WHITNEY ELEMENTS ON PYRAMIDS^∗

V. GRADINARU AND R. HIPTMAIR^†

Abstract. Conforming ^nite elements in H(div; Ω) and H(curl; Ω) can be regarded as discrete differential forms (WhitneyŰforms). The construction of such forms is based on an interpolation idea, which boils down to a simple extension of the differential form to the interior of elements. This ~exible approach can accommodate elements of more complicated shapes than merely tetrahedra and bricks. The pyramid serves as an example for the successful application of the construction: New Whitney forms are derived for it and they display all desirable properties of conforming ^nite elements.

Key words. Whitney elements, edge elements, pyramidal element.

AMS subject classi�cations. 65N30 41A10 58A15.

1. Introduction. The true meaning of differential operators like div and curl is only revealed when they are looked at from the perspective of differential forms. In many cases, the calculus of differential forms is a very natural and powerful tool to express the partial differential equations arising from mathematical modeling of physical phenomena. This holds true, in particular, in electromagnetism and thermodynamics [3, 13, 32]. For the sake of numerical simulation the model equations have to be cast in a discrete form in which the interesting quantities are determined by only a ^nite number of degrees of freedom.

Hence, it highly desirable to have discrete differential forms at one’s disposal that inherit essential properties of their continuous counterparts. Provided that discrete differential forms are available, the ^rst order equations of the physical model can be directly mapped to systems of equations. Disguised as a ^nite volume scheme this is the gist of the Finite Integration Technique in electromagnetism [24, 34, 35].

When the Galerkin approach for the discretization of the weak form of the model equations is chosen, which underlies the ^nite element method [10, 11], it has been realized that discrete differential forms supply excellent choices for ^nite element approximation spaces [8]. They immediately supply conforming ^nite elements, for instance, in H(div; Ω) and H(curl; Ω). In particular in the ^eld of computational electromagnetism this insight has boosted the popularity of so-called edge elements [1, 6, 23, 25, 31, 33]. They are representatives of discrete 1-forms and the natural discrete space of electric and magnetic ^elds.

Discrete differential forms are built upon triangulations of the domain of interest. By a triangulation we mean a partition of Ω into closed non-overlapping convex polyhedrons (elements) such that every vertex is a vertex of all adjacent elements [15]. For simplicial triangulations Whitney had introduced discrete differential forms in 1957 [36]. Inside each element they are linear polynomials, but a generalization to higher polynomial degrees is possible [20, 21, 30]. Independently, several authors [26, 27, 29] devised vector valued ^nite elements that can be regarded as special cases of discrete differential forms. In a sense, the perspective of differential forms brings about valuable uni^cation.

We will adopt the term ŞWhitney-formsŤ for all discrete differential forms of lowest degree. Their generic feature is a special choice of degrees of freedom. Generally speaking, discrete l-forms, l ∈ N, are ^xed by the values of their integrals over l-faces of the elements. Consequently, in the case of 1-forms in three dimensions (edge elements), the degrees of freedom are provided by path integrals along the edges of the mesh. Correspondingly, the ~uxes through faces of elements uniquely describe a discrete Whitney-2-form. Up to now, Whitney

∗ Received March 12, 1999 . Accepted for publication November 20,1999. Recommended by O. Widlund. †SFB 382, Universitĺat Tĺubingen, {gradinar,hiptmair}@na.uni-tuebingen.de. 154

forms have been constructed for various shapes of elements, for simplices, hypercubes and prisms [18, 22, 26].

The big advantage of ^nite element schemes is their enormous ~exibility in terms of meshes facilitating the resolution of complex geometries and local mesh re^nement. In principle, tetrahedral meshes can handle all situations. However, on behalf of ef^cient implementation, often a combination of both tetrahedral and hexahedral elements should be preferred [5]. Then, if so-called hanging nodes destroying the integrity of the mesh, are to be avoided, the mesh has to be padded with pyramids [4].

This paper pursues a systematic approach to construct Whitney forms by means of a generalized concept of interpolation. Great attention will be payed to ^nding a whole sequence of discrete differential forms of order 1 through 3 so that the central exact sequence property of differential forms [14] is preserved on the discrete level.

The plan of the paper is as follows: In the next section we brie~y discuss differential forms and desirable properties of their discrete counterparts. In the third section we introduce the setting and disclose why a naive attempt to cope with pyramids fails. In section 4 we will elaborate on the idea that the construction of Whitney-forms can be viewed as an interpolation of a special kind. We ^rst con^ne ourselves to tetrahedral meshes. In the ^fth section we will apply this idea to pyramids and present the ^nite elements obtained thus. Finally, the sixth section is devoted to a straightforward veri^cation that the new elements meet all the requirements and possess reasonable approximation properties.

2. Discrete differential forms. There is huge body of literature on the calculus of differential forms. For an exposition we refer to [14]. In R^n an l-form, 0 ≤ l ≤ n, is a mapping

of R^n into the^{�n}_l^�-dimensional vector space of alternating l-multilinear forms on R^n . After a

basis of R^n has been chosen, there is a canonical way to identify differential forms with vector^elds, their Şvector proxiesŤ. The usual identi^cation in R^3 is depicted in table 2.1. Using

Differential form Related function u/vector^eld u

x → ω(x) ω(x) = u(x)

x → {v → ω(x)(v)} ω(x)(v) = ⟨u(x), v⟩

x → {(v_1, v_2) → ω(x)(v_1, v_2)} ω(x)(v_1, v_2) = ⟨u(x), v_1 × v_2⟩

x → {(v_1, v_2, v_3) → ω(x)(v_1, v_2, v_3)} ω(x)(v_1, v_2, v_3) = u(x) det(v_1, v_2, v_3)

TABLE 2.1 Relationship between differential forms and vector^elds in 3D

this identi^cation the exterior derivative d of differential forms spawns the familiar differential operators of vector analysis (see table 2.2). The appropriate transformation of differential forms under a smooth change Φ of variables is described by the pullback operator, whose meaning for the vector proxies is listed in table 2.2. A crucial feature of the pullback is that it commutes both with integration and the exterior derivative.

Given a triangulation T_h (in the sense of [15]) of some domain Ω ∈ R^n , we choose some polytope as a reference element for each type of element occurring in T_h. We demand that for each element we can ^nd a smooth, regular, maybe af^ne, mapping onto a suitable reference element. On the reference element we de^ne spaces of discrete differential forms and degrees of freedom. Following the concept of af^ne equivalent ^nite elements [15, 21], global spaces and degrees of freedom can be declared via transformations, which are provided by the pullback of differential forms (given in table 2.2).

Forms d pullback patching condition

0-form grad F^0(u)(^x) = u(Φ^{−1}(x̂)) C^0-continuity

1-form curl F^1(u)(^x) = DΦ^T (Φ^{−1}(x̂))u(Φ^{−1}(x̂)) tangential continuity

2-form div F^2(u)(^x) = det(DΦ)DΦ(Φ^{−1}(x̂))u(Φ^{−1}(x̂)) normal continuity

3Űform 0 F^3(u)(^x) = det DΦ(Φ^{−1}(x̂))u(Φ^{−1}(x̂)) Ů

TABLE 2.2 Meaning of exterior derivative, continuity of traces, pullback for vector proxies of differential forms of different order in three dimensions

We aim at conforming ^nite element spaces. Consequently, the traces of discrete differential forms onto any interelement boundary (a (n−1)Űface) have to be unique and they have to be ^xed by the degrees of freedom associated with that face. This makes the vector proxies ful^ll the patching condition from table 2.2 and guarantees that they provide ^nite elements conforming in H^1(Ω), H(curl; Ω), and H(div; Ω), respectively.

In addition an Şexact sequence propertyŤ must hold for the spaces of discrete differential forms if Ω is contractible: The exterior derivative of a discrete l-form is to yield a valid discrete l + 1-form. In addition, any discrete l + 1-form with vanishing exterior derivative should have a representation as the exterior derivative of some discrete l-form.

Finally, the discrete differential forms have to possess approximation properties, in order to be useful for Galerkin discretizations. It is a standard insight in ^nite elements that satisfactory approximation properties are directly linked to the fact that all polynomials of a certain degree are contained in the spaces on the reference elements [11]. In the case of Whitney-forms that provide only ^rst order schemes, we have to make sure that all constant forms can be represented.

3. Construction by transformation. As consequence of af^ne equivalence, the construction of the local ^nite element spaces can be entirely carried out on a reference element. By transformation the scheme is then ^xed for any other element. Whitney-forms for the cube Q are well known [26]. We recall the local spaces W^l(Q) of vector proxies for Whitney-l-forms, l ∈ N:

• 0-forms: W^0(Q) = Q_{1,1,1}(Q);

• 1-forms: W^1(Q) = Q_{1,1,0}(Q) × Q_{1,0,1}(Q) × Q_{0,1,1}(Q); • 2-forms: W^2(Q) = Q_{0,0,1}(Q) × Q_{0,1,0}(Q) × Q_{1,0,0}(Q); • 3-forms: W^3(Q) = Q_{0,0,0}(Q).

Here, Q_{k1,k2,k3} denotes the spaces of 3-variate tensor-product polynomials with degree ≤ k_j in the independent variable x_j , j = 1, 2, 3.

It is tempting to treat the pyramid P as a degenerate cube. For instance, the transformation

Φ : � � � Q → P � � x y z � � → � � (1 − z)x (1 − z)y z � � ⇐⇒ Φ^{−1} : � � � P → Q � � x y z � � → � � x/(1 − z) y/(1 − z) z � �

ŞcollapsesŤ the cube into a pyramid. In particular the unit cube Q =]0; 1[^3 will be mapped onto the pyramid P with vertices a_1 = (0, 0, 0), a_2 = (1, 0, 0), a_3 = (0, 1, 0), a_4 = (1, 1, 0), a_5 = (0, 0, 1) (see ^gure 3.1). We are going to use this very pyramid P as reference pyramid.

PSfrag replacements

PSfrag replacements

FIG. 3.1. Rectangular and pyramidal reference element

Now, we can use the transformation rule from table 2.2 for a function u on T that corresponds to a 0-form :

F^0(u)(x̂) := u(Φ^{−1}(x̂)) , x̂ ∈ P .

(3.1)

Pick linear functions β_1, . . . , β_5 ∈ Q_{1,1,1}(Q) such that β_i(q_j ) = δ_{ij} , i = 1, . . . , 4, j = 1, . . . , 8, and β_5(q_j ) = 0 for j = 1, 2, 3, 4, β_5(q_j ) = 1 for j = 5, 6, 7, 8. The numbering of the vertices q_i, i = 1, . . . , 8 of the cube is given in Figure 3.1. Note that β_5 ≡ 1 on the top plane of the cube. Thus it is a promising candidate for a function that the mapping F^0 will take to a Whitney-0-form basis function associated with vertex #5 of the pyramid. In detail the images of these functions under the transformation read

β_1 = (1 − x)(1 − y)(1 − z)

β_2 = x(1 − y)(1 − z)

β_3 = (1 − x)y(1 − z)

β_4 = xy(1 − z)

β_5 = z

⇒ π_1 := F^0β_1 =

(1 − z − x)(1 − z − y) 1 − z

π_2 := F^0β_2 = x(1 − z − y)

1 − z

π_3 := F^0β_3 =

(1 − z − x)y

1 − z

π_4 := F^0β_4 = xy 1 − z

π_5 := F^0β_5 = z.

(3.2)

We refer to Figure 3.1 for the coordinate directions. Straightforward computations establish a few facts about the transformed functions:

LEMMA 3.1. The functions π_1, . . . , π_5 from (3.2) ful�ll: (i) π_i(a_j ) = δ_{ij} , i, j = 1, . . . , 5.

(ii) The restrictions of π_1, . . . , π_5 to the square bottom plane of the pyramid are bilinear in x, y, their restrictions to the triangular faces are linear.

(iii) Any linear function on the pyramid can be represented as a linear combination of π_1, . . . , π_5.

(iv) The π_i, i = 1, . . . , 5, form a non-negative partition of unity.

We conclude that {π_1, . . . , π_5} is a valid nodal basis for the local space of Whitney-0- forms on the pyramid P . Here, ŞnodalŤ means that they form a set dual to the set of degrees of freedom. We stress that the second property ensures that the local space on pyramids ^ts those on tetrahedra and hexahedra; if the degrees of freedoms, that is, the function values at the vertices of a commmon face of two elements, coincide, then overall continuity of the ^nite element function across this face is guaranteed. This is the well-known compatibility condition for 0-form and H^1-conformity, respectively.

At ^rst glance, the same procedure should succeed for the other forms, too, now using the appropriate transformations F^l for vector proxies of l-forms given in table 2.2. For standard Whitney-1-forms on the cube Q the nodal basis function associated with edge #7 (that is [a_4, a_8] in ^gure 3.1) and its image under the mapping F^1 read

β_7(x, y, z) = � � 0 0 xy � � =⇒ (F^1β_7)(x, y, z) = � � � 0 0 xy (z − 1)^2

� � � .

We know that the compatibility condition for 1-forms boils down to the continuity of the tangential components across interelement faces. For the triangular face spanned by the vertices a_3, a_4, a_5, which has a normal vector n =^1_2 √ 2(0, 1, 1)^T , we ^nd

(F^1β_7) × n = −^1_2^√2^{t1}_{1 − t2} · e1 ,

(3.3)

where t_1 and t_2 are the local coordinates of the face chosen such that (x, y, z)^T = (t_1, 1 − t_2, t_2)^T and e_1 = (1, 0, 0)^T is the t_1-coordinate direction. The tangential components of edge element vector^elds on a face of a tetrahedron are linear with respect to any local Cartesian coordinate system. Obviously, the expression from (3.3) is not linear. The bottom line is that the mapped 1-forms cannot be matched with conventional edge elements on tetrahedra. The same holds true for 2-forms. This demonstrates the failure of the mapping approach and calls for a different construction on a pyramid.

4. Interpolation on simplices. Sloppily speaking a differential form of order l can be regarded as a mapping assigning to each smooth oriented manifold of dimension l a real number, the value of its integral [16]. Vice versa, once all these integrals are known, the form is uniquely determined. This view permits us to tackle the construction of discrete differential forms as an interpolation problem: Given the values of the integrals over only a ^nite number of convex manifolds (the vertices, edges or faces of the mesh), ^nd a simple way to express integrals over general maniŰfolds through these values. Of course, this task of interpolation has many solutions. To obtain practical ^nite elements, we strive to come up with a procedure as simple as possible.

In fact, all we need to specify is a way to evaluate the integrals over simplices. Write [x_1, . . . , x_{l+1}] for the convex span of x_1, . . . , x_{l+1} ∈ R^3 . Orientation is induced by the ordering of the vertices. If the integrals of a smooth l-form ω over all such simplices are known, we get from the de^nition of a differential form [14]

ω(x)(v_1, . . . , v_l) = l! lim_{t→0} 1 t^l � [x_1,... ,x_{l+1}] ω , (4.1)

where x_1 = x, x_{i+1} = x + tv_i, for i = 1, . . . , l, v_i ∈ R^3 . Recall that an l-form evaluated at a point yields an alternating l-linear form on R^3 .

We ^rst illustrate the idea of interpolation in the case of a tetrahedral mesh, where no complications are encountered. Let T be a non-degenerate tetrahedron with vertices a_1, a_2, a_3, a_4. We will use the term l-face, l = 0, 1, 2, to refer to a vertex (l = 0), an edge (l = 1) or a face (l = 2).

For 0-forms the degrees of freedom are just the values of the associated continuous function ϕ at the vertices of T . The simplest way to extend these values is linear interpolation

ϕ(x) = 4� i=1 ϕ(a_i)λ_i(x) ,

(4.2)

where λ_i is the barycentric coordinate function of the tetrahedron associated with vertex a_i. Note that, equivalently, we could have introduced the λ_i as the canonical basis functions for Whitney-0-forms. Now, our goal is to ^nd the counterparts of linear interpolation for forms of higher order l, l = 1, 2, 3.

For discrete l-forms the degrees of freedoms are the integrals � [a_{j1} ,... ,a_{jl+1} ] ω ,

where 1 ≤ j_1 ≤ . . . ≤ j_{l+1} ≤ 4. We point out that the order of the vertices ^xes an orientation of the face, which, in turn, affects the sign of the integral. We can read (4.2) as follows: An interior point of the simplex is represented as a weighted sum of its vertices. The weights, in this case values of the barycentric coordinates, tell us, how to interpolate the integrals of the 0-form. Thus, the essential idea is to represent any l-simplex inside T by a Şweighted sumŤ of its l-faces.

In the case of 1-forms consider the arbitrary 1Űsimplex [x, y] , an oriented line, with x, y ∈ T , x = � i λ_i(x)a_i, y = � i λ_i(y)a_i. Then

[x, y] = {tx + (1 − t)y ; 0 ≤ t ≤ 1} = � � i [tλ_i(x) + (1 − t)λ_i(y)]a_i ; 0 ≤ t ≤ 1 �

= � � � � i [t � j λ_j (y)λ_i(x) + (1 − t) � j λ_j (x)λ_i(y)]a_i ; 0 ≤ t ≤ 1 � � �

= � � � � i � j λ_i(x)λ_j (y)[ta_i + (1 − t)a_j ] ; 0 ≤ t ≤ 1 � � � . Hence, taking into account orientation, we will represent � [x,y]

ω := � i � j λ_i(x)λ_j (y) � [a_i,a_j ] ω = � i<j [λ_i(x)λ_j (y) − λ_i(y)λ_j (x)] � [a_i,a_j ] ω . (4.3)

Plugging this formula into (4.1) and using that the exterior derivative of a 0-form is the gradient, we get

ω(x)(v) = lim_{t→0} 1 t � i<j [λ_i(x)(λ_j (x + tv) − λ_j (x)) − λ_j (x)(λ_i(x + tv) − λ_i(x))] � [a_i,a_j ] ω

= � i<j [λ_i(x)dλ_j (x)(v) − λ_j (x)dλ_i(x)(v)] � [a_i ,a_j ] ω . (4.4)

Now, take into account that the vector^eld u belonging to ω is de^ned by ω(x)(v) = ⟨u, v⟩,

v ∈ R^3 , where ⟨·, ·⟩ stands for the Euclidean inner product (cf. Table 2.1). It is evident from

(4.4) that for the vector proxy we get

u(x) = � i<j (grad λ_i(x) · λ_j (x) − grad λ_j (x) · λ_i(x)) � [a_i,a_j ] ω .

It is just the standard edge element basis functions [7]

β_{ij} := grad λ_i · λ_j − grad λ_j · λ_i

(4.5)

that have emerged, weighted with the values of the degrees of freedom. From (4.3) we infer that for 1 ≤ i ≠ j ≤ 4, 1 ≤ k ≠ l ≤ 4 � [a_i,a_j ]

⟨β_{kl}, t⟩ dΓ = � ±1 if {i, j} = {k, l} 0 else ,

as expected for basis functions.

Discrete 2-forms can be constructed in a similar fashion. In this case plane triangles [x, y, z], x, y, z ∈ T , in the interior of the tetrahedron have to be represented as ŞcombinationsŤ of faces. Using barycentric coordinates, we can write

[x, y, z] = {t_1x + t_2y + t_3z; 0 ≤ t_i ≤ 1, t_1 + t_2 + t_3 = 1} = �_4 � i,j,k=1

λ_i(x)λ_j (y)λ_k(z)(t_1a_i + t_2a_j + t_3a_k);

0 ≤ t_i ≤ 1, i = 1, 2, 3 t_1 + t_2 + t_3 = 1 � . This suggests the formula � [x,y,z] ω = � i<j<k

� � � � π∈Perm{i,j,k}

sgn(π)λ_{π(i)}(x)λ_{π(j)}(y)λ_{π(k)}(z) � [a_i,a_j ,a_k] ω � � � . (4.6)

Using (4.1), after tedious computations we arrive at a representation for the vector proxy of ω, u(x) = � i<j<k

β_{ijk} � [a_i,a_j ,a_k]

⟨u, n⟩ dΓ ,

with the basis functions for Whitney-2-forms [7]

fi_{ijk} := 2(λi grad λj × grad λk + λj grad λk × grad λi + λk grad λi × grad λj ) .

(4.7)

Again, the canonical basis functions for lowest order face elements have emerged from the construction.

5. Interpolation for the pyramid. What foils a straightforward application of the interpolation idea to a pyramid is both the apparent lack of natural barycentric coordinates and the fact that certain convex spans of vertices do not occur as edges or faces, respectively. The ^rst dif^culty is easily overcome by resorting to the functions π_1, . . . , π_5 from (3.2), which provide a basis for Whitney-0-forms on the pyramid; From lemma 3.1(iv) we get x = � i π_i(x)a_i for any x ∈ P . Hence, the π_i, i = 1, . . . , 5 are a full replacement for the barycentric coordinates. Thus, we can simply state formulas (4.3) and (4.6) with λ_i replaced by π_i and summation ranging between 1 and 5.

Then we face the second problem, since the edges [a_2, a_3], [a_1, a_4] and the faces [a_2, a_3, a_5], [a_1, a_4, a_5], [a_1, a_2, a_4], [a_1, a_3, a_4] occur in the formula, but no degrees of freedom are speci^ed on them. The idea is to express each integral over an non-existent edge or face by a weighted sum of degrees of freedom observing the following rule: Expressions for integrals over edges contained in a face of P may only be based on degrees of freedoms associated with that face. This rule is necessary to get compatibility across faces, because only degrees of freedom belonging to a face may contribute to the tangential/normal trace of the interpolant onto that face.

PSfrag replacements PSfrag replacements

FIG. 5.1. Numbering of the ŞedgesŤ e_1 = [a_1, a_2], e_2 = [a_2, a_4], e_3 = [a_3, a_4], e_4 = [a_1, a_3], e_5 = [a_1, a_5], e_6 = [a_2, a_5], e_7 = [a_3, a_5], e_8 = [a_4, a_5], e_9 = [a_2, a_3], e_{10} = [a_1, a_4] and ŞfacesŤ f_1 = [a_1, a_2, a_5], f_2 = [a_1, a_3, a_5], f_3 = [a_2, a_4, a_5], f_4 = [a_3, a_4, a_5], f_5 = [a_1, a_3, a_2], f_6 = [a_1, a_4, a_2], f_7 = [a_1, a_4, a_3], f_8 = [a_2, a_4, a_3], f_9 = [a_1, a_5, a_4], f_{10} = [a_2, a_3, a_5]

Recall that we con^ne ourselves to constructing Whitney-forms on the reference pyramid only; any pyramid ~P of the actual mesh can be mapped onto P by a smooth transformation Φ : ~P → P . Then the Whitney-forms on ~P arise from those on P by the pullback transformations speci^ed in table 2.2.

Let us denote like in Figure 5.1 the edges and the faces and let the basis of the reference pyramid be f_b = [a_1, a_3, a_4, a_2].

Keeping in mind the above rule, it is clear how to choose the weights for the non-existent edges of the pyramid. They are all contained in the bottom square. Hence, � e_9

ω = ν_1 � e_1

ω + ν_2 � e_2

ω + ν_3 � e_3

ω + ν_4 � e_4 ω � e_{10}

ω = μ_1 � e_1

ω + μ_2 � e_2

ω + μ_3 � e_3

ω + μ_4 � e_4 ω .

In addition, the discrete 1-form when restricted to the bottom square must agree with the trace onto a face of a discrete 1-form on a cube. In other words, we can just take the cue from discrete 1-forms on a square to ^x the weights ν_i and μ_i uniquely. Expressions for Whitney- 1-forms on a square are well known and evaluation of their integrals along the diagonal yields μ_i =^1_2 , i = 1, 2, 3, 4, ν_i =^1_2 , i = 2, 4, ν_i = −^1_2 , i = 1, 3. Then we crank up the machine of section 4. Using a de^nition of ϑ_{ij} = grad π_i · π_j − grad π_j · π_i similar to that of (4.5), we end up with the following expressions for the canonical basis functions γ_i, i = 1, . . . , 8, for

Whitney-1-forms on pyramids:

γ_1 = ϑ_{12} +^1_2 ϑ_{14} −^1_2 ϑ_{23}, γ_2 =^1_2 ϑ_{23} + ϑ_{24} +^1_2 ϑ_{14}, γ_3 =^1_2 ϑ_{14} + ϑ_{34} −^1_2 ϑ_{23}, γ_4 =^1_2 ϑ_{14} + ϑ_{13} +^1_2 ϑ_{23}, γ_5 = ϑ_{15}; γ_6 = ϑ_{25}; γ_7 = ϑ_{35}; γ_8 = ϑ_{45}.

Computing the gradients we get the related vector^elds ((x, y, z)^T ∈ P ):

γ_1 =

� � � �

1 − z − y 0 x − xy 1 − z

� � � � , γ_2 =

� � � �

0 x xy 1 − z

� � � � , γ_3 =

� � � � y 0 xy 1 − z

� � � � , γ_4 =

� � � �

0 1 − z − x y − xy 1 − z

� � � � ,

γ_5 =

� � � � � z − yz 1 − z z − xz 1 − z 1 − x − y + xy 1 − z − xyz (1 − z)^2

� � � � � , γ_6 =

� � � � �

−z + yz 1 − z xz 1 − z x + xy 1 − z − xyz (1 − z)^2

� � � � � ,

γ_7 =

� � � � � yz 1 − z −z + xz 1 − z y + xy 1 − z − xyz (1 − z)^2

� � � � � , γ_8 =

� � � � �

− yz 1 − z − xz 1 − z xy 1 − z − xyz (1 − z)^2

� � � � � .

The problem for 2-forms is more delicate. It boils down to determining the ten weights η_i, κ_i, i = 1, . . . , 5, in � f_9

ω = η_b � f_b

ω + η_1 � f_1

ω + η_2 � f_2

ω + η_3 � f_3

ω + η_4 � f_4 ω � f_{10}

ω = κ_b � f_b

ω + κ_1 � f_1

ω + κ_2 � f_2

ω + κ_3 � f_3

ω + κ_4 � f_4 ω . (5.1)

Three different considerations guide to search for the weights:

Firstly, we point out that we need not worry about the weights of the four triangles contained in the bottom square. Parallel to the above reasoning they can be ^xed by examining discrete 2-forms on the square, which are just constants. This implies � f_5 ω = � f_6 ω = � f_7 ω = � f_8 = 1 2 � f_b ω .

Secondly, as we emphasized in section 2, on behalf of basic approximation properties, the constant forms have to be contained in the space of discrete 2-forms on the reference element. Accordingly, the weights η_i and κ_i (cf. (5.1)) for the interior faces have to be chosen such that (5.1) is satis^ed for ω ≡ const.. Switching to vector proxies, we have to ensure that the equations hold for the three constant vector ^elds (1, 0, 0)^T , (0, 1, 0)^T , and (0, 0, 1)^T . Straightforward calculation of the integrals yields respectively

0 · η_b + 0 · η_1 − 1 · η_2 + 1 · η_3 + 0 · η_4 = −1; 0 · η_b − 1 · η_1 + 0 · η_2 + 0 · η_3 + 1 · η_4 = 1; −1 · η_b + 0 · η_1 + 0 · η_2 + 1 · η_3 + 1 · η_4 = 0.

(5.2)

The same linear system of equations can be obtained for the weights κ_i. Still, (5.2) is an underdetermined linear system. Thus, we have to employ a third consideration to get additional conditions. They are provided by the Şexact sequence propertyŤ of section 2 in conjunction with Stokes’ theorem:

The space of discrete 3-forms on the pyramid will be of dimension 1. In other words, discrete 3-forms have to be constant. Consequently, all discrete 2-forms must have constant exterior derivatives. Writing T for the tetrahedron [a_1, a_2, a_4, a_5] contained in the pyramid, we get � T dω_h = vol(T ) vol(P ) � P dω_h = 1 2 � P dω_h

for any discrete 2-form ω_h. By Stokes’ theorem applied to both P and T 1 2 � � � � f_b

ω_h + � f_1

ω_h + � f_2

ω_h + � f_3

ω_h + � f_4

ω_h � � � = 1 2 � P dω_h =

= � f_1

ω_h + � f_3

ω_h + � f_6

ω_h + � f_9

ω_h ,

and the last integral can be replaced by its representation from (5.1). When we plug in Ştest formsŤ into the resulting equations, we get more linear equations for the weights. Appropriate test forms are provided by the, hitherto unknown, basis forms ζ_i, satisfying � f_i ζj = δij ,

i, j = b, 1, 2, 3, 4. This gives the ^ve linear conditions

1 · η_b + 0 · η_1 + 0 · η_2 + 0 · η_3 + 0 · η_4 = 0 [for ζ_b]; 0 · η_b + 1 · η_1 + 0 · η_2 + 0 · η_3 + 0 · η_4 = −^1_2 [for ζ_1]; 0 · η_b + 0 · η_1 + 1 · η_2 + 0 · η_3 + 0 · η_4 =^1_2 [for ζ_2]; 0 · η_b + 0 · η_1 + 0 · η_2 + 1 · η_3 + 0 · η_4 = −^1_2 [for ζ_3]; 0 · η_b + 0 · η_1 + 0 · η_2 + 0 · η_3 + 1 · η_4 =^1_2 [for ζ_4] .

(5.3)

These equations ^x the weights η_i, i = b, 1, 2, 3, 4 and they are compatible with (5.2). The total system is overdetermined, but has the solution η_1 = η_3 = −^1_2 , η_2 = η_4 =^1_2 , η_b = 0. A similar reasoning gives us the other weights κ_i, such that we obtain the following expressions for the canonical basis functions ζ_i, i = 1, 2, 3, 4, b for WhitneyŰ2Űforms on pyramids:

ζ_1 = τ_1 − 1 2 τ_{10} + 1 2 τ_9, ζ_2 = τ_2 − 1 2 τ_{10} − 1 2 τ_9,

ζ_3 = τ_3 + 1 2 τ_9 + 1 2 τ_{10}, ζ_4 = τ_4 + 1 2 τ_{10} − 1 2 τ_9,

ζ_b = − 1 2 τ_5 − 1 2 τ_6 − 1 2 τ_7 − 1 2 τ_8, where τ_l corresponds to f_l, l = 1, . . . , 10 and they are given, for the face f_l = [a_i, a_j , a_k], by formula (4.7) deduced in the previous section, but this time with π playing the role of λ:

τ_l = 2(π_i grad π_j × grad π_k + π_j grad π_k × grad π_i + π_k grad π_i × grad π_j )

After computations we get the related vector^elds ((x, y, z)^T ∈ P ):

ζ_1 = � � � � − xz 1 − z

y − 2 + y 1 − z z

� � � � , ζ_2 = � � � � x − 2 + x 1 − z − yz 1 − z z

� � � � ,

ζ_3 = � � � � x + x 1 − z − yz 1 − z z

� � � � , ζ_4 = � � � � − xz 1 − z y + y 1 − z z

� � � � , ζ_5 = � � � � x y z − 1

� � � � .

As mentioned above, the discrete 3-forms on P are just constants. So we have ^nally found a complete sequence of spaces of Whitney-forms on P :

W^0 = span {π_1, . . . , π_5}; W^1 = span {γ_1, . . . , γ_8}; W^2 = span {ζ_1, . . . , ζ_5}; W^3 = span {1}.

6. Properties. In the course of the construction in the previous section we took great pains to ensure that interpolation remained local on faces of the pyramid. In addition the weights were chosen to match the two-dimensional Whitney-forms on the faces. Evidently, these two conditions make the patching condition hold for the new Whitney-forms, when used on a mesh containing pyramids, tetrahedra, and bricks.

One aspect of the exact sequence property is readily con^rmed: By straightforward computations we get

grad π_1 = −γ_1 − γ_4 − γ_5; grad π_2 = γ_1 − γ_2 − γ_6; grad π_3 = γ_4 − γ_3 − γ_7; grad π_4 = γ_2 + γ_3 − γ_8; grad π_5 = γ_5 + γ_6 + γ_7 + γ_8;

(6.1)

and curl γ_1 = −ζ_5 + ζ_1; curl γ_2 = −ζ_5 + ζ_3; curl γ_3 = ζ_5 − ζ_4; curl γ_4 = ζ_5 − ζ_2; curl γ_5 = −ζ_1 + ζ_2; curl γ_6 = −ζ_3 + ζ_1; curl γ_7 = ζ_4 − ζ_2; curl γ_8 = ζ_3 − ζ_4 .

(6.2)

We remark that the weights in the above sums are clear from Stokes’ theorem; they have to agree with the entries of the vertex-edge and edge-face incidence matrices for a single pyramid (cf. [9]).

To prove the second assertion of the exact sequence property, we have to rely on an auxiliary result, the so-called Şcommuting diagram propertyŤ. We denote by DF^l the space of continuous l-forms and write I^l the (local) interpolation operator from DF^l onto W^l. It maps an l-form ω onto that discrete l-form that has the same integrals over l-faces of P as ω.

THEOREM 6.1 (Commuting Diagram Property). The diagram

DF^{0 d}−−−−→ DF^{1 d}−−−−→ DF^{2 d}−−−−→ DF^3

I^0 � � I^1 � � I^2 � � I^3 � � W^{0 d}−−−−→ W^{1 d}−−−−→ W^{2 d}−−−−→ W^3 commutes.

Proof. We have to show that d(I^lφ) = I^{l+1}dφ, which is equivalent to I^{l+1}d(φ−I^lφ) = 0, that is ξ(d(φ − I^lφ)) = 0, for all degrees of freedom ξ. Hence, it is suf^cient to prove that, if τ is an lŰform, which makes all the degrees of freedom vanish, then ξ(dτ) = 0, for all degrees of freedom. But this is obvious by Stokes’ theorem. For instance, for 1Űforms: � f dτ = � e∈f � e τ = 0,

where e are edges belonging to the face f.

We remark that the commuting diagram property is a key device in the theory of mixed ^nite elements [12]. Also note that from theorem 6.1 we learn that all constants are contained in W^1, since all linear functions belong to W^0.

THEOREM 6.2 (Existence of discrete potentials). One has

W^1 ∩ ker(d) = d W^0, W^2 ∩ ker(d) = d W^1.

Proof. Take ω in W^1 such that dω = 0, so there is a continuous 0Űform φ such that ω = dφ. Pick a := Iφ ∈ W^0 and use the commuting diagram property in order to obtain d a = Idφ = Iω = ω. The second assertion can be established in the same way. Until now, we referred only to the local properties, but we can follow the approach of the proof [21, Thm. 18] to conclude the global existence of the discrete potentials for contractible domains.

When discrete differential forms are used in a ^nite element framework, L^2-inner products of basis functions and their exterior derivatives have to be evaluated in order to get the entries of stiffness and mass matrices and load vectors. For second order variational problems, which typically occur in electromagnetism, those are obtained through integrals of the form � e_P ⟨α(x)bi, bj⟩ dx and � e_P ⟨α(x)dbi, dbj ⟩ dx for every element ~P of the ^nite element mesh. Here b_i stands for some nodal basis function of the global space of discrete l-forms, l = 0, 1, 2, 3. The coef^cient function α(x) is to be bounded. First, note that by theorem 6.1 db_i agrees with a linear combination of basis functions in the space of discrete l + 1-forms. Secondly, the pullbacks of table 2.2 take the integrals to the reference pyramid and preserve basis functions. Eventually, all we need to evaluate are integrals of the forms � P α(x)π_j π_k dx , � P � A(x)γ_j , γ_k � dx , � P � A(x)ζ_j , ζ_k � dx .

where α : P → R, A : P → R^{3,3} are bounded functions. However, as some of the basis functions on P are rational polynomial with a pole for z = 1, the evaluation of the integrals might run into dif^culties. At second glance, this is not true, as a straightforward computation con^rms that π_j ∈ L^2(P ), γ_j ∈ L^2(P ), and ζ_j ∈ L^2(P ). It turns out that the critical monomials in z just cancel. This is illustrated by the following example:

(6.3) � P π_5 � γ^{(3)}_1 , γ^{(3)}_2 � dx =

= 1� 0 z 1 − z

1−z� 0 y 1−z� 0 x^2dxdydz − 1� 0 z (1 − z)^2

1−z� 0 y^2

1−z� 0 x^2dxdydz

= 1 6 1� 0 z(1 − z)^4dz − 1 9 1� 0 z(1 − z)^4dz = 1 1620

= 0.00062

We point out that integrals of the form (6.3) occur whenever the coef^cient functions α(x), A(x) are replaced by their (component-wise) interpolant in the space of Whitney 0-forms. Hence, the values of elementary integrals like (6.3) may be computed in advance and stored in a table.

We start discussing the approximation properties of Whitney forms on pyramids by noting that the local spaces on the reference pyramid contain all constants. In the case of 0-forms even all af^ne - linear functions belong to W^0(P ). As a consequence, since W^l(P ) ⊂ L^2(P ), l = 0, 1, 2, we conclude from the Bramble-Hilbert-lemma (see, e.g., [15]) and continuity properties of the interpolation operators [2, 17] that there exist constants c_0, c_1, c_2 > 0 such that � u − I^0u � L^2(P ) ≤ c0 |u|H^2(P ), ∀u ∈ H

2(P ); � u − I^1u � L^2(P )^{≤ c1} � |u|H^1(P )^{+ ‖curl u‖}H^1(P )^{� , ∀u ∈ H1(curl; P );}

(6.4) � u − I^2u � L^2(P )^{≤ c2 |u|}H^1(P )^{, ∀u ∈ H1(P ) .}

The next step involves classical af^ne equivalence techniques [15]. They are based on the assumption of shape-regularity of the mesh. This condition carries the customary geometric meaning that the ratio of the radii of the largest inscribed ball and smallest circumscribed ball is bounded by the same constant for all elements of the mesh. In particular, for any pyramid ~P we can ^nd a diffeomorphism Φ : ~P → P such that with h := diam ~P , | det Φ| ≤ k_1h−3, ‖DΦ‖_{L∞(} e_{P )} ≤ k_2h^{−1}, � DΦ^{−1} � L^∞(P ) ≤ k3h uniformly with respect to all pyramids of the

mesh.

Then we use the appropriate pullback of u/u on both sides of the estimates (6.4). Lengthy computations, whose details are given in [26, 28], yield � �u − ~I^0u � �_{L2(} e_{P )} ≤ C0h^2 |u|_H2_( e_{P )}, ∀u ∈ H^2( ~P ); � �u − ~I^1u � �L^2( eP )^{≤ C1h} � |u|H^1( eP )^{+ ‖curl u‖}H^1( eP )^{� , ∀u ∈ H1(curl; ~P );}

(6.5) � �u − ~I^2u � �L^2( eP )^{≤ C2h |u|}H^{1( eP ) , ∀u ∈ H1( ~P ) .}

The constants C_0, C_1, C_2 only depend on k_1, k_2, k_3 and the constants in (6.4). They are hence independent on ~P , and the inequalities (6.5) can be converted into global approximation estimates on the entire mesh. In sum, the pyramidal Whitney-forms perfectly match the approximation properties of their tetrahedral and hexahedral counterparts [12, 19].

REFERENCES

[1] R. ALBANESE AND G. RUBINACCI, Analysis of three dimensional electromagnetic ^leds using edge elements, J. Comp. Phys., 108 (1993), pp. 236Ű245.

[2] C. AMROUCHE, C. BERNARDI, M. DAUGE, AND V. GIRAULT, Vector potentials in threeŰdimensional nonsmooth domains, Math. Methods Appl. Sci., 21 (1998), pp. 823Ű864.

[3] D. BALDOMIR, Differential forms and electromagnetism in 3Űdimensional Euclidean space R^3., IEE Proc.

A, 133 (1986), pp. 139Ű143.

[4] P. BASTIAN, K. BIRKEN, K. JOHANNSEN, S. LANG, N. NEUSS, H. RENTZ-REICHERT, AND C. WIENERS, UG - A ~exible software toolbox for solving partial differential equations, Computing and Visualization in Science, 1 (1997), pp. 27Ű40.

[5] S. BENZLEY, E. PERRY, K. MERKLEY, B. CLARK, AND G. SJAARDEMA, A comparison of all-hexahedral and all-tetrahedral ^nite element meshes for elastic and elasto-plastic analysis, in 4th International Meshing Roundtable, Sandia National Laboratories, October 1995, pp. 179Ű191.

[6] A. BOSSAVIT, A rationale for edge elements in 3D ^eld computations, IEEE Trans. Mag., 24 (1988), pp. 74Ű 79. [7] , Whitney forms: A class of ^nite elements for threeŰdimensional computations in electromagnetism, IEE Proc. A, 135 (1988), pp. 493Ű500.

[8] , A new viewpoint on mixed elements, Meccanica, 27 (1992), pp. 3Ű11.

[9] , Computational Electromagnetism. Variational Formulation, Complementarity, Edge Elements, no. 2 in Academic Press Electromagnetism Series, Academic Press, San Diego, 1998.

[10] D. BRAESS, Finite Elements: Theory, Fast Solvers and Applications in Solid Mechanics., Cambridge University Press, Cambridge, 1997.

[11] S. BRENNER AND R. SCOTT, Mathematical theory of ^nite element methods, Texts in Applied Mathematics, SpringerŰVerlag, New York, 1994.

[12] F. BREZZI AND M. FORTIN, Mixed and hybrid ^nite element methods, SpringerŰVerlag, 1991. [13] W. BURKE, Applied Differential Geometry, Cambridge University Press, Cambridge, 1985. [14] H. CARTAN, Formes Diffťerentielles, Hermann, Paris, 1967.

[15] P. CIARLET, The Finite Element Method for Elliptic Problems, vol. 4 of Studies in Mathematics and its Applications, North-Holland, Amsterdam, 1978.

[16] G. DERHAM, Variťetťes differentiables, Hermann, Paris, 1960.

[17] F. DUBOIS, Discrete vector potential representation of a divergence free vector ^eld in three dimensional domains: Numerical analysis of a model problem, SIAM J. Numer. Anal., 27 (1990), pp. 1103Ű1141.

[18] P. DULAR, J.-Y. HODY, A. NICOLET, A. GENON, AND W. LEGROS, Mixed ^nite elements associated with a collection of tetrahedra, hexahedra and prisms, IEEE Trans Magnetics, MAG-30 (1994), pp. 2980Ű2983.

[19] V. GIRAULT AND P. RAVIART, Finite element methods for NavierŰStokes equations, SpringerŰVerlag, Berlin, 1986.

[20] R. GRAGLIA, D. WILTON, AND A. PETERSON, Higher order interpolatory vector bases for computational electromagnetics, IEEE Trans. Antennas and Propagation, 45 (1997), pp. 329Ű342.

[21] R. HIPTMAIR, Canonical construction of ^nite elements, Tech. Rep. 360, Institut fĺur Mathematik, Universitĺat Augsburg, 1996. to appear in Math. Comp.

[22] E. KAASCHITER AND A. HUJBEN, MixedŰhybrid ^nite element and streamline computation for the potential ~ow problem, Numer. Meth. Part. Diff. Equ., 8 (1992), pp. 221Ű266.

[23] J.-F. LEE AND Z. SACKS, Whitney elements time domain (WETD) methods, IEEE Trans. Mag., 31 (1995), pp. 1325Ű1329.

[24] C. MATTIUSSI, An analysis of ^nite volume, ^nite element, and ^nite difference methods using some concepts from algebraic topology, J. Comp. Phys., 9 (1997), pp. 295Ű319.

[25] P. MONK, A mixed method for approximating Maxwell’s equations, SIAM J. Numer. Anal., 28 (1991), pp. 1610Ű1634.

[26] J. N ťED ťELEC, Mixed ^nite elements in R^3, Numer. Math., 35 (1980), pp. 315Ű341. [27] , A new family of mixed ^nite elements in R^3, Numer. Math., 50 (1986), pp. 57Ű81. [28] J. P. CIARLET AND J. ZOU, Fully discrete ^nite element approaches for timeŰdependent Maxwell equations, Tech. Rep. TR MATHŰ96-31 (105), Department of Mathematics, The Chinese University of Hong Kong, 1996. To appear in Num. Math.

[29] P. A. RAVIART AND J. M. THOMAS, A Mixed Finite Element Method for Second Order Elliptic Problems, vol. 606 of Springer Lecture Notes in Mathematics, SpringerŰVerlag, New York, 1977, pp. 292Ű315.

[30] J. SAVAGE AND A. PETERSON, Higher order vector ^nite elements for tetrahedral cells, IEEE Trans. Micrwave Theory and Technology, 44 (1996), pp. 874Ű879.

168 Whitney Elements on Pyramids

[31] S. SUBRAMANIAM, S. RATNAJEEVAN, AND S. HOOLE, Edge elements, in Finite Elements, Electromagnetics and Design, S. Hoole and S. Ratnajeevan, eds., Elsevier, Amsterdam, 1995, ch. 9, pp. 342Ű393.

[32] E. TONTI, On the geometrical structure of electromagnetism, in Graviation, Electromagnetism and Geometrical Structures, G. Ferrarese, ed., Pitagora, Bologna, Italy, 1996, pp. 281Ű308.

[33] J. WEBB, Edge elements and what they can do for you, IEEE Trans. Mag., 29 (1993), pp. 1460Ű1565. [34] T. WEILAND, Die Diskretisierung der MaxwellŰGleichungen, Phys. Bl., 42 (1986), pp. 191Ű201. [35] , Time domain electromagnetic ^eld computation with ^nite difference methods, Int. J. Numer. Modelling, 9 (1996), pp. 295Ű319.

[36] H. WHITNEY, Geometric Integration Theory, Princeton Univ. Press, Princeton, 1957.