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Abstract

In this paper we shall extend the first-order linear differential
superordination defined by the authors in [2] to a first-order nonlinear

differential superordination of the form:
U C {A2)20' (2) + u(2)p*(2) + p(2); z € U},
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1 Introduction

Let ©2 be any set in the complex plane C, let p be analytic in the unit disk

U and let ¢(r,s,t;z) : C* x U — C. In a series of articles the authors and
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many others [1] have determined properties of functions p that satisfy the

differential subordination

{(p(2), 20/ (2), 2D (2);2)| 2z € U} C Q.

In this article we consider the dual problem of determining properties of

functions p that satisfy the differential superordination

Q C {$(p(2), 2'(2), 2/ (2); 2)| = € U}.

This problem was introduced in [2].
We let H(U) denote the class of holomorphic functions in the unit disk
U={z€C: |2/ <1}. Fora e C and n € N we let

Hla,n] = {f € H(U), f(2) =a+ apz" + app1 2" +..., z€ U}.

For0 <r<1,welet U ={z€C, |z] <r}.
Definition 1. [2] Let ¢ : C* x U — C and let h be analytic in U. If p and
o(p(z),zp'(2); 2) are univalent in U and satisfy the (first-order) differential

superordination
(1) h(z) < ¢(p(2), 2p'(2); 2)

then p is called a solution of the differential superordination. An analytic
function q is called a subordinant of the solutions of the differential super-
ordination, or more simply a subordinant if ¢ < p for all p satisfying (1).
A univalent subordinant q that satisfies ¢ < q for all subordinants q of (1)
15 said to be the best subordinant. Note that the best subordinant is unique

up to a rotation of U.
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For Q a set in C, with ¢ and p as given in Definition 1, suppose (1) is
replaced by

(1) Q C{e(p(2),2p'(2);2)| = € U}

Although this more general situation is a ”differential containment” | the
condition in (1 will also be referred to as a differential superordination, and
the definitions of solution, subordinant and best dominant as given above
can be extended to this generalization.

Definition 2. [2] We denote by Q the set of functions f that are analytic
and injective on U \ E(f), where

E(f) ={¢ €U : lim f(z) = oo}
and are such that f'(¢) # 0 for ¢ € OU \ E(f).
The subclass of Q for which f(0) = a is denoted by Q(a).
Definition 3. [2] Let Q be a set in C and q¢ € Hla,n| with

q(z) # 0. The class of admissible functions ¢,[2,q], consists of those

functions ¢ : C?> x U — C that satisfy the admissibility condition

(2) © (Q(Z)a Zq/<z)'€> €

m )
where z € U, ( € OU and m > n > 1.
In order to prove the new results we shall use the following lemma:

Lemma A. [2] Let Q C C, q € H[a,n], ¢ : C? x U — C, and suppose that
(3) p(q(2), 124 (2); ) € O,

),
forze U, (€U and 0 <t < % <1. IfpeQa) and p(p(z), zp'(2); 2) is

univalent in U, then

Q C {o(p(2), 2p'(2); 2)| = € U} implies q(z) < p(2).
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Lemma B. [1 , Lemma 2.2.d p. 24] Let q¢ € Q, with q(0) = a, and let
p(2) = a4 anz™ + ap 2" 4L

be analytic in U with p(z) # a and n > 1. If p is not subordinate to q,
then there exist points zo = ree’® € U, ro < 1 and ¢y € OU \ E(q), and an
m >n > 1 for which p(U,,) C q(U),

(i) p(20) = q(Co)

(it) zop'(20) = mGoq'(Co), and

Zop/(Zo) [
111) Re + 1 > mRe

COq,<CO)
Q'(Co)

w1

2 Main results

Theorem 1. Let \,p : U — C with |MNQ)] < 1, [u(Q)] < 1, ¢ = €7,
p € H[0,1]NQ and let

A2)z2p'(2) + p(2)p° (2) + p(2)

be univalent in unit disk U.
If
U C {\2)2p'(2) + u(2)p*(2) + p(2); z € U}
2 = M2)2p'(2) + p(2)p*(2) + p(2)

then

U, CpU) orrz <p(z),
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where 1 is given by

(4) r=v2-1.

Proof. Let Q = {w € C| |w| < 1} = U and let ¢(z) = rz, q(U) = U, =
{we C| |w| <r}=A.
We let

o(p(2), 20/ (2); 2| 2 € U) = AM2)2p/(2) + u(2)p*(2) + p(2).

In order to apply Lemma A to prove this result we only need to show

that admissibility condition holds

lp(q(2),t2q' (2); O = INO)tzq (2) + 1(C)d* (2) + a(2)]
= [MQ)trz + u(Q)r?2? + rz| = |2r| M)t + p(Q)rz + 1
<r[IMOE+ 1]+ 72| - [u(Q)] = r? +2r < 1.

Since |p(q(z),t2¢'(2); )| € U, by using Lemma A it results U, C p(U),
or 1z < p(z).
Remark 1. If u(z) = 0, we obtain the result from [2, Theorem 10]. If
Az) = —z, u(z) = 1 then the differential equation

—z-2q'(2) + ¢*(2) +q(2) = 2

has the univalent solution ¢(z) = z. Hence from the sharp form of Theorem
1 we obtain the following result.

Corollary 1. If p € H[0,1] N Q and —2%p'(2) + p*(2) + p(2) is univalent,
then z < —z22p/(2) + p*(2) + p(z), implies

z=<p(z), zel.
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The function z is the best subordinant.
Remark 2. If A(z) = 1, pu(z) = 0, we obtain the result from [2, Corollary
10.1].
—z

1
If \(2) = T w(z) = 7 then the differential equation

2 () b 1) +ale) = 2

has the univalent solution ¢(z) = z. Hence from the sharp form of Theorem
1 we obtain the following result.
Corollary 2. Ifp € H[0,1] N Q and

2p'(2) + izf(z) + ()

z
4

18 univalent, then
implies

The function z is the best subordinant.
Theorem 2. Let N > 1, M >0, \,;u: U — C, with |\(2)|> +Re A(2) >0,
p € H[0,1]NQ, and

MIIA(z) + 1] = M|p(2)[] = N.

If
A(2)2p'(2) + u(2)p*(2) + p(2) < Nz

then
p(z) < Mz.
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Proof. If we let

then
(5) lw(z)| < N.

Let q(2) = M=z. If p(z) 4 q(2), then by Lemma B there exist 2y € U,
¢ € OU and m > 1 such that p(z9) = ¢({) = M and zop'(20) = m(q'(¢) =
mM¢.

For zy € U we have

E = |w(z0)| = [A(z0)20p'(20) + 1(20)p"(20) + p(20)] =
= [A(z0)mN M + pu(z0) M?¢ + M| =
= M|A(z0)m + p(20) M ¢ + 1] = M[[Mz0)m + 1| = M|u(z0)]]-

From |A(2)[* + Re A(z) > 0 we have
|A(zo)m + 1] > |A(z0) + 1]

Hence

E > M{]A(z0) + 1] = Mlu(z0)]] > N.

Since this contradicts (5), we obtain the desired result p(z) < Mz.
Under the conditions of Theorem 1 and Theorem 2 we have the following

sandwich type result.

Corollary 3. If

2 < M2)2p/(2) + u(2)p*(2) + p(2) < Nz



90 Georgia Irina Oros

then

rz < p(z) < Mz,

where r is given by (4) and M > 0.
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