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Abstract
In his notebooks [9], Ramanujan recorded several values of theta-
functions. B. C. Berndt and L-C. Zhang [6], Berndt and H. H. Chan
[5] have proved all these evaluations. The main purpose of this pa-
per is to establish several new explicit evaluations of ratios of theta-
functions. We also explicitly determine a(e‘2‘/§”), a(e2V2/9m), a(e‘ﬁ”)

and a(e”V?/°7), where a(q) is the Borweins cubic theta-function.
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1 Introduction

Ramanujan’s general theta-function [2] is defined by

f(a,b): Z an(n+1)/2bn(n71)/2’ ]ab[ < 1.

n=—oo
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Let
#(q) = > 0" = ()% (0% )
= et (@754
¥(q) = f(q, 4% an = D)
and
X(—=q) = (¢;¢7) oo
where
(@;q)oo = [J(1 —ag"), | g |< 1
n=0
Let
1 r—1
= = — 1
z(r) 2(z,1r) = oF} (r’ m_— ,x)
and

2F1(r7 r 7171 —$))
QFl( 11’) .

’I"”I””

et (e ()

Let n denote a positive integer and assume that

(1 1) nQFl( )y ,171—(1) 72F1('r’r'rl’1’1_ﬁ)
. 2F1(7” 7‘1’17a) 2F1(3‘7TT1717Q) ’

where r = 2,3,4,6 and 0 < x < 1. Then a modular equation of degree n is
a relation between a and [ induced by (1.2).

Ramanujan recorded 23 beautiful P — @) eta-function identities involv-
ing quotients of eta-functions in Chapter 25 of his notebooks [9]. Three
of these P — () identities have been proved by Berndt and Zhang [6] by
classical means on employing various modular equations of Ramanujan [2,

pp.156-160]. To establish the remaining P — () identities Berndt and Zhang
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[3, pp-204-236] have used the theory of modular forms. Recently M. S. Ma-
hadeva Naika [8] and S. Bhargava, C. Adiga and Mahadeva Naika [7] have
obtained a new class of P — @) identities on employing modular equations
belonging to alternative theory of signature 4. These P — () identities are
extremely useful in the computation of class invariants and the values of
ratios of theta-functions.

In his notebooks [9], Ramanujan recorded several values of ¢(q). Each
of these values and some new values of ¢(q) not claimed by Ramanujan
have been proved by Berndt and Chan [5] on using Ramanujan’s modular
equations and class -invariants [4]. Also,they have been able to obtain
an explicit evaluation of a(e™2"), where a(q) is the Borweins’ cubic theta-
function.

In Section 2, we establish relationships among ¢, s,, and u,,, where

n—1
_ 47 (—4"q")

s (—¢;9)o
~ p(—q)
=
and
Up = S_TL = n}f«D )

where n > 1.
We use these relationships, to establish several new explicit evaluations

of ratios of theta-functions. Also we obtain some new values for a(q).
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2 Evaluations of Ratios of Theta-functions
and a(q)
Let the Ramanujan -Weber class invariants [4], [8] be defined by
Gn =27 (—q; %)

and

gn =277 (g1 ¢),

where ¢ = e~™", n is a positive rational number.

In his notebooks [9], Ramanujan recorded the values for 107 class in-
variants or polynomials satisfied by them. In this section , using the values
of g,, we explicitly evaluate some of the values of ratios of theta-functions
and a(q). We also need the following Lemma, Theorems 2.1 and 2.2.

Lemma 1. Let

(i) &)
(2.1) tn =1 59 )0 4nd Sp = LA :

(=4 @)oo o(—q")
then
(2.2) Sn —nj(_q) and u, = g = nf(@

th qm f(—q") g s ()
where n > 1.
Proof. We have
Sn (=) (=4 @)oo

~
3

n—1
77 o(—¢") (0" ¢") o
(4500 (45 4%) o0 (— 3 @) o
n—1 .
77 (4"0™)00 (0" 4%™) 0o (—0™; ¢ ) o
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From the above identity, we can easily obtain first of (2.2).
We have
Sn p(—9) (a4 9)%

£ 05 p(—q")(—q"; )3,
_ (% D)oo (05 0o (=01 )3
05 (0% ") oo (07 42 oo(— ™ 4™)3,
(4% 6°) oo (=45 D)oo
05 (0 oo (— 0" )0

From the above identity, we can obtain second of (2.2).

Theorem 2.1. If t,,, s, and u,, are defined as in Lemma 1, then

(2.3) sy + s3ts? = 9t3% + 8§
and
(2.4) s34+ btd = 52 + site.

Proof of (2.3). Using Entries 10(ii) and 11(i) of Chapter 17 of Ramanu-
jan’s notebooks [2, pp. 122-123] in Entry 5(vii) of Chapter 19 of Ramanu-
jan’s notebooks [2, p.230] and then using (3.1) and (3.2) with n = 3 in the

resultant identity, we deduce that

3\ s3\*
(—;’) +s3=9+ (—;’) S3.
t3 t3
On simplification, we obtain (2.3).
Proof of (2.4). Using Entries 10(ii) and 11(i) of Chapter 17 of Ramanu-
jan’s notebooks [2, pp. 122-123] in Entry 13(xii) of Chapter 19 of Ramanu-
jan’s notebooks [2, pp.281-282] and then using (2.1) and (2.2) with n =5

in the resultant identity, we deduce that

2 2
S S
Z) +st=5+ () sk
t5 2(:5
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On simplification, we obtain (2.4).

Theorem 2.2. If t,,, s, and u,, are defined as in Lemma 1, then

(2.5) ug + usts? = 9+ tiud
and
(2.6) ui 4+ uits =5+ tus.

The proof of Theorem 2.2 is similar to the proof of Theorem 2.1. We omit
the details.
Theorem 2.3. We have

p(=eV*)

and

V(e V)
2.8 = /3(V3 +V2).
28) e~ VAV

Proof. Putting n =3 in (2.1). Then, we see that

ql?(q oo _

(2.9) =ty =

where ¢ = eV*™. Putting k = 2 in (2.9). Then, we find that
(2.10) t12 = 49 — 20V/6.

Using (2.10) in (2.3), we deduce that

(2.11) (50 — 20v/6)s4 = 9(49 — 20V/6) + s5.

Solving (2.11) and noting that s3 > 1, we obtain (2.7).
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Using (2.7) and (2.10) in the second of (2.2), we obtain (2.8).
Theorem 2.4. We have

p(—e”V2)
and

(2.13) fpf;_ ) —\/V3+V2

e 12 @/}(e*\/iw)

Proof. Putting £ = 2/9 in (2.9). Then
g2/9 3
(2.14) ty = 22 = 1/V3 - V2.
92
Using (2.14) in (2.3), we obtain (2.11). Solving (2.11) and noting that
0 < s3 < 1, we obtain (2.12).
Using (2.12) and (2.14) in (2.2), we deduce (2.13).
Theorem 2.5. We have

(—e V)
(2.15) gpﬂ_e—_ﬁ”): V3(V2 - 1)
and
(2.16) fﬁemﬂ) = \/V3(V2+1).

e h(emVom)

Proof. Putting £ = 2/3 in (2.9). Then, we find that
(2.17) 12 =17 - 12V2.
Using (2.17) in (2.3), we see that

(2.18) 55 — (18 — 12v/2)s3 + 9(17 — 12V2) = 0.
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Solving (2.18), we obtain
gp(—e 2/371-) \/_
53 = ~—— 2 =\ /V3(V2—1).
T (e Vel
Using (2.15) and (2.17) in (2.2), we deduce (2.16).
Theorem 2.6. We have

(2.19) % = /(5 —2V5)
and
(2.20) Pl V) (5 + 2v/5).

e VT3 (e 10m)
Proof. Putting £k =5 in (2.1). Then

(2.21) ts =

925k
where ¢ = eVhT,
Putting £ = 2/5 in (2.21). Then, we find that

(2.22) ts = 25— {5 -2,

g1o
Using (2.22) in (2.4), we deduce that

(2.23) 55— (10 — 4v/5)s% + 5(9 — 4V/5) = 0.

Solving (2.23) for s5, we obtain (2.19).
Using (2.19) and (2.22) in the second of (2.2), we obtain (2.20).
Theorem 2.7. We have

(i)

(2.24) ( _2\/§7r) . \/(\/§ — 1)(3\/§—|— 2) F2(1/8)
| e - 29/4\/37T(1/4) !
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(i)
(VI 1)(3YE-2) TX(1/8)

(2.25) ale= s ) = T (1/4) ,

(iii)

- vy VW= 1BV 2) T(1/8)

(2.26) a(e™v") = 23T (1/4) ;

and

(iv)

- ey (V2= DEB D TY)

27/47T(1/4)
Proof of (i). By Theorem 6.1 in [4, p.116], we have

229 e’ = /el (58 + 220N,

Let ¢ = e V2", Then, using example (i) of Chapter 17 of Ramanujan’s

second notebooks [2], we obtain

(vV2-1)'r(1/8)
218\ /aT(1/4)

(2.29) p(—e™ V) =

Using (2.28) in (2.7), we obtain

(_6—3\/§7r) _ (\/5 — 1)1/4F(1/8) ‘
27/84/3(v/3 — V2)\/7T(1/4)

Using (2.7), (2.29) and (2.30 ) in (2.28), we obtain (2.24).

Proof of (ii). Let ¢ = =5 Using (2.29) in (2.12), we find that

(V2 - 1)"*VV3 - V2r(1/8)
27/8 /T (1/4) '

(2.30) ©

—\/§7r
3

)=

(2.31) o(—e
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Using (2.12), (2.29) and (2.31) in (2.28), we obtain (2.25).
Proof of (iii). From Entry 27(ii) of Chapter 16 of Ramanujan’s notebooks
2, p.43], we have

(2.32) 2Vap(e72) = /Bep(—e?), aff = 7.
Let a = % and 3 = /2. Substituting these values of o and 3 in (2.32),
we see that

24%w<e ™) = {/V2reip(—e VRN,
Thus,

P(eV2m) = 27 Aeap(—emV2m).

Using (2.29) in the above equation, we deduce that

ez (v/2 — 1)V4T(1/8)
213/8, /nT(1/4)

(2.33) Y(eV) =

Using (2.33) in (2.8), we obtain
p(eEny _ _E(WR- DTS
2135\ 3(v/3 + v2)mT(1/4)

By Theorem 5.4 in [4, p.111], we have

(239 ola) = vi@(e”) (50 + 30 )
Using (2.33), (2.34) and (2.8) in (2.35), we obtain (2.26).

Proof of (iv). From (2.13) and (2.33), we find that

L (VI D)VAVBEVRL(LS)

2.36 e 3 )=

(236) g e
Using (2.33), (2.36) and (2.13) in (2.35), we deduce (2.27).
Remark: Identities (2.24)-(2.27) are new to the literature.

(2.34)
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