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Abstract

We prove the isomorphism between the Mastrogiacomo cohomol-
ogy group and the 1-dimensional Cech cohomology group with real
coefficients of a differential manifold, using a fine resolution of the
constant sheaf R. Some interesting results are obtained if the mani-

fold is foliated.
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1 Mastrogiacomo Cohomology

Following [2], we present the Mastrogiacomo cohomology on a differentiable

manifold.
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Let M be a n-dimensional paracompact manifold and denote by Q°(M)
the set of differentiable functions on M.

We recall that two maps f,g € Q°(M) determine the same 2-jet at
x e M if f(x) = g(xr) = 0 and if for every curve v : R — M with
v(0) = z, the curves f o~ , go~ have a second order contact at zero.
If, moreover, the maps f and g have the first derivative in x equal to zero,
then they determine the same homogeneous 2-jet at x.

The 2-jet of f at x is denoted by j2f. Obviously, j2f depends on the
germ of f at x only.

Let (U, (%)), (U, (")) be two local charts with U N T # §. More gener-

ally, a 2-jet at x € M is a combination locally given by

) 1 . .
(1) wy = w; () - joa’ + 5%‘3’ (x) - joa' - jia?,

with w;; = w;; and where the coefficient functions are satisfying the following

conditions in U N U

5 . o’ . Ozt Q2 02
(2) Wi ' Wivia = Winjz gy grie + Y g gn

=i g0

The sets of all 2-jets, homogeneous 2-jets at z are denoted by J>M and
©2(M), respectively. The space J2M = UycpJ2(M) of 2-jets on M is a
fiber bundle over M with the fiber of dimension @ and we denote by
J?(M) its sections, namely the space of fields of 2-jets on M. The space
O>M = U,er©2(M) of homogeneous 2-jets on M is also a fiber bundle over
M with the fiber of dimension @ and we denote by ©%(M) its sections,

namely the space of homogeneous fields of 2-jets on M.
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Let j%:Q%M) — J*(M) be the map who assigns to a function f the
field j2f of 2-jets of f on M. This map is called the second differential on

M. In local coordinates we have

0 .1 07 : ,
__f-sz f j2$z‘j2$]-

a &Uij + 2 0xt0xd

(3) 7 f
The field of 2-jets w € J*(M) is called, (see [2]):
(i) ezact if w = j2f for some f € Q°(M);
(i) closed if it is locally exact.

We denote by E*(M), C*(M) the space of exact and closed fields of
2-jets, respectively. We have E*(M) C C?*(M) and the Mastrogiacomo

cohomology group of M is the following quotient group:
(4) H}(M) = C*(M)/E*(M).

It is isomorphic with the 1-dimensional cohomology group with real coeffi-

cients of M ([2], theorem II).

2 A new definition of Mastrogiacomo coho-
mology

In this section we define an operator p on J?(M) which allows us to define
the cohomology group (4) in a natural way.

Let be the following map

i JH(M) — ©*(M),
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locally given in a local chart (U, (z")) by

1 1 (Ow; Ow; o i o
(5) N(W):E {wij—§ (8xj + @xi)]j% 20

where w is given by (1). A simple calculation shows that the functions

Ao — 1 &ui &uj
0=\ %i T\ G T o )|

satisfy (2), so pu(w) is an homogeneous field of 2-jets on M. This map is

also a surjective morphism. Indeed, for every homogeneous field of 2-jets
on M, let it be w, we have w = u(w). From here, we can see that the
restriction of u at the subspace ©%*(M) of the domain J?(M), is just the
identity map on ©%(M).

Moreover, the morphism g has the following important property:
(6) Imj?* C Kerp,
which follows easy from the relations (3) and (5). Hence, the sequence
(7) 0 — (M) 2 g2 (M) 2 (M) — O,
is a semiexact one. We can remark that in sequence (7) we have
(8) Imj* = E*(M).

We wish to define the Mastrogiacomo cohomology group as a cohomology
group of a certain semiexact sequence. For this reason, we give the following

definition:

Definition 1.4 field w € J* (M) is called admissible if in a local chart
(U, (")) its coefficient functions w; from (1) verify

&ui B ékuj
(9) ori  Oxt’
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for every i,j = 1,n.

Taking into account the relations (2), the conditions from the previous
definition have geometrical meaning. We shall denote by J2 (M) the space
of all admissible fields of 2-jets on M. We have the following sequence of
subspaces:

©*(M) C J2 (M) C J* (M),
and the inclusion
(10) Imj* C J2(M).
If we consider the canonical projection of fields of 2-jets on 1-forms
T JH(M) — Q' (M),
locally given by
) 1 . . .

T (wi - j2at 4 Wi - j%a 'j2x3> = w;dz’,
it is easy to verify the following assertion:
Proposition 1. We have the equality

(11) J2 (M) =71 (Kerd),

where d is the exterior derivative on M.

Let 1, be the restriction of p at J? (M). From the relations (6) and (10)

results that the following sequence is also a semiexact one:
(12) 0 — Q" (M) L5 72 (M) ™ ©2(M) — O.

The following assertion is a lema Poincaré type proposition.
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Proposition 2.Ifw is an admissible field of 2-jets on M such that p, (w) =
0, then, for every open subset U of M, there exists a differentiable function
fu which satisfies w = j2fy in U. In other words, we could say that we

have the equality

(13) Kerp, = C* (M).

Proof. Let w € J?(M), po(w) = 0. Taking into account the locally
forms (1), (5), and the conditions (9), in a local chart (U, (z*)) we have the

following system:

w o= w-jirt+ Wi gt P
awi . &uj
oxi — Oxt’
1 &ui 4 awj L. 1_
Wiy = 3 - - 1,2, = 1,n.
7T 2\ 0w T 9ai )"

which has a locally solution, w = j2fy in U, with fiy € Q° (U). So, Kerpu, C
C? (M) . For the reverse inclusion, let w be a locally exact field of 2-jets on
M. Then, in every open domain U there exists fiy € QY (U) such that
w = j2fy in U. Hence w is admissible and in every U we have p (w) = 0. Tt

results that w € Kerp,.

From the previous proposition and the relation (8) we obtain that the
Mastrogiacomo cohomology group defined in (4) is just the first cohomology
group of the semiexact sequence (12). So, we could consider this one to be

the definition of the Mastrogiacomo cohomology.
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3 A fine resolution for the constant real sheaf

We shall prove the isomorphism between Hj2 (M) and the 1-dimensional
Cech cohomology group with real coefficients of M, using the new defi-
nition of the Mastrogiacomo cohomology from the previous section. For
this reason, we see that the semiexact sequence (12) determine a semiexact

sequence of sheaves
(14) O—-R5LQL 2% e

where R is the sheaf associated to the presheaf of germs of locally constant
functions on M, QU is the sheaf of germs of differentiable functions, ©2 is the
sheaf of germs of sections of the fiber bundle ©? (M), and J? is the sheaf
which assigns to every open subset V of M the germs of the admissible
fields of 2-jets on V. Taking into account that M is paracompact and the
proposition 2.2, there exists a base of topology B,; on M such that

5 i A0 J* 12 Ha ~2
O—R(U)—=Q(U) = J,(U)=6"),
is an exact sequence for every U €Bj,. Hence, the sequence of shaves (14)
is an exact one. Unfortunately, the sheaf J? is not fine, so this sequence is

not a fine resolution for R.

We shall construct another semiexact sequence of groups which has the
property that one of its cohomology group is just H ]2 (M).

The sections of the fiber bundles product ©*M x A,(T'M; R) are the
elements of the direct product ©2 (M) x Q2 (M), where Q2 (M) is the space
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of 2- differential forms on M. We have the following morphism of groups
(15) 7 JH(M) = O (M) x Q* (M), 7 (w) = (u(w), (dom) (w)),

where w € J? (M), p is the map defined in (5), d is the exterior derivative
and 7 is the projection of fields of 2-jets on 1-forms. For every differentiable

function f on M we have

T(*f) = (u(5*f)  (dom) (5°f)) = ((no®) f,d(df)) = (0,0),

because d> = 0 and poj? = 0 (see relation (6)). It follows that the following

sequence is semiexact:

32 T
(16) O— Q"(M) % J* (M) 5 0% (M) x Q*(M).
Proposition 3. There is the following equality:

Kert = Kerji,.

Proof. We have

Kerr = {we J*(M),p(w)=0,(dow)(w)=0} =
= {weJ*(M),we Kerp,m(w) € Kerd} = Kerpna ' (Kerd).

Taking into account the proposition 2.1, results Ker 7 = Ker un J2 (M),
so we obtained Ker 7 = Ker (.

From the previous result and the proposition 2.1, it follows that

(17) Kert = C?*(M).
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The above equality has two consequences. The first one is that the Mastro-
giacomo cohomology group is the first cohomology group of the semiexact

sequence (16)

(18) H? (M) = Kert/Imj*.

J

The second one is that locally we have Kerr = I'mj?, which means that

the following sequence of sheaves is an exact one:
: 5
(19) O—-R5QL 2L 6%2x0%

where J? is the sheaf of germs of sections of the fiber bundle J2M, and 2
is the sheaf of germs of differential 2-forms on M. It is well-known that the
sheaf of germs of sections of a bundle is a fine sheaf, so J2, ©2 and O? are
fine sheaves. Then ©2 x Q? is also a fine sheaf. The sheaf € is fine, too.

So we have the main theorem of this paper:

Theorem 1.The sequence (19) is a fine resolution for the sheaf R.

From the theorem 3.1 results, (see [6]).

Proposition 4. The first cohomology group of the sequence (16) is isomor-
phic to the 1-dimensional Cech cohomology group with coefficients in the

sheaf R.

From the above proposition and the relations (8) and (17), we obtained
the isomorphism between H JQ (M) and the 1-dimensional Cech cohomology

group with real coefficients.
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4 The case of a foliated manifold

We introduced in [5], the basic and leafwise 2-jets on a foliated manifold

M, and the basic and leafwise Mastrogiacomo cohomology, respectively.

Let F be a m-dimensional foliation on the n-dimensional manifold M.
The number p = n — m is called the codimension of the foliation. On
the foliated manifold (M, F) there exists an atlas which charts are called

adapted to foliation and has the following form:

(20) (U ") i)

The leaves of the foliation are locally given by the equations z* = const.
A differentiable function f € Q°(M) is basic if it is constant on the leaves,
which means that in every adapted chart it depends only by the first p
coordinates. The ring of basic functions is denoted by ®(M).

Definition 2.(see [5]) The field w € J*(M) is called basic if in an adapted
chart it has the form

1
(21) w=wy P2t Sway - P2t

and wa, wa, € P(M).

It is proved that the above conditions have geometrical meaning. We
denoted the space of fields of basic 2-jets on M by J*2(M/F). The space
of fields of homogeneous basic 2-jets is denoted by ©%2(M/F).

It is interesting now to restrict the sequence (16) to the space of basic

functions. For every f € ®(M), j*f is locally given in an adapted chart
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(20) by
. af . 1 0*f
20 _ YJ 2.a |
7= gza’l * + 2 a0z’
and aazfa, —8325; are also basic functions, so j2f € J*2(M/F). For every field

w € J¥*(M/F), we have in an adapted chart (20)

Q.Ta X jQ.Tb,

Tw) = (pw),(dom)(w)) =
(Lo b0 82)) ).

so 7 (w) € O"2(M/F) x Q* (M/F), where Q% (M/F) is the space of basic

2-forms on M. Hence, we obtained the following semiexact sequence:
O — (M) L JP2(M/F) T 0"2(M/F) x O (M/F)

which first cohomology group is exactly the basic Mastrogiacomo cohomol-
ogy defined in [5]. Indeed, Imj? is the group of exact fields of basic 2-jets,
and a lema Poincaré type proposition could be proved: Kerrt is the group
of the locally exact fields of basic 2-jets on M.

The leafwise 2-jets of a foliated manifold are defined as the equivalence
classes of differentiable functions which determine the same 2-jet on leaves.
We denoted by J“2(M) the bundle of leafwise 2-jets on M, and by J?(F)
the space of sections of this bundle. The locally expression on a generally
field of leafwise 2-jet in an adapted chart (20) is

1
(22) wl =Wy - jl72$u + §wuv ' j2xu : jZI,v’

where 542 : QO(M) — J?(F) is locally defined by

af 12 1 an A2 u 12 v
ot " +28$“8x”‘] v

i f
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It easy to see that the restriction of the sequence (16) at leaves determine

the following semiexact sequence:
(23) 0 — Q0 (M) L5 J2(F) B 02 (F) x Q02 (M),

where ©2 (F) is the space of fields of homogeneous leafwise 2-jets, Q%2 (M)
is the space of (0,2)-forms on M (see for instance [9]), and the map 7 is

locally defined as it follows:

1 (0w 000\ san 1o .
21 7 (o) = (g (o g (G ) ) 9120 3 ).

We remind that dy; is the foliated derivative and it acts on (0, ¢)-forms,

with result in the space of (0,q + 1)-forms. In (24), the 1-forms {6"} are
the components of an adapted local cobasis {dz®, 6"} in the adapted chart
(U, (z*,z")).

Following an analogous argument as in the previous section, we obtain

a fine resolution of the sheaf ® of germs of basic functions on M:
0—d— % 27 e%x 002

Then results the isomorphism between the 1-dimensional Cech cohomology
group with coefficients in the sheaf ®, and the group Kerr, / Imj“?. More-
over the first cohomology group of the sequence (23) is just the leafwise

Mastrogiacomo cohomology from [5]. Hence we have:

Theorem 2.The leafwise Mastrogiacomo cohomology group is isomorphic

with the 1-dimensional Cech cohomology group with coefficients in ®.



Some Remarks about Mastrogiacomo Cohomolgy 31

References

1]

Kolar 1., Michor P.W., Slovak J., Natural Operations in Differential
Geometry , Springer-Verlag, Berlin Heidelberg, 1993, electronic edition.

Mastrogiacomo P., Spazi di coomologia dei campi di 2-getti e coomologia
1-dimensionale a coefficienti nel fascio delle funzioni a gradiente par-
allelo, Rend. Accad. Sci. Fis. Mat. della Soc. Naz. Sc. Arti in Napoli,
43(1976), p.243-269.

Manea A., Mastrogiacomo leafwise cohomology on a foliated manifold,

Bull.Math.Soc.Sci. Math. Romania, 46(2003), no 1-2, p.75-86.

Manea A., Mastrogiacomo transversal and basic cohomology on a foli-

ated manifold, Richerche di Matematica, to appear.

Manea A., Cohomology of fields of 2-jets on a foliated manifold, Lib-
ertas Matematica, 24(2004), p. 95-102.

Miron R., Pop 1., Topologie algebrica-Omologie, omotopie, spatii de

acoperire, Editura Academiei, Bucuresti, 1974.

Molino P., Riemannian Foliations, Progr. Math. Birkhauser, vol.73,

1988.

Tondeur Ph., Foliations on Riemannian Manifolds, Universitext,

Springer-Verlag, New-York, 1988.



32 Adelina Manea

[9] Vaisman 1., Varietes riemanniennes feuilletees, Czechosl. Math. J.,

21(1971), p.46-75.

[10] Spanier, E., Algebraic Topology, McGraw-Hill, Inc., USA, 1966.

Transilvania University of Brasov
Bragov, Romania

e-mail: amanea28@yahoo.com



