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Abstract

In this paper we study the following inequalities

z(t) < A+ B/ac(g(s))ds,t € [a,b],A,B € R,

a
and hears applications to study of data dependence for functional

differential equations.
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1 Introduction

A study about integral- inequalities with modified argument was made in
[1].We will study below the integral-inequalities:

(1) z(t) < A+ B/x(g(s))ds,t € [a,b],A,B e R,

a

99
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where:
(H1) g : [a,b] — [a1,b],9 € C*([a,b]) with the derivate that satisfies

the following condition:
—1<g/(t) <m <0, for all t € [a,b].
An example of that function is the follows:
Example 1.1.
g:la,b] — a1, b], a1 < a,g(t) = =%t — § with:
(i) a<0,b<0,-1< -3 <m<0.
(ii) ¢ = —a* — b%.
Next we consider the following set:
S, ={x € C([a,b],Ry) | z(s) + ¢'(s)x(g(s)) > 0 for all s € [a, b],
Cla,b,Ry = {x : [a,b] — R,z continuous}

Remark 1.1. We observe that S, is the closed set with respect to the topo-
logy generated by the uniform norm and 0 € S,.

Remark 1.2. From the condition
z(s) + ¢'(s)x(g(s)) >0, for all s € [a,b]

by integrating on [a,t] we obtain

which implies
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Next ,we define the Picard operator and weakly Picard operator notions

on a metric space X by (see [5]):

Definition 1.1. (i)An operator A : X — X is weakly Picard operator
(WPO) if the sequence
(A™(2))nen

converges ,for all x € X, and the limit (which may depend on x ) is a fized
point of A.

(11)If the operator A is WPO and Fy = {z*}then by definition A is a
Picard operator(PO).

Here F, is the fixed points set of A and A™ is the n order iteration of
the operator A.

Next we use the following theorem see [5]:

Theorem 1.1. Let (X, d) and (Y, p) be two metric space and
A: X XY = X XY, A(x,y) = (B(x),C(x,y)).

We suppose that

(i)Y, p) is a complete metric space .

(ii) The operator B : X — X is weakly Picard operator.

(iii) There ezists a € [0,1) such that C(x,-) is an a-contraction,for all
r e X.

(w)If (x*,y*) € Fy then C(-,y*) is continuous in x*.

Then A s weakly Picard operator.If B is Picard operator then A is a

Picard operator.

Data dependence with respect to initial conditions was study in [2],[3],[4]
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2 Main results
Proposition 2.1.If zy € S, is an solution of inequalities (1) then :

zo(t) < Ae=m (=),

Proof. Because g is strictly decreasing wel make the variable change

g(s) = u and we obtain:

9() 9(a)
B
zo(t) < A+ B / zo(u) (g™ (u))du < A+ — / zo(u)du <
-m
9(a) 9()

t
B
<A+ —/xo(s)ds.
-m
From Gronwall Lema we have:
2o(t) < Ae=m (=9,

Next we consider the following Cauchy problem:

(2) 2'(t) = f(t,x(g(t))),t € [a,b]

(3) z(t) = p(t) .t € lay,al.

where:
(Hy) f € C([a,b] xR"), f(t,0) = 0, for allt € [a,b] ,» € C([a,al,[—b,b]").
(H3) There exists Ly < T are Such that Hg—i(t,u)HRn < Ly for all
t €la,bl,u e R"i=1,n.
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The problem (2)+(3)is equivalent with

t

(4) ety =1 7 J f(s,wlg(0)ds, ¢ € [a,b

o(t) , t € lay,al
Further wel apply the Banach principle to the restriction of operator L
at closed ball from C([a1,b]) conveniently chosen , where L : C([ay,b]) —
C([a1,0]) is defined by :
4
N I GRY FC OO
o(t) , L€ ay,al

On C([ay,b]) we define the Bielecki norm :

|zl = max [lo(t)||pne "),

tE[al,b]
eT(b—(l1)
Because > (b—ay)e for all 7 > 0 and using that % > (b—ay)e
T0(b—a1) -
we choose 75 > 0 such that ¢ < mn
To L

f
Next,we choose in the definition of Bieleski norm this 7.

For g which satisfied the hypothesis (H;), we define the following set:
Sgn = {z € C([a,b], R") | [|2(5)[|rn+9'(5)[|2(g(s))[lr» = O, for all s € [a, b]}

(H4) We suppose that there exists a set A C S, such that for all z,y € A
we have z +y € A.

Remark 2.1. For g having the property (Hy) the set A = {ce™ | c,a €
R.} C Sy verifies (Hy).

Proposition 2.2. We suppose that:
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(a)The hypothesis (Hy) — (Hy) are satisfied.

(b)There exists R > i such that B(0, R) C A

. Ly gTo(b—a1))

—TmMTy

Then :
(i) The problem (2)+(3) are a unique solutions (-, ).
(ii) The solution x(t, ) is continuous with respect the p.

Proof. First we show that B(0, R) is a invariant set for the operator L.
Let be z € B(0, R).Then

t

o < b+/Lfo< ()

a

[ (t)

reds < b+ LfR/ 9(9)=a) g <

9(a) 7o(t—a) t
e €S 1
<b+ M / emo(w=a1) 7., < g b+ ﬁ e(s—an) gg <
—m —-m

g(t) a
LfR o(b—a1) )
—mT

<b+

It follow that | Az| g < ||Az|c < b—i—%ﬁeﬂb*“l). Here ||| is Chebyshev
norm.

We obtain that L(B(0, R)) C B(0, R).

Let be z,y € B(0, R).Then

[Az(t) — Ay(t) ||z < Ly / lz(g(s)) — y(g(s))llgnds <

g(a)

L —a
/Ha: )H]Rndu< H:U—yHB/eTO(“ Uy <

g(t)

/\

t
L —a L a
< j!lx—y!\B/ew Vds < — e ||z — | .

T —mTy
a
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We obtain that L is a contraction map on B(0, R). In consequence there
exists a unique solution z(, ) in B(0, R) of (2)+(3)

(ii) We suppose that there exists 7 > 0 such that ||¢1 () —p2(t)||gn < n for
all t € [ay,a].Let be z(-, 1), x(+, ¢2) the solutions for the Cauchy problem
(2)+(3)with initial conditions ¢y, ¢2.Then

ru<¢o—at@ww<n+/wx ) 1) — 2(g(s), 02) lznds <

g(a)

/u wo1) 1wwww<m——/W8%)@wa®
g(t)

Result that ||z(¢, 1) — x(t, p2)||rr < e~ =L -a),

Next we consider the following Cauchy problem:

(6) (1) = f(t,2(g(t), V) tela b, A e

(7) z(t) = () ,t € [ay,d]
where J C R a compact interval,and

(Hs) f € CYla,b] x R™ x J),f(t,0) = 0, forall ¢t € |[a,b],
€ C([ay,a],[—b,b]").

(Hg)There exists Ly, M € Ry, Ly < 7= such that H (t Uy A)||gn <
Ly, % (t,u,\) < M for all t € [a,], ueR” )\EJ

The problem (6)+(7) is equivalent with:

e(a) + [ f(s,z(g(s), \)ds ,t€a, b, e JCR

() € [ay,al
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Proposition 2.3. We suppose that:
(a)The hypothesis (Hy), (Hy), (Hs), (Hg) are satisfied.

(b)There exists R > max

that B(0,R) C A
Then :
(i) The problem (6)+(7) are a unique solutions z(-,,\) € B(0, R).
(ii) The solution x(t,, \) is derivable with respect the A.

Proof. Using the Proposition 2.2 ;we have that there exists a unique

solutions Z(t, p, A) which verify

©) o) = p(a) +aff(saf((g(S),so,A)A)dsat € [a, b]
©(t) .t € [ay,al

We consider C defined on B(0, R) x B(0, R),by

(10) Cla, y)(t) =

Q

J 2 (s, 2(a(s). M)u(g(s), Nds + [ 2 (s, 2(g(5). N), A).t € [a, 8]
0 ,t € [ay,a]
From

t 9(a)
ICG ) Ol < [ sl lds+3(b-0) < [ y(@laodut210-a)

a g(t)

Ly e™(b—ay)

—m To

<

R+M((b—a)<R
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we have C(B(0,R) x B(0, R)) C B(0, R) Let be z € B(0, R) From

Iz, y)(1) = Cla, 2)(O)|lrn < Ly / ly(g(s) = 2(g(s)))llrnds <

Ly e™(b—ay
< Ny = 2l
—m To

we have that C(z,-) is a contraction map.It follow that
Tpy1 = L(z,),n >0

Yn+1 = C(l‘n,yn),n >0

converges uniformly (with respect to t € [a,b]) to (T,7) € Fa, for all

Zo, Yo € C([ala b])
81‘1
If we take o = 0,y9 = 0,then y; = —.
d¢

By induction we prove that

Thus
T, — T as n — 00
%
o\
These imply that there exists % and % =7.

— 7y asn — 0.
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