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ON GERŠGORIN-TYPE PROBLEMS AND OVALS OF CASSINI
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Abstract. Recently, two Geřsgorin-typematrixquestionswereraised.Theseareansweredhere,usingovalsof
Cassini.
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1. Intr oduction. Givenamatrix
�����	��

� ��������������

, its usualGeřsgorindisksaregiven
by

� ������ � �"! ��

� 
 �$# �
%'&)(%+*&-,

� �.

� � � � �0/ 
213�54 � �76 
213�548129 #;:<#�= 4
>
(1.1)

and,if ? 1
�54 denotesthespectrumof
�

, i.e.,

? 13�54 � �A@�BC����D� B
is aneigenvalueof EGF >

thefamousGeřsgorincircle theorem[3] (or Horn andJohnson[4, p. 344] and[7, p. 16]) is
that

? 13�54�H
�

JILK 6 
213�54)� �M6 1
�543N

(1.2)

At this moment,only the
=

diagonalentries
@O��
P� 
 F �
JILK andthe

=
row sums

@ / 
213�54 F �
JILK of
(1.1)determinethe

=
Geřsgorindisks

@ 6 
21
�Q4 F �
JILK andtheinclusionset
6 1
�54

, of (1.2),in the
complex plane.Then,with thenotation

R � �A@S9.>2T$>0U0UVUW> = F >
these

T =
piecesof informationareusedto definethefollowing setof matrices:

XY� � Z[�\�J]2

� �����C�� ����� � ]2
P� 
^�_��
P� 

and

/ 
213ZG4)� / 
�1
�Q4
for all

: � R N
(1.3)

It is evidentthat ? 1
Z`4
, for each

Z_� X
, mustalsosatisfytheinclusionof (1.2),and,with the

notation

? 1 X 4 � � acbMd ?
1
Z`4
>

(1.4)
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wehave

? 1 X 4�H 6 13�54
N
(1.5)

As weshallsee,theinclusionin (1.5) is notalwaysoneof equality.
Recently, thefollowing questionswereaskedof oneof us:

Question1. Canaprecisedescriptionof ? 1 X 4 begiven?
Question2. When is it the casethat ? 1 X 4 is a single closeddisk (with a

nonemptyinterior) in thecomplex plane?
Thepointof thisnoteis to answertheabovequestions.

We remarkthat theset ? 1 X 4 of (1.4) is, for
=gf T

, in generallarger thantheminimal
Geřsgorin set (cf. [8]) for any matrix

�
, simply becausethe minimal Geřsgorinset uses

morespecificinformationaboutthe matrix
�_�h�J��
P� ���5�D�� �����

in determiningits minimal
Geřsgorinset.Specifically, theassociatedsetof matrices,for theminimal Geřsgorinsetof a
givenmatrix

�;�A�J��
P� �i���C��������
, is

Xkj`l�� � Z[�\�J] 

� � ������ �$�$� � ] 

� 
 �_� 

� 

and

� ] 

� � � � � � 

� � �
for all

: >
mG� R >
(1.6)

i.e., in additionto knowing the
=

diagonalentries
@���
P� 
 F �
JILK , oneis alsogiventhemoduli of

all
= 1 = ! 9O4

nondiagonalentries
@ � ��
P� � � F � ,on %'&)(,o*&$% , for a totalof

=�p
piecesof information.Though

it is notessentialfor thispaper, we remarkthatit is evidentfrom (1.3)and(1.6) that

X j`l H X >
sothat ? 1 X j`l 4qH ? 1 X 4 for any

�r�C�� ����� > =sf T$>
(1.7)

whereit canbeshown that theequalitiesof containmentin (1.7) cannotin generalhold for
all

�t���� ����� > =�f T
, but in thecase

= �rT
, thereholds

X j`l � X >
sothat ? 1 X j`l 4-� ? 1 X 4 for any

�u�C�� p � p N
(1.8)

2. On Question 1. We needsomeadditionalnotationsandresults. Given the
T�vwT

matrix

Zt� ]MKW� Kx]0Ki� p] p � Kx] p � p ���� p � p >
(2.1)

its associatedoval of Cassiniis definedas

y 13ZG4 � �A@ � �C��z��� 1 �k! ]0Ki� K{4+1 �|! ] p � p 4 �$#u� ]MKW� p U�] p � K � F N(2.2)

Then,for amatrix
�����	� 

� � ���C�� ����� > =;} T

, wedenoteits ovalsof Cassiniby

y 

� �M13�54 � �\@ � ������ � 1 �k! ��
P� 
24+1 �|! �.�W� �.4 ��#;/ 
�1
�Q4^U / �.1
�Q4 F > for all
:�~�tm

in
R N

(2.3)

Thereare
� p � ���J��� K��p ovalsof Cassini

y 

� �71
�Q4
associatedwith thematrix

�
, andfrom a

well-known resultof A. Brauer[1] (seealso[4, p. 380]),wehavethatif
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y 1
�Q4 � � �
,�n %�&^(,o*&$%

y 
P� �.13�543>
(2.4)

then

? 1
�Q4�H y 1
�Q4
N
(2.5)

But,astheovalsof Cassiniin (2.3)useonly theinformationgivenby
@���
P� 
 F �
JILK and

@ / 
213�54 F �
	IcK ,
it is alsotruefrom (1.3)that

? 1 X 4�H y 1
�Q4
N
(2.6)

We remarkfrom (2.3) thateachoval of Cassini
y 

� �71
�543> :�~�tm

, is a boundedandclosed
(hence,compact)setin thecomplex plane

��
, asis theirfinite union

y 1
�Q4
in (2.4).Next, if �

is asetin
��

, then� denoteits closureand�|� � ����<� � denotesits complement.Theboundary
of � is defined,asusual,by �O� � � � � � .

Our first result,which sharpenstheinclusionin (2.6),shows exactly how ? 1 X 4 fills outy 13�54
.

THEOREM 2.1. Givenany
���A�J�.

� �������� ���$� > =�} T

, then

? 1 X 4)� � y 1
�54-� � y KW� p 1
�543> when
= ��T$>

(2.7)

and

? 1 X 4)� y 13�54
>
when

=;}�� N
(2.8)

Proof. For
= �rT

, eachmatrix
Z

in
X

is, from (1.3),necessarilyof theform

Z[� ��KW� K / K013�543� 
'� (/ p 1
�Q4
� 
'�O� � p � p >
with � K > � p arbitraryrealnumbers

N
(2.9)

If
B

is any eigenvalueof
Z

, thendet
1
Z ! BO��4^�u�

, sothatfrom (2.9),

1
��Ki� K ! B^4+13� p � p ! B^4)� / K013�54^U / p 1
�543� 
 � � (�� ���+� N
Hence,

� ��

� 
 ! B � U � � p � p ! B � � / KM1
�Q4^U / p 13�54
N(2.10)

As (2.10)correspondsto thecaseof equalityin (2.3),we seethat
B�� � y Ki� p 1
�Q4 . Sincethis

is true for any eigenvalue
B

of any
Z

in
X

andsince,from (2.4),
y Ki� p 13�54c� y 1
�54

in this
case

= ��T
, then ? 1 X 4cH � y KW� p 13�54�� � y 1
�54

. Conversely, it is easilyseenthateachpoint
of � y Ki� p 13�54 is, for suitablechoicesof real � K and � p , aneigenvalueof some

Z
in (2.9),so

that ? 1 X 4^� � y Ki� p 1
�Q4)� � y 1
�Q4
, thedesiredresultof (2.7).
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To establish(2.8), first assumethat
=Y}_�

, andconsidera matrix
Z��h�J] 

� � �

in
�� �����

,
whichhasthepartitionedform

Z[� Z Ki� K Z Ki� p� Z p � p >
(2.11)

where

Z�KW� K � � ��Ki� K �7� 
'� (  � 
'��� � p � p >
with

� # � #s/ K013�543>�� #   #�/ p 1
�Q4
>(2.12)

with � K and� p arbitraryrealnumbers,andwith
]2�W� �c�A���W� �

for all
9 # m #;=

. Now, for any
choicesof

�
and

 
with

�|�s� ��> / KV1
�Q4��
and

  �s� ��> / p 1
�Q4�� , theentriesof theblock
Z�Ki� p canbe

chosensothat therow sums,
/ K01
Z`4

and
/ p 13ZG4

, in thefirst two rowsof
Z

, equalthoseof
�

.
Similarly, because

=�}[�
, therow sumsof thematrix

Z p � p of (2.11)canbechosento bethe
sameasthosein theremainingrow sumsof

�
. Thus,by our construction,thematrix

Z
of

(2.11)is anelementof
X

. (We remarkthatthis constructionfails to work in thecase
= � �

,
unless

/M¡ 1
�54^�u�
). But from thepartitionedform in (2.11),it is evidentthat

? 13ZG4)� ? 1
Z�KW� KM4 ? 13Z p � p 4
N(2.13)

However, from theparameters
�M>   > � Ki> � p in

Z�Ki� K
in (2.12), it canbeseenfrom (2.3), that,

for each � � y KW� p 1
�54 , therearechoicesfor theseparameterssuchthat � is an eigenvalue
of

Z�KW� K
. In otherwords,the eigenvaluesof

Z�KW� K
, on varying

�
and

 
with

� # � #¢/ KM1
�54
and

� #   #�/ p 1
�54 , fill out
y KW� p 1
�54 , wherewe notethat the remainingeigenvaluesof

Z
(namely, thoseof

Z p � p ) muststill lie, from (2.6), in
y 13�54

. As this appliesto all ovals of
Cassini

y 

� �M13�54
, for

:D~�£m
, uponsuitablepermutationsof the rows andcolumnsof

Z
of

(2.11),then ? 1 X 4)� y 1
�54
, for all

=s}D�
.

For theremainingcase
= � �

of (2.8),any matrix
Z

in
X

canbeexpressedas

Z[� ��KW� K �M� 
'� ( 1 / K013�54 ! ��4
� 
'���
  � 
���¤ � p � p 1 / p 13�54 !   4
� 
'��¥
¦ � 
���§ 1 / ¡ 13�54 !�¦ 4
� 
���¨ � ¡ � ¡ >

(2.14)

where

� # � #s/ K013�543>�� #   #�/ p 1
�Q4
> and
� # ¦ #;/ ¡ 1
�Q4
>

and@ � 
 Fi© 
JILK arearbitraryrealnumbers.
(2.15)

Now, chooseany complex number � in the oval of Cassini
y Ki� p 1
�Q4 , i.e., (cf. (2.3)), let �

satisfy

� �k! � Ki� K � U � �|! � p � p ��#;/ K 1
�54�U / p 1
�Q4
N(2.16)

Theabove inequalityimpliesthateither
� �Q! ��Ki� K ��#r/ KM1
�54

or
� ��! � p � p �ª#r/ p 1
�Q4 is valid.

Assuming,without lossof generality, that
� ��! � Ki� K �ª#[/ K013�54

, choosetheparameters
�

and� K suchthat
� �"! ��Ki� K � �A�

and �"! ��Ki� K����7� 
'� (
, andsimilarly, choosetheparameters

 
and
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� ¡ suchthat
� �k! � p � p � �  

and �|! � p � p �   � 
���¤
, where,from (2.16),

�<U   #�/ K 1
�Q4�U / p 13�54 .
Thenwith thevector « ���'9.>M9�>+���­¬

in
� ® ¡

, it canbeverifiedthat
Z « �u¯

, where

° K��A� Ki� K�±��M� 
'� ( � � >° p �   � 
'� ¤ ±;� p � p � � >° ¡ � ¦ � 
'� § ±z1 / ¡ 13�54 !�¦ 4
� 
�� ¨ N(2.17)

Then,on setting ¦ � � / ¡ 13�543²VT
and ��³ � � � ©

±;´
, we have ° ¡ �h�

. Thus,
Z « � � « ,

and � is an eigenvalueof
Z

. Hence,each � in
y KW� p 1
�54 is an eigenvalueof some

Z
in

X
.

Consequently, as this constructionfor
= � �

can be appliedto any point of any oval of
Cassini

y 

� �.1
�Q4
with

:�~�tm
, then ? 1 X 4)� y 13�54

, whichcompletestheproofof (2.8).
We remarkthatthereis a way to enlargetheset

X
, in thespirit of whathasbeendonein

the treatmentof minimal Geřsgorinsets(cf. [8]), which givesa unified inclusionresultfor
any

=r} T
, which doesnot distinguishbetweenthecases

= �\T
and

=u}r�
, asin Theorem

2.1.To thisend,set

µXY� � Zt�A�J]2

� �������� ����� � ]2
P� 
^����

� 

and

� #;/ 
�1
Z`4 #s/ 
�13�54
for all

: � R >
(2.18)

sothat
X H µX

, andthisof courseimplies

? 1 X 4�H ? 1 µX 4
N
(2.19)

But from thedefinitionsin (2.3),wealsohave

? 1 µX 4�H y 1
�Q4
N
(2.20)

THEOREM 2.2. Givenany
���A�J� 

� � ������ ���$�

with
=;} T

, then

? 1 µX 4)� y 1
�Q4
N
(2.21)

Proof. FromTheorem2.1andtheinclusionsof (2.19)and(2.20),it is only necessaryto
establish(2.21)in thecase

= �AT
, i.e., for

= ��T
, it sufficesto show that ? 1 µX 4q� y 13�54��y Ki� p 13�54 . Theproofof this is similar to theproof in thefirst partof Theorem2.1.For

= ��T
,

eachmatrix
Z

in
µX

is, from (2.18),of theform

Z[� � KW� K �7� 
'� (  � 
'�O� � p � p > with
� # � #\/ K 13�54
>k� #   #�/ p 1
�Q4 , and� K > � p arbitraryrealnumbers.

(2.22)

If
B

is any eigenvalueof
Z

, thendet
1
Z ! BO��4^�u�

impliesthat
13� KW� K ! B^4+1
� p � p ! B)4)���   � 
 � � ( � � � � >

sothat � 13� Ki� K ! B)421
� p � p ! B^4 � �_�   >
for all real � Ki> � p N

But as
�

and
 

run,respectively, throughtheintervals
� ��> / KV1
�Q4��

and
� ��> / p 1
�Q4�� , andas� K and� p run throughall realnumbers,it is evidentthattheeigenvaluesof thematrices

Z
in

µX
fill

out (cf. (2.3)) theset
y Ki� p 1
�Q4^� y 13�54

, i.e., in this case
= �gT�> ? 1 µX 4^� y Ki� p 1
�Q4�� y 1
�54

.
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3. On Question2. Theanswerto Question2 is straight-forward,basedontheresultsof
Section2 andthefollowing observations.Givena matrix

�t�¶�	� 

� � �·�¸�� ����� > =�} T
, then,

with thedefinitionsof
6 
+13�54

of (1.1)and
y 

� �.1
�54

of (2.3),it is easyto verify that

y 

� � 1
�Q4¹H 6 
 13�54 6 � 13�54
for all

: >
mº� R
with

:»~�[m�>
with equalityholdingonly if

/ 
 13�54)� / � 13�54)�u�$>
or if

��

� 
)�_���W� �
and

/ 
W1
�Q4-� / ��1
�Q4 f ��N(3.1)

Thesetinclusionsin (3.1)imply, with thedefinitionsof
6 1
�Q4

of (1.2)and
y 1
�Q4

of (2.4),that
onealwayshas

y 13�54qH 6 13�54
N
(3.2)

So, to answerQuestion2, it canbe seenfrom Theorems2.1 and2.2 that, if
���¼�J��
P� ������� ���$� > =�} T

, then
a) for

= �uT�> ? 1 X 4 is neverasinglecloseddiskwith anonemptyinterior.
b) for

= �½T$> ? 1 µX 4 is a single closeddisk with a nonemptyinterior only if��KW� K���� p � p and
/ K01
�54�U / p 1
�Q4 f �

.
c) for

=�f T�> ? 1 X 4)� ? 1 µX 4 is asimplecloseddiskwith nonemptyinterioronly
if thereare

�7>  
in
R

with
� ~�  

suchthat
��¾0� ¾c����¿+� ¿

and
/ ¾.1
�Q4�U / ¿i1
�Q4 f �

,
andall remainingovalsof Cassini

y 
P� �.13�54
lie in

y ¾0� ¿�1
�Q4
.

4. Final Remarks. It wasa surprisefor us to seethat the determinationof ? 1 X 4 , in
Theorem2.1,wascompletelyin termsof ovalsof Cassini,a topic rarelyseenin thecurrent
researchliteraturein linearalgebra.In fact,onconsultingmany (16)booksonlinearalgebra,
we could find only threebookswhereovals of Cassiniareeven mentioned:in an exercise
in Varga([7, p. 22]), in a lengthierdiscussionin Horn andJohnson[4, pp. 380-381],and
in MarcusandMinc [5, p. 149]. But, in noneof thesebookswasit statedthat theovalsof
Cassiniarein generalat leastas good (cf. (3.2)) asthe Geřsgorindisks,in estimatingthe
spectrum? 1
�Q4 of agivenmatrix in

�� ���$�
. Thisappearsin Brauer’spaper[1] of 1947(which

curiouslydoesnot mentionGeřsgorin’s earlierpaper[3] of 1931.) Whatapparentlywasof
moreinterestin theliteratureis thefactthatBrauer’suseof two rowsat a time, to determine
an inclusionsetfor theeigenvaluesof a givenmatrix, cannotin generalbeextendedin the
samemannerto À rows at a time, for À }g�

, andexplicit counterexamplesto this aregiven
in [4, p. 382] and[5, p. 149]. However, a “correct” generalizationof Brauer’s results,using
graphtheory, is nicelygivenin Brualdi [2].
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