Q−CLASSICAL ORTHOGONAL POLYNOMIALS:

A VERY CLASSICAL APPROACH^∗

F. MARCELL ťAN^† AND J.C. MEDEM^‡

Abstract. The q−classical orthogonal polynomials de^ned by Hahn satisfy a Sturm-Liouville type equation in geometric differences. Working with this, we classify the q−classical polynomials in twelve families according to the zeros of the polynomial coef^cients of the equation and the behavior concerning to q^{−1} . We determine a q−analogue of the weight function for the twelve families, and we give a representation of its orthogonality relation and its q−integral. We describe this representation in some normal and special cases (indeterminate moment problem and ^nite orthogonal sequences). Finally, the Sturm-Liouville type equation allows us to establish the correspondence between this classi^cation and the Askey Scheme.

Key words. orthogonal q−polynomials, classical polynomials.

AMS subject classi�cations. 33D25.

1. Hahn’s generalization of the classical orthogonal polynomials. The q− classical orthogonal polynomials were introduced by Wolfgang Hahn in connection with the q−derivative [7]:

a) They are orthogonal in widespread sense, that is, in the three-term recurrence relation (TTRR) for the monic polynomials

xP_n = P_{n+1} + α_nP_n + β_nP_{n−1} , n ≥ 0 , P_{−1} = 0 , P_0 = 1 ,

(1.1)

it is required that β_n ≠ 0 , n ≥ 1 or, equivalently, in terms of the corresponding functional, it must be regular, that is, the principal submatrices of the Hankel matrix for the moment sequence are nonsingular.

b) Since the classical polynomials are characterized as the only ones whose sequence of derivatives is also orthogonal, Hahn considers the L−derivative and studies the orthogonal polynomials (OPS) whose sequence of L−derivatives is also orthogonal.

The L−derivative with parameters q and ω includes as particular cases the difference operator with step ω and the q−derivative ( ϑ in the work by Hahn):

L_{q,ω}f(x) =^{f(qx+ω)−f(x)}

(q−1)x+ω , L1,ω = △ω ,

L_{q,0} = Θ , |q| ≠ 1 , Θf(x) =^{f(qx)−f(x)}_{(q−1)x} .

(1.2)

We get the normal derivative when q → 1 , ω → 0 . In this way, Hahn considers the L−classical polynomials as a generalization of the classical polynomials ( D−classical polynomials) and discrete classical polynomials ( △_ω−classical polynomials).

Traditionally two OPS are considered equal whenever we can pass from one to another by means of an af^ne transformation of the variable. The af^ne transformation of the variable, A_{a,b}f(x) = f(ax + b) , modi^es the parameters of the L−derivative. Taking into account

∗Received November 1, 1998. Accepted for publication December 1, 1999. Recommended by R. ťAlvarez- Nodarse. This work has been partially supported by the Spanish Direcciťon General de EnseŸnanza Superior (DGES) grant PB-96-0120-C03-01 (F. M.).

† Departamento de Matemťaticas. Universidad Carlos III de Madrid. Ave. Universidad 30, 28911, Leganťes, Madrid, Spain. (pacomarc@ing.uc3m.es)

‡ Departamento de Anťalisis Matemťatico. Universidad de Sevilla. Apdo. 1160, 41080, Sevilla, Spain.

(jcmedem@cica.es)

112

F. Marcellťan and J.C. Medem 113

the effect of the dilation, H_af(x) = f(ax) , and the translation, T_bf(x) = f(x + b) , we get:

|q| ≠ 1 : T_bL_{q,ω} = L_{q,ω+(q−1)b}T_b^{b=} ω 1−q =⇒ T_bL = ΘT_b ,

|q| = 1 : H_aL_{q,ω} = a^{−1}L_{q,a}−1_ωH_a^{a=ω−1}=⇒ H_aL = a^{−1}△_qH_a .

(1.3)

In another way the L−classical polynomials with respect to L_{q,w} , |q| ≠ 1 could be transformed by means of an appropriate translation in the Θ−classical polynomials ( q−classical polynomials). If |q| = 1 a dilation could transform them into the △−classical polynomials (discrete classical polynomials); see [5], [11], [12] and references contained therein. The study of the classical and classical discrete polynomials was very complete, so actually it is only necessary to study the q−classical polynomials.

Starting from the Sturm-Liouville type equation in geometric differences with polynomial coef^cients ϕ and ψ , deg ϕ ≤ 2 and deg ψ = 1 , from now on denoted q−SL , Hahn obtained the ^rst results for the solutions as q−hypergeometric series. Unfortunately, there was no later publication, where the details were all ^lled in, according to Tom Koornwinder. Thirty six years later, G. Andrews and R. Askey [1] continued Hahn’s work. Since then, a large literature on classical polynomials from the q−hypergeometric point of view has been generated. So, the q−classical polynomials are presented as a cascade of q−hypergeometric functions. Starting from two polynomials_4ϕ_3 , that are not classical in the sense proposed by Hahn, the rest are obtained by means of special choices and changes of parameters for variables, con~uent limits, etc. [9, part 4]. A consequence of this procedure is that there does not exist a general theory for this scheme but a lot of particular cases. Moreover, in this hypergeometric approach is not evident how the manipulations have an in~uence on the characteristic elements of each family. A. Nikiforov and V. Uvarov represented another standpoint in the hypergeometric approach [11], [12]. They developed a theory based on the q − SL equation, but the Nikiforov-Uvarov approach leads in the end to the hypergeometric representation of the OPS. In [2], the authors try to unify both, the q−Askey’s scheme and Nikiforov et al. one. In fact they give a more general framework for the q−Askey’s scheme based on a q − SL equation.

Our approach and classi^cation leads from ϕ and ψ to the q−weight functions and to the possible intervals of integration so as to represent the orthogonality relation. The zeros of ϕ and ϕ^⋆ [ϕ^⋆(x) = q^{−1}ϕ(x) + (q^{−1} − 1)xψ(x)] give the main information about the orthogonality. Our classi^cation is designed to illustrate how alterations of ϕ and ψ (or ϕ and ϕ^⋆ ) have an effect on the orthogonality relation. The class of polynomials de^ned by Hahn are very varied but not a labyrinth. Our approach follows the standard analytic procedure in the D−classical case. Starting from the Sturm-Liouville equation, ϕD^2P_n + ψDP_n = λ_nP_n , we write it in the self-adjoint form D(ϕwDP_n) = λ_nwP_n . This selfadjoint form, together with the integration by parts and the determination of two different points of the completed real line a, b ∈ R such that (ϕw)(a) = 0 = (ϕw)(b) make it easy to get the integral representation of the orthogonality

(λ_n − λ_m)

�_b a P_nP_mw =

�_b a D(ϕwDP_n) · P_m −

�_b a D(ϕwDP_m) · P_n =

(1.4)

= ϕwDP_n · P_m|^b_a −

�_b a ϕwDP_nDP_m − ϕwDP_m · P_n|^b_a +

�_b a ϕwDP_nDP_m = 0 ,

n ≠ m =⇒ λ_n ≠ λ_m =⇒

�_b a P_nP_mw = 0 .

114 q−Classical orthogonal polynomials

Finally, to prove

�_b a P^2_n ω ≠ 0 , n ≥ 0 , we only have to check that w is continuous in [a, b] and nonzero in (a, b) . Thus we have to determine the weight function w , characterized as a solution of the Pearson equation D(ϕw) = ψw [⇐⇒^{Dw}_w =^{ψ−Dϕ}_ϕ ] . It is evident that the degree of ϕ and the fact that it has a double zero or simple zeros when the degree is two determines the solutions. In conclusion, the classi^cation of the D−classical orthogonal polynomials is based on these aspects of the polynomial ϕ .

The development of a q−analogue of this procedure, where q−hypergeometric functions are not needed, was started with the contribution by M. Frank [4]. Later, S. Hĺacker, [6], applied it to the little q−Jacobi case, and in [10] all the cases for 0 < q < 1 were considered. Our classical approach to the q−classical polynomials is presented as follows. In Section 2, a classi^cation of the q−classical polynomials in 12 families with respect to the q−analogue of the weight function is developed. In Section 3, the determination of the q−weight functions by means of a q−analogue of the Pearson equation is given. In Section 4, the foundations of the orthogonality relationship represented with q−integrals and q−weights and an overview of the determination of the positive de^nite cases are considered. In Section 5, some cases which yield indeterminate moment problems and ^nite OPS are analyzed. In Section 6, the equivalences with the Askey Scheme are presented.

2. q−classical polynomials: classi�cation. The q−classical polynomials are orthogonal with respect to linear functionals which satisfy a q−difference equation of ^rst order with polynomial coef^cients [10]

Θ(ϕu) = ψu , deg ϕ ≤ 2 , deg ψ = 1 .

(2.1)

The operations and action of the operators in the dual space of the polynomials is de^ned by transposition, except the derivative where there is also a change of sign, i.e., ⟨Θu, x^n⟩ = −⟨u, Θx^n⟩ . Thus, (2.1), is equivalent to [10]

ϕΘΘ^⋆P_n + ψΘ^⋆P_n = λ_nP_n , n ≥ 1 ,

(2.2)

where Θ^⋆ is the q^{−1}−derivative operator, (1.2), Θ^⋆f(x) =^{f(q−1x)−f(x)}_{(q−1−1)x} . Another formulation equivalent to (2.2) is

ϕ^⋆Θ^⋆ΘP_n + ψΘP_n = λ^⋆_nP_n , ϕ^⋆(x) = q^{−1}ϕ(x) + (q^{−1} − 1)xψ(x) ,

(2.3)

This is a well-known fact that has a special signi^cance for us since

Θ(ϕu) = ψu ⇐⇒ (2.2) ⇐⇒ (2.3) ⇐⇒ Θ^⋆(ϕ^⋆u) = ψu ,

(2.4)

that is, every q−classical functional/OPS is also q^{−1}−classical and vice versa.

Maybe this fact has gone unnoticed because when working in an analytical way if 0 < q < 1 we have convergence in many expressions whereas with q^{−1} > 1 we have divergence. To see what comes next it is very important to keep (2.4) in mind. In fact we will see the q−classical OPS with a stereoscopic vision as q, q^{−1}−classical. We will refer to everything concerning the inverse basis as symmetric and we will mark it with^⋆ , for example: ψ^⋆ = ψ .

Let’s recall the Hahn’s scheme (1.3)

F. Marcellťan and J.C. Medem 115

L−classical polynomials L := L_{q,ω}

|q| = 1 |q| ≠ 1

H_a, a = ω^{−1} T_b, b =^ω_{1−q} � � � � @@ @@ @@ @@R △−classical polynomials (discrete classical polynomials)

Θ−classical polynomials ( q−classical polynomials)

When |q| ≠ 1 , in order to normalize ϕ , we only need a dilation and the nonzero constant. The dilation H_a acting on the distributional equation of the functional u , Θ(ϕu) = ψu , with the corresponding MOPS, (P_n) , leads us to the normalized equation

Θ(~ϕ~u) = ~ψ~u , ~ϕ = H_aϕ , ~ψ = aH_aψ , ~u = H_{1/a}u ,

(2.5)

and the MOPS corresponding to ~u , ( ~P_n) , becomes ~P_n = a^{−n}H_aP_n . The factor c allows us to take ϕ monic. A straightforward consequence is that if the origin is a zero of ϕ , ϕ(0) = 0 , the origin will continue to be a zero in the normalized polynomial and those c ≠ 0 , ϕ(c) ≠ 0 , will continue also to be a zero distinct of the origin after the dilation. Therefore, in the group of Laguerre and Jacobi polynomials, we will now distinguish among those that have a zero at the origin ( 0−zero) and those that do not vanish at the origin ( ∅−zero). In general we will distinguish between:

∅−zero families: q−Hermite, ∅−Laguerre, ∅−Jacobi, and 0−zero families: 0−Laguerre, 0−Jacobi, q−Bessel.

This is the vision from q . What happens for q^{−1} ? If ϕ(x) = ^ax^2 + āx + ȧ and ψ(x) = ^bx + b̄ , from (2.3), we get

ϕ^⋆(x) = q^{−1}ϕ(x) + (q^{−1} − 1)xψ(x) = = (q^{−1}^a + (q^{−1} − 1)^b)

� � �

ba^⋆

x^2 + (q^{−1}ā + (q^{−1} − 1)b̄) � � �

ā^⋆

x + q^{−1}ȧ � � �_{ȧ⋆} . (2.6)

The immediate consequence is that every q−∅−zero family is a q^{−1}−∅−zero family and vice versa. The same is true for the 0−zero families.

Notice that, from (2.6), if

^a^⋆ = 0 ⇐⇒ ^b =^−b^a_{1−q} (main singularity) ,

(2.7)

the ∅−families are the q^{−1}−Laguerre ones, providing that deg ϕ^⋆ = 1 , otherwise, if deg ϕ^⋆ = 0 , that is,

ā^⋆ = 0 ⇐⇒ b̄ =^{−ā}_{1−q} (secondary singularity) ,

(2.8)

then they become in a q^{−1}Hermite family.

In the 0−families, the framework is different. First, the two singularities cannot appear simultaneously. In fact, ^a^⋆ = 0 = ā^⋆ implies ϕ^⋆ ≡ 0 , and so u is not regular. On the other hand, ^rst, the 0−Laguerre cannot have a main singularity, (2.7), since then

^a^⋆ = q^{−1} · 0 + (q^{−1} − 1)^b = 0 =⇒ ^b = 0 =⇒ deg ψ < 1 =⇒ u is not regular ,

116 q−Classical orthogonal polynomials

and, second, the q−Bessel cannot have a secondary singularity (2.8)

ā^⋆ = q^{−1} · 0 + (q^{−1} − 1)b̄ = 0 =⇒ b̄ = 0 =⇒ ψ divides ϕ =⇒ u is not regular .

The following chart shows the situation (double arrow := no singularity, m := main singularity, s := secondary singularity)

P^⋆P

L^⋆L H^⋆H L^⋆L

P^⋆P

B^⋆B

q−view q^{−1}−view q−view q^{−1}−view

∅−families 0−families - � �` � �`@@ @@R @@ @R

@@ @@R AA AA AA AAU - � �` @@ @@R � �` � � � � �˘ m s m s m s

Looking at the q−classical polynomials from q and q^{−1} we have 12 different families

∅−Jacobi/^⋆Jacobi q−Bessel/^⋆Jacobi Ť /^⋆Laguerre Ť /^⋆Laguerre Ť /^⋆Hermite 0−Jacobi/^⋆Jacobi ∅−Laguerre/^⋆Jacobi Ť /^⋆Laguerre q−Hermite/^⋆Jacobi Ť /^⋆Bessel 0−Laguerre/^⋆Jacobi /^⋆Bessel

3. q−classical polynomials: q−weight functions. In this part, it will be justi^ed that the zeros of ϕ and ϕ^⋆ determine the poles and zeros of the q−weight function. The weight function in the D−cases satis^es the equation D(ϕω) = ψω . For our q−polynomials there is a q−analogue of the Pearson equation

Θ^⋆(ϕw) = qψw ,

which leads to the q−Sturm-Liouville equation in a self-adjoint form

ϕΘΘ^⋆P_n + ψΘ^⋆P_n = λ_nP_n ⇐⇒ Θ � H^{−1}(ϕw)Θ^⋆P_n � = λ_nwP_n .

We call w a q−weight function, and we get it as the solution of the q−Pearson equation. The equations in q and q^{−1} derivatives are reduced to an equation in q dilations H := H_q , [Hf(x) = f(qx)]

Θ^⋆(ϕw) = qψw ⇐⇒ ϕw = qHϕ^⋆Hw ⇐⇒ ϕ(x)w(x) = ϕ^⋆(qx)w(qx) .

We solve these equations by a recurrent procedure

F. Marcellťan and J.C. Medem 117

w = H^nw · qHϕ^⋆ ϕ · H qHϕ^⋆ ϕ · . . . · H^{n−1} qHϕ^⋆ ϕ � � � H^{(n) qHϕ⋆}_ϕ � = �_{n−1} k=0 qϕ^⋆(q^{k+1}x) ϕ(q^kx) �

H^2ϕH^2w = H^2(qHϕ^⋆)H^3w . . . . . .

ıııı ıııı ıııı ı1 @@ @@ @@R ıııı ıııı ıı1 @ @@R HϕHw = H(qHϕ^⋆)H^2w

?^H

w = H^2w^{qHϕ⋆}_ϕ H^{qHϕ⋆}_ϕ ϕw = qHϕ^⋆Hw -

?^H

w = Hw^{qHϕ⋆}_ϕ

Let us see what happens when n tends to in^nity. If w is continuous at 0 ,

lim_{n→∞} H^nw = lim_{n→∞} w(q^nx) = w(0) .

In order to deduce lim_{n→∞} H^{(n) qHϕ⋆}_ϕ we need to consider in^nite products: (a; q)_∞ = �_∞

k=0(1 − aq^n) and (a, b; q)_∞ = (a; q)_∞(b; q)_∞ .

i) ∅−cases: Since the numerator polynomial and the denominator polynomial have the same nonzero independent term (see e.g. (2.6)), then the in^nite product converges to

w(x) = w(0)

(a^{⋆−1}_1 qx; q)_∞(a^{⋆−1}_2 qx; q)_∞ (a^{−1}_1 x; q)_∞(a^{−1}_2 x; q)_∞ , where a^⋆_1 and a^⋆_2 are the zeros of ϕ^⋆ and a_1, a_2 those of ϕ . For any zero, for example a_1 , it can be interpreted that

deg ϕ < 2 =⇒ a_1 = ∞ =⇒ a^{−1}_1 = 0 =⇒ (a^{−1}_1 x; q)_∞ = 1 .

The q−weights for the ∅−families are given in table 3.

These functions were already known by Hahn ([7], page 30), although he obtained them by another procedure. They are meromorphic functions in the complex plane with zeros in a^⋆_i q^{−n} , n ≥ 1 and poles in a_iq^{−n} , n ≥ 0 .

ii) 0−cases: If the independent term is zero, several situations appear.

α) No q^{±1}−Bessel. This is the simplest case also mentioned by Hahn. If both polynomials have nonzero x−term ( 0−Jacobi/^⋆Jacobi, 0−Jacobi/^⋆Laguerre, 0−Laguerre/^⋆Jacobi) we eliminate a factor x of the numerator with another of the denominator, and we get a ratio of two polynomials with nonzero independent terms which do not coincide in general. To be able to introduce a factor that corrects this we assume the function w presents a zero or a pole in the origin introducing the factor |x|^α . Then, the q−weights are

w(x) = |x|^α

(a^{⋆−1}_1 qx; q)_∞ (a^{−1}_1 x; q)_∞ ,

118 q−Classical orthogonal polynomials

TABLE 3.1 The q−weights for the ∅−families

∅−families zeros of ϕ zeros of ϕ^⋆ q−weight function

∅−Jacobi/^⋆Jacobi a^⋆_1 ≠ ∞ ≠ a^⋆_2 w(x) =

(a^{⋆−1}_1 qx, a^{⋆−1}_2 qx; q)∞ (a^{−1}_1 x, a^{−1}_2 x; q)∞

/^⋆Laguerre a1 ≠ ∞ ≠ a2 a^⋆_1 ≠ ∞ = a^⋆_2 w(x) =

(a^{⋆−1}_1 qx; q)∞ (a^{−1}_1 x, a^{−1}_2 x; q)∞

/^⋆Hermite a^⋆_1 = ∞ = a^⋆_2 w(x) = 1 (a^{−1}_1 x, a^{−1}_2 x; q)∞

∅−Laguerre a1 ≠ ∞ = a2 w(x) =

(a^{⋆−1}_1 qx, a^{⋆−1}_2 qx; q)∞ (a^{−1}_1 x; q)∞ a^⋆_1 ≠ ∞ ≠ a^⋆_2

q−Hermite a1 = ∞ = a2 w(x) = (a^{⋆−1}_1 qx, a^{⋆−1}_2 qx; q)∞

where once again deg ϕ < 2 implies a_1 = ∞ .

β) q^{±1}−Bessel. The (α)−procedure can not be applied to the q−Bessel and q^{−1}−Bessel:

(β1) When the degree is different ( q−Bessel/^⋆Laguerre and 0−Laguerre/^⋆Bessel) we can use the function h : h(x) = √ x^{logq x−1} . This function satis^es

Hh(x) = xh(x) .

In fact Hĺacker [6] uses it to solve the q−Bessel/^⋆Laguerre case.

The following generalization of h , h^{(β)} (we have not found any references to it in the literature) satis^es

Hh^{(β)}(x) = x^βh(x) , h^{(β)} = � x^{logq xβ −β} ,

and we have used h^{(−1)} to solve the 0−Laguerre/^⋆Bessel case. In general the function h or its generalization can be used when the degrees of the polynomials are different. Hahn uses h in the 0−Jacobi/^⋆Laguerre case to prove that it corresponds to an indeterminate moment problem (generalizing the Stieltjes-Wigert polynomials). Notice that it was the only result developed with some detail in [7], but a mistake appears. It was corrected in a later article [8].

(β2) Finally, for the case when both polynomials have the same degree ( q−Bessel/^⋆Jacobi and 0−Jacobi/^⋆Bessel), the iterative solution using H leads to divergent expressions. So, we try to solve them using H^{−1} . Thus we get

w(x) = |x|^α 1 (a^⋆_1/x; q)_∞ or w(x) = |x|^α(a_1q/x; q)_∞ .

F. Marcellťan and J.C. Medem 119

TABLE 3.2 The q−weights for the 0−families

0−families zeros of ϕ zeros of ϕ^⋆ q−weight function

q−Bessel/^⋆Jacobi a^⋆_1 ≠ {^0_∞ α^⋆_2 = 0 w(x) = |x|^α 1 (a^⋆_1/x; q)∞ (b) a1 = 0 , a2 = 0 /^⋆Laguerre a^⋆_1 = ∞ , a^⋆_2 = 0 w(x) = |x|^α √ x^{logq x−1} (c)

0−Jacobi/^⋆Jacobi a^⋆_1 ≠ {^0_∞ , a^⋆_2 =0 w(x) = |x|^α

(a^{⋆−1}_1 qx; q)∞ (a^{−1}_1 x; q)∞ (a)

/^⋆Laguerre a1 ≠ {^0_∞ , a2 = 0 a^⋆_1 = ∞, a^⋆_2 = 0 w(x) = |x|^α 1 (a^{−1}_1 x; q)∞

, (a)

/^⋆Bessel a^⋆_1 = 0 , a^⋆_2 = 0 w(x) = |x|^α(a1q/x; q)∞ (b)

0−Laguerre/^⋆Jacobi a^⋆_1 ≠ 0 , a^⋆_2 = 0 w(x) = |x|^α(a^{⋆−1}_1 qx; q)∞ (a)

a1 = ∞ , a2 = 0 /^⋆Bessel a^⋆_1 = 0 , a^⋆_2 = 0 w(x) = |x|^αpx^{logq 1x +1} (d)

We have not found any reference concerning these functions in the literature. In the ^rst case, ^xing ^a = 1 applying the standard normalization (non zero factor and dilation) over the distributional equation, the only free parameter is b̄ . Choosing it so that b̄ = 2q^{2−α} then [10]

ω(x) = |x|^{α 1}_{(a}⋆_{1 /x;q)∞} = |x|^αe_q

�_{a⋆1} x � = |x|^αe_q[−(1 − q)2/x] ,

and lim_{q→1}− ω(x) = |x|^α exp(−2/x) is the Bessel weight function.

The q−weight functions for the 0−families are shown in table 3

(a) α = −2 + Log_q ā ā^⋆

, (b) α = −3 + Log_q b a ba^⋆

, (c) α = −2 + Log_q b a ā^⋆

, (d) α = 3 + Log_q b a^⋆ ā ϕ = bax^2 + āx + ȧ , ψ = bx + b̄ , ba^⋆ = q^{−1}ba

4. q−integral representation of the positive de�nite cases. The q−integral is a Riemann sum on an in^nite partition {aq^n, n ≥ 0} ,

�_{a>0} 0 f d_q :=

�_∞

n=0 f(aq^n)(aq^n − aq^{n+1}) = (1 − q)a

�_∞ n=0 f(aq^n)q^n ,

�_0 a<0 f d_q :=

�_∞ n=0 f(aq^n)(aq^{n+1} − aq^n) = −(1 − q)a

�_∞

n=0 f(aq^n)q^n ,

120 q−Classical orthogonal polynomials

de^ned in such a way that we can apply the q−analogue of the Barrow rule,

�_b a ΘF d_q = F (b) − F (a) .

This allows us to get the following integration by parts rules

�_b a fΘg d_q = H^{−1}f · g|^b_a − q

�_b a gΘ^⋆f d_q ,

�_b a fΘg d_q = fg|^b_a −

�_b a HgΘf d_q .

(4.1)

On the other hand it can be generalized to unbounded intervals and to unbounded functions.

The Riemann-Stieltjes discrete integrals related with the q−classical polynomials can be represented as q−integrals. For example, for the 0−Jacobi case (little q−Jacobi) we have

�_∞ k=0 (bq;q)_k (q;q)_k (aq)

kp_m(q^k)p_n(q^k) = K

�_1 0 x^{α (qx;q)∞}

(q^{β+1}x;q)_∞ pm(x)pn(x) dqx , a = q

α , b = q^β ,

w(x) = x^{α (qx;q)∞}

(q^{β+1}x;q)_∞ (= x

α[1 − qx]_β , in the Hahn notation) .

Notice that the previous polynomials correspond to a positive de^nite case for −1 < α . For −1 < α < 0 the q−integral converges.

The positive de^nite cases are deduced from the TTRR, (1.1), when β_n > 0, n ≥ 1 . If ϕ(x) = ^ax^2 + āx + ȧ , ψ(x) = ^bx + b̄ , and H^nϕ(x) = ϕ(q^nx) then

β_{n+1} = −^q

n[n+1] � [n−1]ba+b � � [2n−1]ba+b � [2n+1]ba+b

� · H^nϕ � −^{[n]ā+b̄}

[2n]ba+b � , n ≥ 0 .

(4.2)

This representation of β_n in terms of the coef^cients of ϕ and ψ was obtained by N. Smaili [13] and S. Hĺacker [6] using different techniques. The determination of the positive de^nite cases has been done case by case for any real value of q , |q| ≠ 1 , by Hĺacker. A more global vision of the used procedures and, mainly, the positive de^nite cases which have not been considered by Hĺacker can be found in [10]. In all positive de^nite cases it is possible to represent the orthogonality relation using the q−integral and the q−weight function.

Thus, we have a self-adjoint form of the q−Sturm-Liouville equation, q−integration by parts. We only need two points a, b ∈ R , a ≠ b , zeros of certain functions, so that �_b a P_nP_mwd_q = 0 , n ≠ m , see (1.4). If n ≠ m , then λ_n ≠ λ_m and

(λ_n − λ_m)

�_b a wP_nP_m d_q =

�_b a (wλ_nP_n)P_m d_q −

�_b a (wλ_mP_m)P_n d_q =

= �_b a Θ � H^{−1}(ϕw)Θ^⋆P_n � � �

g_1 � P_m�

f_1

d_q −

�_b a Θ � H^{−1}(ϕw)Θ^⋆P_n � � �

g_2 � P_n�

f_2

d_q =

= H^{−1}(ϕw)Θ^⋆P_n · P_m|^b_a −

�_b a H � H^{−1}(ϕw)Θ^⋆P_n � ΘP_m d_q −

−H^{−1}(ϕw)Θ^⋆P_m · P_n|^b_a � � � � H^{−1}(ϕw) � (a)=0= � H^{−1}(ϕw) � (b) + �_b a H � H^{−1}(ϕw)Θ^⋆P_m � ΘP_n � � �

ϕwΘP_mΘP_n

d_q = 0 .

F. Marcellťan and J.C. Medem 121

So a and b must cancel H^{−1}(ϕw) � = ϕ(q^{−1}x)w(q^{−1}x) � : � H^{−1}(ϕw) � (a) = 0 = � H^{−1}(ϕw) � (b) ⇐⇒ ϕ(aq^{−1})w(aq^{−1}) = 0 = ϕ(bq^{−1})w(bq^{−1}) .

For instance, if a_1 and a_2 are zeros of ϕ we could take a_1q and a_2q , a_1, a_2 ∈ R . There is a more interesting alternative, as we will see. Using the q−Pearson equation, we have

ϕw = qH(ϕw) ⇐⇒ H^{−1}(ϕw) = q^{−1}ϕ^⋆w ,

and so the zeros of ϕ^⋆, a^⋆_1, a^⋆_2 ∈ R , constitute another choice. Also we can combine both possibilities, for example: a_1q and a^⋆_2 .

We will make some comments about the determination of the positive de^nite cases in order to facilitate the comprehension of what follows. First of all, we normalize the polynomial ϕ with ^a = 1 which does not alter either the functional or the orthogonal polynomial sequence. The study of the positive de^nite cases reduces to the study of the sign of the two factors of β_{n+1} , (4.2). The ^rst factor is negative if the leading coef^cient of ψ is positive, ^b > 0 , and negative if ^b <^{−1}_{1−q} � [n]^{n→∞}−→^{−1}_{1−q} , |q| < 1 � . Notice that ^b =^{−1}_{1−q} represents

the main singularity, (2.7). The other cases,^{−1}_{1−q} < ^b < 0 , have changes of sign and do not lead to positive de^nite cases. The second factor of (4.2) has more dif^culties in the case deg ϕ = 2 . If ^b > 0 , then this second factor must be negative and^{[n]ā+b̄}_{[2n]+}b must remain in the interval between the zeros of H^nϕ ( H^nϕ with positive leading coef^cient, ^a = 1 ). Equivalently, in this case, ^b > 0 , the sequence (ϵ_n)_{n≥0} ,

ϵ_n := −

[n]ā + b̄ [2n] + ^b

· q^n , n ≥ 0 ,

(4.3)

must remain between the zeros of ϕ , a_1 and a_2 . Otherwise, if ^b <^{−1}_{1−q} then ϵ_n /∈ [a_1, a_2] , n ≥ 0 . In the case deg ϕ = 1 , i.e., ^a = 0 , for example, ϕ with positive leading coef^cient, ā > 0 , and a zero at a_0 , we have positive de^nite cases iff ϵ_n < a_0 , n ≥ 0 , and so on.

The choice of the interval of integration is made to guarantee that

�_b a P^2_n wd_q ≠ 0 , n ≥ 0 , for which, it is enough that w be continuous and does not vanish inside the interval of integration. This has a dif^culty since we have seen that even in the simplest cases, ∅−families, are in^nite number of zeros, a^⋆_i q^{−n} , n ≥ 1 , and in^nite number of poles, a_iq^{−n} , n ≥ 0 . In the positive de^nite cases there is a situation that makes the problem simpler: a^⋆_1 and a^⋆_2 are real and

a^⋆_1 < 0 < a^⋆_2 ,

(4.4)

or in the 0−families, a^⋆_1 = 0 < a^⋆_2 , or, a^⋆_1 < 0 = a^⋆_2 . So in all cases we have the zeros out of (a^⋆_1, a^⋆_2) . For a^⋆_1 < 0 < a^⋆_2 we have

. . . < a^⋆_1q^{−n} < . . . < a^⋆_1q^{−1} < a^⋆_1 < 0 < a^⋆_2 < a^⋆_2q^{−1} < . . . < a^⋆_2q^{−n} < . . . .

[Notice that, (2.6), ȧ = ȧ^⋆q and ȧ = a_1a_2 , ȧ^⋆ = ^a^⋆a^⋆_1a^⋆_2 , with, (2.6), ^a^⋆ = q^{−1}^a + (q^{−1} − 1)^b , ^a = 1 yields (4.4) with ȧ ≠ 0 .]

Now we come to the poles. The better case occurs when a_1 and a_2 are out of the interval [a^⋆_1, a^⋆_2] but this does not usually happens. So we have the previous problem. We know the relative situation of the zeros of ϕ and ψ in the positive de^nite cases (we have the explicit expression β_n in terms of the coef^cients of ϕ and ψ ). The main question is to know the relative position of the zeros of ϕ and ϕ^⋆ in these cases.

122 q−Classical orthogonal polynomials

5. An example: the ∅ and 0−Jacobi cases. The ∅−Jacobi/^⋆Jacobi, have three basic forms in order to be positive de^nite. With monic ϕ , ϕ(x) = (x − a_1)(x − a_2) and ψ(x) = ^b(x − b_0) , they are positive de^nite if

a) ^b > 0 , a_1 < 0 < a_2 , a_1 < b_0 < a_2

b) ^b < −1 1 − q � 0 < a_1 < a_2 , b_0 < a_1 a_1 < a_2 < 0 , a_2 < b_0

c) ^b < −1 1 − q � 0 < a_1 < a_2 , a_2 < b_0 a_1 < a_2 < 0 , b_0 < a_1

In the (a)-cases, the sequence (ϵ_n)_{n≥0} with ^a = 1 , (4.3), ϵ_0 = b_0 , which converges to 0 , belongs to the interval (a_1, a_2), and this is guaranteed if a_1 < 0 < a_2 , and a_1 < b_0 < a_2 . In the (b)-cases, (ϵ_n) must be out of [a_1, a_2] and so a_1 and a_2 are both positive or negative, and it is suf^cient that b_0 is out of [a_1, a_2] to yield this. In the (c)-cases, the condition is not suf^cient. Another necessary condition is that a_1 and a_2 were close enough so that the sequence (ϵ_n) , which converges to zero, jumps over the interval [a_1, a_2] . If ϵ_{n0} ∈ (a_1, a_2) then we have β_{n0} < 0 [ ϵ_{n0} = a_1 or ϵ_{n0} = a_2 yields β_{n0} = 0 .] If a_1 = a_2 , a discrete number of values of b_0 do not lead to positive de^nite cases, while a_1, a_2 ∈ C \ R leads always to positive de^nite cases for all values of b_0 (^b <^{−1}_{1−q} ) .

We point out that a normalization procedure with a dilation applied to the corresponding OPS, (2.5), can put it into a quaside^nite class, that is, the normalized representant of the class could not be positive de^nite. This is the case of the Big q−Jacobi polynomials that represents the class with

ϕ(x) = aq(x − 1)(bx + c) = abq(x − 1)(x + c/b).

The dilation that allows us to send a zero of ϕ to 1 , a_1 = 1 , is H_{a1} :

ϕ(x) = (x − a_1)(x − a_2)^{Ha1}−→ (a_1x − a_1)(a_1x − a_2) = a^2_1(x − 1)(x − a_2/a_1) .

(5.1)

If (P_n) satis^es a TTRR, (1.1), with α_n ∈ R , n ≥ 0 , and β_n > 0 , n ≥ 1 , a positive de^nite MOPS before the dilation, then ( ~P_n) , after the dilation (2.5), satis^es a TTRR with ~α_n = a^{−1}_1 α_n , ~β_n = a^{−2}_1 β_n . If a_1 ∈ C \ R then ~α_n and ~β_n are also complex−valued.

The relative position for the zeros of ϕ and ϕ^⋆ is different in each case:

(a) ⇐⇒ [a_1, a_2] ⊃ [a^⋆_1, a^⋆_2] , (b) ⇐⇒ [a_1, a_2] ∩ [a^⋆_1, a^⋆_2] = ∅ , (c) ⇐⇒ [a_1, a_2] ⊂ [a^⋆_1, a^⋆_2] .

(5.2)

We can consider three different subtypes of positive de^nite ∅−Jacobi/^⋆Jacobi. In Figure (5) and Figure (5) the intervals of integration for all ∅−Jacobi/^⋆Jacobi cases are represented. In the above discussed case, a_1 and a_2 are complex-valued, a meaningful normalization procedure is to send a^⋆_1 to −1 or a^⋆_2 to 1 with a dilation of ratio −a^⋆_1 or a^⋆_2 , (4.4), acting on Θ^⋆(ϕ^⋆u) = ψ^⋆u , (5.1). Further, OPS which are initially positive de^nite, β_n > 0 , n < n_0 , but β_{n0} ≤ 0 can appear in the (c)-cases. Then we have the so called ^nite OPS. In this case, ∅−Jacobi/^⋆Jacobi, are the q−Hahn polynomials.

Notice that two possible intervals of integration appear in the (c)-cases ( a_1 ≠ a_2 ). For a positive de^nite case, a_1 and a_2 must be close enough 0 < a_1 < a_2 < a_1q^{−1} or a_2q^{−1} < a_1 < a_2 < 0 so that the poles are out of the interval of integration. So, we arrive

F. Marcellťan and J.C. Medem 123

FIG. 5.1. Intervals of integration for the q−weight function corresponding to the ∅−Jacobi/^⋆ Jacobi OPS

⊕ a_1 a_2 a^⋆_1 a^⋆_2

(a) ⇐⇒ [a^⋆_1, a^⋆_2] ⊂ [a_1, a_2]

a^⋆_1 ⊕ a^⋆_2 a_1 a_2 a^⋆_1 ⊕ a_1q a_2q

a_1 a_2 a^⋆_2

a_1 ⊕ a_2 a^⋆_1 a^⋆_2 a^⋆_1 ⊕ a_1 a_2 a_1q a_2q a^⋆_2

a^⋆_1 ⊕ a^⋆_2 a_1 = a_2 a^⋆_1 ⊕ a_1q

a_1 = a_2 a^⋆_2

a_1 = a_2 ⊕ a^⋆_1 a^⋆_2 a^⋆_1 ⊕ a_1 = a_2 a_1q a^⋆_2

a^⋆_1 ⊕ a^⋆_2 a_1, a_2 ∈ C \ R

(b) ⇐⇒ [a_1, a_2] ∩ [a^⋆_1, a^⋆_2] = ∅ (c) ⇐⇒ [a_1, a_2] ⊂ [a^⋆_1, a^⋆_2]

a_1 ≠ a_2

� � � � �

a_1 = a_2 � � � � �

to the same conclusion: a_1 and a_2 must be close enough. On the other hand, two different ^nite intervals do not lead necessarily to different orthogonality representations. The behavior of the 0−Jacobi/^⋆Jacobi cases (a^⋆_1 = 0 < a^⋆_2 or a^⋆_1 < 0 = a^⋆_2) is the same in the (a) and (b)-cases. Notice that it is not possible that they were positive de^nite in the (c)-cases because (ϵ_n) → 0 .

We now determine that the intervals of integration for the singular ∅−Jacobi ( ∅−Jacobi /^⋆Laguerre, (2.7), and ∅−Jacobi/^⋆Hermite, (2.7) and (2.8)). Here, the discussion of the positive de^nite cases is different: (ϵ_n) must be also out of (a_1, a_2) but now (ϵ_n) diverges to +∞ if b_0 > a_1 + a_2 , or to −∞ if b_0 < a_1 + a_2 , or is constant if b_0 = a_1 + a_2 , the case of a secondary singularity, (2.8). They are positive de^nite if

a)a_1 < 0 < a_2 � � � b_0 < a_1

a_1<a_1+a_2<a_2 =⇒ a_1<a_1+a_2<a_2

(ϵ_n) ↘_{−∞}

a_2 < b_0 =⇒ (ϵ_n) ↗^∞

124 q−Classical orthogonal polynomials b) � 0 < a_1 < a_2 , b_0 < a_1 =⇒ (ϵ_n) ↘_{−∞} a_2 < a_1 < 0 , a_1 < b_0 =⇒ (ϵ_n) ↗^∞ c1) � 0 < a_1 < a_2 , a_2 < b_0 < a_1 + a_2 =⇒ (ϵ_n) ↘_{−∞} a_1 < a_2 < 0 , a_1 + a_2 < b_0 < a_1 =⇒ (ϵ_n) ↗^∞ c2) � 0 < a_1 < a_2 , a_1 + a_2 ≤ b_0 =⇒ (ϵ_n) ↗^∞ or constant a_1 < a_2 < 0 , b_0 ≤ a_1 + a_2 =⇒ (ϵ_n) ↘_{−∞} or constant

In the (a), (b), and (c2)-cases the condition is also suf^cient. In the (c1)-cases, (ϵ_n) must also jump over the interval [a_1, a_2] . Finally, we have the same cases (4.2), with a^⋆_1 or a^⋆_2 equal to ∞ . Now, when two intervals of integration appear in the (c)-cases, one is ^nite and the other is in^nite. The ^nite OPS are also (c)-cases: the quantum q−Krawtchouk in the Askey’s Scheme.

FIG. 5.2. Intervals of integration in the (c)-cases for the q−weight function corresponding to the ∅−Jacobi/Laguerre and ∅−Jacobi/^⋆Hermite (a^⋆_1 → −∞ and a^⋆_2 → ∞) OPS.

a_1 ≠ a_2 a_1 = a_2 or a_1, a_2 ∈ C \ R

⊕ a_1 a_2 a_2q a^⋆_2

−∞ ← a^⋆_1 ⊕ - a^⋆_1 a1q a2q a^⋆_2 → ∞

−∞ ← a^⋆_1 ⊕ a_1q a_2q a^⋆_2

a_1 a_2 œ ⊕^a ⋆ 2 → ∞

a^⋆_1 a1q

a_1 a_2

� � �

� � �

� � �

� � �

−∞ ← a^⋆_1 ⊕ a^⋆_2

−∞ ← a^⋆_1 œ ⊕ a_1q a^⋆_2

a_1 = a_2

⊕ a^⋆_1 a^⋆_2 → ∞ - -^⊕

a_1 = a_2 a^⋆_1 a1q a^⋆_2 → ∞ ⊕ ⊕ ⊕ ⊕

−∞ ← a^⋆_1 a⋆2 œ −∞ ← a^⋆_1 a1q a⋆2

a_1 = a_2 a_1 = a_2 œ a^⋆_2 → ∞ a^⋆_2 → ∞ - a^⋆_1 a^⋆_1 a1q

Now, the following question arises: What is the relationship with an indeterminate moment problem? In the case of the q^{−1}−Hermite ( ∅−Jacobi /^⋆ Hermite), T. Chihara, [3, pp.197, 198], refers to the existence of one indeterminated moment problem. The indetermination of the moment problem is not only due to the unbounded integration interval, as Hahn pointed out. In this case the indetermination of the moment problem appears only when the two zeros of ϕ , a_1 = 1 , a_2 = a , satis^es

1 < a < q^{−1} i.e. q < aq < 1

that allows us to consider two different intervals of integration: bounded, [q, aq] and unbounded, (−∞, q] .

F. Marcellťan and J.C. Medem 125

The 0−Jacobi/^⋆Laguerre follows the same scheme. They can be positive de^nite in the (c2) form, and we ^nd the corresponding ^nite family: the q−Krawtchouk OPS.

In [10] different intervals of integration are described in all the cases. Even more, the integral−valued representation of q−Bessel/^⋆Jacobi are obtained in an unusual case: w is complex valued for the positive de^nite cases and in any possible integration interval there are in^nite poles of ω .

6. Our classi�cation and the Askey Scheme. To conclude this work we point out the comparison of our classi^cation scheme with the Askey’s one just as R. Koekoek and R. Swarttouw present it. We emphasize the fact that a work with the hypergeometric feeling shows in a systematic way the q−SL equation. We have established the equivalences through it. By the way our q−Bessel/^⋆Jacobi are alternative q−Charlier. There are very few references about them in the literature.

REFERENCES

[1] G. E. ANDREWS AND R. ASKEY, Classical Orthogonal Polynomials, in PolynĹomes Orthogonaux et Applications, C. Brezinski et al., eds., Lecture Notes in Mathematics 1171, Springer-Verlag. Berlin, 1985, pp. 33-62.

[2] N. M. ATAKISHIYEV, M. RAHMAN, AND S. K. SUSLOV, On classical orthogonal polynomials, Constr.

Approx. 11 (1995), pp. 181-226.

[3] T. S. CHIHARA, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978. [4] M. FRANK, Die Rodriguesformel zwischen Sturm-Liouville und Orthogonalitĺat fĺur den L−Operator von Hahn, Doctoral Dissertation, Universitĺt Stuttgart, Stuttgart, 1992. (In German) [5] A. G. GARCIťIA, F. MARCELL ťAN, AND L. SALTO, A distributional study of discrete classical orthogonal polynomials, J. Comput. Appl. Math. 57 (1995), pp. 147-162.

[6] S. H ĺACKER, Polynomiale Eigenwertprobleme zweiter Ordnung mit Hahnschen q-Operatoren,. Doctoral Dissertation, Universitĺat Stuttgart, Stuttgart, 1993. (In German) [7] W. HAHN, ĺUber Orthogonalpolynome, die q−Differenzengleichungen genĺugen, Math. Nachr. 2 (1949), pp. 4-34.

[8] , Beitrĺage zur Theorie der Heineschen Reihen, Math. Nachr. 2 (1949), pp. 340-379. [9] R. KOEKOEK AND R. SWARTTOUW, The Askey-Scheme of Hypergeometric Orthogonal Polynomials and its q−Analogue, Reports of the Faculty of Technical Mathematics and Informatics, No 98-17, Delft University of Technology, Delft, 1998.

[10] J. C. MEDEM, Polinomios ortogonales q−semiclťasicos, Doctoral Dissertation, Universidad Politťecnica de Madrid, Madrid, 1996. (In Spanish) [11] A. F. NIKIFOROV, S. K. SUSLOV, AND V. B. UVAROV, Classical Orthogonal Polynomials of a Discrete Variable, Springer-Verlag, Berlin, 1991.

[12] A. F. NIKIFOROV AND V. B. UVAROV, Polynomial solutions of hypergeometric type difference equations and their classi^cation, Integral Transforms and Special Functions, vol. 1, No. 3 (1993), pp. 223-249.

[13] N. E. SMAILI, Les polynĹomes E-semi-classiques de classe zťero, Thffiese de 3ffieme Cycle, Universitťe Pierre et Marie Curie, Paris, 1987.

126 q−Classical orthogonal polynomials

SCHEME OF BASIC HYPERGEOMETRIC ORTHOGONAL POLYNOMIALS

(4) Askey-Wilson

(3) Continuous dual q−Hahn

Continuous q−Hahn Big q−Jacobi

∅ æ_{q − Jacobi}

q^{−1}Jacobi

(2) Al-Salam

Chihara q−Meixner Pollaczek

Continuous q−Jacobi Big q−Laguerre

∅ æ_{q − Laguerre}

q^{−1}Jacobi

Little q−Jacobi

0 æ_{q − Jacobi}

q^{−1}Jacobi

(1) Continuous big q−Hermite

Continuous q−Laguerre

Little q−Laguerre

0 æ_{q − Laguerre}

q^{−1}Jacobi q−Laguerre

0 i æ_{q − Jacobi}

q^{−1}Laguerre

(0) Continuousq−Hermite StieltjesWigert

0 i æ_{q − Bessel}

q^{−1}Laguerre

Notations ∅ = non-zero family 0 = zero family f = �nitely positive de�niteness i = indeterminate moment problem − − − = q−classical OPS, 0 < q < 1

F. Marcellťan and J.C. Medem 127

SCHEME OF BASIC HYPERGEOMETRIC ORTHOGONAL POLYNOMIALS (4) q−Racah

(3) q−Hahn

∅ æ_{q − Jacobi}

q^{−1}Jacobi

Dual q−Hahn

∅ f æ_{q − Jacobi}

q^{−1}Jacobi

Big q−Jacobi

(2) q−Meixner

∅ æ_{q − Jacobi}

q^{−1}Laguerre

Quantum q−Krawtchouk

∅ f æ_{q − Jacobi}

q^{−1}Laguerre q−Krawtchouk

0 f æ_{q − Jacobi}

q^{−1}Laguerre

Af�ne q−Krawtchouk

∅ f æ_{q − Laguerre}

q^{−1}Jacobi

Dual q−Krawtchouk

(1) Alternative q−Charlier

0 æ_{q − Bessel}

q^{−1}Laguerre q−Charlier

0 æ_{q − Jacobi}

q^{−1}Laguerre

Al-Salam Carlitz I

∅ æ_{q − Hermite}

q^{−1}Jacobi

Al-Salam Carlitz II

∅ æ_{q − Jacobi}

q^{−1}Hermite

(0) Discrete q−Hermite I

∅ æ_{particular case}

ASC I

Discrete q−Hermite II

∅ æ_{particular case}

ASC II