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Convolutions for certain analytic functions

Junichi Nishiwaki and Shigeyoshi Owa

Abstract

Applying the coefficient inequalities of functions f(z) belonging to
the subclasses SD(a, #) and KD(a, 3) of certain analytic functions
in the open unit disk U, two subclasses SD*(«, 3) and KD*(a, )
are introduced. In this present paper, some interesting convolution
properties of functions f(z) in the classes SD*(«, §) and KD*(a, B)

are discussed by using Shwarz inequality.
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1 Introduction

Let A denote the class of functions f(z) of the form
f(z)=z+ Zanz"
n=2

38
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which are analytic in the open unit disk U= {z € C: |z| < 1}. A function

f(z) € Ais said to be a member of the class SD(a, ) if it satisfies
Re (M) N 2 GO

f(2) f(2)
for some o (o = 0) and 3 (0 £ 3 < 1). Also f(z) € A is said to be in the
class KD(«, ) if it satisfies z f'(2) € SD(«, 3), that is,

2f"(2) ) 2f"(2)

Re +1)>a
( f'(2) f'(2)
for some a (a« 2 0) and 3 (0 £ 3 < 1). The classes SD(«, 5) and KD(a, )

+ 4 (z € 1)

‘Jrﬁ (z€U)

were defined by Shams, Kulkarni and Jahangiri [3]. We try to derive some
properties of functions f(z) belonging to the classes SD(«, 3) and KD(«, 3).

Remark 1.For f(z) € SD(«, ), we write w(z) = zf'(2)/f(2) = u + iv.
If a > 1, then w lies in the domain which is the part of the complex plane

which contains w = 1 and is bounded by the elliptic domain such that

2 2 2 203 —1)2

wo =P + 2 2< S (B=1°
a?—1 a? —1 (a2 —1)2

If a =1, then w lies in the domain which is the part of the complex plane

which contains w = 1 and is bounded by the parabolic domain such that

2
1
u > Y + +0

20—-05) 2

If 0 £ a < 1, then w lies in the domain which is the part of the complex

plane which contains w = 1 and is bounded by the hyperbolic domain such

that

<u_a2_ﬁ)2_ a? ) 042(5—1)2
1

> .
1—a? —oz2v (1—a?)?
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We recall here the following lemmas due to Shams, Kulkarni and Ja-
hangiri [3], which provide the sufficient conditions for a function f(z) € A
to belong to the classes SD(a, ) and KD(«, [3), respectively.

Lemma 1. If f(z) € A satisfies
(1) YA +a)n -1+ (1 - BHYa S1-7
for some a (o 2 0) and f (0 = < 1), then f(z) € SD(a, ).

Lemma 2. If f(z) € A satisfies

o

(2) Yor{l+a)n—1)+(1-p)}a| S1-5

n=2

for some a (o 2 0) and B (0 = < 1), then f(2) € KD(a, 5).

By Lemma 1, the class SD*(a, ) is considered as the subclass of SD(«, 3)
consisting of f(z) satisfying the inequality (1) for some a (o 2 0) and
(0 = 8 < 1). From Lemma 2, The class KD*(a, ) is also considered as
the subclass of KD(a, B) consisting of f(z) satisfying the inequality (2) for
some o (a2 0) and 3 (0 5 < 1).

2 Convolution properties of the classes
SD*(a, 8) and KD*(a, )
For functions f;(z) € A (j =1,2,--- ,m) given by

fi(z) =2+ iawz” (z € 1),
n=2
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the Hadamard product (or convolution) of fi(2), fo(2), -, fm(2) is defined
by

Gm(z) = (fl *f2 e *fm)(z) = Z+Z (Han7j> 2",

The convolution was studied by Owa and Srivastava [2]. Lately, it was
studied by Nishiwaki and Owa [1]. In this present paper, we discuss some
convolutions for f;(z) belonging to SD*(«, ) and KD*(a, 3), respectively.

Our first result is

Theorem 1. If f;(z) € SD*(«v, ;) for each j =1,2,--- ,m, then G, (z) €
SD*(a, 5*) with

(1+a) T1(1-5)
ﬁ* =1- m = m :
I+ a)+ (=6} = [0 =)

Proof. We consider Go(z2) € SD*(«,3*) for fi(z) and fa(z). Letting
f(Z) € SD*(Oé7ﬁj)a

5 { (1+ a)(nl—_l)ﬁj' (1- @')} a1 (G=1,2).

n=2

Applying the Shwarz inequality, we have the following inequality

nf; {(1+a)(n1—_1;1+(1—ﬂ1)} {(1+cz)(n1—_1%2+(1—ﬁ2)} Sl <1

Then we will determine the largest * such that

’an,lHan,Q‘ é 1?

—(1+a)(n—1)+(1-p
> (et

n=2
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that is,
“(1+a)(n—1)+(1—-p*
sy = DW= ol
n=2 l_ﬁ*

A

i\/{(l—l—a)(nl—_l;l—l-(l—ﬂﬂ}{(1—1—04)(711—_1;2—1—(1—52)} "

Therefore, we need to find the largest §* such that

At+ta)n-1)+0=0) /
1— 3 |@n1]|an2|

<\/{(Ha)(n—1)+(1—ﬁ1)}{(1+a)(n—1)+(1—52)}

1—ﬁ1 1_ﬁ2

for all n = 2. Thus we get

(I+a)(n—1)+(1-p") _ {(1+a)(n—1)+(1—51)}{(l—i—oz)(n—l)—i—(l—ﬁg)}
1=p B 1=4 1=(,

which implies

1+ o)1 =B = Fa)(n—1)
{A+a)(n=1)+A=F)HA+a)(n=1)+(1=F2)} —(1=51)(1—5)

The right hand side of the above inequality is a increasing function for all

grs1-

n = 2. This means

> = upfi- (14 a)(1 = A)(1~ B~ 1) }
w2 [ {l+0) -+ 1-B)HI+a) -1+ —F)} — 1= F) (1 -5
(3): 1— 1+O‘)<1_61)(1_ﬁ2>
{I+a)+ (1 =B)HOI+a)+ (1 =F)} = (1= B)(1 - F)
so that Gy(z) € SD*(«v, 3*). Therefore, the theorem is true for m = 2. Let

us suppose that G,,,—1(z) € SD*(«a, fy) and fi,(2) € SD*(«, By), where

m—1
1+a)Ta-5)
60 =1- m—1 - m—1 ’

[[{Q+a)+1=5)}— 1 1-5)

j=1 j=1
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Then replacing (31 by fy and (32 by (3, in the inequality (3), we see
(1+a)(1—Bo)(1 = Bn)

= ) =)+ a) - (L—Bu)} — (L= o) — )
(1+a) 11— 3)
—1-— =1 - .
0+ + -5 - [0 -5)

For the integer m, the theorem is also true. Using the mathematical induc-
tion, we complete the proof of the theorem.

From Theorem 1, we get

Corollary 1. If f;(z) € KD*(«, ;) for each j =1,2,--- ,m, then G,,(z) €
KD*(a, %) with

(1+a) [1(1-3)

e}

B* =1- m : m :
2n-H [H{A +a)+ (1= 55)} — l;[l(l - ;)

j=1
Proof. Using the same way as the proof in Theorem 1, we obtain Ga(z) €
KD*(a, ) with
_ (I+a)(1—=51) (1)

2{(1+a)+ (1= HI+a) +(1=F2)} = (1=51)(1-F2)
Let us suppose that G,,_1(2) € SD*(«, fy) and f,,(2) € SD*(«, B,), where

m—1

(I+a) IT (1= 5)

4) p=1

fo=1- — = — .
T+ + (- )~ T (- 3)

Then replacing 3, by o and 33 by (,, in the inequality (4), we see

(1+ )1 = Fo)(d = Bm)

= T T (0= A+ @)+ (1= ) — (L= o)L= )
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(1+0) [1(1-3)

j=1

2 [[{(+a)+ (1=} - [[1- )

j=1

—1—

The corollary is true for the integer m. Using the mathematical induction,
this complete the proof of the corollary.
Considering SD*(«;, #) instead of SD* (v, §;) in Theorem 1, we derive

Theorem 2. If f;(z) € SD*(«;, B) for each j =1,2,--- ,m, then G,,(2) €
SD*(a*, B) with

I+ a) + (1=} = (=)
“ a5 -
Proof. By means of Theorem 1, we easily see that Gy(z) € SD*(a*, 3)
with
o ta)+(A=-POHO +a)+A-F} -1 -0

1-p
This gives us that G,,(z) € SD*(a*, §) with

m

[[{0+a)+0=-p}-010-5"

* Jj=1 -1

‘- (1— BT

from the mathematical induction. We prove the theorem.

Corollary 2. If f;j(z) € KD*(«;, 3) for each j =1,2,--- ,m, then G,,(z) €
KD*(a*, B) with

gm~—1 ﬁl{(l +a)+(1=-3)r—-1-p)"

o = — 1.

=By
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Proof. By means of Theorem 1, we easily know that Gs(z) € KD*(a*, 3)
with

A0+ a)+ (1 -HHA+a)+ (1=} - (1-p)

o = — 1.

1-p
Therefore, applying the mathematical induction, we see that G,,(z) €
KD*(a*, 5) with

2 {1+ ay) + (1= )} = (1= 5"

Jj=1
t = - 1.

(1—=g)mt

The corollary is proved.

By virtue of Theorem 1 and Corollary 1, we derive

Theorem 3. If f;(z) € SD*(«a, 3;) for each j = 1,2,--- ,m and fi(z) €
KD*(a, 3;) for eachi=1,2,--- k, then Gy.x(2) € SD*(a, 3*) with

+a) -5

pr=1- k = +k
I +a) + (1= 8 = TTZ (- 8)

Proof. By using the same method as in the proof of Theorem 1, let fi(z) €
SD*(a, 1) and fo(z) € KD*(«, B2), then Ga(z) € SD*(«, 5*) with

(1+a)(1=61)(A=F)
2A{(1+a)+(1=F)HI+a)+(1=F2)} —(1-51)(1—F2)
On the other hand, if f;(z) € SD*(«, ;) (j = 1,2,--- ,m), then G,,(2) €

SD*(«, 1) with

(5) F=1-

(1+a)ﬁ(1—6j>

—_

=Y
I
—_
|

3
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and also if f;(2) € KD*(ov, 5;) (i = 1,2,--- , k), then Gy(z) € KD*(av, 32)
with

o b

(14 )
32:1_ _ =1 k
2 [[{(1 +0) + (1 B}~ 110~ )

i=1 =1

(1—5)

from Theorem 1 and Corollary 1, respectively. Then replacing 3; by 3 and
By by B from inequality (5), we have

(1+a)(1—B) (1~ 5)

T v+ A H(+a) + () — (- A1)
1+ Tl (-5)
=1- k = m+k ’
3 | NCRRSERCI R | (i

This complete the proof of the theorem.

Corollary 3. If f;(z) € SD*(«, B;) for each j = 1,2,--- ,m and f;(z) €
KD*(«, 5;) for each i =1,2,---  k, then Gpyx(2) € KD*(«, 5*) with

+a) T (- 8)
ﬁ* =1- m+k L m+k '
2= i+ o)+ -y - TTa-)

Proof. By using the same method as in the proof of Theorem 1, let fi(z) €
SD*(a, £1) and fo(2) € KD* (v, 52), then Gy(z) € KD*(«v, 5*) with

(I+a)(1—51) (1= 1)

O AN+ + (- A - (=)= 3
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On the other hand, if f;(2) € SD*(«,3;) (j = 1,2,--- ,m), then G,,(2) €
S'D*(oz,ﬁ}) with

(1+a) 11— 3)
bi=1- — :
{0+ + -0 - {10 -5)

and also if f;(z) € KD*(a,3;) (i = 1,2,--- , k), then Gi(z) € KD*(a, 3)
with

N (1+a) 10— 5)
fp=1-—— = :
2 [T +a)+ (- @}~ 110 - )

from Theorem 1 and Corollary 1, respectively. Then replacing 8; by 3 and
5 by (3 from inequality (6), we have

(1+a)(1—B) (1~ 5)

T v+ -+ + (- &) — (-5
1+a) (- 8)
=1- A = etk
T+ + 05T - 5)

which proves the corollary.
Using SD*(«;, B) and KD*(ay, 3) instead of SD*(a, ;) and KD*(a, 3;)

in Theorem 3, we derive

Theorem 4. If fi(z) € SD*(«aj, ) for each j = 1,2,--- ,m and fi(z) €
KD* (e, B) for eachi=1,2,---  k, then Gpy1(2) € SD*(a*, 3) with

o — X (L + ) + (1= B)} — (1= g+t N
(1 — B)m+k-1 )
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Proof. By the same way as Theorem 3, we obtain

A0+ a)+ (1 -HHA+ )+ (-8} - (1-p)°

o = =5 -1,
where
o mdte)+A-/y-Qa-/"
b (1—p)mt
and
B R (0 e el ) ek ) A

o (15t |
which implies that

o — 2¢ Hﬁﬁk{(l +a)+(1=0)})—(1—p)mt*
a (1 — B)m+k-1

This complete the proof of the theorem.

— 1.

Corollary 4. If f;(z) € SD*(«a;,0) for each j = 1,2,--- ,m and fi(z) €
KD* (e, 3) for eachi=1,2,---  k, then Gpy1(2) € KD*(a*, 3) with

o — 2k_1 H;n:ik{(l + Oéj) + (1 — ﬁ)} _ (1 _ ﬂ)m-i-k

(1 — g)mth-1 -1

Proof. Using the same way as Theorem 3, we obtain

{0+ a)+ (-0 +d)+ (1 -8} - (1-p)

a = =5 -1,
where
L I{0ta)+ (-0 -a-pr
b (1—pymt
and
P ) () R () e () LY

(1 _ 5)]671
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which implies that
L2 A+ ) + (1= 6)) = (1= )t
’ (1= gy o

We complete the proof of the theorem.

Theorem 5. If f;(z) € SD*(wy, 3;) for each j =1,2,--- ,m, then G, (2) €

SD*(a*, 5*) with

H 1+a5) + Gy =110 =5 -

J=1

and

(1—6;).

::13

fgr=1-

1

j
Proof. Let fi(z) € SD*(ay, 1) and fo(2) € SD* (g, F2). Then we know

that Go(z) € SD*(a*, 5*) if
{(+a)(n=1)+1 =) H{+az)(n=1)+(1=F2)} —(1=F1)(1—f2)
(1=51)(1=p2)(n—1)
(I+ o)A +ag)(n—1) + {1 = F)(L+az) + (1 + )1 = Ba)}
(1 =51 = 5a)

is satisfied. The right hand side of the above inequality is a increasing

II/\

1+ao*
1—p*

function for n = 2. This means that

1+ _ {(T+a)+ (1 =8)HI+a) + (1= F2)} — (1= 51)(1 =)
1—p (1 =511 = B2) '

Therefore, considering

={(1+a)+ (1 =B)H{I+ax) +(1=05)} = (1—=5)(1—5)—1
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and
Br=1—(1- 1)1~ Ba),

we prove that G(2) € SD*(a*, 5*). Let us suppose that Gi(z) € SD* (v, 5o)

and f11 € SD™ (1, Brr1), where

H{ +oy)+ (=06} - Hl—ﬁ]

and
k
Bo=1-]]0-5)
j=1
Then we get
k+1 k+1
Lo [T{1 +a;)+ (1 =5} = 111 =5)
+ao" = j=1
1 — 3* - k+1
’ -5

The theorem is true for the integer m = k 4+ 1. From the mathematical

induction, we prove the theorem.

Corollary 5. If f;(z) € KD*(«;, ;) foreachj =1,2,--- ,m, then G,,(z) €
KD*(a*, 3*) with

and
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