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Smooth dependence on parameters for some
functional-differential equations
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Abstract

I this paper we study the smooth dependence on parameters for

the following equation:
a'(t, ) = ft,x(t,A),2(g(t), A), N), t € [a,b]
by using theorem of fibre contraction.
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1 Introduction

The purpose of this paper is to study the following problem:

(1) (6, N) = f(t,z(t, \),z(g(t),\),\), t € [a,]]
(2) x(t,\) = p(t,\), t € [ar,a],A € J
where
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(Hp) a1 <a<b, JCR, acompact interval.
(Hy) g € (Cla,b], [a1,0]), ¢ € C (a1, a] x J), f € C*([a,b] x R*™ x J).
(Hs) Exists Ly > 0 such that H%{(t,ul,u%)\)HRn < Ly, forallt € [a,b],
w €RY i=T1,2, A€ J.
(H3)2L;(b—a) < 1
We note X = C([aq,b] x J).
The problem (1) + (2) is equivalent with
t

(3) 2(t,\) = ola,\) + aff(s,x(s, A),z(g(s), A))ds, t € [a,b]

So(ta )‘)7 te [al? a]
We consider the following operator: B : X — X,
t

B(z)(t,\) = e(a,\) + aff(S,I(S,A)ax(Q(S)A))ds, t € [a,b]

o(t, \) ,t € [ay,a]

We need the theorem of fiber contractions(see [3]).
Theorem 1.Let (X,d) and (Y, p) be two metric space and
A: X xY - X xY A(x,y) = (B(z),C(x,y)).

We suppose that

(i)(Y, p) is a complete metric space .

(ii) The operator B : X — X is weakly Picard operator.

(i1i) There exists a € [0,1) such that C(x,-) is an a-contraction,for all
r e X.

(w)If (x*,y*) € Fy then C(-,y*) is continuous in x*.

Then A is weakly Picard operator.If B is Picard operator then A is a

Picard operator.
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2 Main results

Differentiability with respect the parameters was studied in [2],[4].
For z € Clay,b] x J we have:

_ £\ .
|z]c (t,A)rerm]XJHf(, ) |r

(X, ] |c) has a structure of Banach space.

Proposition 1. We suppose that the conditions (Hy), (H1), (Ha), (Hs), are
satisfied. Then:

i) the problem (1) + (2) has an unique solutions x* € X

i) x*(t,-) € CY(J), for allt € |ay,bi).

Proof. From

1B(2)(t,A) = B(y)(t, Ml|gn <

S/Hf(SﬁC(SJ\)aSC(g(S)’>\)a>\)—f(S,y(&A),y(g(S)J)’)\)HRnds§

<Ly / (s, A) = y(s, Mlre + [[2(g(5), A) = y(g(s), M| |gnds <

<2Ls(b = a)llz = yllo

we have that the B is Picard operator.It follow that there exists a unique
solution z*(t, \) € X.
We have

t

(4) (1, A) = w(a, A) +aff(saﬁv*(s,)\),w*(g(s),)\),)\)ds, t € la,b

o(t, A) ,t € lay,d]
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We consider the operator C': X x X — X.

(2243 + ja— $),X),(g(), \), A) - y(s, A)ds+

Oty = T4 o
J

\ O\
We show that C(x,-) : X — X is a contraction.

1C (2, y)(t,A) = O, 2) (8, A)[[ee <

t

<Ly / (ly(s, A) = 2(s, Mllen + [ly(g(s), A) = 2(g(5), M |gn) ds <

a

< 2Lg(b—a)lly — zlle

From fiber contractions theorem we have that the operator A : X x X —

X xX,
A(z,y) = (B(x), C(z,y))
is a Picard operator.

So, the sequences

Tpr1 = B(z,), n €N
Yn+1 = C(wnv yn)v neN

converges uniformly (with respect to t € [a1,b], A € J) to (z*,y*) € Fa, for

all T, Yo € X.
If we take o = 0,y = % = 0, then

21(t,\) = Blao)(t,\) = #la,A)+ [ [(5,0,0,\)ds, £ € [a, ]

o(t, \) , t € lay,al
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( 7/\) (anyO)(t’ )‘) =
Q‘@ t—f S S a,
_ o5 (a ;I[a ,0,0,\)ds, t € [a,b] @;;(t ».
%;(t \), € [ara

We suppose that y,(t,\) = %x)\” (t, ).

We show that y,1(¢,\) = &g”)\“ (t, ).

Tnt1 (ta )‘> = B(xn)<t7 )‘) =

t

o(a, N) + [ f(s,2n(s,N), 20 (g(s), N))ds, t € [a,b]

- a

o(t, \) , t € ay,al
yn+1(ta )‘) = C(xm yN)(t7 )‘) =

t

G20 N) 4 J G20, 0), 22009, 1) g5, A
) —i—aft%j;(s,xn(s,)\),xn(g(s),)\),/\)yn(s,A)ds—i—
41 L (5,005, 2), 2ag(5), X), Vs, ¢ € [a 1]
| 220 tefond

oz,

B (5,005, 0), 2095, 00, 0) G (s, N+

A (8, (s, ), 20 (g(8), N), N)ds, t € [a, ]

Thus,

T, — T asn — 00,

N+ DL (5,005, 0), 2 9(5), X)X\ B 5, V) s+
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oz,
o\

— y" as n — oo.

These imply that there exists T and % =y*.
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