SOBOLEV ORTHOGONAL POLYNOMIALS: INTERPOLATION AND APPROXIMATION^∗

ESTHER M. GARCíA–CABALLERO^†, TERESA E. PÉREZ^‡, AND MIGUEL A. PIÑAR^‡

Abstract. In this paper, we study orthogonal polynomials with respect to the bilinear form

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1} ))A g(c_0) g(c_1) . . g(c_{N−1})

+^{⟨u, f (N)g(N)⟩,}

where u is a quasi-definite (or regular) linear functional on the linear space P of real polynomials, c_0, c_1, . . . , c_{N−1} are distinct real numbers, N is a positive integer number, and A is a real N ×N matrix such that each of its principal submatrices are nonsingular. We show a connection between these non-standard orthogonal polynomials and some standard problems in the theory of interpolation and approximation.

Key words. Sobolev orthogonal polynomials, classical orthogonal polynomials, interpolation, approximation.

AMS subject classifications. 33C45, 42C05.

1. Introduction. During the past few years, orthogonal polynomials with respect to an inner product involving derivatives (so–called Sobolev orthogonal polynomials) have been the object of increasing number of works (see, for instance [1], [5], [6], [4], [7], [8]). Recurrence relations, asymptotics, algebraic, differentiation properties and zeros for various families of polynomials have been studied. In this paper we study a connection between a particular case of non–standard orthogonal polynomials and standard problems in the theory of interpolation and approximation.

In Section 2, we give a description of the monic polynomials {Q_n}_n which are orthogonal with respect to

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1})

+ ⟨u, f^{(N)}g^{(N)}⟩,

(1.1)

where u is a regular (or quasi-definite) linear functional on the linear space P of real polynomials, c_0, c_1, . . . , c_{N−1} are distinct real numbers, N is a positive integer, and A is a real N × N matrix such that each of its principal submatrices are nonsingular. Let {P_n}_n be the monic polynomials orthogonal with respect to the functional u. If n ≥ N, we have Q_n(c_i) = 0, i = 0, 1, . . . , N − 1, and Q^{(N)}n (x) =^{n!}_{(n−N)!} P_{n−N} (x), while {Q_n}^{N−1}_{n=0} are orthogonal with respect to the discrete part of the symmetric bilinear form (1.1).

In Section 3, we give some examples of monic orthogonal polynomial sequences (in short MOPS) which are orthogonal with respect to the bilinear form (1.1), using the Laguerre and Jacobi linear functionals.

∗Received November 1, 1998. Accepted for publicaton December 1, 1999. Recommended by F. Marcellán. †Departamento de Matemáticas, Universidad de Jaén, Jaén, Spain (emgarcia@ujaen.es). Supported by Junta de Andalucía, G. I. FQM 0178.

‡Departamento de Matemática Aplicada, Instituto Carlos I de Física Teórica y Computacional, Universidad de Granada, Granada, Spain (tperez@goliat.ugr.es, mpinar@goliat.ugr.es). Supported by Junta de Andalucía, G. I. FQM 0229, DGES PB 95-1205 and INTAS-93-0219-ext. 56

In Section 4, we show that the MOPS with respect to (1.1) can be expressed as the interpolation error of an N–th primitive of {P_{n−N} }_{n≥N} , where {P_n}_n is the MOPS associated with the regular linear functional u.

The final section of this paper is devoted to establish the relation between this kind of discrete–continuous Sobolev orthogonality and a problem of simultaneous polynomial interpolation and approximation, in the case when (1.1) is an inner product.

2. The Sobolev discrete–continuous bilinear form. Let P be the linear space of real polynomials, u a regular linear functional on P (see [2]), N a positive integer number, and A a quasi-definite, symmetric and real matrix, that is, a symmetric and real matrix such that all its principal minors are different from zero. The expression

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1})

+ ⟨u, f^{(N)}g^{(N)}⟩,

(2.1)

where c_0, c_1, . . . , c_{N−1} are distinct real numbers, defines a symmetric bilinear form on P.

Since expression (2.1) involves derivatives, this bilinear form is non-standard, and by analogy with the usual terminology we call it a discrete–continuous Sobolev bilinear form. Let w_N (x) =

N−1∏ i=0 (x − c_i).

In the linear space of real polynomials, we can consider the basis given by B = { {l_i(x)}_{i=0,1,...,N−1} , { w_N (x)x^j } j≥0 } , where

l_i(x) =

N−1∏ j=0 j≠i

x − c_j c_i − c_j

, i = 0, 1, . . . , N − 1,

are Lagrange polynomials.

For n ≤ N − 1, the associated Gram matrix G_n is given by the n-th order principal submatrix of the matrix A. For n ≥ N, the associated Gram matrix is given by

G_n = ( A 0 0 B_{n−N} ) , where B_{n−N} is the Gram matrix associated with the quasi-definite linear functional u in the basis B̃ = { D^{(N)}[w_N (x)x^j ], j ≥ 0 } . In both cases, G_n is quasi-definite and therefore, the discrete–continuous Sobolev bilinear form (2.1) is quasi-definite. Thus, we can assure the existence of a sequence of monic polynomials, denoted by {Q_n}_n, which is orthogonal with respect to (2.1). These polynomials will be called Sobolev orthogonal polynomials.

THEOREM 2.1. Let {Q_n}_n be the MOPS with respect to the Sobolev discrete–continuous form (2.1) and let {P_n}_n be the MOPS associated with the regular linear functional u.

i) The polynomials {Q_n}^{N−1}_{n=0} are orthogonal with respect to the discrete bilinear form

(f, g)_D = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1}) , (2.2)

ii) If n ≥ N, then

Q_n(c_i) = 0, i = 0, 1, . . . , N − 1,

(2.3)

Q^{(N)}_n (x) = n! (n − N)!

P_{n−N} (x).

(2.4)

Proof. i) If 0 ≤ n, m < N, then Q^{(N)}_n (x) = Q^{(N)}_m (x) = 0, and obviously

(Q_n, Q_m)_S = (Q_n, Q_m)_D = (Q_n(c_0), Q_n(c_1), . . . , Q_n(c_{N−1}))A

Q_m(c_0) Q_m(c_1) . . Q_m(c_{N−1}) .

ii) For n ≥ N, from the orthogonality of the polynomial Q_n, we deduce

0 = (Q_n, l_i)_S = (Q_n, l_i)_D = (Q_n(c_0), Q_n(c_1), . . . , Q_n(c_{N−1}))A l_i(c_0) l_i(c_1) . . l_i(c_{N−1})

= (Q_n(c_0), Q_n(c_1), . . . , Q_n(c_{N−1}))A 0 . . 1 . . 0 ,

for 0 ≤ i ≤ N − 1. Thus, the vector

(Q_n(c_0), Q_n(c_1), . . . , Q_n(c_{N−1})),

is the only solution of a homogeneous linear system with N equations and N unknowns, whose coefficient matrix A is regular. We conclude that Q_n(c_i) = 0, i = 0, 1, . . . , N − 1, i.e., Q_n contains the factor (x − c_0)(x − c_1) · · · (x − c_{N−1}).

In this way, if n, m ≥ N,

(Q_n, Q_m)_S = ⟨u, Q^{(N)}_n Q^{(N)}_m ⟩ = k̃_nδ_{n,m}, k̃_n ≠ 0.

Thus, the polynomials {Q^{(N)}_n }_{n≥N} are orthogonal with respect to the linear functional u, and equality (2.4) follows from a simple inspection of the leading coefficients.

Conversely, we are going to show that a system of monic polynomials {Q_n}_n satisfying equations (2.3) and (2.4) is orthogonal with respect to some discrete–continuous Sobolev form like (2.1). This result could be considered a Favard-type theorem.

THEOREM 2.2. Let {P_n}_n be the MOPS associated with a regular linear functional u and N ≥ 1 be a given integer. Let {Q_n}_n be a sequence of monic polynomials satisfying i) deg Q_n = n, n = 0, 1, . . . , ii) Q_n(c_i) = 0, 0 ≤ i ≤ N − 1, n ≥ N, iii) Q^{(N)}n (x) =^{n!}_{(n−N)!} P_{n−N} (x), n ≥ N.

Then, there exists a quasi-definite and symmetric real matrix A, of order N, such that {Q_n}_n is the monic orthogonal polynomial sequence associated with the Sobolev bilinear form defined by (2.1).

Proof. Obviously the polynomial Q_n, with n ≥ N, is orthogonal to every polynomial of degree less than or equal to n−1 with respect to a Sobolev bilinear form like (2.1), containing an arbitrary matrix A in the discrete part and the functional u in the second part.

Next, we will show that we can recover the matrix A from the N first polynomials Q_k, k = 0, 1, . . . , N − 1.

Introduce

Q = Q_0(c_0) Q_0(c_1) . . . Q_0(c_{N−1}) Q_1(c_0) Q_1(c_1) . . . Q_1(c_{N−1}) . . . . . . Q_{N−1}(c_0) Q_{N−1}(c_1) . . . Q_{N−1}(c_{N−1}) .

The matrix Q is regular since the system of linearly independent polynomials {Q_n}^{N−1}_{n=0} satisfies the Haar condition (see [3]).

Let D be a diagonal regular matrix. Define

A = Q^{−1}D(Q^{−1})^T .

Obviously A is symmetric and quasi-definite and since

QAQ^T = D,

the polynomials Q_0, Q_1, . . . , Q_{N−1} are orthogonal with respect to the bilinear form (2.1), with the matrix A in the discrete part. Moreover, the diagonal entries of D are (Q_k, Q_k)_S for k = 0, 1, . . . , N − 1.

REMARK. Observe that the matrix A is not unique, because its construction depends on the arbitrary regular matrix D.

3. Examples.

3.1. Laguerre case. Let α ∈ R, and introduce the monic generalized Laguerre polynomials, cf. [8, p. 102],

L^{(α)}_n (x) = (−1)^nn! n∑ j=0 frac(−1)^j j! ( n + α n − j ) x^j , n ≥ 0,

where ( a k ) denotes the generalized binomial coefficient ( a k ) = (a − k + 1)_k k! and (b)_k denotes the Pochhammer’s symbol defined by

(b)_0 = 1, (b)_n = b(b + 1) . . . (b + n − 1), b ∈ R, n ≥ 0.

When α is not a negative integer, Laguerre polynomials are orthogonal with respect to a regular linear functional u^{(α)}. This linear functional is positive definite for α > −1.

We know that the derivatives of Laguerre polynomials are again Laguerre polynomials d dx L^{(α)}_n (x) = nL^{(α+1)}_{n−1} (x), n ≥ 1.

Let {Q_n}_n be the sequence of monic polynomials given by

Q_n(x) = L^{(α−N)}_n (x), n = 0, 1, . . . , N − 1,

(3.1)

Q_n(x) = L^{(α−N)}_n (x) −

N−1∑ i=0 L^{(α−N)} n (c_i)l_i(x), n ≥ N,

(3.2)

where l_i(x), i = 0 . . . N − 1, are the Lagrange polynomials. It follows from Theorem 2.2 that the sequence {Q_n}_n is orthogonal with respect to the Sobolev bilinear form

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1})

+ ⟨u^{(α)}, f^{(N)}g^{(N)}⟩,

where c_0, c_1, . . . , c_{N−1} are distinct real numbers and the matrix A is given by

A = Q^{−1}D(Q^{−1})^T ,

Q is the matrix of Laguerre polynomials {L^{(α−N)}_n }^{N−1}_{n=0} evaluated at c_0, c_1, . . . , c_{N−1}, i.e., Q = ( L^{(α−N)} n (c_i) ) i,n=0,...,N−1

and D is an arbitrary regular diagonal matrix.

3.2. Jacobi case. For α and β real numbers, the generalized Jacobi polynomials can be defined by means of their explicit representation

P^{(α,β)} n (x) = n∑ m=0 ( n + α m ) ( n + β n − m ) ( x − 1 2 )_{n−m} ( x + 1 2 )_m , n ≥ 0,

see [8, p. 68].

When α and β are nonnegative integers, Jacobi polynomials are orthogonal with respect to a regular linear functional u^{(α,β)}. This linear functional is positive definite for α, β > −1.

Let P̃^{(α,β)}_n (x), n ≥ 0, be monic Jacobi polynomials. We know that the derivatives of Jacobi polynomials are again Jacobi polynomials d dx P̃^{(α,β)} n (x) = nP̃^{(α+1,β+1)} n−1 (x), n ≥ 1.

Let {Q_n}_n be the sequence of monic polynomials given by

Q_n(x) = P̃^{(α−N,β−N)} n (x), n = 0, 1, . . . , N − 1,

(3.3)

Q_n(x) = P̃^{(α−N,β−N)} n (x) −

N−1∑ i=0 P̃^{(α−N,β−N)} n (c_i)l_i(x), n ≥ N,

(3.4) where α, β and α + β − 2N + 1 are not negative integers. It follows from Theorem 2.2 that the sequence {Q_n}_n is orthogonal with respect to the Sobolev bilinear form

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1})

+ ⟨u^{(α,β)}, f^{(N)}g^{(N)}⟩,

where c_0, c_1, . . . , c_{N−1} are distinct real numbers and the matrix A is given by A = Q^{−1}D(Q^{−1})^T , where Q = ( P̃^{(α−N,β−N)} n (c_i) ) i,n=0,...,N−1

and D is an arbitrary regular diagonal matrix.

REMARK. Jacobi polynomials {P̃^{(−1,−1)}_n }_{n≥2} contain for n ≥ 2, the factor x^2 − 1. Therefore, for α = β = 1, N = 2 and c_0 = 1, c_1 = −1, Theorem (2.2) provides Sobolev orthogonality for these polynomials (see [6]).

4. Sobolev Orthogonal Polynomials and Interpolation. Let {Q_n}_n be the MOPS with respect to the Sobolev discrete–continuous form (2.1) and let {P_n}_n be the MOPS associated with the regular linear functional u. Then the polynomials {Q_n}_n can be expressed as the interpolation error of a N–th primitive of {P_{n−N} }_{n≥N}

THEOREM 4.1. Let the MOPS {Q_n}_n and {P_n} be defined as above, and let {R_n}_{n≥N} be a sequence of N-th monic primitives of the polynomials {P_{n−N} }_{n≥N} . Then

Q_n(x) = R_n[c_0, c_1, . . . , c_{N−1}, x]

N−1∏ i=0 (x − c_i), n ≥ N,

where R_n[c_0, c_1, . . . , c_{N−1}, x], n ≥ N, denotes the usual divided difference.

Proof. Integrating in (2.4) N times, we obtain

Q_n(x) = R_n(x) +

N−1∑ i=0 A_il_i(x), n ≥ N,

where l_i(x), i = 0, . . . , N − 1, are the Lagrange polynomials. Using (2.3), we deduce A_i = −R_n(c_i), i = 0, . . . , N − 1.

Hence

Q_n(x) = R_n(x) −

N−1∑ i=0 R_n(c_i)l_i(x), n ≥ N,

i.e., for n ≥ N, Q_n(x) for n ≥ N is the error of interpolation of the polynomial R_n(x) at c_0, c_1, . . . , c_{N−1} (see [10], p. 49), and therefore

Q_n(x) = R_n[c_0, c_1, . . . , c_{N−1}, x]

N−1∏ i=0 (x − c_i), n ≥ N, where R_n[c_0, c_1, . . . , c_{N−1}, x], n ≥ N, are the divided differences.

REMARK. In section 3 we observe that Q_n, n ≥ 0, given by (3.1) and (3.2), is the interpolation error of Laguerre polynomials L^{(α−N)}_n at c_0, c_1, . . . , c_{N−1}. Analogously Q_n, n ≥ 0, given by (3.3) and (3.4), is the interpolation error of Jacobi polynomials P^{(α−N,β−N)} n at c_0, c_1, . . . , c_{N−1}.

THEOREM 4.2. Let {R_n}_n be a sequence of monic polynomials such that deg R_n = n, n = 0, 1, . . ., and let {Q_n}_n be the sequence of polynomials determined by

Q_n(x) = R_n(x), n = 0, 1, . . . , N − 1,

(4.1)

and let

Q_n(x) = R_n(x) −

N−1∑ i=0 R_n(c_i)l_i(x), n ≥ N,

(4.2)

where c_0, c_1, . . . , c_{N−1} are distinct real numbers.

If {R^{(N)}_n }_{n≥N} is an orthogonal polynomial sequence with respect to some regular linear functional u, then there exists a quasi-definite and symmetric real matrix A, of order N, such that {Q_n}_{n≥N} is the MOPS associated with the Sobolev bilinear form defined by (2.1).

Proof. By (4.1) and (4.2) we have deg Q_n = deg R_n = n, and for n ≥ N we have

Q_n(c_j ) = R_n(c_j ) −

N−1∑ i=0 R_n(c_i)l_i(c_j ) = R_n(c_j ) −

N−1∑ i=0 R_n(c_i)δ_{ij} = 0.

Moreover,

Q^{(N)}_n (x) = R^{(N)}_n (x) = n! (n − N)!

P_{n−N} (x), n ≥ N,

where {P_n}_n is the MOPS associated with u.

From Theorem (2.2) it follows that {Q_n}_n is the MOPS with respect to the bilinear form defined by (2.1), where

A = R^{−1}D(R^{−1})^T

R = R_0(c_0) R_0(c_1) . . . R_0(c_{N−1}) R_1(c_0) R_1(c_1) . . . R_1(c_{N−1}) . . . . . . R_{N−1}(c_0) R_{N−1}(c_1) . . . R_{N−1}(c_{N−1})

= Q_0(c_0) Q_0(c_1) . . . Q_0(c_{N−1}) Q_1(c_0) Q_1(c_1) . . . Q_1(c_{N−1}) . . . . . . Q_{N−1}(c_0) Q_{N−1}(c_1) . . . Q_{N−1}(c_{N−1}) ,

and D is an arbitrary regular diagonal matrix.

5. Sobolev Orthogonal Polynomials and Approximation. This kind of discrete– continuous Sobolev orthogonality can be related to simultaneous polynomial interpolation and approximation when (2.1) is an inner product. Assume that u is positive definite and that A is a positive definite, symmetric and real matrix. Since u is positive definite, there exists a positive definite Borel measure μ satisfying

⟨u, f⟩ = ∫ R f(x)dμ(x)

(see [2, p. 57]), and the discrete–continuous Sobolev inner product (2.1) can be written as

(f, g)_S = (f(c_0), f(c_1), . . . , f(c_{N−1}))A g(c_0) g(c_1) . . g(c_{N−1}) + ∫ R f^{(N)}(x)g^{(N)}(x)dμ(x).

(5.1)

Let I the convex hull of the set supp(μ) ∪ {c_i}^{N−1}_{i=0} , and introduce the Sobolev space

W^N_2 [I, dμ] = {f : I −→ R; f ∈ C^{N−1}(I), f^{(N)} ∈ L^2_μ(I)}.

Define the norm |f|_S = √ (f, f)_S in W^N_2 [I, dμ]; thus W^N_2 [I, dμ] becomes a normed linear space (see [3], p. 160). This space is strictly convex (see [3], p. 141). Therefore the problem of best approximation in W^N_2 [I, dμ] has a unique solution.

We want to compute the best approximation of f ∈ W^N_2 [I, dμ] related to P_n. It is well know that v ∈ P_n is the best approximation of f ∈ W^N_2 [I, dμ] if and only if f − v is orthogonal to P_n.

THEOREM 5.1. Let f ∈ W^N_2 [I, dμ]. The best approximation of f in (P_n, (·, ·)_S ) is the N–th primitive of the best approximation of f^{(N)} in (P_{n−N} , dμ) that interpolates f at c_0, c_1, . . . , c_{N−1}.

Proof. Let w be the best approximation of f^{(N)} in (P_{n−N} , dμ). Let v be the N–th order primitive of w that interpolates f at c_0, c_1, . . . , c_{N−1}. Therefore

(f − v, q)_S = (f − v, q)_D + ∫ R (f^{(N)} − v^{(N)})q^{(N)}dμ

= (f − v, q)_D + ∫ R (f^{(N)} − w)q^{(N)}dμ = 0, ∀q ∈ P_n.

Thus, v is the best approximation of f in (P_n, (·, ·)_S ).

Let {Q_n}_n be the MOPS with respect to the Sobolev discrete–continuous inner product (5.1). Let v be the best approximation of f ∈ W^N_2 [I, dμ] in (P_n, (·, ·)_S ).

We know that v = n∑ i=0 (f, Q_i)_S ‖ Q_i ‖^2_S

Q_i,

where (f, Q^i)^S

‖ Q_i ‖^2_S are the Fourier coefficients of v.

THEOREM 5.2. Let {Q_n}_n and v be defined as above.

i) If n ≤ N − 1, then v = n∑ i=0 (f, Q_i)_D ‖ Q_i ‖^2_D

Q_i.

ii) If n ≥ N, then v = N−1∑ i=0 (f, Q_i)_D ‖ Q_i ‖^2_D

Q_i + n∑ i=N (i − N)! i! ⟨u, f^{(N)}P_{i−N} ⟩ ⟨u, P^2_{i−N} ⟩

Q_i.

REMARK. We observe that the coefficients

⟨u, f^{(N)}P_{i−N} ⟩ ⟨u, P^2_{i−N} ⟩

are the Fourier coefficients of the best approximation of f^{(N)} in (P_{n−N} , dμ).

REFERENCES

[1] M. ALFARO, T.E. PÉREZ, M.A. PIÑAR, AND M.L. REZOLA, Sobolev orthogonal polynomials: the discrete–continuous case, Methods and Appl. of Anal., (to appear) .

[2] T.S. CHIHARA, An Introduction to Orthogonal Polynomials, Gordon and Breach, New York, 1978. [3] P.J. DAVIS, Interpolation and Approximation, Dover Publications, New York, 1975. [4] I.H. JUNG, K.H. KWON, AND J.K. LEE, Sobolev Orthogonal Polynomials relative to λp(c)q(c) + ⟨τ, p^′(x)q^′(x)⟩, Comm. Korean Math. Soc. 12 (3) (1997), pp. 603–617.

[5] K.H. KWON, AND L.L. LITTLEJOHN, The Orthogonality of the Laguerre Polynomials {L^{(−k)}_n (x)} for positive integers k, Annals of Numerical Mathematics, 2 (1995), 289–304.

[6] , Sobolev Orthogonal Polynomials and second-order differential equations, Rocky Mountain J. Math., 28 (2) (1998), pp. 547–594.

[7] F. MARCELLÁN, T.E. PÉREZ, M.A. PIÑAR, AND A. RONVEAUX, General Sobolev Orthogonal Polynomials, J. Math. Anal. Appl., 200 (1996), 614–634.

[8] T.E. PÉREZ, AND M.A. PIÑAR, On Sobolev Orthogonality for the Generalized Laguerre Polynomials, J.

Approx. Theory, 86, (1996), 278–285.

[9] G. SZEGŐ, Orthogonal Polynomials, Amer. Math. Soc. Colloq. Publ. 23, Amer. Math. Soc., Providence, RI, 1975 (4th edition).

[10] J. STOER, AND R. BULIRSCH, Introduction to Numerical Analysis, Springer, 1993 (2nd ed.).