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C, asymptotic equivalence for some
functional equation of type Voltera!'

Marian Olaru and Vasilica Olaru

Abstract

In this paper , by using the notion of ¢— contraction, we study
the C, asymptotic equivalence for the solutions of the equations
2(t) = A@a(t) and y'(t) = A@®)y(t) + f(tyo)where f(t,-) is a

Voltera operator.
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1 Introduction

Let €y, be the Banach space of continuous functions defined on

Ry, = [to, 00), to > 0 which satisfied the condition :

(1) u(t)] = O(g(t)), t — oo,
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where g is a continuous and positive function defined on Ry,,| - | is the
Euclidean norm in R".

We define the norm on C by relation:

)
) ules = 2005y

We note by u; the restriction of function u at [tg, t]. For v, € C([to, t], R™)

we define

(3) [uel| = sup Ju(s)]

sE€[to,t]

On [1] it is presented the following lemma:

Lemma 1.1.Let g be a nondecreasing, positive function defined on R, and

x € Cy. Then:

ole, = sup 120
- teRy 9(t)
Next we consider the equations :
(4) 7 = Alt)x
(5) v =AMy + f(t.m),

where for ¢t > t, the application v — f(¢,)) is an application from
C([to,t],R™) to R™ that satisfies some conditions that assure the existence

of the equation (5), conditions that are to be explained below .

Definition 1.1./1] We say that the equations (4) and (5) are C,-asymptotic
equivalence if for all solution x € C, of equation (4) corresponding a unique

solution y of equation (5) such that :

= 0.
t—oo  g(t)
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Through the following definitions we shall further present the notion of

comparison function and ¢— contraction:

Definition 1.2./2/,/3] ¢ : R, — Ry is a strict comparison function if ¢
satisfies the following:

i) @ is continuous.

i) is monotone increasing.

ii1) @™ (t) — 0, for all t > 0.

i) t-p(t) — o0,for t — oo.
Let (X, d) be an metric space and f : X — X be an operator.

Definition 1.3./2/,[3] The operator f is called a strict p-contraction if:

(i) ¢ is a strict comparison function.

(1)d(f(x), f(y)) < e(d(x,y)), for all z,y € X.
We shall make the following hypothesis :

(H) We supose that there exists a comparison function ¢ which satisfies

condition
(7) eA-1) < X-o(r),

forallr>0and A >1

An example of such a function is shown in the next figure:

r
r+1

On [2] LA Rus obtains the following result:

p: Ry — Ry, p(t) =

Theorem 1.1.Let (X,d) be a complete metric space and f : X — X a

p-contraction. Then [ | is a Picard operator.
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2 Main result

Theorem 2.1.Let X (t) be a fundamental matriz of equation (4).We su-

ppose that :

(1) There exists the projectors Py,Py and a constant K > 0 such that

1

/yX (1) P \qu+/|x (1)PyX " (5) 1ds) " < K.

fort >to, ¢ > 1;
(it) The application t — f(t,y;) is continuous for all y € C,.

(i1i) There exists ¢ : R, — Ry, a comparison function which satisfies the
hypothesis (H) , and X\ a continuous,nonnegative function defined on

Ry, such that
(9) [F(ty) = F(& 901 < MO (llye = Zll),

for allt > ty,y € Cy

1
% p
(10) /(A(s)g(s))pds €eCy, p>1

t

o

T p p
(11) /|f(s,0)|pds < 00, /()\(s))p < oo, p>1

to
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Then for all solution x € C,; of equation (4) there exists a unique solution
y(t) of equation (5).
If we replace the condition (10) with

p
(12) /u@mme —oft), t— 00,

t

[e.9]

then the equations (4)and (5) are Cy-asymptotic equivalence.

Proof. The function g being nondecreasing and positive we cant suppose
that g > 1, because Cy = Cy, for all k > 0.(for more details see [1])

On Cy we define the operator 1" by relation:

zmmw=uw+/xwax*@ﬁ@%w&1/X@%xlwﬁ@%MS

Let z € C, be a solution for the equation(4).Then |z(t)] < A - ¢(t), for
all t > t5.We prove that T'(C,) C C,.Let be y € C,. Then

PO < O]+ [ IXOPX )]s plds+
f/W@EX*@MV@%WBS
sAmw+/¢wwaX1@ﬂwﬂa%»—ﬂammw

ﬁ/mwax*@wu@muﬁ
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/ X(OPX 1 (3)] - |£(5,92) — £(5,0)|ds+

/|X )P X 7 ()] - [f(s,0)]ds <
1
< Ag(t) {/X )P X qu} {/f 5,0) pds} I

{/X \PLX st} {/Ifsopds} N

: 1

(7 ;
{/|X VP X st} - {/(/\(S)gp(ysD)PdS} N
1

t
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i p
K- ollle,) { / <A<s>g<s>>pds} <

t

< M -g(t),

where

p
M=A+K-¢(lyle,) - {/(A(S))pdS} +

to

K- ¢(lyle,) - B1 + 2K - {/f(sao)%}

Next we consider y,y € C,. We prove that, the operator 7" is a p-contraction.

1T (y) H</|X YPLXH(8)] - | f(s,9s) — f(s,7,)|ds+
/ XX )] 175 00) — £(5.T)lds <
p
aty — } {/Ms } <
1
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1

We choose ty > 0 such that K - {f()\(s))pds}p +B ) <1

to
Let be x an solution of equation (4) and y the unique solution of the

equation(5) that corresponds to . Then

t) —a(t)] < /|X(t)P1X_1(3)| 1F (s, )| ds+
+7|X(t)P2X_1(S)I 1 f(s,ys)lds <
/ XOPX )]s lds-+ / KOPX(6)]- (5, 30)— (5. 0) do
+/|X(t)P2X_1(S)| | f(s,0)lds = I, + L.

s / X (O PX ()| 1 (5 ) — <50|ds+/ X (HPX ()] | (5, 0)ds

1 1
% p ® p
< Kollyle,) { / <A<s>g<s>>ﬁds} 1K { / f<s,o>Pds} -

t t1
If ¢ Z tl Z t() then
1

00 ]_9 )
{/M(S)g(s)) ds} = 6K¢(|ylc,)

t

1

{/f(s,o)pds} <o
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Then I, < %g(t)

I = / XWOPXE)] - [F(s.)lds <
< |X(¢ Ply/\X f(s,ys ]ds—l—/]X O PLX 1 (8)]-|f(s,ys) — f(s,0)|ds+
+/yf(s,o ds
<|X(t P1|/|X (s,ys)|ds+
1
+K - {/(() (lyslh) pdS} {/fso } <
< |X(t P1|/\X f(s,ys)|ds+
1

‘ » y D
1K ollyle,) { / <A<s>g<s>>pds} LK { / f<s,o>p} <

t1

i p
< |X(¢ P1|/|X (s,9s)lds + K - ¢(|ylc,)g(t) {/(A(S))pdS} +

1

% P
1K {/ﬂs,ov} |
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t1
Using Lemma 1.1 we obtain that [ X (¢)P1] [ |X71(s)f(s,ys)|ds < %, for all

to

2
t >ty >t,. Then I, < gg(t)

References

[1] C.Corduneanu,Sur certaines equations fonctioneneles de Voltera, Funk-

cialaj Ekvacioj,9(1966),pp517-573.

[2] I.A.Rus, Generalized contractions, Seminar on fixed point theory, No

3, 1983, 1-130.

[3] I.A. Rus,S Muresan,Data dependence of the fixed points set of weakly
Picard operators, Studia Univ.” Babes-Bolyai”, Mathematica, Volume

XLIII, Number 1, March 1998,pp79-83.

Department of Mathematics
Faculty of Sciences

“Lucian Blaga” University of Sibiu
Str. Dr. I. Ratiu nr. 5-7,

550012 - Sibiu, Romania,

E-mail: olaruim@yahoo.com

olaru2@yahoo.com



