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Abstract

Gupta and Erkus [3] introduced the mixed sequence of summation-
integral type operators S, (f,x) and estimated some direct results in
simultaneous approximation. We extend the study on these opera-
tors S,,(f,x) and here we study the rate of convergence for functions

having derivatives of bounded variation.
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1 Introduction

Very recently Gupta and Erkus [3] defined a mixed summation-integral type
operators to approximate integrable functions on the interval [0, 00) .The

operators introduced in [3] are defined as

(1) Su(fox) = [ Wa(z, t) f(t)dt

=(n-1) Z Snow(T) /OOO byw—1(t) f(t)dt + exp (—nz) f(0), =z € [0,00)
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where

Wz, t) = (n = 1)) sp0(2)bnpor () + exp™™ 5(t)

(t) being Dirac delta function, s, () = M and b, (t) = (""" (1+
t)~"~" are respectively Szasz and Baskakov basis functions. Although these
operators are similar to the generalized summation integral type operators
recently introduced by Srivastava and Gupta [4], but the approximation
properties of the operators (1) are different from those introduced in [4].
Here in summation and integration we are taking different basis functions.

We define .
ﬁn(a:,t):/ W(z, s)ds
0

then in particular,

B (,00) = /000 W, (x,s)ds = 1.

Let DB,(0,00),7 > 0 be the class of absolutely continuous functions f
defined on (0, 00) satisfying the growth condition f(¢) = O(t7),t — oo and
having a derivative f’ on the interval (0, c0) coinciding a.e. with a function
which is of bounded variation on every finite subinterval of (0,00). It can
be observed that all functions f € BD.,(0,00) posses for each ¢ > 0 a
representation

fa) =)+ [ wld aze
We denote the auxiliary function f, by
()= fla7), 0<t<u

f$(t> = 07 t:l’;

| () = f@T), x<t<oo

In [3] the authors studied some direct results in simultaneous approximation
for the operators (1).The rates of convergence for functions having deriva-
tives of bounded variation on Bernstein polynomials were studied in [1] and
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[2]. This motivated us to study further on summation integral type opera-
tors and here we estimate the rate of convergence for the operator (1) with
functions having derivatives of bounded variation.

2 Auxiliary Results

We shall use the following Lemmas to prove our main theorem.
Lemma 2.1. Let the function ji,,,,(x), m € X% be defined as

Pnm(x) = (N — 1)2 sw(x)/ooo bno—1(t)(t —z)"dt + (—z)™ exp (—nx).

Then fino(z) =1, pn1(z) = 25, ppo(z) = %, also we have the

recurrence relation:
(TL —m— 2)Nn,m+1 (.I') = l‘[un{ZrL(x) + m(m + 2)/Ln,m71(x)
+m+2e(m+ Dpam(z);  n>m+2.
Consequently for each = € [0, 00) we from this recurrence relation that

P (T) = O(n_[(m+1)/2])

Remark 2.2.In particular given any number A > 1 and z € (0,00),by
lemma 2.1,we have for n sufficiently large
) Sallt =) 0) = g < 282

Remark 2.3. From equation (2) it follows that

(8)  Sallt—z|@) < [Su((t— )% )" <V Aelw +2)/n

Lemma 2.4. Let x € (0,00) and W, (x,t)are as in (1). then for A > 1
and for n sufficiently large, we have

(Z) 5n(xvy) = /Oy Wn(xat)dt < ilfl(‘g;———i—y?’ 0< y<ux
(1) 1—Gu(x,2) = /OO Wh(x, t)dt < —jjix_—;;), r<z<oo
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Proof. First we prove (i), by (2), we have

/Oy W (z, t)dt < /Oy ((i:;);Wn(ﬁ,t)dt

< (@, y) Ppinp(z) <

The proof of (ii) is similar, we omit the details.

3 Main Result

In this section, we prove the following main theorem.
Theorem 3.1 Let f € DB,(0,00),y > 0, and = € (0,00).Then for A > 2
and forn sufficiently large, we have

[\/ﬂ x-i-z/k x.t,_;c/\/ﬁ

|5,(f.2) — £(x) (F))
+A@;’%yﬂm»—fu0—xfuﬂ|+|f@ﬂ>

Ax(x +2)/n(M20(n7 )+ | f(z*) |)
1/2\/M796+2 n | fCat) [ =1 f' (@) ]
@) [+ @) ],

where\/” f(z) denotes the total variation of f, on [a, b].
Proof.We have

z/mWM%ﬂU@—f@Wﬁ
/ / Wi (2, t)(f (u)du)dt)
Using the identity

frw) =1/2[f' @) + f'(a7)] + (f)a(w) + 1/2[f'(27) = f'(z7)]sgn(u — x)
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L) = 1200 + )
it is casily verified that
[ @ = 12156+ Pt Wt =0
Also
[T 12 @) = e isontu = Wi o,
1P — Pt | a)

and

/OOO(/ %[f’(afr) + f'(27)]du) W, (a, t)dt
:i[ﬂ )+ L @)]Su((t — ), 2).

Thus we have

(4) | Su(fsx) = f(z) |

< [ it — [ (Ot oi]

n 5 | F(@T) = fia7) | S|t — 2 |, 2)
FS 1P @)+ FE) | Sullt — ), 0)

= Auf,2) + Balf,2) | 45 | £ = @) [ Sl t - | o)
+% [P+ F@) | Sal(t = ), 2).

To complete the proof of the theorem it is sufficient to estimate the
terms A, (f,z) and B,(f,z). Applying integration by parts, using Lemma
2.4 and taking y = x — x/+/n,we have

Bu(f.7) |= |/ / w)du)dt By (. 1)dt |
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/mt dt<</ +/;>r<f'>x<t>||5n<x,t>|dt
£L‘+2/ x—t dt-l—/m\::/
< ”n” A \/((f')gmdwﬁx\m/ ()0

Letu = ﬁ.Then we have

:1:+2/ x_tz :)\:B(xn+2)/l\/ﬁ\/((f/)x)du

Thus
(5) | Bulf,) | < ARSIV L ()a) + 5 Vi

On the other hand, we have
(6) | Au(f ) =] L2500 (F)a(u)du) W (2, t)dt |

- 2°°< [ (Ot + K [ atwuyde(s = g0 | a

x

e}

<| [ (ft) = f@)Walz, t)dt | +] f'(7) || 200(?5 — )W (x, t)dt |

+|/ Wdu) || (1~ fu(a, 2x>|+/ L)) || (L= Bulas) | de
< % mWn(x,t)t”l t—a|dt+ | fi? '/OO Wz, t)(t — z)%dt



Rate of convergence on the mized summation integral type operators 35

[e.9]

+ @) || Wz, t)| (t— ) |dt +

2x

Az +2)
na

L] o+ THE

va«fm+;%¢v<uwy

k=1 =z x
Next applying Holders inequality, and Lemma 2.1, we proceed as follows
for the estimation of the first two terms in the right hand side of (6):

A 2
A+
n

(7) %/w Wo(z, )t t —x |dt+’fi—fﬂ/w W (2, t)(t — z)dt

-

2

< %(/:O W, (2, )t21dt)z + (/OOO W, (z,t)(t — x)2dt)

+’fi—f)|(/:o W (2, ) (t — z)?dt)

Az (z + 2) (x+2)

() |

Also the third term of the right side of (6) is estimated as

< M270(n~7/?)

| f'(z™) ]/2 Wy (z,t)| t —x |dt

S|fmﬂyé W, ) t —  |dt

g|fuﬂKlwwuawu—m%wﬂAmwuawmf
| oty | YD

Combining the estimates (4)-(7), we get the desired result.
This completes the proof of Theorem 3.1.



36 Jyoti Sinha and V. K. Singh

References

[1] R. Bojanic and F. Cheng, Rate of convergence of Bernstein polynomials
for functions with derivatives of bounded variation, J. Math. Anal.
Appl. 141 (1989), no. 1, 136-151.

[2] R. Bojanic and F. Cheng, Rate of convergence of Hermite-Fejér polyno-
mials for functions with derivatives of bounded variation, Acta Math.
Hungar. 59 (1992), no. 1-2, 91-102.

[3] V. Gupta and E. Erkus, On a hybrid family of summation integral type
operators, J. Inequal. Pure and Appl. Math. 7(1)(2006), Art 23.

[4] H. M. Srivastava and V. Gupta, A certain family of summation integral
type operators, Math. Comput Modelling 37 (2003), 1307-1315.

Inderprastha Engineering College
Sahibabad, Ghaziabad (U.,P.) India

E-mail address: romjyoti@yahoo.co.in
E-mail address: vinai_singh2004@Qyahoo.com



