEMMA 2.1. Consider V, W ∈ R^{n×k}. Let V^T V = I, W^T BW = I and let the columns of V span the same space as the columns of W . Then there is an S such that V = W S. Moreover, κ(S) = κ(W ) ≤ √ κ(B). Proof. It is clear that there is an S such that V = W S. Hence V^T BV = S^T S and W^T W = S^{−T} S^{−1}. Since ‖V ‖ = 1, we have ‖S‖^2 = ‖V^T BV ‖ ≤ ‖B‖, and since W^T BW = (LW )^T (LW ) = I, we have ‖S^{−1}‖^2 = ‖W^T W ‖ = ‖(LW )^T B^{−1}(LW )‖ ≤ ‖B^{−1}‖. This completes the proof.

We will compare two algorithms that differ primarily in their choice of inner product or norm. We will use the notation ⟨x, y⟩ to stand for a generic inner product, such as x^T y or x^T By. The notation is also generalized to matrices V = [v_1, . . . , v_k] and W = [w_1, . . . , w_l], as follows : ⟨V, x⟩ = [⟨v_j , x⟩]^k_{j=1} ∈ R^k ⟨W, V ⟩ = [⟨w_i, v_j ⟩]^{(l,k)}_{(i,j)=(1,1)} ∈ R^{l×k} . Since ⟨·, ·⟩ is an inner product, it follows that ⟨W S, V Z⟩ = S^T⟨W, V ⟩Z.

The B norm of a vector x is de�ned by ‖x‖_B = √ x^T Bx. The B norm of a matrix C is de�ned by ‖C‖_B = ‖LC‖_2, where B = L^T L. Obviously, for two matrices, V ∈ R^{n×k} and W ∈ R^{n×l}, we have ‖V^T BW ‖ ≤ ‖V ‖B‖W ‖B. For a matrix C, the Krylov space K_k(C, v_1) of order k with starting vector v_1 is de�ned by K_k(C, v_1) = span{v_1, Cv_1, C^2v_1, . . . , C^{k−1}v_1} .

We assume that all Krylov spaces of order k have dimension k. In practice, a space is represented by a basis. The following lemma gives a relation between two different bases.

LEMMA 2.2. Let V_k, W_k ∈ R^{n×k} be such that the �rst j columns of V_k and the �rst j columns of W_k form two bases for K_j (C, v_1) for j = 1, .., k. Then there is a full rank upper triangular matrix S_k ∈ R^{k×k} such that V_k = W_k S_k.

The following lemma shows the uniqueness of a normalized Krylov basis. LEMMA 2.3 (Implicit Q Theorem). ([8, Theorem 7.4.2]) Let the �rst j columns of V_k and W_k ∈ R^{n×k} form two bases for K_j (C, v_1) for j = 1, . . . , k and ⟨V_k, V_k⟩ = I = ⟨W_k , W_k⟩. Then v_i = w_iδ_i with δ_i = ±1 for i = 1, . . . , k.

2.2. A general (theoretical) framework for Krylov methods. The Arnoldi and Lanczos methods for the solution of (1.2) are Krylov subspace methods, i.e., the eigenvalues and eigenvectors are computed from the projection of A^{−1}B on a Krylov space. The following algorithm covers both methods. Recall that ⟨x, y⟩ denotes the inner product, e.g. the standard inner product ⟨x, y⟩ = x^T y or the B-inner product ⟨x, y⟩ = x^T By.

ALGORITHM 1. General framework for the Lanczos and Arnoldi methods. 0. Given v_1 with ⟨v_1, v_1⟩ = 1. 1. For j = 1 to k do

1.1. Form p_j = A^{−1}Bv_j .

1.2. Compute the Gram Schmidt coef�cients h_{ij} = ⟨v_i, p_j ⟩, i = 1, . . . , j. 1.3. Update q_j = p_j − ∑_j i=1 v_ih_{ij} .

1.4. Compute norm h_{j+1,j} = ⟨q_j , q_j ⟩^{1/2}. 1.5. Normalize : v_{j+1} = q_j /h_{j+1,j} .

2. Let H_k = [h_{ij} ]^{(k+1,k)}_{(i,j)=(1,1)} ∈ R^{k+1×k} where h_{ij} = 0 whenever i > j + 1.

Let H_k be the �rst k rows of H_k. Let V_k = [v_1, . . . , v_k].

3. Compute eigenpairs (θ, z) of H_k, with z ∈ R^k, by the QR method. 4. Compute the ‘Ritz’ vector x = V_k z ∈ R^n. 5. Compute the residual norm ρ = h_{k+1,k}|e^T_k z|.

Step 1.1 is performed by a matrix vector multiplication with B and the solution of a linear system with A. The solution of the linear system is usually performed by a direct method, since one can take advantage of the fact that A needs to be factored only once. Moreover, direct methods usually give a solution with a small backward error. This is required for the Arnoldi method to �nd the eigenpairs of (1.1) [15]. Steps 1.1 to 1.5 compute a basis V_{k+1} = [v_1, . . . , v_{k+1}] of the Krylov space

K_{k+1}(A^{−1}B, v_1) = span{v_1, A^{−1}Bv_1, . . . , (A^{−1}B)^k v_1} ,

normalized such that ⟨V_{k+1}, V_{k+1}⟩ = I. The normalization is performed by Gram-Schmidt orthogonalization. For reasons of numerical stability, practical implementations use reorthogonalization [4] in the Arnoldi method and modi�ed Gram-Schmidt with partial reorthogonalization in the Lanczos method [10]. The Gram-Schmidt coef�cients are collected in the upper Hessenberg matrix H_k. Note that H_k is a k + 1 by k matrix. We denote the k × k upper submatrix of H_k by H_k. By the elimination of p_j and q_j from Steps 1.1 to 1.5, it follows that

A^{−1}BV_k = V_{k+1}H_k

(2.1a) = V_kH_k + v_{k+1}h_{k+1,k}e^T_k .

(2.1b)

This is the well known recurrence relation for the Arnoldi and Lanczos methods. Usually, k ≪ n, so that H_k has much smaller dimensions than A and B. In Steps 3-4, an eigenpair (θ, x) is computed by the Galerkin projection of A^{−1}B on K_k, i.e., x ∈ K_k and the residual r = A^{−1}Bx − θx is orthogonal to the Krylov space :

x = V_kz with H_kz = θz .

(2.2)

The θ’s are the eigenvalues of H_k and are called ‘Ritz’ values and the x’s are the corresponding ‘Ritz’ vectors. They form an approximate eigenpair of A^{−1}B. Recall that H_k is an upper Hessenberg matrix, so the eigenpairs (θ, z) are ef�ciently computed by the QR method [8, §7.5]. The residual r = A^{−1}Bx − θx also follows from (2.1b) : r = A^{−1}Bx − θx = v_{k+1}h_{k+1,k} e^T_k z (2.3) and the induced norm is very cheaply computed as ρ = ⟨r, r⟩^{1/2} = h_{k+1,k}|e^T_k z| . (2.4)

This explains Step 5 in the algorithm. The residual norm is a measure of the accuracy of the eigenvalues. (See eigenvalue perturbation theory, e.g., [20, Ch. III] and [1, Ch. 2].) In the following, we also use a block formulation of the recurrence relation for the ‘Ritz’ vectors. Let X_l = [x_1, . . . , x_l] = V_kZ_l and D_l = diag(θ_1, . . . , θ_l) represent l ≤ k Ritz pairs and R_l = [r_1, . . . , r_l] the corresponding residual terms of the form (2.3). Then it follows that

A^{−1}BX_l = X_lD_l + R_l, R_l = h_{k+1,k}v_{k+1}e^T_k Z_l .

(2.5)

In the rest of this paper, we use the following notation to distinguish between the standard and B-orthogonalization. For standard orthogonalization, the Krylov vectors are denoted by V_{k+1} and the Hessenberg matrix is H_k. They satisfy

A^{−1}BV_k = V_{k+1}H_k, H_k = V^T_{k+1}A^{−1}BV_k , V^T_{k+1}V_{k+1} = I .

For B-orthogonalization, the Krylov vectors are denoted by W_{k+1} and the Hessenberg matrix by T_k. They satisfy

A^{−1}BW_k = W_{k+1}T_k, T_k = W^T_{k+1}BA^{−1}BW_k, W^T_{k+1}BW_{k+1} = I .

It is clear that if A is symmetric, the Hessenberg matrix T_k = V^T_k BA^{−1}BV_k is symmetric, hence tridiagonal.

2.3. Comparison between both orthogonalization schemes. In this section, a relationship between standard and B-orthogonalization is established. Clearly, the computed Krylov spaces are the same, but the projections differ and this may lead to different eigenvalue approximations. The theoretical result in this section uses Lemma 2.2, which makes the link between two Krylov bases by use of an upper triangular matrix. First, in Theorem 2.4, we relate h_{k+1,k} and t_{k+1,k} and H_k and T_k, and in Theorem 2.5, we relate the eigenvalues of T_k and H_k.

THEOREM 2.4. Let v_1 = w_1/‖w_1‖. Then there is a matrix S_k ∈ R^{k×k}, such that

T_k = S_kH_kS^{−1}_k + E

(2.6) ‖E‖_2 ≤ h_{k+1,k}κ(W_{k+1})

κ(W_{k+1})^{−1} ≤ t_{k+1,k} h_{k+1,k} ≤ κ(W_{k+1}) , and κ(S_k), κ(W_{k+1}) ≤ √ κ(B) .

Proof. Recall that V_{k+1} and H_k satisfy the Arnoldi recurrence relation (2.1a). Let S_{k+1} ∈ R^{k+1×k+1} be the upper triangular Cholesky factor of V^T_{k+1}BV_{k+1}, i.e.,

V^T_{k+1}BV_{k+1} = S^T_{k+1}S_{k+1} .

As a consequence, V_{k+1}S^{−1}_{k+1} forms a B-orthogonal Arnoldi basis for the Krylov space. Since Krylov bases are unique (see Lemma 2.3), W_{k+1} = V_{k+1}S^{−1}_{k+1}. (Eventually, the columns

S_{k+1} must be multiplied by −1, see δ_i in Lemma 2.3.) The Arnoldi relation (2.1a) can be rewritten as A^{−1}B(V_kS^{−1}_k ) = (V_{k+1}S^{−1}_{k+1})(S_{k+1}H_kS^{−1}_k ),

where S_k is the k × k principle submatrix of S_{k+1}. Consequently, T_k = S_{k+1}H_kS^{−1}_k . Decompose

S_{k+1}H_kS^{−1}_k = [ S_k s 0 s_{k+1,k+1} ] [ H_k h_{k+1,k}e^T_k ] S^{−1}_k T_k = [ T_k t_{k+1,k}e^T_k ] . Then, we have T_k = S_kH_kS^{−1}_k + E where E = h_{k+1,k}s^{−1}_{k,k}se^T_k (2.7) and t_{k+1,k} = h_{k+1,k}s_{k+1,k+1}s^{−1}_{k,k} . The proof now follows from Lemma 2.1.

This theorem says that when the square root of the condition number of B is small, the residual terms are of the same order. It also says that T_k is a rank-one update of H_k of the order of h_{k+1,k}.

The following theorem establishes a relationship between eigenpairs of T_k and H_k. THEOREM 2.5. Let (θ, V_k z) be a ‘Ritz’ pair of the Arnoldi method and let ρ be the corresponding residual norm. Assume that v_1 = w_1/‖w_1‖. Then there exists an eigenvalue η of T_k such that |θ − η| ≤ κ(Y_k)κ(W_{k+1})ρ , where Y_k is the matrix whose columns contain the eigenvectors of T_k.

Proof. From (2.6) and the fact that H_kz = θz, we have S_kH_kz − T_kS_kz = −ES_kz T_kS_kz − θS_kz = ES_kz . With y = S_kz/‖S_kz‖ and ρ = h_{k+1,k}|e^T_k z|, it follows from (2.7) and e^T_k S_k = s_{k,k}e^T_k that ‖T_ky − θy‖ ≤ h_{k+1,k}|s^{−1}_{k,k}|‖s‖|e^T_k S_kz| ‖S_kz‖ ≤ h_{k+1,k}‖s‖|e^T_k z| ‖S_kz‖ = ‖s‖ ‖S_kz‖ h_{k+1,k}|e^T_k z| ≤ κ(S_{k+1})ρ = κ(W_{k+1})ρ .

(2.8) Following the Bauer-Fike Theorem [20, Theorem 3.6], it follows that T_k has an eigenvalue η for which |η − θ| ≤ κ(Y_k )‖T_ky − θy‖ , from which the proof follows.

The eigenvalues of H_k can similarly be related to the eigenvalues of T_k. When A is symmetric, so is T_k. Therefore κ(Y_k) = 1, and the error bound becomes sharper. The most important conclusion is that the ‘Ritz’ values with a small residual norm ρ are almost the same for both the standard and the B-inner products.

3. Computation of B-orthogonal eigenvectors in the Arnoldi method. When the Binner product is used and A and B are symmetric, the tridiagonal matrix T_k is symmetric, so T_k has an orthogonal set of eigenvectors z_j , j = 1, . . . , k. Therefore, the Ritz vectors W_k z_j , j = 1, . . . , k form a B-orthogonal set of k vectors.

When the standard inner product is used, the ‘Ritz’ vectors are not necessarily Borthogonal. The following theorem shows the dependence of the B-orthogonality on the separation between the eigenvalues and on the norms of the residuals.

THEOREM 3.1. Let (θ_j , x_j ), j = 1, . . . , l < k be ‘Ritz’ pairs and r_j the corresponding residuals computed by the Arnoldi method with the standard inner product. Then, for 1 ≤ i, j ≤ l, we have |x^T_i Bx_j | ‖x_i‖_B ‖x_j ‖_B ≤ ‖r_j ‖_B/‖x_j ‖_B + ‖r_i‖_B/‖x_i‖_B |θ_i − θ_j | , provided that θ_i ≠ θ_j .

Proof. Denote by D_l the diagonal matrix containing θ_1, . . . , θ_l, and let the columns of X_l be the corresponding Ritz vectors. By multiplying (2.5) on the left by X^T_l B, we have

X^T_l BA^{−1}BX_l = X^T_l BX_lD_l + X^T_l BR_l .

(3.1)

Since the left-hand side is symmetric,

X^T_l BX_lD_l + X^T_l BR_l = D_lX^T_l BX_l + R^T_l BX_l

(3.2)

and, so

X^T_l BX_lD_l − D_lX^T_l BX_l = R^T_l BX_l − X^T_l BR_l .

The (i, j) element of this matrix leads to the result of the theorem.

This theorem shows that eigenvectors corresponding to different distinct eigenvalues are almost B-orthogonal, but the eigenvectors corresponding to clustered eigenvalues can lose B-orthogonality. So, an additional B-orthogonalization of the eigenvectors is desirable.

In the following, we use the notations of (2.5), i.e., D_l denotes the diagonal matrix containing l ≤ k Ritz values θ_1, . . . , θ_l and the columns of X_l denote the corresponding Ritz vectors. The most robust way to obtain B-orthogonal Ritz vectors, is to compute the Borthogonal projection of A^{−1}B onto the range of X_l and compute new eigenpairs from this projection. This is established as follows. Let S_l be the upper triangular Cholesky factor of X^T_l BX_l = S^T_l S_l. Then, with Y_l = X_lS^{−1}_l , we have Y^T_l BY_l = I. A Ritz pair obtained by B-orthogonalization is of the form (η, y = Y_lz) with (η, z) satisfying Y^T_l BA^{−1}BY_lz = ηz . (3.3)

This additional projection leads to quadratic error bounds for the eigenvalues. (See e.g. the Kato-Temple theorem [20, Theorem 3.8].) The matrix on the left-hand side of (3.3) can be computed explicitly, but can as well easily be computed without the action of A^{−1} by the use of (3.1) :

Y^T_l BA^{−1}BY_l = S_lD_lS^{−1}_l + Y^T_l BR_lS^{−1}_l

(3.4)

Box car interior exhaust pipe

(by courtesy of Bosal)

FIG. 4.1. Meshes for the three eigenvalue problems in §4

In practice, we could compute (η, z) from

(S_lD_lS^{−1}_l + Y^T_l BR_lS^{−1}_l )z = θz

(3.5)

instead of (3.3).

However, there is an alternative to performing an additional projection. The columns of Y_l can be taken as the B-orthogonal ‘Ritz’ vectors. From the following theorem, it follows that if the residual norms of (θ_j , x_j ) for j = 1, . . . , l are small and √ κ(B) is small, the residuals for (θ_j , Y_le_j ) for j = 1, . . . , l are also small. Of course, the ‘Ritz’ values do not satisfy a quadratic error bound.

THEOREM 3.2. Recall the de�nition of D_l and X_l from Eq. (2.5). Let S_l be the upper triangular Cholesky factor of X^T_l BX_l and let Y_l = X_lS^{−1}_l . Then ‖A^{−1}BY_l − Y_lD_l‖_B ≤ ( √ l + 1) √ κ(B)‖R_l‖ .

Proof. From (3.4), we have

Y^T_l BA^{−1}BY_l = S_lD_lS^{−1}_l + E

with E = Y^T_l BR_lS^{−1}_l . Since S_l is upper triangular, and D_l diagonal, S_lD_lS^{−1}_l = D_l + U where U is strictly upper triangular. Note that S_lD_lS^{−1}_l + E is symmetric and so is U + E : U + E = U^T + E^T . This implies U − U^T = E − E^T 2‖U‖^2_F ≤ 2‖E‖^2_F and so ‖U‖_2 ≤ ‖E‖_F ≤ √ l‖E‖_2. From (2.5), we have

A^{−1}BY_l − Y_lD_l = Y_l(S_lD_lS^{−1}_l − D_l) + R_lS^{−1}_l = Y_lU + R_lS^{−1}_l ‖A^{−1}BY_l − Y_lD_l‖_B ≤ ‖U‖_2 + √ κ(B)‖R_l‖_2 ≤ ( √ l + 1) √ κ(B)‖R_l‖_2 from which the proof follows.

4. Numerical examples. All examples have been generated using SYSNOISE, a software tool for vibro-acoustic simulation [22]. The matrices A and B arise from acoustic and structural �nite element models and are symmetric. We present results for the following problems.

PROBLEM 1. The �rst application concerns the structural modal analysis of a square box with Young modulus 2. · 10^{11}Pa, Poisson coef�cient 0.3 and volume density 7800 kg/m^3. The thickness of the material is 0.01m. One of the six faces of the box is �xed. For the �nite element analysis, we used 150 shell elements. This analysis leads to an eigenvalue problem (1.2). For this problem, A = K and B = M. The dimension of the problem is n = 852 and √ κ(B) ≈ 1.20 · 10^3. We used a shift σ = −10 in the shift-invert transformation of (1.4).

PROBLEM 2. The acoustic modal analysis of a Volvo 480 3D car interior discretized with 744 cubic elements and 68 pentaedral �nite elements leads to a problem of the form (1.2) with K positive semi-de�nite. The �uid has volume density 1.225 kg/m^3 and sound has a speed of 340 m/s (air). For this problem, A = K and B = M. The dimension of the problem is n = 1176 and √ κ(B) ≈ 21.2. We used a shift σ = −10 in the shift-invert transformation of (1.4).

PROBLEM 3. This concerns the coupling of a structural and an acoustic problem. We consider a square box of 1 m^3 with Young modulus 2. · 10^{11}Pa, Poisson coef�cient 0.3 and volume density 7800 kg/m^3. The thickness of the material is 0.01 m. One of the six faces of the box is �xed. The box is �lled with air (speed of sound 340 m/s and volume density 1.29 kg/m^3). The box is discretized by 294 shell elements, which represents the structural model. The acoustic behavior of the �uid is modeled by a boundary element mesh of 294 quadrangular elements. The matrix A is the structural stiffness matrix, while B is the sum of the structural mass matrix and the added mass matrix coming from the acoustic model. The dimension of the problem is n = 1692 and √ κ(B) ≈ 1.2 · 10^3. A shift σ = 0 was used.

PROBLEM 4. The acoustic modal analysis of a Jaguar X100MS exhaust pipe discretized with 39254 cubic �nite elements leads to a problem of the form (1.2) with K positive semide�nite. The �uid has volume density 1.225kg/m^3 and the sound has a speed of 340 m/s (air). The dimension of the problem is n = 46966 and √ κ(B) ≈ 42.8. For this problem, A = K and B = M. The shift σ is chosen such that the 11 dominant eigenvalues of (A − σB)^{−1}B correspond to the eigenfrequencies between 0 and 200Hz.

4.1. Illustration for Theorem 3.1. We compare the Ritz values of (A + 10B)^{−1}B for Problems 1 and 2 and their residual norms after k = 10 Arnoldi/Lanczos steps, started with a random initial vector. Theorem 3.1 states that the Ritz values obtained by Borthogonalization and standard orthogonalization lie within a distance of ρ √ κ(B) where ρ is the residual norm (2.4). For Problem 1, we have h_{k+1,k} = 3.8375 · 10^{−7}, t_{k+1,k} = 4.1245 · 10^{−6} and κ(W_{k+1}) = 24.755 and for Problem 2, we have h_{k+1,k} = 4.1966 · 10^{−7}, t_{k+1,k} = 3.2867 · 10^{−7} and κ(W_{k+1}) = 2.7. These values are consistent with Theorem 2.4. The matching signi�cant digits of the respective Ritz values and the residual norms are shown in Tables 4.1 and 4.2, except for the multiple eigenvalue at 0.1 (θ_1, . . . , θ_4) for Problem 1, which is not displayed. Ritz values that do not share any digits are not shown. All Ritz values satisfy Theorem 2.5.

4.2. Illustration of the B-orthogonalization of the ‘Ritz’ vectors. When Ritz vectors are computed by Arnoldi’s method with standard orthogonalization, they are not Borthogonal. We could perform an explicit B-orthogonal projection by solving (3.5). Instead, we use the columns of Y_l as Ritz vectors, as suggested in §3. We illustrate Theorem 3.2, which states that the columns of Y_l are suf�ciently accurate Ritz vectors. The θ_j are unchanged. The results reported come from the Arnoldi computations from §4.1. The ‘Ritz’ vectors before and after B-orthogonalization are denoted by x_j and y_j respectively. Tables 4.3 and 4.4 show the explicitly computed residual norms before and after B-orthogonalization. (Note that the ρ^{(2)}_j in Tables 4.3 and 4.4 corresponds well to the ρ_j in Tables 4.1 and 4.2 respectively. The difference is that ρ_j is computed from (2.4) and ρ^{(2)}_j is the explicitly computed residual norm.)

TABLE 4.1 Matching the eigenvalues of H_k and T_k after 10 steps for Problem 1. The value ρ_j is de�ned by (2.4). j ⟨x, y⟩ = x^T y ⟨x, y⟩ = x^T By θ_j ρ_j ρ_j 5 5.941·10^{−6} 7·10^{−9} 4·10^{−9} 6 3.98875·10^{−6} 5·10^{−8} 4·10^{−8} 7 1·10^{−6} 9·10^{−7} 6·10^{−7} 8 8·10^{−7} 2·10^{−7} 2·10^{−7} 9 2·10^{−7} 3·10^{−7} 10 1·10^{−7} 2·10^{−8}

TABLE 4.2 Matching the eigenvalues of H_k and T_k after 10 steps for Problem 2. The value ρ_j is de�ned by (2.4). j ⟨x, y⟩ = x^T y ⟨x, y⟩ = x^T By θ_j ρ_j ρ_j 1 9.9999999994941·10^{−2} 0. 0. 2 6.260362·10^{−6} 2·10^{−13} 2·10^{−13} 3 2.208·10^{−6} 2·10^{−9} 2·10^{−9} 4 1.8·10^{−6} 2·10^{−7} 2·10^{−7} 5 1.364·10^{−6} 3·10^{−8} 3·10^{−8} 6 8·10^{−7} 2·10^{−7} 3·10^{−7} 7 6·10^{−7} 3·10^{−7} 2·10^{−7} 8 2·10^{−7} 1·10^{−7} 1·10^{−7} 9 7·10^{−8} 8·10^{−8} 10 2·10^{−8} 2·10^{−8}

The results are consistent with Theorem 3.2. In Table 4.3, ρ^{(B)}_4 ≈ 10^{−6}, which is much larger than ρ^{(2)}_4 . This is possible since y_4 is a linear combination of x_1, . . . , x_4 and ρ^{(B)}_4 depends on ‖R_4‖ ≈ ρ^{(2)}_1 ≈ 10^{−5}.

4.3. Illustration for the implicitly restarted Arnoldi/Lanczos methods. In practical calculations, if small residual norms need to be obtained for the desired eigenvalues, the Krylov subspaces often become very large. In the literature, some remedies against the growth of this subspace are proposed. One idea is to restart the Krylov method with a new pole σ in (1.4), as suggested in [10, 7]. In this paper, we use the implicitly restarted Lanczos and Arnoldi methods with exact shifts [21, 11]. Roughly speaking, the implicitly restarted Arnoldi method is mathematically equivalent to the following scheme.

TABLE 4.3 Residual norms for Problem 1 before and after B-orthogonalization. We denote ρ(2)_j = ‖(A+10B)^−1Bx_j −

θ_j x_j ‖ and ρ(^B)_j = ‖(A + 10B)^−1By_j − θ_j y_j ‖_B .

j ρ^{(2)}_j ρ^{(B)}_j 1 3·10^{−5} 5·10^{−6} 2 6·10^{−9} 8·10^{−7} 3 2·10^{−8} 2·10^{−6} 4 9·10^{−9} 2·10^{−6} 5 7·10^{−9} 1·10^{−7} 6 5·10^{−8} 1·10^{−7} 7 9·10^{−7} 3·10^{−6} 8 2·10^{−7} 8·10^{−7} 9 2·10^{−7} 3·10^{−6} 10 1·10^{−7} 4·10^{−8}

TABLE 4.4 Residual norms for Problem 2 before and after B-orthogonalization. We denote ρ(2)_j = ‖(A+10B)^−1Bx_j −

θ_j x_j ‖ and ρ(^B)_j = ‖(A + 10B)^−1By_j − θ_j y_j ‖_B .

j ρ^{(2)}_j ρ^{(B)}_j 1 6·10^{−17} 4·10^{−17} 2 4·10^{−13} 4·10^{−13} 3 6·10^{−9} 5·10^{−9} 4 3·10^{−8} 3·10^{−8} 5 1·10^{−7} 1·10^{−7} 6 2·10^{−7} 2·10^{−7} 7 2·10^{−7} 2·10^{−7} 8 1·10^{−7} 1·10^{−7} 9 6·10^{−8} 1·10^{−7} 10 2·10^{−8} 9·10^{−8}

ALGORITHM 2. (implicitly) restarted Arnoldi method 0. Given is an initial vector v_1. 1. Iterate :

1.1. Form V_{k+1} and H_k by k steps of Arnoldi. 1.2. Compute ‘Ritz’ pairs (θ, x) and residual norm ρ. 1.3. Get a new initial vector v_1 = V_k z. Until ρ ≤ TOL|θ| The implicitly restarted Arnoldi method is an ef�cient and reliable implementation of this algorithm. For the problems that are solved in this paper, the new initial vector v_1 is a linear combination of the wanted ‘Ritz’ vectors, so that ‘unwanted’ eigenvalues do not show up in following iterations. (For a precise de�nition and practical algorithms, see [21, 11].) In general, the implicitly restarted Arnoldi and Lanczos methods do not have the same subspaces after two iterations, since the ‘Ritz’ vectors are different and so is the linear combination. This can lead to different subspaces and therefore to different rates of convergence. The numerical results are obtained using the ARPACK routines dsaupd (Lanczos) and dnaupd (Arnoldi) [13]. Note that ARPACK uses the Arnoldi process, i.e., full (re)orthogonalization,

TABLE 4.5 Comparison between implicitly restarted Lanczos (x^T By) and Arnoldi (x^T y) for Problem 3

⟨x, y⟩ linear solves matrix vector iterations time products with B (sec.)

x^T By 46 136 4 150. x^T y 46 65 4 117.

TABLE 4.6 Comparison between implicitly restarted Lanczos (x^T By) and Arnoldi (x^T y) for Problem 4

⟨x, y⟩ linear solves matrix vector iterations time products with B (sec.)

x^T By 27 75 2 705 x^T y 26 37 2 685

for symmetric problems, rather than the more ef�cient Lanczos process with partial reorthogonalization. This implies that timings reductions are possible for the results of the Lanczos method with B-orthogonalization. The matrix B was represented by a compressed sparse row matrix storage format, which allows for ef�cient storage and matrix vector products. The linear system solvers where solved by a block skyline (or pro�le) solver. All computations were carried out within the SYSNOISE [22] environment on an HP PA 7100 C110 workstation.

Table 4.5 contains the numerical results for Problem 3. The 20 eigenmodes nearest 0 are required. The Implicitly Restarted Arnoldi/Lanczos methods were run with the same initial vector, Krylov subspace dimension k = 30, and relative residual tolerance TOL = 10^{−5}. The number of iterations are equal for both methods. The Lanczos method with B-orthogonalization is more expensive due to the additional matrix vector products in the reorthogonalization of the B-orthogonalization. For the Arnoldi method with standard orthogonalization, the number of matrix vector products with B is equal to the number of solves with A − σB plus the number needed for the B-orthogonalization of the Ritz vectors (§3).

Table 4.6 contains the numerical results for Problem 4. The eigenfrequencies between 0 and 250 Hz are sought. The implicitly restarted Arnoldi/Lanczos methods were run with the same initial vector, Krylov subspace dimension k = 21, and relative residual tolerance TOL = 10^{−5}. A matrix vector product by B is cheap compared to a back transformation. The conclusions are very similar to Problem 3, but the differences between the CPU times are less pronounced.

5. Extension to (Navier) Stokes problems. Recall the (Navier) Stokes problem (1.3). For this problem, B is typically positive semi-de�nite. The use of the B-semi-inner product in the Lanczos method was suggested by Ericsson [5], Nour-Omid, Parlett, Ericsson and Jensen [5]. The use of this semi-inner product was justi�ed by Ericsson [5] and Meerbergen and Spence [16]. Moreover, it ‘puri�es’ the Ritz values from possible contamination arising from the singularity of B. For the details, see [5, 18, 16]. Cliffe, Garratt, Golding and Spence [2] suggested the use of the matrix P = [ I 0 0 0 ] instead of [ M 0 0 0 ]

in the inner product. This P -inner product has the same ‘puri�cation’ property as the B-inner product (see [16, Theorem 2] with M = I). Thus, an alternative to the Arnoldi method with

B-orthogonalization is the Arnoldi method with P -orthogonalization. In fact, the situation is very similar to acoustic and structural eigenvalue problems. Indeed, decompose

V_{k+1} = [ U_{k+1} Q_{k+1} ] and W_{k+1} = [~ U_{k+1} Q̃_{k+1} ]

and normalize V_{k+1} such that V^T_{k+1}P V_{k+1} = U^T_{k+1}U_{k+1} = I and W_{k+1} such that W^T_{k+1}BW_{k+1} = Ũ^T_{k+1}MŨ_{k+1} = I. Consequently, Theorem 2.4 is still valid with the only difference that κ(B) should be replaced by κ(M), V_{k+1} by U_{k+1} and W_{k+1} by Ũ_{k+1}.

6. Conclusions and �nal remarks. In this paper, we established a theoretical comparison between standard orthogonalization and B-orthogonalization for the solution of eigenvalue problems, for which the square root of the condition number of the mass matrix is small. This is often the case in acoustic and structural eigenvalue problems and for the discretized (Navier) Stokes equations. Roughly speaking, the orthogonalization seems to play a minor role in the convergence of the eigenvectors in the Krylov space. The theoretical results are extended to the Navier-Stokes problem as well, where the Arnoldi method with B-semi-orthogonalization and the Arnoldi method with P -semi-orthogonalization behave similarly.

Following the theory and our numerical experiments the type of inner product should not be chosen on the basis of rates of convergence. The decision should be based on cost per iteration, or reliability. For example, it follows from the numerical results for Problem 4 that there is no advantage in performance for the Arnoldi method with standard orthogonalization with respect to the Lanczos method with B-orthogonalization, though the inner product is more expensive for the Lanczos method. Moreover, when the number of iteration vectors is high, it is expected that the Gram-Schmidt process with reorthogonalization becomes prohibitive, so that the Lanczos method becomes much cheaper than the Arnoldi method. We also noticed that the Lanczos method with B-orthogonalization is more reliable than the Arnoldi method with standard orthogonalization: sometimes, sought-after eigenvalues are missed by the Arnoldi method. For Navier-Stokes applications, where the Arnoldi method should be used anyway since A is nonsymmetric, the use of the P -inner product rather than the B-inner product may lead to a more ef�cient code. Lehoucq and Scott [12] report that the B-inner product seems to be more reliable than the standard inner product. They do not report results for the P -inner product.

7. Acknowledgment. The author is grateful to John Lewis who made useful comments on the implementation and application of the spectral transformation Lanczos method and suggested some other material for further discussion, and to Jean-Pierre Coyette and Christophe Lecomte for helpful comments on the applications in the numerical examples. The author also thanks the referees for the many helpful suggestions that improved the presentation of the paper.

REFERENCES

[1] F. CHATELIN, Eigenvalues of matrices, John Wiley and Sons, 1993.

[2] K. CLIFFE, T. GARRATT, J. GOLDING, AND A. SPENCE, On the equivalence of block matrices under Arnoldi’s method, Tech. Rep. Preprint 94/08, School of Mathematical Sciences, University of Bath, Bath, UK, 1994.

[3] K. CLIFFE, T. GARRATT, AND A. SPENCE, Eigenvalues of block matrices arising from problems in �uid mechanics, SIAM J. Matrix Anal. Appl., 15 (1994), pp. 1310Ű1318.

[4] J. DANIEL, W. GRAGG, L. KAUFMAN, AND G. STEWART, Reorthogonalization and stable algorithms for updating the Gram-Schmidt QR factorization, Math. Comp., 30 (1976), pp. 772Ű795.

[5] T. ERICSSON, A generalised eigenvalue problem and the Lanczos algorithm, in Large Scale Eigenvalue Problems, J. Cullum and R. Willoughby, eds., Elsevier Science Publishers BV, 1986, pp. 95Ű119.

[6] T. ERICSSON AND A. RUHE, The spectral transformation Lanczos method for the numerical solution of large sparse generalized symmetric eigenvalue problems, Math. Comp., 35 (1980), pp. 1251Ű1268.

[7] T. GARRATT, G. MOORE, AND A. SPENCE, Two methods for the numerical detection of Hopf bifurcations, in Bifurcation and Chaos: Analysis, Algorithms, Applications, R. Seydel, F. Schneider, and H. Troger, eds., Birkhĺauser, 1991, pp. 119Ű123.

[8] G. GOLUB AND C. VAN LOAN, Matrix computations, The Johns Hopkins University Press, 3rd ed., 1996. [9] R. GRIMES, J. LEWIS, AND H. SIMON, Eigenvalue problems and algorithms in structural engineering, in Large Scale Eigenvalue Problems, J. Cullum and R. Willoughby, eds., Elsevier Science Publishers B.V., 1986, pp. 81Ű93.

[10] , A shifted block Lanczos algorithm for solving sparse symmetric generalized eigenproblems, SIAM J.

Matrix Anal. Appl., 15 (1994), pp. 228Ű272.

[11] R. B. LEHOUCQ, Restarting an Arnoldi reduction, Preprint MCS-P591-0496, Argonne National Laboratory, Argonne, IL 60439, 1996.

[12] R. B. LEHOUCQ AND J. A. SCOTT, Implicitly restarted Arnoldi methods and eigenvalues of the discretized Navier-Stokes equations, Technical Report SAND97-2712J, Sandia National Laboratory, Albuquerque, New Mexico, 1997.

[13] R. B. LEHOUCQ, D. C. SORENSEN, AND C. YANG, ARPACK USERS GUIDE: Solution of Large Scale Eigenvalue Problems with Implicitly Restarted Arnoldi Methods, SIAM, Philadelphia, PA, 1998.

[14] D. MALKUS, Eigenproblems associated with the discrete LBB condition for incompressible �nite elements, Internat. J. Engrg. Sci., 19 (1981), pp. 1299Ű1310.

[15] K. MEERBERGEN AND D. ROOSE, Matrix transformations for computing rightmost eigenvalues of real nonsymmetric matrices, IMA J. Numer. Anal., 16 (1996), pp. 297Ű346.

[16] K. MEERBERGEN AND A. SPENCE, Implicitly restarted Arnoldi and puri�cation for the shift-invert transformation, Math. Comp., 66 (1997).

[17] R. NATARAJAN, An Arnoldi-based iterative scheme for nonsymmetric matrix pencils arising in �nite element stability problems, J. Comput. Phys., 100 (1992), pp. 128Ű142.

[18] B. NOUR-OMID, B. PARLETT, T. ERICSSON, AND P. JENSEN, How to implement the spectral transformation, Math. Comp., 48 (1987), pp. 663Ű673.

[19] B. PARLETT, The symmetric eigenvalue problem, Prentice Hall series in computational mathematics, Prentice- Hall, 1980.

[20] Y. SAAD, Numerical methods for large eigenvalue problems, Algorithms and Architectures for Advanced Scienti^c Computing, Manchester University Press, Manchester, UK, 1992.

[21] D. C. SORENSEN, Implicit application of polynomial �lters in a k-step Arnoldi method, SIAM J. Matrix Anal. Appl., 13 (1992), pp. 357Ű385.

[22] SYSNOISE REV 5.4, A software tool for vibro-acoustic simulation. LMS International, Interleuvenlaan 70, 3001 Leuven, Belgium, 1999.