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ON GERSGORIN-TYPE PROBLEMS AND OVALS OF CASSINI *

RICHARD S. VARGA f AND ALAN KRAUTSTENGL *

Abstract. Recentlytwo Gesgorin-typematrix questionsvereraised.Theseareansweredere,usingovals of
Cassini.
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1. Intr oduction. Givenamatrix A = [a; ;] € C"*", its usualGesSgorindisksaregiven
by

(1.1) €0 |z aii| <Y laij| = mi(A) § = Ti(4) (1<i<n),
p
and,if o(A) denoteghespectrunof 4, i.e.,

o(A) :={\ eC: Misaneigervalueof A},

thefamousGersgorincircle theorem[3] (or Horn andJohnsor4, p. 344]and[7, p. 16]) is
that

(1.2) o(A) C | JTi(4) =T (4).

i=1
At this moment,only the n diagonalentries{a;;};-, andthen row sums{r;(A)};, of
(1.1)determinghen Gessgorindisks{T;(A)}?_, andtheinclusionsetI’(A), of (1.2),in the
comple plane.Then,with thenotation

NZ:{I,Q,---,TL},

these2n piecesof informationareusedto definethefollowing setof matrices:

(13) Q.= {B = [bz,ﬂ eqQ . biﬂ' = Qj; andri(B) = TZ(A) forall: e N} .

It is evidentthato (B), for eachB € 2, mustalsosatisfytheinclusionof (1.2),and,with the
notation

(1.9 a(Q) = U o(B),

BeQ
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16 OnaGessgorinProblemandOvals of Cassini
we have
(1.5) o(2) CT(A).

As we shallsee theinclusionin (1.5)is not alwaysoneof equality

Recentlythefollowing questionsvereaslked of oneof us:

Questionl. Canaprecisedescriptiorof o(Q2) begiven?
Questio2. Whenis it the casethat o(£2) is a single closeddisk (with a
nonemptyinterior) in thecomple plane?
Thepointof this noteis to answertheabove questions.

We remarkthatthe seto(Q2) of (1.4)is, for n > 2, in generallarger thanthe minimal
Gersgorinset(cf. [8]) for any matrix A, simply becausdhe minimal GeSgorinsetuses
more specificinformationaboutthe matrix A = [a; ;] € €"*" in determiningits minimal
Gessgorinset. Specifically the associatedetof matricesfor the minimal GeSgorinsetof a
givenmatrix A = [a; ;] € C" ", is

(16) QJ\IG = {B = [b@j] G(ann : bi,i = Q;; and\bi,j| = ‘(Li7j| for all i,j € N} R

i.e.,in additionto knowing then diagonalentries{a; ;}? ,, oneis alsogiventhe moduli of
all n(n — 1) nondiagonaéntries{|a; ;|}",_,, for atotal of n? piecesof information. Though

iiéé:'ly
it is not essentiafor this paperwe remarkthatit is evidentfrom (2.3)and(1.6)that
1.7) Qume C Q, sothato(Qarg) C o(Q) forary A e C*", n > 2,
whereit canbe shovn thatthe equalitiesof containmentn (1.7) cannotin generalhold for
all A e€**™, n > 2, butin thecasen = 2, thereholds
(18) Qv = Q, SOthatO'(Q]ng) = O'(Q) for aryA E(DZX2.

2. On Question 1. We needsomeadditionalnotationsand results. Giventhe 2 x 2
matrix

(2.2) B=| bt B2 g
ba1 b2
its associatedval of Cassiniis definedas
(2.2) K(B):={z€C:|(z—b11)(z —ba2)| < |b1,2-b21]}.

Then,for amatrix A = [a, ;] € C"*", n > 2, we denoteits ovalsof Cassiniby

(2.3) Kij(A) :={z€C:|(z—aii)(z—aj;)| <ri(A)-r;(A)}, foralli # jin N.

Thereare (}) = @ ovalsof Cassinik; ;(A) associatedvith the matrix A, andfrom a
well-known resultof A. Brauer[1] (seealso[4, p. 380]), we have thatif
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(2.4) K(4) = | Ki;(4),
then
(2.5) o(A) C K(A).

But, astheovalsof Cassinin (2.3)useonly theinformationgivenby {a; ; }7 ; and{r;(A)}} ,,
it is alsotruefrom (1.3)that

(2.6) o(2) C K(A).

We remarkfrom (2.3) thateachoval of CassiniKj; ;(A), ¢ # j, is aboundedandclosed
(hencecompactksetin thecomple planel, asis theirfinite union K (A) in (2.4). Next, if T
is asetin, thenT denotsits closureand” := €\ 7' denotests complementTheboundary
of T is defined asusual,by 0T := TN T".

Our first result,which sharpensheinclusionin (2.6), shavs exactly how o () fills out
K(A).

THEOREM 2.1. Givenany A = [a; ;] € C"*", n > 2, then

(2.7) 0(Q) = 0K(A) = 0K, 2(A), whenn = 2,
and
(2.8) o(2) = K(A), whenn > 3.

Proof. Forn = 2, eachmatrix B in Q is, from (1.3), necessarilpf theform

29 pB=| @1 = nden

ro(A)eiv2 a , With 11, 1 arbitraryrealnumbers
2 2,2

If \isary eigervalueof B, thendet(B — AI) = 0, sothatfrom (2.9),
(a1 — N(aza — ) = r1(A) - ro(A)e V1 F¥2),

Hence,

(2.10) laii — Al - laz2 — Al = r1(A) - ra(A).

As (2.10)correspondso the caseof equalityin (2.3),we seethat\ € 0K 2(A). Sincethis
is true for ary eigervalue\ of ary B in 2 andsince,from (2.4), K1 2(A) = K(A) in this
casen = 2, theno(Q) C 0K, 2(A) = 0K(A). Corverselyit is easilyseernthateachpoint
of 0K 2(A) is, for suitablechoicesof realy andy», aneigervalueof someB in (2.9),so
thato () = 0K 2(A) = 0K (A), thedesiredresultof (2.7).
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To establish(2.8), first assumehatn > 4, andconsidera matrix B = [b; ;] inC"*",
which hasthe partitionedform

B B
(2.11) B= [ T ]

O | Byp

)

where

inhn
t‘;;,; s¢ ] , With 0 < s < 71(A), 0 < t < ra(A),
2

(212) Bl,l = I:
with ¢, ands, arbitraryrealnumbersandwith b; ; = a; ; forall 1 < 5 < n. Now, for ary
choicesof s andt with s € [0, 71(A)] andt € [0, 72(A)], theentriesof theblock B » canbe
chosersothattherow sums,r;(B) andry(B), in thefirst two rows of B, equalthoseof A.
Similarly, because: > 4, therow sumsof the matrix B; » of (2.11)canbe choserto bethe
sameasthosein theremainingrow sumsof A. Thus,by our constructionthe matrix B of
(2.11)is anelemenf Q2. (We remarkthatthis constructiorfails to work in thecasen = 3,
unlesss(A) = 0). But from thepartitionedformin (2.11),it is evidentthat

(2.13) o(B) = o(B11)| Jo(B22).

However, from the parameters, ¢, ¢, ¢ in By 1 in (2.12),it canbe seenfrom (2.3), that,
for eath z € K 2(A), therearechoicesfor theseparametersuchthat z is an eigervalue
of Bi,1. In otherwords,the eigervaluesof B, 1, onvarying s andt with 0 < s < r(A)
and0 < ¢t < rp(A), fill out K, 2(A), wherewe notethatthe remainingeigervaluesof B
(namely thoseof B, ;) muststill lie, from (2.6), in K(A). As this appliesto all ovals of
CassiniK; j(A), for i # j, uponsuitablepermutationsof the rows and columnsof B of
(2.11),thenc(Q) = K(A), for alln > 4.
For theremainingcasen = 3 of (2.8),ary matrix B in 2 canbeexpresseds

sl (r1(A) — s)e?s
@14 B=| te¥ gy (ra(d) e
wei?s (rg(A) _ u)ei% ass
where
<s< L 0<t< <y < r
(2.15) 0<s<ri(A4), 0=t <ry(A), and0 <u < r3(A), and

{1:}_, arearbitraryrealnumbers.

Now, chooseary complex numberz in the oval of CassiniK; 2(A), i.e., (cf. (2.3)),let z
satisfy

(216) |Z - CL171| . |Z - CL272| S Tl(A) . TQ(A).

Theabove inequalityimpliesthateither|z — a; 1| < r1(A) or |z — az 2| < ra(A) is valid.

Assumingwithout lossof generalitythat|z — a1,1| < r1(A), choosethe parameters and
vy suchthat|z — a; 1| = s andz — a; 1 = se’¥1, andsimilarly, choosethe parameters and
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3 suchthat|z — as 2| = t andz — a2 2 = te'¥?, where from (2.16),s - t < r1(A) - ra(A).
Thenwith thevectorx = [1,1,0]” in IR?, it canbeverifiedthat Bx = n, where

(2.17) no = te'¥s + as =z,

m=ai,1+ selVt =z,
n3 = ue'¥s + (r3(A) — u)e's.

Then,on settingu := r3(A)/2 andys := ¢s + ™, we have ns = 0. Thus, Bx = zx,
andz is aneigervalueof B. Hence,eachz in K, 2(A) is aneigetvalueof someB in Q.
Consequentlyas this constructionfor n = 3 canbe appliedto any point of any oval of
CassiniK; j(A) with i # j, theno(Q2) = K(A), whichcompleteghe proofof (2.8).0

We remarkthatthereis away to enlagetheset(, in the spirit of whathasbeendonein
the treatmenif minimal Gesgorinsets(cf. [8]), which givesa unified inclusionresultfor
anyn > 2, which doesnot distinguishbetweerthe cases: = 2 andn > 3, asin Theorem
2.1. Tothisend,set

(218) Q = {B = [biyj] eqm bi,i = Qi; and0 < TZ(B) < T‘i(A) forallz N} ,

sothat() C €, andthis of coursemplies

(2.19) a(Q) C ().

But from the definitionsin (2.3),we alsohave

(2.20) o(Q) C K(A).

THEOREM 2.2. Givenany A = [a; ;] € €"*" withn > 2, then
(2.21) o(Q) = K(A).

Proof. FromTheoren2.1andtheinclusionsof (2.19)and(2.20),it is only necessaryo
establish(2.21)in thecasen = 2, i.e.,for n = 2, it sufficesto shaw thato(Q)) = K(A) =
K, 2(A). Theproofof thisis similarto the proofin thefirst partof Theorem2.1. For n = 2,
eachmatrix B in Q is, from (2.18),of theform

(2.22) B= { . set } with 0 < s < r1(4), 0 <t < ry(A), and
' | te™¥2 ’

as o 1,1 arbitraryrealnumbers

If \isary eigervalueof B, thendet(B — AI) = 0 impliesthat
(a11 — N)(az2 — A) = stet¥1tv2)
sothat
|(a1,1 — A)(az,2 — A)| = st, for all realyy, ¥,.

Butass andt run, respectiely, throughtheintervals[0, 1 (4)] and[0, r2(A)], andasy; and
12 runthroughall realnumbersit is evidentthatthe eigervaluesof the matricesB in (2 fill

out(cf. (2.3))thesetK; »2(A) = K(A),i.e.,inthiscasen = 2, o() = K; 2(A) = K(A).
d
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3. On Question2. Theanswetto Questior? is straight-forvard,basedn theresultsof
Section2 andthe following obsenations.Givenamatrix A = [a; ;| € €"*", n > 2, then,
with thedefinitionsof I';(A) of (1.1)andKj; ;(A) of (2.3),it is easyto verify that

Ki,j(A) - FZ(A) UFJ(A) for all Z,_] € N with ¢ # j,
(3.1) with equalityholdingonly if r;(A) = r;(A) = 0,
orif Qi = Qj,j andri (A) =Tj (A) > 0.

Thesetinclusionsin (3.1)imply, with thedefinitionsof T'(A) of (1.2)and K (A) of (2.4),that
onealwayshas

(3.2) K(A) CT(A).

So, to answerQuestion2, it canbe seenfrom Theorems2.1and2.2that,if A = [a; ;] €
C"*™, n > 2,then
a) forn =2, o(Q) is neverasinglecloseddisk with anonemptyinterior.
b) forn = 2 a(Q) is a single closeddisk with a nonemptyinterior only if
a1 = a2 andn (A) -T2 (A) > 0.
c) forn>2, 0(Q) = o(Q) is asimplecloseddisk with nonemptyinterior only
if thereares, ¢t in N with s # ¢ suchthata, s = a; andrs(A) - r,(4) > 0,
andall remainingovalsof CassiniK; j(A) lie in K +(A).

4. Final Remarks. It wasa surprisefor usto seethat the determinatiorof o(£2), in
Theorem2.1, wascompletelyin termsof ovals of Cassinia topic rarely seenin the current
researchiteraturein linearalgebra.n fact,on consultingmary (16) booksonlinearalgebra,
we could find only threebookswhereovals of Cassiniare even mentioned:in an exercise
in Varga([7, p. 22]), in alengthierdiscussionin Horn and Johnsor{4, pp. 380-381],and
in MarcusandMinc [5, p. 149]. But, in noneof thesebookswasit statedthatthe ovals of
Cassiniarein generalat leastas good (cf. (3.2)) asthe Gersgorindisks,in estimatingthe
spectrumo(A) of agivenmatrixinC"*". This appearsn Brauers paper{1] of 1947(which
curiouslydoesnot mentionGersgorin's earlierpaper[3] of 1931.) Whatapparentlywas of
moreinterestin theliteratureis thefactthatBrauers useof two rows atatime, to determine
aninclusionsetfor the eigervaluesof a given matrix, cannotin generalbe extendedin the
samemannerto k rows atatime, for £ > 3, andexplicit countergamplesto this aregiven
in [4, p. 382] and[5, p. 149]. However, a“correct” generalizatiorof Brauers results,using
graphtheory is nicely givenin Brualdi[2].
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