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An intermediate point property in the
quadrature formulas of type Gauss

Petrica Dicu

Abstract

In this paper we study a property of the intermediate point (see

[1], [2], [3], [6], [7]) from the quadrature formulas of Gauss type.

2000 Mathematics Subject Classification: 41A55, 65D32

Keywords and phrases: quadrature formulas of Gauss type

1. In [6] B. Jacobson studied a property of the intermediate point which
appear in the mean-value theorem for integrals. This property has been
studied for others mean-value formulas in the articles [1], [2], [3], and [7].
In this paper we will study this property for two particular cases of the
quadrature formulas of Gauss type.

The quadrature formulas of Gauss type have the form (see [5]).

(1) /f(a:)dm =(b—a)larf(zr) + caf (x2) + ... + cnf ()] + Ru(f)

a
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where f : [a,0] — R, f € C?"[a,b].

(2)  Ru(f)=

(nh)*. 22+l b 1)\ 201 N
K2H)W%2n—+1)'<: 2 > - fE(&), & € (a,0),

the nodes z;, i = 1,n which appears in (1) are given by

b b— _
(3) xi:a;_ + 2ayiai:17n
where 1;,7 = 1, n are the zeros of the Legendre polynomial
1 2
- — 1\
(4) La(y) = g [y" = )", n 21

and the coefficients ¢y, ca, ..., ¢, from (1) are the solution of the system

(

cir+e+...+c,=1

ayi +cya + ..o+ ey, =0

ey + eyl + ot euy? = %

ayy+ Y+ eyl =0

iyt eyt + ot eyt = §

Remark 1. The quadrature formula (1) has the algebraic degree of exact-

ness 2n — 1.

2. Now, let us consider the quadrature formula (1) for the particular case

n = 2. Taking into account of the formulas (2), (3), (4) and (5) we obtain:

1 a+b b—a a+b+ b—a
C1 = = —. 1 = _— To =
1= C2 o 11 B 9 Y1, T2 B 9 Y2,
where yi, 1 are the zeros of the polynom Ls(y) = %(By2 —1), and Ry(f) =

5 (559) £, £ € (ah).
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In this case we have that if f : [a,b] — R, f € C%a,b] then for any
x € (a,b] there is ¢, € (a,z) such that

©) | e =

with yf = %

We now prove the following theorem

Theorem 1. If f € C%a,b] and f® (a) # 0 then for the intermediate point

¢, which appears in formula (6) we have

g —a 1
lim = —
r—a T — @ 2

Proof. Let us consider F,G : [a,b] — R defined by
/ 1 a+r x—a 1 at+r T—a
P = [ s |3 (55 - 250 ) 4 g7 (S ) |-

1 (x — a>5 F(a)
135 2 ’

G(z) = (v — a)®.

We have that F' and G are six times derivable on [a,b], G (z) # 0,
i=1,5 for any = € (a,b] and F®)(a) =0, G®(a) =0, k =1,5.

By using successive I'Hospital rule, we obtain

524
<
=

O
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Now, from

5
FOD@) = 1) - 310 (200 ) (5% ) -

g (otr  w—a N\ (1 )T
3fV( T y1>(2+2)
(—a) | (atz z—a N\ (1 y\"|
B [fW(Q N 2yl><2 2)
(@—a) | ,vp(atz z—a 1 wn 0
2 [fw<2 * 2y1)(2+2> ’

GV (z) = 6!
we obtain o)
T 1
li = — WD
™ e e @

It is easily to see that

3
= ¥ (a) {1 ~ 16

Therefore (@)
F(x 1
lim —~ = — -
®) 2 Gr) 6112

On the other hand, we have

1
(1 1002+ 591)| = 351

FYa).
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whence

. F(z) 1 W) . Cp—a
(9) alcEI}zG(x)_135-25'f (a)'olclgtlzx—@'

From the relation (8) and (9) we obtain

Ly —a 1
lim = —
z—a T — Q 2

which is exactly the assertion Theorem 1.
3. The second particular case of the quadrature formula (1) is that one in
which n = 3.

The nodes and coefficients of the corresponding quadrature formula can
be obtained, from (3), (4) and (5). We find L3(y) = %(5343 —3y)

5 8 5
TR 2T T8
and a+b b—a a+b a+b b—a
I1=2—291,I2=2,$3=2+2yl
Withyf:%.

From relation (2) we obtain

Ry(f) = (b_ “)7f<6><§>.

T 15750 \ 2

In this case we have that if f : [a,b] — R, f € CYa,b] then for any
z € (a,b] there is ¢, € (a,z) such that

(10) jf(ﬂdt:
_ ($1—8a) [5f(a;x_x;ayl> ey (a—;—x) L5 (a—;—x_i_x;ayl)}_i_

1 z—a\’
b (©)
+15750< 2 )f (ca).

Our main result is contained in the following theorem.




78 Petrica Dicu

Theorem 2. If f € C%[a,b] and f7)(a) # 0 then for the intermediate point

ce which appears in formula (10) we have:

Lo —a 1
lim = —.
z—a T — Q 2

Proof. Let us consider F,G : [a,b] — R defined by

F(z) = / £(t)dt—

(x —a) at+zr x—a a+z a+w
— 13 {5f( 5 - 5 y1>+8f< 9 >+5f< 9 +

R ( = a>7f(6)(a),
G(z) = (z — a)®.

Tr —a

2

)

Since F and G are eight times derivable on [a,b], G® # 0, i = 1,7 for

any = € (a,b] and F®(a) =0, G®(a) =0, k =1,7.
By using successive 'Hospital rule, we obtain

. F(x) F®(z)
;IEEI}I G(z) glal_rg GO (z)

Now, from

FO(z) = FD(g) — 2 [5f<7) (C“Lx = ay1> <1 _n

9 2 2 2 2

)+

1 a+x a+r xT—a 1 7
— (= (O Ipeiiiied 2
16 ( 2 )+5f ( 2 T yl)(2+2>

(x —a) g otz z—a 1 oy\ 1 ® [at®
s |2 2 BYACEEY Y > )

at+r xT—a 1 8
5 £(8) Z 2t
+45f ( o+t m><2+2)],
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G®(z) = 8!
we obtain Fa) .
- ) _ L pe)
(11) i e st @
where
®)(g) — £(7 P Loy,
FS()_JN(a){l 9[5(2 2>+ (2+2)+16 =
4
f<7>(a){1—§ %(1—y1)7+;(1+y1)7+1—”—
= fD(a) {1 —g {%(1 + 21y? + 35y + Ty8) + %6}} =
_ _ﬁ.@)_im
=/ (a)<1 9 100) = 1007 (@
Hence
(12) im 2 _ Ly

T—a G([L‘) 100 . 8' ‘
On the other hand

F(x) _ T’1750 (33 ; a) [fOc,) — fO(a)]

G(x) (x — a)8 B
_ 1 f(ﬁ)(cx) - f(G)(a) Cz —a
15750 - 27 Co—a r—a’
whence F( ) )
X C a
13 li = - fD(a) - lim =
(13) G T Bmoy @

From the relation (12) and (13) we obtain

. Cr—a 1
lim = —.
r—a T — Q 2

4. Open problem. For intermediate point which appear in quadrature

formulas of Gauss type (1) - (2) we have
lim b—a =
b—a b—a

1
27

any natural number n.
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